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Abstract: We consider a single-index structure to study heteroscedasticity in re-
gression with high-dimensional predictors. A general class of estimating equations
is introduced. The resulting estimators remain consistent even when the struc-
ture of the variance function is misspecified. The proposed estimators estimate
the conditional variance function asymptotically as well as if the conditional mean
function was given a priori. Numerical studies confirm our theoretical observations
and demonstrate that our proposed estimators have less bias and smaller standard
deviation than the existing estimators.
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1. Introduction

Many scientific studies rely on understanding the local variability of the data,
frequently characterized through the conditional variance in statistical model-
ing. The conditional variance plays an important role in a variety of statistical
applications, such as measuring the volatility of risk in finance (Anderson and
LCund (1997); Xia, Tong, and Li (2002)), monitoring the reliability of nonlinear
prediction (Miiller_and Stadfmulled (T987); [Yao and Tong (T994)), identifying
homoscedastic transformations in regression (Box and Cox (T964); Carroll_and
Ruppert (T988)) and so on. Estimation of the conditional variance function is
an important problem in statistics.

Let Y € R be the response variable and x = (X1,...,X,)T € RP be the
associated predictor vector. In this paper we study the conditional variance
function of Y given x, denoted var(Y | x). We write E(Y | x) as the conditional
mean function and ¢ = Y — E(Y | x) as the random error. Then we have
var(Y | x) = E(g? | x). Since ¢ is not observable, it is natural to replace the
error with the residual £ = Y —E(Y | x), where E(Y | x) is an arbitrary consistent
estimate of the conditional mean function. It is of interest to quantify the effect of
this replacement on estimating the conditional variance function. This problem
first received much attention when the predictor is univariate, p = 1. See, for
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, Hall_and Carroll (i

example 89), Wang et al] (2008), and references therein.

g
Cai, Levine, and Wang| (2009) generalized the results of Wang et all (2008) to
the case of multivariate x. In their generalization, however, the nonparametric
kernel regression was applied directly to estimate the multivariate regression
function, which may not be effective due to the “curse of dimensionality”. In
regressions with univariate predictor and response, Ruppert et al] (1997) and
Fanand Yad ([99R) applied local linear regression to the squared residuals and
demonstrated that such nonparametric estimate performs asymptotically as well
as if the conditional mean were given a priori. Song and Yang (200Y) derived
asymptotically exact and conservative confidence bands for the heteroscedastic
variance functions. Yin ef all (2010) extended the results of Fan_and Yad (I'99R)
to the case of multivariate response.

To model the conditional variance function when p is fairly large, we assume
throughout that there exists a smooth function ¢%(-) and a p x 1 vector 3, such
that

var(Y | x) = 0%(Ba x). (1.1)

With an unspecified link function ¢?(-) and a univariate index B§x, (IC0) is
both flexible and interpretable under the single-index structure. It provides a
compromise between parametric models which are easily interpretable yet often
too restrictive, and fully nonparametric models that are flexible but suffer from
the “curse of dimensionality”. For ease of presentation we assume that, for some
unknown function ¢(-) and a p x 1 vector ay, the conditional mean function also
admits the single-index structure

E(Y | x) = (ol x). (1.2)

The assumption of model (IZ2) is not essential and more general forms of the
mean function may be assumed.

In this paper we propose a general class of estimating equations to estimate
Bo. By correctly specifying E(x | B3 x), the estimator of B, is consistent even
when the structure of the variance function o2(-) is misspecified. On the other
hand, if the variance function o2(-) is correctly specified and estimated consis-
tently, our proposed estimator of B, is consistent without correctly specifying
E(x | B1x).

The estimate of B, from the estimating equations possesses an adaptive
property: the proposed procedure estimates the conditional variance function as
efficiently, asymptotically, as if the conditional mean were given a priori. This
is achieved by replacing the error ¢ =Y — E(Y | x) in the estimating equation
with its corresponding residual £ =Y — E(Y | x).
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This paper is organized in the following way. In Section 2 we present the
methodology and study its properties under both the population and the sample
levels. In Section 3 we examine the finite sample performance of the proposed
procedure through simulations and an application to a data set. This paper
concludes with a brief discussion in Section 4. All technicalities are given in the
Appendix.

2. A New Procedure and Its Theoretical Properties
2.1. A general class of estimating equations

Consider the estimating equation

El{e* - o*(Byx) Ho?(Box)}'x] = 0, (2.1)

where ¢ = Y — E(Y | x), and {0?(-)} stands for the first order derivative of
o2(-). Here () corresponds to the classical nonlinear least squares estimation
of fchimura (1993) and Hardle, Hall, and Ichimurd (1993). A limitation of (2)
is that it requires correct specification of o%(+) to obtain a consistent estimate for
By, and this may be troublesome in practice. To address this issue we propose a
new class of estimating equations,

E[{e2 -3 (85} {x - E (x| 8]x) }| =0, (2.2)

where 52(8] x) and E (x| B x) may be different from 02(3;x) and E (x| Bix).
When 52(83x) = 02(8]x) and E (x| Box) = E (x| Byx), (I2) has the form

E [{52 - 02(,60Tx)} {x—F (x| ,BOTX)}] =0. (2.3)

It is not difficult to verify that (EZ3) produces a consistent estimate of 3;. In
other words, 3 is a solution to [{5 -0 ,BT } {x E (x ] BTx )}] =0. An
important virtue of (232) is that, as long as one of the functions 2(83 x) and
E (x | ﬁOTx) is correctly specified, (E2) yields a consistent estimate of 3.
particular, without knowing the exact form of o?(-), suppose we specify it as
72(+), which may be different from o2(-), and impose the working estimating
equation

[{5 — 7% (Bex) Hx—E (x| ,ng)}] =0. (2.4)

Invoking a conditional expectation, (24) is equivalent to

E (E [{52 —Ez(ﬂgx)} {X—E (x ] ,BOTX)} | XD =0



1238 LIPING ZHU, YUEXIAO DONG AND RUNZE LI

To verify that this yields a consistent estimate of the true 8, at the population
level, we recall that E (2 | x) = 0?(8)x) under (I0). Then the left hand side
of (Z3) can be further reduced as

E[E{e* - 3°(Bx) | x} {x — B (x| B7x)}]
= B [E{e? - 3(83x) | Bix} {x - B (x| Bx)}]
=B [{ =3*(80%)} B {x— B (x| Box) | Bix}],

where the last term is obviously 0, indicating that (E) is able to produce a
consistent estimator of B,. This derivation provides the motivation for (22), as
it continues to yield a consistent estimate of B, even if o2(-) is misspecified. As
a special case, let 72(8¢x) = 0 in (Z4) and get

E[?{x-Ex|Bix)}] =0, (2.5)

which is similar to the estimating equation proposed by [Li and Dong (2009) to
recover the central solution space. In their context they utilize Y instead of &2
to estimate the mean function. We generalize the idea of the central solution
space method to estimate the variance function. When x satisfies the linearity
condition (L (T991)), (E(x | Bgx) is a linear function of x), then B, must
be proportional to {var(x)}~!
solving (ZH) at the sample level. Yet, unlike the response variable Y, the error

cov(x,e?). This property dramatically simplifies

term ¢ is not observable. This motivates us to examine the effect of estimating
the mean function to obtain the residuals on estimating the variance function.
We study this issue in the next section. Aside from this, we have seen that (23)
is a specific member of the general class of estimating equations at (222).

On the other hand, correct specification of E(x | B3 x) may be challenging in
some situations. Even if all components in E(x | 83 x) can be correctly specified,
calculating E(x | B3 x) is rather intensive when x is high dimensional. In order
to simplify the calculation, suppose we estimate F(x | Bgx) by E(X | Bax).
Then (Z2) becomes

E[{e2 - o*(8fx)} {x - E(x | 8%)}] =0, (2.6)

noting that £ (¢2 | x) = 02(Bgx) and conditioning on x. Thus (22) continues to
yield a consistent estimate of 3, even if E(x | Bgx) is misspecified. For example,
we can set E(x | Bax) = 0 and then (Z8) becomes

E [{52 - JQ(HOTX)} x| = 0. (2.7)
We remark here that (223) and (222) are equivalent at the population level by
noting that E {?E (x | Bix)} = E{E (¢?| Bx)x} = E{o?*(Bx)x} under
().
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We have shown that the estimating equation at (22) has a desirable robust-
ness property: as long as either 52(-) or E(x | Bix) is correctly specified, the
estimator based on the sample version of (E22) is consistent. Both parametric
and nonparametric methods could be used to model 2(-) or E(x | 83x). For
example, E‘(x | Bix) is typically assumed to be a linear function of Bix in
the dimension reduction literature (Li (I991)). We propose to estimate 52(-)
and E (x | Bdx) via kernel regression. The theoretical properties of the sample
estimates based on kernel regression are investigated in the next section.

2.2. Asymptotic properties

Given independent and identically distributed {(x;,Y;),i =1,...,n}, we dis-
cuss sample versions of the proposed estimating equations and the1r asymptotic
properties.

Ideally, one may estimate 3, by solving for B that satisfies

n~ /2 Z{e ﬁ Xl)}{xz - (Xz | /3 XZ)} =0, (2.8)

which is the sample counterpart of (E23). In (23), the quantities GQ(ﬁTxi) and
E’(xi | BTxi) are the consistent estimators of 02(,@ x;) and E(x; | B X;), respec-
tively, and can be obtained through the classical kernel regression method. In
practice, we have to replace the unobservable error ; with the residual ;. To
guarantee the consistency of B, we need consistent estimation of ¢;, indicating
that we have to estimate E(Y | x) consistently. Under (I2), E(Y | x) = {(ad %),
we estimate aq by solving for & that satisfies

—1/22{1/ (@ %)) Hx; — E(x; | a"x;)} =0, (2.9)

which is parallel to (238) with
> K (6T x—a"x;)Y;
>y Ky (1% — alx;)

In this Kp(-) = K(./h)/h is the kernel function. h and h; are the bandwidths.
Next we calculate the residual &; = Y; — £(aTx;), and get our final estimate

Z;-I:lKh(&TXj—aTXi)Xj Z(aT )
= = Xi)=
> i1 Kn(@txj —atx) l

E(x; | a"x;)=

of B, by solving

n~1/2 Z{e B XZ)}{XZ - (Xz | :3 x;)} = 0. (2.10)
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In (P10) we estimate E(x; | B8 x;) and 0°(B x;) as
~T AT AT AT
D Kn(B X =B xi)x; _, a1 Y0 K, (B x;—B x)E]

~ Py ) 02 (/6 Xi) - Py Py .
S Ea(B %, — B x,) S KB x; — B xy)

To summarize, we implement the following algorithm to estimate 3.

E(xi | B xi)=

1. Solve (Z9) to obtain & through the following Newton-Raphson algorithm.

(a) Start with an initial value o). In our implementation, we choose a(®) =
{30 (% —%) (%, —X) }71{ S (xi—X)(Y;=Y)}, wherex =n"1 37 x;
and Y =n"t3" V.

(b) Write J(ax) = _1/2 Yo Yi— E(a xi) Hxi — E(x; | aTx;)} and d J'(a) =
—n_lf\Q ZZ 1{€(a xi)V{x;—E(x; | o Tx;)}x}. The derivative {0(aTx;)Y
= 0{l(aTx;)}/0(aTx;) is taken directly from the corresponding kernel
estimator. Update a®) with

oD — k) _ {J/(a(k>)}—1{J(a(k))}, (2.11)

In case the matrix J’ (a(k)) is singular or nearly so, we adopt a ridge
regression approach using (Z1) with J'(a®)) replaced by J.(a®)) =
J’ (a(k)) + A1, %, for some positive ridge parameter A,,. Here 1,5, denotes
a p X p identity matrix.
(c¢) Tterate (ZI0) until a**+Y fails to change. Denote the resultant estimate

by a.

2. Obtain Z(&Txi) by using kernel regression of Y; onto (a'x;), fori=1,...,n.

3. Solve (ECI0) to obtain 3, where & = Y; — £(aTx;).

(a) Start with an initial value B9 In our implementation, we choose B8 =
{ Y6 = %) =0} { Tty o — %7}

(b) Write I(8) =n~Y/2 3" {22 -52(8"x;)}{xi — E(x; | 87x)} and I'(8) =
—n V23 528 %) Y {xi — E(x; | BTx;)}xF, where the derivative
{62(BYx;)Y = 0{6%(B1x,)}/0(B ;) is taken from the kernel estimator

82([3Txl-).
Update B(k) with
B = g0 _ L1(B0)) 4 A, Ly, ) H{I(BW)}. (2.12)
(c) Tterate (Z12) until 3**+Y fails to change. Denote the resultant estimate
by 3.

~T ~T
4. Obtain 5%(8" x;) by using kernel regression of 2 onto (8 x;), fori=1,...,n.
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One question arises naturally: how to quantify the differences between the
estimators obtained from (EZ8) and (210)7 This is answered by the following.

Theorem 1. Suppose the conditions (C1)—(C5) in the Appendiz are satisfied.
Let

Q=F [A(x) {O‘%(BOTX)}/XT} and V=EFE {Var(52 | X)A(X)AT(X)} ,

where A(x) = x — BE(x | Bax). Then n'/?V~1/2 Q (,B - ,@O> converges in dis-

tribution to the standard multivariate normal distribution as n — oco.

Theorem 1 provides the asymptotic normality of B obtained from Step 3
in our proposed algorithm, which uses the residual &; and relies on (2Z10). As
detailed in the proof in the Appendix, we obtain exactly the same asymptotic
distribution of 3 based on (2R) with known error ;. This means our procedure
performs as well as the oracle procedure in terms of estimating B3,, namely,
without knowing the conditional mean, we can estimate the conditional variance
function asymptotically as well as if the conditional mean was given a priori.

With a consistent estimator 3, we estimate 0?(-) via kernel regression. The
next theorem states the consistency of 52(+) obtained from Step 4 in our proposed
algorithm.

Theorem 2. Suppose the conditions (C1)—(C5) in the Appendiz are satisfied.

Let
@i} | {80} {£85%))
2 F(B3%) ’
where pg = fil uw? K (u)du, {02(-)}/, {f()} and {02(-)}” denote the first and sec-
ond order derivatives, respectively. Then (nhg)'/? {GQ(BTX) —o%(Bix) — bias}
converges in distribution to normal distribution with mean zero and variance

var(e? | By x)/ (B x)-

Because B has a faster convergence rate than the nonparametric regression,
the above result is not surprising. Theorem 2 implies that we can estimate o(-)

bias = h3 o

~T
based on B x as efficiently as if ,ng was known a priori. This extends the
results in Fan_and Yad (T99%), as we obtain the adaptive property when x is
high-dimensional and the link function is an unknown smoothing function.

Remark 1. In this section, we describe how to estimate 3, from the estimating

equation (ZM) and establish the adaptive property for 3 and 52(8 x) in an
asymptotic sense. In practical implementation, one may choose the bandwidth



1242 LIPING ZHU, YUEXIAO DONG AND RUNZE LI

for the proposed procedure by using a cross-validation procedure. The estimating
equation (2710) corresponds to (223) at the population level. Similarly, one can
derives an estimate for B, using the sample version of (23) or (221). However, it
is necessary to undersmooth E(x|31x) in (Z3), or 62(81x) in (222), in order for
the resulting estimate to achieve the adaptive properties. We skip the details.

3. Numerical Studies
3.1. Simulations

In this section, we report on simulation studies to compare the performance
of the estimation procedures discussed in Section 2.1. Specifically, we consider

S Y — 6@ %) U@ %) Yxi = 0,
S {8 328 x) 2B xi)Yxi = 0.

Solving (B) yields the classical nonlinear least squares estimation proposed by
Hardle, Hall, and Ichimurd (1993), and it serves as a benchmark for our compar-
isons.

Estimating equations for the sample level of (272) are

S (Y — U@ %) bx; = 0,
Zz 1{6 -0 (BTXi)}Xi =0.

We recall that the quantity E(x | B3x) is misspecified to be 0 in (27). We
have seen in Section 2.1 that the estimator of 3, obtained from (872) remains
consistent if 22 and 52(-) are consistent. The estimator based on (B2) is included
to demonstrate this robustness property.

The sample version of the estimating equation (Z33) is

Zz {Yi— €(a xi) H{xi — (Xz | & X%)} =0,
Si{E -7 (ﬁ xi) Hx; — E(x; | B x;)} =0.

In equations (81), (82), and (B33), &; = Y; — Z(&Tx,-). As in Section 2.2, we esti-
mate /(aTx), 02(8%x), E(x | aTx), and E(x | 8Tx) through the corresponding
kernel estimates. Both o?(8%x) and E(x | 8Tx) are estimated consistently in
(83). The Epanechnikov kernel is used in our numerical study and the band-
widths are selected via cross-validation. We remark here that, our estimating
procedure is not very sensitive to the choice of the bandwidth, which confirms
the theoretical investigations in Theorem 1 that the asymptotic normality of B
holds true for a wide range of bandwidth.
In our simulation, we used two schemes to generate x.

(3.1)

(3.2)

(3.3)
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Table 1. Simulation results for Case 1. The oracle estimates use the true
error term €. All numbers reported are multiplied by 100.

mean estimate variance estimate oracle estimation
ay Qs Qs ay 31 32 B\s 31 32 B\s

(a): é(aOTx) =5 (aOTx)
(83m) bias -0.04 0.03 0.06 -0.06 7.68 0.07 -13.56 6.04 -0.19 -14.22
std 0.92 1.19 099 1.14 17.14 19.84 11.89 16.78 19.61 12.14
(B2) Dbias -0.04 0.04 0.05 -0.06 262 0.62 -4.16 1.46 0.07 -4.49
std 0.91 1.18 0.98 1.13 9.67 11.45 5.88 9.06 11.14 5.70

(833) bias -0.05 0.04 0.05 -0.06 248 059 -4.04 1.35 0.01 -4.37
std 091 1.18 098 1.13 9.35 11.19 5.30 9.01 1096 5.23
(b): l(afx) =2exp (af x)
(B1) bias -0.56 -0.16 0.58 -0.49 7.65 -0.29 -13.59 6.04 -0.19 -14.22
std 3.71 482 4.05 4.63 16.84 19.77 11.99 16.78 19.61 12.14
(832) Dbias -0.79 -0.11 0.61 -0.45 291 0.81 -4.02 1.46 0.07 -4.49
std 4.06 5.25 4.42 5.07 9.52 11.43 5.59 9.06 11.14 5.70
(833) bias -0.79 -0.11 0.60 -0.46  2.84 0.79 -3.97 135 0.01 -4.37
std 4.08 5.26 441 5.07 9.44 11.25 5.70 9.01 1096 5.23

method

Case 1: The predictors x were drawn from a normal population with mean zero
and variance-covariance matrix (oy;)g, 4, Where o;; = 0.5/l

Case 2: We generated X as uniform U (0, 12'/2), X, from a binomial distribution
with success probability 0.5, and X3 from a Poisson distribution with
parameter 2. We kept (X4, ..., Xg)T generated from Case 1.

Conditioning on x, Y was generated as normal with the mean functions
(a) llagx) =5 (agx),

(b) l(adx) = 2exp (%),

where ap = (0.8,0.4,—0.4,0.2,0,0,0,0)" in (a) and (b) and the variance function
o2(BTx) = 0.25 (BTx +2)° with B, = (—0.45,0,...,0,0.9)T.
Performances of estimating oy and 3. For the estimation accuracy of ay
and 3, simulations were repeated 1,000 times with sample size n = 600. The bias
(“bias”) and the standard deviation (“std”) of the estimates of typical elements
of arg and B, are reported in Tables 1 and 2 for Cases 1 and 2, respectively.
The estimating equations (81), (82), and (833) have similar performances
for estimating & in terms of both the bias and the standard deviation. The es-
timating equations (B823) perform the best for estimating 3, and (B=) perform
only slightly worse, confirming the robustness property of (22). The estimat-
ing equations (B) have the largest biases and standard deviations; this may be
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Table 2. Simulation results for Case 2. The oracle estimates use the true
error term €. All numbers reported are multiplied by 100.

method mean estimate variance estimate oracle estimation
a; Qi Qs 0y B\l 32 BS 31 32 BS
(a): l(afx) =5 (afx)

(83m) bias -0.02 0.00 0.01 -0.03 598 1.65 -13.35 5.68 1.27 -13.74
std 049 1.09 0.16 0.72 15.56 28.91 12.50 16.10 29.08 12.87

(B™2) bias -0.02 -0.01 0.00 -0.03 -0.05 -2.40 -5.39 -045 -3.07 -5.33
std 0.50 1.12 0.42 0.72 8.69 17.05 6.73 7.95 16.86 6.13

(B3) bias -0.02 -0.00 0.01 -0.03 1.86 0.26 -3.75 1.66 -0.44 -3.67
std 0.50 1.12 042 0.73 7.61 16.64 4.83 7.41 16.36  4.90

(b): l(afx) =2exp (af x)

(Bm) bias 1.07 1.42 4.28 -0.91 5.42 2.25 -13.99 5.68 1.27 -13.74
std 2.08 4.06 2.89 2.50 16.17 28.87 13.07 16.10 29.08 12.87

(B32) bias -0.86 -1.43 -1.69 0.17 0.21 -2.63 -5.43 -0.45 -3.07 -5.33
std 224 5.02 223 3.21 9.03 17.52 7.03 795 16.86 6.13

(B3) bias -0.39 -0.21 0.17 -0.18 2.02 0.36 -3.66 1.66 -0.44 -3.67
std 2.22 4.89 1.99 3.15 7.46 16.73  4.90 7.41 16.36 4.90

Table 3. Simulation results of the average squared errors (ASE). All numbers
reported are multiplied by 100.

Case 1 Case 2

model  method — —
ASE(a) ASE(B) ASE(a) ASE(B)

(B) 3.83 98.56 1.84 41.34

(a) (82) 3.83 43.64 1.94 18.47

(B83) 3.84 43.24 1.94 17.89

(B5m) 4.30 96.86 3.05 42.23

(b) (82) 4.25 45.10 2.39 18.59

(B3) 4.25 44.35 2.21 18.26

explained by the fact that estimation of {¢(-)}' and {¢?(-)}’ are involved. From
Tables 1 and 2, all three procedures are close to their corresponding oracle es-
timates, which adopt the true errors instead of the residuals.
confirm the adaptive property of the proposed estimators.

Performances of estimating /(-) and o2(-).

errors criteria

This serves to

We take the average squared
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The results are reported in Table 3. The estimating equations (B2) and (B33)
offer similar results, and both are superior to the results based on (B).

3.2. An application

We consider the horse mussels data collected in the Malborough Sounds at
the Northeast of New Zealands South Island (Camden ([989)). The response
variable Y is the shell mass, with three quantitative predictors as related charac-
teristics of mussel shells: the shell length X7, the shell height X5, and the shell
width X3, all in mm. The sample size of this data set is 201. All predictors in
this analysis are standardized marginally to have zero mean and unit variance.

We only report the results obtained from (833), as similar results are obtained
from (B) and (B2). By assuming (), we estimate ag by the first equation of
(833), and find & = (0.3615, 0.4243,0.8302)T. Based on {(a’x;,Y;),i =1,...,n},
we estimate ((cajx) by kernel regression. The estimated regression function
and its point-wise prediction interval are plotted in Figure 1(A). The prediction
interval at the 95% level is calculated by assuming tentatively that the variance
function is a constant. We can clearly see that the empirical converge probability
Tx is large, only 63 among 201 points lie within
this prediction region. Homoscedasticity is not a reasonable assumption for this
data set.

Next we solve the second of the estimating equations (B=3) and find B =
(—0.3792,0.3724,0.8471)T. The variance function is then estimated by kernel re-

gression based on data points {(BTxi, £2),i=1,...,n}. The estimated variance
function is plotted in Figure 1(B), which does not seem to be constant. Tak-
ing into account the heteroscedasticity, we report the 95% prediction interval of
Z(,@Tx) in Figure 1(C). We can see that, around 94% of the sample (189 points)
is covered by this prediction interval.

It is of practical interest to examine the adaptive property of our proposal by
using the bootstrap method. Based on the original sample, we obtained the esti-

is very poor, particularly when &

mates of the index parameters & and 3 and the link function ¢(-). We then boot-
strapped the original data 1,000 times. Three quantities can be obtained from the
bootstrap sample: a* denotes the estimator of aig based on the bootstrap sample
(x5, Y"); B denotes the estimator of By based on {x},Y;* — z*(xfTa*)}, and ,B:
denotes the estimator of 3, based on {x},Y* —EA(X’;Ta)}. We remark here that ,@:
differs from B* in that the former used the “true error” term because it adopted
& and {(-), estimated from the original data, while the latter used the residuals
calculated from the bootstrap sample. The third plot in Figure 1(D) gives the
boxplot of the absolute values of correlation coefficients corr(xTB*,xTﬁo). It
implies that B* behaves very similarly to B; because the correlation coefficients
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are all very large. The first and second plots in Figure 1(D) show the respective
boxplots of the absolute value of the correlation coefficients corr(x
corr(xTB*, XTB). It can be seen that a* performs much more stably than ,@* and
B;, indicating that estimating the conditional variance function is more difficult
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Figure 1. Analysis of the Horse Mussel Data. The dashed line in (A) is the
kernel estimate ZA(&TX). The dot-dash lines are the 95% pointwise confidence
intervals obtained under the homoscedasticity assumption. The dashed line
in (B) is the kernel estimate &> (,B’Tx). The dashed line in (C) is the ker-
nel estimate Z(&Tx). The dot-dash lines are the 95% pointwise confidence
intervals obtained under the heteroscedasticity assumption. (D) depicts the

~ ~ %
boxplots of corr(xTa*,xTa), corr(x*@ ,x*

o~

calculated from the bootstrap samples.

than estimating the conditional mean function.

4. Discussion

Estimation of the conditional heteroscedasticity remains an important and
open problem in the literature when the dimension of predictors is very large
(Antoniadis, Grégoire, and Mckeagud (2004)). Based on a single-index structure,

3), and corr(

A~k ~
xT3 ,xT3,), as

a*,xTa) and
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this paper offers a general class of estimating equations to estimate the condi-
tional heteroscedasticity. The proposed framework allows for flexibility when the
structure of the conditional variance function is unknown. The resulting estima-
tor enjoys an adaptive property in that it performs as well as if the true mean
function was given. For ease of illustration, we assume that both the conditional
mean and the conditional variance functions are of the single-index structure.
Extension of the proposed methodology to the multi-index conditional mean and
conditional variance models warrants future investigation. As pointed out by an
anonymous referee, the model considered for ¢ is of the form ¢ = O’(,@OTX)E. Thus,
one can estimate B, by considering |e|* = o*(B¢x)E|e|* + £ for any o > 0,
where ¢ = 0%(83x)(|e|]* — E|e|*). The model used in this paper corresponds to
a = 2. Mercurio and Spokony| (2004) discussed how to determine «, and sug-
gested @ = 1/2 in general. It may be of interest to consider other o than o = 2.
This is beyond the scope of this paper.
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Appendix: Technical Conditions and Proofs
Appendix A: Some technical conditions

(C1) The density functions of (alx) and (B81x), denoted by fa,(cdx) and
f,@o (BOTX), are continuous and bounded from zero and above for all x € RP,
and have locally Lipschitz second derivatives.

(C2) The functions £(ax), o?(BLx), U(agx) fa, (adx), Uz(ﬂoTx)fﬂO (BLx),
E(x | atx)fa,(aix), and E(x | BOTx)fIBO (BEx) are continuous and
bounded from above for all x € RP, and their third derivatives are locally
Lipschitz.

(C3) The symmetric kernel function K (-) is twice continuously differentiable with
support [-1,1], and is Lipschitz continuous.
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(C4) The bandwidths h, hy, and hs satisfy nh* — oo and nh® — 0, nh} — oo
and nhz8 — 0 for i =1 and 2.

(C5) E(Y*) < 00 and E(X}) < oo for i = 1,...,p. In addition, the conditional
variance of Y given x is bounded away from 0 and from above.

Appendix B: Proofs of Theorems 1 and 2

~ o T ~ =T
Proof of Theorem 1. With regard to /(a’x), 32(8 x), and E(x | 8 x),
we first quantify the extent to which these functions can approximate their
respective true values. We take £(a’x) as an example. Note that

(@Tx) — f(afx) = {Z(aTx) - Z(aOTX)} n {Z(aTx) - Z(aOTX)} :

The first term in the right hand side can be dealt with using standard non-
parametric regression theory. Therefore, it remains to quantify the difference
0(aTx) — l(afx). Let C = {a : ||& — ag|| < Cn~'/2}. Recall that Li, Zhu, and
Zhi (2010, Lemma 1) proved that, if nhi — oo,

sup sup {Z(&Tx) - Z(aOTx)} _E {Z(&T } ‘ - {log”} .

x€ERP C

)

By invoking the symmetry of the kernel function and the condition that the third
derivative of ¢(-)f(-) is local Lipschitz, and using similar arguments as those in
proving Lemma 3.3 of [Zhu and Fang (996), we can show that

£ (g (efx)
flad)

where po = f_ll u? K (u)du. A similar result also holds when «y is replaced by .
By the Mean Value Theorem, it follows that

E {Z(agx)} —l(agx) — poh? {é”(agx) + } = O(h"),

. h?
sup |¢"(&@"x) — (o) W2z = O, (1) — o),
c nt/2

since nhi — o0o. The above arguments imply that, for any fixed x € RP and
nh§ — 0,

lagx) —t(a'x) =V (a™x)xT (o — &) + op(n_l/z). (B.1)
Following similar arguments, we can obtain that

5388 x%) — G(B' x) = {o3(BTx)} X" (8o — B) + 0p(n /%),

and
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(x| Bix) - B(x| B'x) = {E(x| 83%)}' x™ (8 — B) + opl(n” ). (B.2)

(Bl) and (BX) are used repetitively in subsequent derivations. We discuss the
consistency of 3 first. Let

1(B) :E{€2— }{X— (x| B )}
n~t ZE{ ,BTXZ } {xi — E(XZ | BTXZ-)} .

Let U(B,) be any open set that includes B,. To prove the consistency of ,/6\, we
assume that inf,@e@\U(Bo) | I(B) |> ¢ for some positive constant d. It suffices to
show that

: J
Pr{ 56@1&;(ﬁ0) | 1(8) |< 2} — 0. (B.3)

The condition inf,@ee\U(,BO) | I(B) |> 0 implies that

NGRS

~ 5 R
inf 5 inf _
Pr{ﬂe@lilU(/@O) | I(B) I< 2} < Pr{ﬂe@l{b(ﬁo) | 1(8) - I(B) |>

Therefore, it suffices to show that, for any fixed J,

3

~ o
Pr{;g 1B -18) = 3} —0.

Recall the definition of 1(8) and I(8), and let 1(8) — I(8) % 5_, I, where
B =3 (e = 80} s~ Bl 670} - 108
Lp=n" 12{6 —eip {xi— B(xi | B7x))}
Lg=n"" Zl {o?(8"x:) = 3*(8"x) } {xi = E(xi | BTx1)},
I =n 12 {2 - 08"} {E(xi | 8"x) — E(xi | B™x)} .
ho=nt Y0 {2 - 22 { B | 87) - B | 80}
=

g =n""Y_{o*(A"%:) - 3(8"x)} {Bxi | B7x) — B(xi | Bxi)}
1=1
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We note that I; 1 is an average of independent and identically distributed
random variables with mean zero. The classical theory of empirical process shows
that supgcq | I1.1 |= op(logn/n'/?) almost surely (Pallard (1984, Thm. 2.37)).
Write

Lio=2n"" Z H o) X;) Z(&Txi)} gi {xi — E(x; | BTXZ')}}
IZ [{ ) x;) (a"x;) } {xi—E(x; |8 Xz)}] =2h21+ o

We first prove that SUPGee |I12,1] = 0p(1). Note that

U(afx) — Yo ]*IZ\&{X@— (xi | B i)}

1121 < sup
xcRP

+n~t i ‘{Z(agxi) - Z(aTXi)H lei {xi — E(xi | B'x:)}|
i=1

< sup
x€RP

o) ~Tiaf] ™ Y- e i EOss 870
-t Z ’&?ZE’ ad x; ) {xi — E(x; | BTx;) }XT} g — & .

Therefore, supg.q |I121] = o0p(1) follows immediately from the consistency of
a and the uniform consistency of z(aOTx). Similarly, SUPGeg |I12.2] = 0p(1) can
(1). Using the U-
= Op(l)’i =
3,4. Following similar arguments to deal with I} 5, we have supg g |11 5] = op(1).

be proved. These two results imply that sup 3

statistic theory (Serfling (IY80)), we can obtain that sup Beo

That sup Beo |11 6] = 0p(1) follows directly from the Cauchy-Schwartz inequality

and standard results on the uniform convergence of E(x | 37x) and 52(8"x) in
nonparametric regression. By combining these results, it follows that

~ 0
P IB)—I1IB)|>=;—0
r{gégl() ) 1= 5}

for any fixed §, which completes the proof of (B=3).
Next we examine the root-n consistency of 3. We expand the estimating

equation as 0 = n~1/23°" {xl —Ex; |3 Xl)} {é\? —02(B Xz)} =: 2121 Ip,.
The terms I ;’s are explicitly defined in the sequel.
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By the Central Limit Theorem,
Izl—nl/QZ{xl xlyﬁoxz}{s —0 BOXZ} Op(

Invoking the root-n consistency of @, we can show that

=:n I/ZZ{xl Xl‘,@OXZ }{522—5?}:0])(1).
Invoking (B2), it follows that
12,3=[E{U2(50X}{X— X|/30X}X +o()}n1/2<60—3>.

Because E {x; — E(x; | B)x;) | Box;} = 0, U-statistic theory implies
La=:n ‘I/QZ{X — E(xi | Byxi)} {o*(Byx) — 7*(Bgx)} = 0p(1),
Ly =:n""? Z {E(Xz’ | B3xi) — E(x; | BoTXz’)} {e7 —*(Byx)} = 0p(1).
i=1
By the uniform convergence of E(x; | Bax;), and (B), it is easy to see
e =: nq/zf: {E(Xi | Bix:) — E(x; | ,30TXi)} {8 -7} = 0p(1),
i=1
Bp =23 (B | BTx) — Bl | 87x) } {58750~ 523 %0} = o,(1).
i=1
Given nh*hj — 0 and nhhy — oo, the Cauchy-Schwartz inequality implies
o = n 23 { Bl | BT — Bl | B0 } {0280~ 72(88)]) =
i=1
By using the fact that E {7 — o?(BLx) | x} =0, we can show that
hg=tn V3" { B | B - Bl | B} {22 - 0%(8330)}.
i=1

L0 =: Tfl/zz {E(Xz | BYxi) — E(xi | ﬁ X;) } {& <}
i=1
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Invoking (B22) again, we have
B =23 (B | B - Bl B30 } {52880 ~ 5°(B" )
=
= op(1)n'/* (B, - B).
Iz =i n ™Y/ Z {Bexi | B3x) = Bixi | B x) | {o*(83%) — 3%(8F%))
— o (8.-8).

By combining these results, we obtain that (50 - B) = Op(n_l/z).
The asymptotic normality follows immediately from the root-n consistency
described above and the Central Limit Theorem. That is,

[{X— X|:30X}{00,30X}X} 1/2<B—50>
—nil/QZ:{xZ E(x|Bix;)} {e? — o*(Box)} + 0,(1),

which completes the proof of Theorem 1.

Proof of Theorem 2. It can be proved, following (B), the root-n consis-
tency of & and 3, and standard arguments in nonparametric regression. See, for
example, Ruppert and Wand (1994). Details are omitted from here.

Appendix C: Some preliminary results

We discuss the consistency of @, its convergence rate, and its asymptotic
normality. First we prove the consistency of a. Take

J(@)=E{Y —{(a™x)} {x - B(x| a'x)},

T =t 52 {3 a0} s~ B [ ™0}

Let U(ay) be any open set that includes ay. To prove the consistency of &, we
assume that infaee\v(ag) | /(@) |> 0 for some positive constant §. It suffices to
show 5
H{ inf \f@ﬂg}%a (C.1)
ae0\U(ap) 2
The condition infaee\r(ag) | /(@) [> & implies that

P inf J < —-<P inf J —J s o
" {ae@lilU(ao) (e < 2} = {aE@lilU(ao) | (e () 12 2}
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Therefore, it suffices to show that

Pr {sup | J(a) — J(c) |> g} -0

acO

for any fixed 8. This follows directly from the consistency of J(c) if hy — 0
and nhy/logn — co. See, for example, Ichimura (993, Lemmas 5.1-5.3), Zhu
and Fang (996, Lemmas 3.1 and 3.3), and Pollard (1984, Thm. 2.37). (C) is
proved.

Next we prove the root-n consistency of @. With probability close to 1, by
a Taylor expansion, for a between o and a,

J(@&) = J(ao) + J'(&) (& — )

(c0) + {7(@) = T(@0) } (& — o) + T'(ew) (&~ ). (C2)

Recall the definition of J(&) and write J(og) = S J, where

Ji=n"1> {Y = lagxi)} {xi — E(xi | agxi)},
=1

~

Jy=n""t z”: {}Q — K(aOTxi)} {E(xl | agxi) — E(XZ | aOTxZ-)} ,
Jy = flz{ (g xi) — (o ;) }{xZ BE(x; | ayx;)},
Ji=n"1 Z { alx;) — i(ad xl)} {E(xi | adx;) — E(x; | aOTxi)} .

Because E [{Y — f(afx)} {x — E(x | ao x)}] =0, Ji is of the order 0,(n~1/2)
by the Central Limit Theorem. Both J; and Js are of the order op(n~1/?) ac
cording to the standard U-statistics theory (Serfling (T980)); by using Cauchy-
Schwartz inequality, j4 is less than

1/2

B {ttad ~ad}) | [ {pexl el - Bixl e} ]

which is of order O, {h{ +logn/(nh1)}. If nh§ — 0 and nh?/logn — oo,
then the last term is also op(n ~1/2). Combining these results, we obtained that
J(e) = Op(n~1/2).

By using the Weak Law of Large Numbers we can see that J' (ap) converges
in probability to J'(c) = E ['(afx) {x — E(x | o x) } x*] for nh? — oo and
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nh§ — 0. Similarly, J(&) — j’(ao) = 0p(1) in that & is a consistent estimate of
ag. Therefore, & is a root-n consistent estimate of ay.

The asymptotic normality of a follows from its root-n consistency. Specifi-
cally, (C32) implies that

W2 (& - ag) = {7 (a0)} 0 V2 Y e {xs - E(xi | aTxi)} + 0,(1)
=1

where J' (o) = E [/(afx) {x — E(x | af x) } x'] and &; = Y; — {(a} x;).
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