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Abstract: We use a reproducing kernel Hilbert space approach to develop a
methodology for testing hypotheses about the slope function in a functional linear
regression for time series. In contrast to most existing studies, which tests for the
exact nullity of the slope function, we are interested in the null hypothesis that the
slope function vanishes only approximately, where deviations are measured with
respect to the L2-norm. We propose an asymptotically pivotal test that does not
require estimating nuisance parameters or long-run covariances. The key technical
tools that we use to prove the validity of our approach include a uniform Bahadur
representation and a weak invariance principle for a sequential process of estimates
of the slope function. Lastly, we demonstrate the potential of our methods using a
small simulation study and a data example.
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1. Introduction

Numerous statistical methods exist for analyzing functional data; see Ramsay
and Silverman (2005)), |[Ferraty and Vieu| (2010), Horvath and Kokoszka| (2012),
Hsing and Eubank (2015), and Wang, Chiou and Miiller| (2016). Because of its
good interpretability, the functional linear regression model

Y, = /1 Xi() Bo(s)ds + e, i €7, (1.1)

has become a useful tool for functional data analysis (e.g., see Cardot, Ferraty and
Sardal (1999); Miller and Stadtmiiller| (2005); Yao, Muller and Wang (2005)); Hall
and Horowitz (2007); [Yuan and Cai| (2010))). In our study, {(X;, ;) }icz denotes a
strictly stationary time series, where X; is a mean zero square-integrable random
function on the interval [0, 1], and ¢, is a real-valued centered random noise.
Because the slope function (B, characterizes the dependence between the
predictor and the response, many studies have focused on its estimation and
corresponding statistical inference. A popular method for analyzing the slope
function in model is to use functional principle components (FPCs) (e.g.,
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see [Yao, Miiller and Wang| (2005); Hall and Horowitz (2007); Horvath and|
Kokoszkal (2012); Hilgert, Mas and Verzelen| (2013))). Others use a reproducing
kernel Hilbert space (RKHS) approach to develop inference tools for 8, and the
corresponding theoretical results on consistency and optimality.
and (Cai and Yuan| (2012) study an RKHS estimator and its prediction
risk in a scalar-on-function linear regression model, and [Shin and Lee| (2016)
use an RKHS approach for a robust functional linear regression. [Shang and
propose an RKHS inference framework for a generalized functional
linear regression, and [Hao et al.| (2021)) consider the functional Cox model. These
authors also suggest tests for the nullity of the slope function. Recently,
and Tang (2021) used an RKHS approach to develop a statistical inference
methodology in the function-on-function linear model, measuring deviations from

the null hypothesis with respect to the sup-norm focusing on confidence bands.
Statistical inference for functional time series has also been studied extensively
(e.g., see |Chen and Song| (2015); Kokoszka, Rice and Shang (2017)); van Delft|
and Eichler| (2018); Dette, Kokot and Aue| (2020); Dette, Kokot and Volgushev]
(2020); |Cui and Zhou, (2022)).

A common feature of the statistical theory for the functional linear regression

model is that the proposed methodologies depend on the knowledge of nuisance
parameters that appear in the asymptotic variance of the estimators of the slope
function. As discussed in Section 3, these parameters are related to the long-run
covariance structure of the data, and describe the behavior of a sequence of
solutions of a system of estimated integro-differential equations induced by the
covariance operator of the predictor. As a result, their estimation is not an easy
problem. In the case of independent data (as considered in all works that use the
RKHS approach), several estimators have been proposed and studied. On the
other hand, for time series data, these nuisance parameters have an even more
complicated structure, because of the dependencies in the data, making their
estimation yet more difficult.

The purpose of this study is to develop pivotal statistical inference tools for
the slope function Sy in the functional linear regression model by using an
RKHS approach, which avoids needing to estimate nuisance parameters. Most
existing works focus on testing hypotheses of the form

1
Hy : dy :—/ 1Bo(s)|?ds =0 versus H,: dy#0, (1.2)
0

which is the classical hypothesis of the null effect (5, = 0) of the functional
covariate; see, for example, |Cardot et al. (2003)); |Garcia-Portugués, Gonzalez-|
Manteiga and Febrero-Bande/ (2014); (2014); Kong, Staicu and Maity| (2016));
Su, Di and Hsul (2017); Tekbudak et al.| (2019) among man others. In contrast,
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we develop a pivotal test for the hypotheses
1
Hy: dy :/ |Bo(s)]?ds < A versus H;: dy > A. (1.3)
0

Here, A > 0 is a (small) prespecified threshold that represents the maximal
acceptable deviation (measured with respect to the L2-distance) of 3, from
the null function. Note that in contrast to , the hypotheses in are
symmetric, in the sense that the null and the alternative can be interchanged.
This allows us to investigate, at a controlled type-I error, whether the effect of
the covariate on the response is negligible by testing the hypotheses

Hy:dy>A versus H;: dy <A. (1.4)

Throughout this paper, we refer to hypotheses of the form as“classical”,
and to those of the form or as “relevant” hypotheses. We discuss the
pros and cons of these hypotheses in more detail in Section 2.

Our aim is to develop a pivotal methodology for testing relevant hypotheses
(1.3) (or ), with no need to estimate nuisance parameters. Our approach is
based on an RKHS and a novel self-normalization technique, recently introduced
by Dette, Kokot and Volgushev| (2020) in the context of testing relevant
hypotheses about the mean and covariance functions of stationary time series.
As such, our approach differs substantially from the common self-normalization
approaches for testing classical hypotheses about finite-dimensional parameters
(see Lobato| (2001)); Shao| (2010); Shao and Zhang] (2010), among many others).
Because a statistical inference about the slope function is an inverse problem, it
cannot be addressed directly using classical methods. In Section 3, we introduce
a sequential RKHS estimator for the slope function in model . Section 4 is
devoted to the development of our self-normalization methodology for the relevant
hypotheses . As a by-product, we also construct (asymptotically) pivotal
confidence intervals for the L?-norm of the slope function. Here, the crucial
result is a weak invariance principle for the process of estimators {B (V) }oetwonls
where vy € (0,1] is a constant and B(u) denotes the estimator of 3, calculated
from the data {(X;,Y:)}i=1,. | (see Theorem 2 and the discussion in the
subsequent paragraph). In Section 5, we provide details for the numerical
implementation of our approach, and present simulated data experiments and
a real-data example. The proofs of our theoretical results are given in the online
Supplementary Material. The Matlab program for implementing our method is
available at https://github.com/jttang/SN_RKHS.

To the best of our knowledge, testing relevant hypotheses about the slope
function has only recently been considered, recently by Kutta, Dierickx and Dette
(2022), who investigate a normal equation corresponding to the linear model ,
which they solve by applying a regularized inverse based on a spectral-cut-off
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series estimator. Although their approach has some theoretical advantages, its
practical usefulness is limited, because it requires an estimation of the spectral
decomposition of the regularized inverse. In contrast, the proposed estimator is
defined as the minimizer of a regularized loss function in an appropriate RKHS.
In Section 5, we demonstrate the advantages of our approach.

2. Classical and Relevant Hypotheses

Our particular interest in hypotheses of the form and stems from
the fact that in many cases it is rare, and perhaps impossible, to have a null
hypothesis that can be exactly modeled as By = 0 (see Berger and Delampady
(1987) for a detailed discussion). More precisely, in most applications, such as
in our data example in Section 5.3, the covariate X has some (possibly small)
effect on the response Y. Thus, a more reasonable question is whether this effect
is small and negligible. We address this point by testing the relevant hypotheses
in (L.3), where we measure the size of the effect by the (squared) L*-norm of the
the function [y, although other norms can be considered as well.

Although relevant hypotheses have only recently been considered in the
context of functional data ( see [Fogarty and Small (2014)); Dette, Kokot and
Aue| (2020); Dette, Kokot and Volgushev| (2020), among others), they have a
long history in (mathematical) statistics. Early references include the paper of
Hodges and Lehmann (1954) and the textbook by Lehmann| (1959). Testing
relevant hypotheses (in particular those of the form ((1.4))) for real-valued
(or finite-dimensional) parameters has found considerable interest in the bio-
statistics community (see the mongraphs of|Chow and Liu/ (1992); Wellek (2010))).
Moreover, in the context of drug development, several authors have considered
relevant hypotheses for comparing dose response files (see |Liu, Hayter and Wynn
(2007); |Liu et al.| (2009), among others), where they estimate parametric curves
from real-valued data. On the other hand, hypotheses of the form have
found considerable interest in mathematical statistics; see Spokoiny| (1996|) and
Lepski and Spokoiny| (1999)) for some early works and [Blanchard and Fermanian
(2021) and Brutsche and Rohde (2022) for some more recent references.

From a statistical point of view, whether to use classical or relevant
hypotheses is often a subjective decision. Relevant hypotheses should be preferred
if there is clear evidence that exact equality cannot hold (otherwise we are testing
a hypothesis that we know in advance is not true). As pointed out by Berger
and Delampady| (1987)), this situation appears rather frequently. On the other
hand, using hypotheses and means we have to specify the threshold
A, which is often not an easy task. This choice is case dependent, and requires
a careful investigation of the scientific problem and a discussion with scientists
from other fields to define what is considered relevant in the specific application.
Note that for bioequivance testing, these discussions have already been completed
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(see |(Chow and Liu| (1992)); Wellek (2010)). Here, regulators such as the EMA or
FDA have have defined thresholds for specific applications.

Moreover, even if the choice of the threshold is difficult, the proposed
methodology still provides useful alternatives to testing classical hypotheses. On
the one hand, it is possible to test for relevant differences for a finite number
of thresholds simultaneously, and to determine for a fixed level «, the largest
threshold such that the null hypothesis is rejected. On the other hand, we can
construct confidence intervals for the measure dy = fol |Bo(s)|?ds (see Remark 2).

3. The RKHS Approach to Functional Linear Regression

We first introduce the notation used throughout this article. Let L?([0,1])
denote the Hilbert space of square-integrable functions on [0, 1] equipped with the
usual L%-inner product (-, )= and the corresponding L? norm ||-||z=. Let £>°([0,1])
denote the set of all bounded real-valued functions on [0, 1] with corresponding
norm || ||, let “~~” denote weak convergence in £>°([0, 1]), and let “_%y” denote
the usual convergence in distribution in R* (for some positive integer k). Write
a, < b, if there exist constants ¢;,c; > 0 such that ¢; < a, /b, < cg, for all n.
For a € R, let |a] denote the largest integer smaller than or equal to a.

Suppose a sample of n observations (Xi,Y7),...,(X,,Y,) generated by the
functional linear regression model is available, and let vy € (0,1] be an
arbitrary, but fixed constant. For any v € [v, 1], we first define an estimator
of fy based on the first [nv] observations (Xi,Y1),...,(X|ny|,Y|n)). For this
purpose, let

H= {B :[0,1] = R| 993 is absolutely continuous,

for 0 <0 <m—1;0™3 e L2([0, 1])} (3.1)

denote the Sobolev space of order m > 1/2 of functions defined on [0, 1] (e.g., see
Wahba (1990)), and define for v € [vy, 1], the estimator

BEH

[nv] 1
~ i 1 2 A

Bna(-, V) = argmin [QL"VJ ; {Y; - /0 Xi(s) B(s) ds} + 2J(ﬁ,[3)], (3.2)
for the function 8y. Here, A > 0 is a regularization parameter, and for 3, 8 € H,

1
T8 = [ 817 (5) B (s) ds (33)

0
defines the penalty functional. In (3.2), we use the notation B\ny)\(', v) to reflect
the dependence of the estimator on the parameters A and v. We emphasize

that Bn,,\(-, v) is the estimator based on the first |nv| observations (Xi,Y7),...,
(X|nvs Yinv)), and that the parameter v € [vy, 1] stands for the proportion of the
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sample {(X;,Y;)}", used to obtain B,.(-,»). The case v = 1 corresponds to
using the full sample {(X;,Y;)}" ; to estimate the slope function fy, and we use
the statistic

_ /O Box(s, 1) ds (3.4)

as an estimate for its Squared L%norm. It can be shown that T, deﬁnes a
consistent estimator oAf do = fo |Bo(s)|?ds, such that the null hypothesis in
should be rejected if T, is large. In fact, it follows from Theorem 3 that, under
suitable conditions,

J/nAatD/(2D) @n —dy) BN N(0,403), (3.5)

where

hm/ / Curx(s,1) Bo(s) Bo(t) ds dt, (3.6)

L0

Cua(s,t) = AEHD/D Z cov{eo T (Xo)(s), g0 T2 (X0) (1) }, (3.7)

l=—00

Ty is an operator defined by
_ EOO: (Z,(Pk>L2
7-)\(2) - Pk (38)

{(pk, pr) }r>1 is the eigensystem of certain integro-differential equations defined
by the covariance operator of the predictor X, and the constants a and D in
depend on the maximum norm of the eigenfunctions ¢, and on the eigenvalues
pr (see Assumption 2 and the subsequent discussion).

As a result, in practice, the normalizing factor /nA(2¢T1/(2P) the long-run
covariance Cy  in , and the asymptotic variance o3 in are often either
intractable or difficult to estimate. This is because o3 is defined as the limit of a
series, which in turn relies on the operator 7 in , and therefore depends on
the eigensystem {(px, ¢x) }x>1 of the integro-differential equations. Moreover, the
normalizing factor in and the operator Cy,, defined in depend on the
unknown nuisance parameters ¢ and D, making estimation even more challenging.
These difficulties motivate us to propose a self-normalization approach so that
pivotal tests can be constructed for the relevant hypotheses , even without
knowledge of 2 in and the nuisance parameters a and D. The approach is
described in detail in Section 4, but a heuristic argument ignoring the technical
details follows. For a fixed value vy € (0, 1] and a given probability measure w on
the interval [vg, 1], we define the statistic
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/ (82, (s,1 }ds‘ du)]m, (3.9)

VA

where B\n » is the estimator of the slope function S, from the sample (X;,Y;),. ..,
(X|nv)s Yiny)) defined in (3.2). From Theorem 3, we have

\/ﬁ)\(2a+1)/(2D) (Tn — dy, Qn)

1/2
(20d 2od{/ v B(v) — v ()\Qw(dV)} )

where B denotes the standard Brownian motion. In particular, the ratio
(Tn — dp) /WA/” is asymptotically free. Therefore, we can obtain a consistent
and asymptotic level a-test for the hypotheses by comparing the statistic
(T, — A)/V,, with the (1 — a)-quantile of the limiting distribution. The details
are provided in the following section.

4. Self-Normalization and Pivotal Inference

We first establish a uniform Bahadur representation of the sequential process
of estimators of the slope function {3, .(:,7)}ve,,1), Which is crucial for our
approach. For this purpose, we define

I_nVJ

Lo (B 2LnuJ Z / Xi(s) B(s) ds } +%J(5,5)

as the objective functional in (3.2), and note that its Fréchet derivatives are given
by

\_nyj

DLn,A,u(ﬁ Z / X 31 81 dSl}

/ Xi(s2)B1(s2)dsy + AJ (B, B1);
v
DL (B)B152 = Z/X s1)pBi(s dsl/ Xi(52)B2(82)dsz + AJ (B, B2),
(4.1)
and D3L,, ., (8) = 0. If Cx(s,t) = cov{X;(s), X1(t)} denotes the covariance ker-

nel of the predictor, then a simple calculation shows that E{D?L,, , ,(8)8:5:2} =
(B1, P2) i, where the mapping (-, )k : H X H — R is defined by

(B, o) = V(B1, Pa2) + AN (B4, B2), B, B2 € H, (4.2)
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J is the functional in (3.3)), and

Vo= | 1 / C(s,8) Bu(5) falt) ds . (4.3)

For our theoretical analysis, we first make the following mild assumption on the
kernel Cyx.

Assumption 1. The covariance kernel C'y is continuous on [0, 1]2. For any v €
L?*(]0,1]) fo Cx(s,t)y(s)ds = 0 for any t € [0, 1] implies that v = 0.

Assumption 1 is a common condition in the literature (e.g., see Yuan and Cai
(2010); Shang and Cheng| (2015)), and implies that the mapping (-, )x in
defines an inner product on H with corresponding norm || - || x. In addition, # is
an RKHS equipped with the inner product (-,-)x. We follow Shang and Cheng
(2015) and assume that there exists a sequence of functions in ‘H that diagonalize

the operators V' in (4.3)) and J in (3.3) simultaneously.

Assumption 2 (Simultaneous diagonalization). There exists a sequence
of functions {@}r>1 in H, such that ||pillec < ck® V(ok, @r) = Opr, and
J(Pry 1) = pr Opr, for any k, k" > 1, where a > 0, ¢ > 0 are constants, 0y is the
Kronecker delta, and the sequence {py}r>1 satisfies p, < k2P, for some constant
D > a+1/2. Furthermore, any 8 € H admits the expansion 8 =Y ;- | V(8, @) ¢x
with convergence in ‘H w.r.t. the norm || - || x.

In their Proposition 2.2, [Shang and Cheng] (2015)) prove that Assumption 2
is satisfied for the eigensystem {(px,¢x)}r>1 of the following integro-differential
equations with boundary conditions:

{ﬂf; Cuc(s,t) a(t) dt = (=1)™ 22 (s),

(4.4)
2 (0) = 2@ (1) = 0, form <6 <2m — 1.

For the inner product (-,-)x in (4.2), it follows from Assumption 2 that
(Or, oe )k = V(oks 1) + A (@1, 000) = (14 Apr) Oppr, for kK" > 1, such that
(B, )k = (1 + Apr)V (B, ¢r), for any 8 € ‘H, which implies the representation

8= Z (B, o) K (4.5)

Recalling the definition of the penalty J in , we denote by W, : H — H the
operator such that (Wy(51),B2)x = NJ(B1,B2), for By, P € H. By definition,
we have, for the eigenfunctions {¢j}r>1 in Assumption 2, (Wi(pwr), op )k =
M @k, @) = Apk, Oxir, for any k, k' > 1. Thus, from , we have
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- (Wx(er), or) K A Pr P,
W = ;= . 46
A(er) 1«221 1+ A\pw Pk 1+ Ao (4.6)
In addition, note that &, ( fo s)ds is a bounded linear functional on

H, for any z € L*(]0,1]) and B eH. By the Riesz representation theorem, there
exists a unique element 7,(z) € H such that (7\(2), 8)x = &.(5). In particular,
(t2(2), 06)k = (2, k)12, such that we obtain the representation for the
operator 7. Now, for any 3, 81, 82 € H, define

Lnv]

Surs(8) =~y 2 X { - [ x0 }+wum

| )
:—{nyJZETA< )+WA(IBO)
U
DSs (9161 = o S0 [ Xils)5i o) + WA (5. (4.7

such that DLn,A,u(ﬁ)/Bl = (Sn)\,u(ﬁ)aﬂﬁl( and DQLn,A,V(ﬂ)ﬁlBQ = <DS]£,)\,V(/3>BM
Ba) k. Here, the term S, , , is the dominating term in the expansion of 3, (-, v) —

Bo, that is,

L]
Bn,)\( v) — Bo = —=Suxu(Bo) = Z i ™A (Xi) — Wi (Bo). (4.8)

A rigorous statement of this approximation is given in Theorem 1, and requires
several assumptions, which are stated next. We begin by characterizing the
dependence structures of the functional time series, where we use the concept
of m-approximability (e.g., Hormann and Kokoszka| (2010)); [Berkes, Horvath and
Rice| (2013))).

Assumption 3. For i € Z, (X,,Y;) is generated from model (1.1) and satisfies
the following:

31. X; = g(...,&.1,&) and e, = h(...,ni_1,m:), for ¢ € Z and some
deterministic measurable functions ¢g : S — L?*([0,1]) and h : R® — R,
where S is some measurable space and & = §;(t,w) is jointly measurable in
(t,w); & and n; are independent and identically distributed (i.i.d.).

3.2. For any s € [0,1], E{X(s)} = E(gy) = 0. For some ¢ € (0, 1), E|go|**° < 0.

3.3. The sequences {X;}icz and {e;}icz can be approximated by ¢-dependent
sequences {X; ¢ }i vez and {e; ¢ }i ez, respectively, in the sense that, for some
k>240,
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ad 1 > 1
SEIX - X2 <00, S (Ble —end?) < o0
= =1

1

Here, X, = g(&,&i—1,- - ,fi—e+1,€;4) and €;¢ = (i, Mi-1, - - - ,771‘—@+17"7Zz);
where 522 = (é:,é,iffvézﬁ,é,iféfh'") and N = (Uf,z,ifzvnf,z,ifzqw--)a and
where &, and 7;,, are independent copies of §; and 7, respectively, and
are independent of {&;}icz and {n; }icz, respectively.

Assumption 4 (Regularity conditions).
4.1. There exists a constant @ > 0 such that E{exp(w@|X[|2:)} < oo.
2
4.2. For any 8 € H, E((Xo, 8)12) < co{E((Xo, 8)2.)}", for some constant ¢, > 0.
4.3. The true slope function f is such that Y ;- p2 V2(By, pr) < 0.
4.4. For s,t € [0,1] and Cyp, in (3.7)), the limit Cy(s,t) = limy o Cpy (s, t) exists.

Assumption 5. The constants a and D in Assumption 2 and the regularization
parameter \ in satisfy A = o(1), n 'A=2e+D/D = 5(1), and nA2*2e+1)/(2D)
= o(1) as n — oo. In addition, n 'A"*logn = o(1) and \~2+(ZD+2a+1)/(2D)
logn = o(1) as n — oo, where ¢ = (2D —2a —1)/(4Dm) + (a +1)/(2D) > 0.

Remark 1. Assumption 4 requires an exponential tail of || Xo|| 2. This condition
is satisfied for any stochastic process with an almost surely bounded L2-norm,
and can also be satisfied for Gaussian processes with a square-integrable mean
function if we take w € (0,1/4); this is proved in Proposition 3.2 in Shang and
Cheng| (2015)). Assumption 4 is a common condition in linear regression models
for functional data; see, for example, Cai and Yuan| (2012)) and Shang and Cheng
(2015). Assumption 4 corresponds to the so-called undersmoothing scenario in
Shang and Cheng| (2015); see their Remark 3.2. Finally, Assumption 5 specifies
the conditions for the regularization parameter A in .

Our first main result justifies the approximation (4.8), and is proved in
Section S1.1 of the Supplementary Material.

Theorem 1 (Uniform Bahadur representation). Suppose Assumptions 1-5
are satisfied. Then, for any fixed (but arbitrary) vy € (0, 1],

[nv]
b {BuCv) = 5o+ Wa (B} - > en(x)
i=1

vE(vo,

o O, (v,), (4.9)

where for the constant ¢ > 0 in Assumption 5, v, = n~Y2A"S(AY2 4 n=1/2
/\—(2a+1)/(4D))(logn)1/2_
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Next, we define for i € Z and 7,(+) in . the random variables

i X (,Ok>L2
U, = \2+D/D) () = )\(2a+1)/(2D)5iZ<“790k- (4.10)

Theorem 1 shows that, under suitable conditions, the approximation

[nv]
I/{Bn N — Bo+ Wa(Bo)} & n~tA- et/ 2D) Z U,

=1

holds uniformly in v € [vy, 1] with respect to the || - || x-norm, where v, € (0,1] is
an arbitrary, but fixed value. We now verify the weak invariance principle of the
process {n~1/2 ZL"”J Ui }nen, and define for this purpose the class

velo,1] Jo

F= {g :10,1] x [0,1] = R | sup /1 lg(s,v)]?ds < oo} (4.11)

The following theorem is proved in Section S1.2 of the online Supplementary
Material.

Theorem 2 (Weak invariance principle). Suppose Assumptions 1-5 hold.
Then, there exists a mean-zero Gaussian process {I'(s, )}, ,eco,1) in F defined in
, with covariance function cov{F(sl, v1),T(sa, ug)} = min{vy, 15 }Cy(s1, $2),
for Cy in Assumption 4.4, such that

Lnv]

sup]/ol{ ZU )}2ds:0p(1), as n — oo.

velo,1
Theorem 2 shows that the partial sum n='/2 EZLZJ U; can be approximated
by a Gaussian process I in the L?-sense, uniformly in v € [0, 1]. Thus, we obtain
from Theorem 1, we obtain the approximation

sup / [\f)\(2a+1)/(2D)V{5 — Bo(s) + Wa(Bo)} — T(s, 1/)}2 ds = 0,(1).

v€E[vo,1]

Next, in order to propose our self-normalization methodology, we define a useful
quantity related to the difference between the L?*-norms of the estimator /3, (-, v)
defined in (3.2)) and the true slope function fy, that is,

Gn(v) = /nA@etD/@2D) 2 /01 {BiA(S, v)— B5(s)} ds, (4.12)

where v € [, 1]. The following theorem establishes the weak convergence of the
process {G,, (V) },c[vy,1]» and is proved in Section S1.3 of the online Supplementary
Material.
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Theorem 3. If Assumptions 1-5 hold, then the process G, defined in (14.12))
satisfies

{Ca)} ey ~ {200BW)}, 0y 0 €([00, 1)),

where B denotes the standard Brownian motion and o4 is defined in (3.6)).

Recalling the definition of the statistics T, and V, in (3.4) and (3.9)),
respectively, we obtain from the continuous mapping theorem and Theorem 3
that

. 1/2
VAACED/CD (T g ) = (@nu), {/ G (v) — V2@n(1)’2w(dl/)} )

. 1/2
N (20dIB(1),20d{/V |VB(V)—VQB(1)|2w(dV)} ) (4.13)

In particular, the ratio (Tl‘n —dp) /WA/,L is asymptotically free, as stated in following
theorem, which is proved in Section S1.4 of the Supplementary Material.

Theorem 4. Suppose Assumptions 1-5 are satisfied and assume that o3 > 0.
For the T,,, dy, and V,, defined in (3.4)), (1.3)), and (3.9), respectively, we have

T, —dy 4 B(1)
— —

W= — .
v, {1 IvBW) - 2 B)P w(dv)} /2

(4.14)

Theorem 4 reveals a self-normalized statistic (T, — do)/V,, that converges
weakly to a pivotal random variable W, because its distribution does not depend
on the nuisance parameters (i.e., a and D in Assumption 2, and o2 in (3.6])) or
the eigensystem {(px, ¥x)}x>1. Moreover, the distribution of W in can be
simulated easily from computer-generated sample paths of standard Brownian
motions. Therefore, we propose rejecting the null hypothesis in at the
nominal level « if

T, > Q1_a(W)V, + A, (4.15)

where Q;_.(W) denotes the (1 — «)-quantile of the distribution of W in (4.14)).
Our final result, proved in Section S1.5 of the Supplementary Material, provides
a theoretical justification for the consistency of the test defined in at the
nominal level a.

Theorem 5. Assume A > 0. Under Assumptions 1-5, we have

JLH;P{@" > Ql,a(W)‘A/n +A}=qa ifdy=A and 02>0.
1 if dy > A
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Remark 2 (Further statistical consequences).

(1)

The choice of the threshold A in the relevant hypotheses in should be
discussed with experts from the field of application. We noted in Section 2
that this is not an easy problem. However, we argue that instead of testing
a null hypothesis, which we believe not to be true, one should think carefully
about the effect, which is of real scientific interest.

If this is not possible, we recommend constructing a confidence interval for
the (Squared) L*-norm of the slope function. Specifically, for the statistics

T, and V, defined in and (| , respectively, the set
Zo = [0,T, + Q1_a(W)V,] (4.16)

deﬁnes an asymptotic (1 — a)-confidence interval for the squared L*-norm
fo |Bo(s)|?ds of the unknown slope function. To see this, note that it
follows in the case dy > 0 from Theorem 4 that
- T, — do
Pd0>0 (do (S In) = Pd0>0 i\I Z _Ql—a(W) —-1—-« (417)

n

as n — 00, where we use the fact that the distribution of the random
variable W in is symmetric, that is —Q;_, (W) = Q,(W). In the case
do =0, beeause ’]I‘n,V > 0 almost surely, it follows that P4, — O(do €7 )
Pdo:O{Tn + Q1 o (W )Vn > 0} = 1. Moreover, if it is reasonable to assume
that the quantity d, = fol |Bo(s)|?ds is positive, an asymptotic two-sided
confidence interval for dy > 0 is given by

(rnax {0, Ty = Q1_0po(W)V, 1, T, + Q1 /Q(W)@nl, (4.18)

which follows by Theorem 4, observing that, by (4.13]), T, = do+ 0,(1) and
V, = 0,(1) as n — oo, and V,, > 0 almost surely.

Alternatively, it is also possible to test the relevant hypotheses for a finite
number of thresholds A® < ... < A simultaneously, for some L € N,. In
particular, a rejection of a A*®) means rejecting for all smaller thresholds.
In this sense, evaluating the test for several thresholds is logically consistent
for the user, and it is possible to determine, for a fixed nominal level «, the
largest threshold such that the null hypothesis is rejected.

Theorem 4 also allows us to construct a consistent and asymptotic level-a
test for the relevant hypotheses ((1.4)), defined by, rejecting Hy if

T, < Qu(W)V, + A,

where T,, and V,, are given in (3.4) and (3.9), respectively, and Q, (W)
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denotes the a-quantile of the pivotal distribution of W in (4.14]). The proof
is omitted, for brevity.

Remark 3. For the classical hypotheses in , that is, Hy : dy =
fnl |Bo(s)]?ds = 0, a likelihood ratio-type test was proposed by |Shang and Cheng;
(2015). Because the statistic T, in defines an estimator of the squared
L?-norm of the function f3;, an alternative test could be obtained by rejecting H,
in for large values of the statistic T,. However, it follows from the proof of
Theorem 4 that for dy = 0,

N Jy T2(s,1)ds |
[fulo | fol I2(s,v)ds — v? fol I2(s, 1)d3|2 w(dv)] 12

<>‘ =)
3 3

where I' is a mean-zero Gaussian process with covariance function cov{I'(sy, 1),
[(s2,15)} = min{vy, 15}Cy(s1, s2) and Cp is defined in Assumption 4.4. This
limit distribution differs from that of W in , and is not pivotal, because it
depends on the long-run covariance Cy. As a result, the decision rule defined in
does not define an asymptotic level-« test for the classical null hypotheses

in .

5. Finite-Sample Properties
5.1. Implementation

In this section, we discuss the details of the implementation of the proposed
tests for the relevant hypotheses. To begin with, in practice, we choose the
probability measure w in and as the discrete uniform distribution on
the interval [vg, 1]. Specifically, for some positive integer @, let

1—y
Vq:V0+Q(QO),

Then, we define w as the discrete uniform distribution supported on the set
{I/q}?zl, with equal probability mass 1/@Q), such that the pivotal random variable

W in (4.14)) is given by

for 1 <¢<@Q. (5.1)

W, = B(L) (5.2)

(Q 11— 10) X, vy Blry) — 2B}

and the quantiles of the pivotal distribution of Wy can be obtained easily
from simulated sample paths of standard Brownian motions. Recall from
Section 4 that in order to obtain the statistics 'ﬁ‘n and WA/n, we need to
compute the RKHS estimator BR,A(', v,) defined in using the obsgrvations
(X1, Y1),...,(X,,,Ys,), where n, = |yn| (¢ = 1,...,Q). Because S, (-, v,)
is defined as the solution of a penalized minimization problem on an infinite-
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dimensional function space H defined in , exact solutions are inaccessible.
We circumvent this difficulty by introducing the following finite-sample method,
and propose a method for choosing the regularization parameter \ in . We
first observe from Assumption 2 that J(pre, prrer) = preOrr e, such that for
B =3, brpr € H and b, € R, we have J(3,5) = >, bipr. Consider the
Sobolev space on [O 1] of order m = 2. In this case, the penalty functional in
is J(8,8) = fo {B"(s)}?ds. In order to find the empirical elgenfunctlons O
and eigenvalues py,, we solve the integro-differential equation (4

/ C(s,0) 2(t) dt = 2P(s), with 2¥(0) = 2 (1) = 2®(0) = ¥ (1) = 0,

(5.3)
where 6;( denotes the empirical covariance function of X computed from the
full sample X,...,X,. Let {@;}r>1 denote the eigenfunctions of , with
the corresponding eigenvalues {py }r>1, which can be obtained using Chebfun, an
efficient open-source Matlab add-on package available at https://www.chebfun.
org/. This allows us to approximate the Sobolev space H defined in (3.1]) using
the r-dimensional subspace H = {Z;Zl brPr : by € ]R}. Here, r is a truncation
parameter that depends on the sample size n, which, in practice, can be chosen
using cross-validation on the full sample (X1, Y7),...,(X,,Y,).

For fixed r, and for 1 < ¢ < Q, 1 < i < n, and 1 < k < 7, let wy =
fol X;(s)Pr(s)ds; for eich 1 <q<Q, let Qy = (Wir)i<i<n,1<k<r denote an
ng X r matrix; and let A, = diag{ﬁl, o ,ﬁr} denote an r x r diagonal matrix; let
Y, = (Yi,..., Y, )T € R, If we write 8,(-,v,) = S5, b3k € H, for b € R,
then, in order to approximate ﬁn,\( v,) in (3.2), for each 1 < ¢ < @, we can
compute the coefficients b(q) bT by solving

@7, ...,0\)

= argmin { —
bg‘” ,.4.,b(ﬂ)

T 1 9 )\ T )
- Z b? / Xi(s) pr(s) ds‘ + 5 Z b? pk}
k=1 0 k=1
1~ . A e
= argmin{ (Y, — Qg B9) (Y, — Q,, BY) + §B§Q> A, B@}, (5.4)
nq

Bﬁq)

where we write B9 = B\, ... )T € R”. A direct calculation shows that the
solution to is given by B@ = Qr, Qg + nq/\jA\T)lequ/q. Therefore, we
can approximate the estimator Bn A(5 ) in using B, (-, v,) = BASI)TQB, where
?=(31,...,5,)" denotes an r—dimensional vector of functions. Let ®, denote an
rXr matrix With entries </I\>M fo Ort)pe(t)dt, for 1 < k, 0 < r. Then T, and
V, in and (| can be approx1mated usmg T, = B(Q D, B ) and V,

{Q_l(l - 1/0) ZqQ:1 v, (BﬁQ)TCI)TBﬁ‘Z) - BﬁQ)T(I)TBﬁQ)) } 1z , respectively. Finally, the
decision rule in the test is defined by rejecting the null hypothesis in
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at the nominal level o if
T, > Q1_o(Wo)V, + A, (5.5)

where Q;_,(Wg) denotes the (1 — a)-quantile of the pivotal distribution of Wg
in .

In order to choose the regularization parameter A in (for fixed ), we
propose using a modified version of generalized cross-validation (GCV; e.g., see
Wahbal (1990)). Specifically, we choose A as the value that minimizes the modified
GCV score

o
L& IR T
GOVIN = 2 o e Ty g

where Y,(\) = Qg (0, Qg + ngAA,) QT Y,, and H,,()\) is the so-called hat

rq ~ 49

matrix, with tr{H,,(A\)} = tr{Q¢(Q,Qq + ngAA, )~ Q)

(5.6)

5.2. Simulated data

In this section, we apply the pivotal test to various settings of simulated
data. In order to evaluate the function X on its domain [0, 1], we take 100 equally
spaced time points, and for all the settings, we take the nominal level a = 0.05.
For the true slope function Sy in functional linear regression , we consider
the following two settings:

(S1) Let fi =1, fj+1( )= ﬂcos(jﬂ's) for j > 1, and define By = V350 /||Bol| .2
where By(s) = fi(s )—1—42 L(=1)it =2 f.(s), for s € [0, 1].

(82) fo(s) = VFo(3)/l1Boll 2, where Fo(s) = exp(—s/4), for s € [0, 1].

The first setting (S1) is similar to those used in [Yuan and Cai| (2010). For both
settings (S1) and (S2), the slope function is standardized such that dy = || 5o]/3 L2 =
6 > 0, where we take various values of § and A in the relevant hypotheses (1 .
For the predictor process {X; }:icz, we use a similar setting to that in Dette, Kokot
and Volgushev| (2020) by generating i.i.d. random variables 7, = Z] VI 2 15,

where Z;; "X Normal(0, 1), and consider the following two settings:
(i) the functional moving average process FMA(1), defined by X; = n; +6,m,_1,
for 1 <4 < n, where §; "~ uniform(—1/v/2,1/v/2).
(ii) The i.i.d. case X; = \/7/6m;, such that (i) and (ii) have the same point-wise
variance.
For the errors ¢; in , we generate i.i.d. standard normal random variables &;,
and take g; = c.(&§ + v;1&-1 + v;2§i—2), where v, ; S uniform(—1/v/2,1/v/2),
for i € Z and j = 1,2, and the constant c¢. > 0 is chosen such that var(e;)/
Var{fo Bo(s)X (s)ds} = 0.3.
We compare the numerical performance of our proposed pivotal test
(denoted as DT in the following discussion) with that of the method in
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Table 1. Left part: decisions of the test for the relevant hypotheses with
different values of A and nominal levels using bike-sharing data. “R” stands for rejecting
the null hypothesis, and “-” stands for no rejection. Right part: One-sided and two-sided
confidence intervals of dy = fol |Bo(s)|%ds.

A 0.41 0.42 110 1.11 1.35 1.36 One-sided CI Two-sided CI
a=001 R - - - - - (0,4.51] [0.21,4.79]
a=0.05 R R R - - - (0,3.82] [0.89,4.11]
a=0.10 R R R R R - (0,3.57] [1.19,3.82]

Kutta, Dierickx and Dette| (2022)) (denoted as KDD), for the relevant hypotheses
. Figures 1 and 2 display the empirical rejection probabilities of both tests
calculated from 500 simulation runs, where we vary the values of dy = ¢ in (S1)
and (S2), together with different values of the threshold A; we took vy = 1/2
and chose w as the discrete uniform distribution on {I/q}qul, with @ = 25,
where v, is defined in ; for the sample sizes, we took n = 50 and 200
observations; we chose r using cross-validation based on the whole sample, and
chose A using GCV in (5.6). The results confirm our theoretical findings in
Theorem 5, and are summarized as follows. (1) Both DT and KDD provide a
reasonable approximation of the nominal level & when A = dy = 4. (2) For
both DT and KDD, the rejection probabilities are close to zero when dy < A
(interior of the null hypothesis). (3) For both DT and KDD, when dy > A
(interior of the alternative), the empirical rejection probabilities increase with A,
and in most cases, larger sample sizes (n = 200) attain higher empirical rejection
probabilities. (4) In most cases, DT outperforms KDD in terms of empirical
power (when dy > A).

5.3. Data example: bike-sharing

Bike-sharing can potentially alleviate the environmental impact of transport
activities, and thus individuals and bike-sharing companies are investigating the
effect of environmental factors on bike sharing. In this example, we use our
proposed pivotal inference tools to investigate the impact of wind speed on bike
rental activities on workdays. We use the bike-sharing data of Captial Bike
Sharing (CBS) at Washington, D.C., the United States, for 2011 (Fanaee-T
and Gama, (2014)), together with hourly measurements of local wind speed,
obtained from the R package ISLR2 (James et al.| (2021)). This data set was
analyzed in Kim et al| (2018) in the functional response context, where the
response curves consist of hourly counts of bike rentals. In our case, Y; are
scalar variables taking values in [0, 1], evaluating the daily frequencies of bike
rental, obtained from a linear transformation of the daily count of bike rentals.
For each day i, the predictor curves X; represent the hourly measurements of
wind speed. It is known that environmental conditions such as wind speed
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Figure 1. Empirical rejection probabilities of DT and KDD for the relevant hypotheses
(1.3) under Setting (S1) with error setting (i) in column 1 and (ii) in column 2, with
various J (x-axis). The horizontal and vertical dashed lines are o = 0.05 and A =
0.7,1,1.3, respectively (first, second, and third row, respectively).

are of temporal dependence, making our pivotal inference approach, which does
not depend on long-run variance estimates, attractive. We extracted the data
for the 250 workdays in 2011, and removed missing data to obtain n = 247
observations. The hourly measurements of wind speed are normalized using a
linear transformation, such that the data take values in [0,1]. The curves X;
are obtained by projecting the hourly observations onto the space spanned by
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Figure 2. Empirical rejection probabilities of DT and KDD for the relevant hypotheses
under Setting (S2) with error setting (i) in column 1 and (ii) in column 2 with various
0 (x-axis). The horizontal and vertical dashed lines are o = 0.05 and A = 0.7,1,1.3,
respectively (first, second, and third row, respectively).

the first seven Fourier basis functions on [0, 1], and are evaluated on an equally
spaced grid ¢t = 0.01,0.02,...,1. Figure 3 displays the histogram of Y;, together
with the wind speed curves.
We centered the data, considered the relevant hypotheses (1.3), and took
vy = 1/2 and @Q = 25 in . The left part of Table 1 displays the decisions
of our test with different values of the threshold A and nominal levels a = 0.10,
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Figure 3. Left panel: histogram of daily bike rentals (scaled to the interval [0, 1]). Right
panel: corresponding wind speed curves.

0.05, and 0.01. For instance, the largest value of A such that the test rejects
the null hypothesis in at level o = 0.05 is given by A = 1.01, and this value
is 1.35 at level a = 0.10. If we wish to avoid specifying the threshold A for a
test (see the discussion in Remark 2), we can construct one-sided or two-sided
confidence intervals for dy = fol |Bo(s)|*ds, which are defined in (4.16)) and (4.18]),
respectively. The results are displayed in Table 1 for various confidence levels.

Supplementary Material

The online Supplementary Material contains the proofs of our theoretical
results.
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