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Abstract

This supplement contains the proof of Theorem 3.1 and additional

technical material. Section S1 provides some properties of tensor prod-

ucts between Hilbert spaces and cumulant tensors. Section S2 provides

the proof of Lemma 2.1. Section S3 contains the main steps of the proof

of Theorem 3.1 while the bounds on cumulant tensors of local func-
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S1. Some properties of tensor products of operators and cumulant tensors

Let H i for each i = 1, . . . ,n be a Hilbert space with the inner product 〈·, ·〉i . The

tensor of H1, . . . ,Hn is denoted by

H :=H1 ⊗ . . .⊗Hn =
n⊗

i=1
H i . (S1.1)

If H i = H for each i ∈ 1, . . . ,n, then (S1.1) is the n-th fold tensor product of

H . For Ai ∈H i , i = 1, . . . ,n the object
⊗n

i=1 Ai is a multi-antilinear functional

that generates a linear manifold, the usual algebraic tensor product of vector

spaces H1, . . . ,Hn , to which the scalar product

〈
n⊗

i=1
Ai ,

n⊗
i=1

Bi 〉 =
n∏

i=1
〈Ai ,Bi 〉i

can be extended to a pre-Hilbert space. The completion of the above algebraic

tensor product is
⊗n

i=1 H i (we refer to Section 2.6 of Kadison and Ringrose

(1997) and Section 3.4 of Weidmann (1980) for more details about tensor

products of Hilbert spaces).

We require some properties of operators on a separable Hilbert space. L (H )

denotes the Banach space of bounded linear operators A : H → H with the

operator norm given by |||A|||∞ = sup‖x‖≤1 ‖Ax‖. Each operator A ∈L (H ) has

the adjoint operator A† ∈ L (H ), which satisfies 〈Ax, y〉 = 〈x, A† y〉 for each

x, y ∈H . A ∈L (H ) is called self-adjoint if A = A† and non-negative definite

if 〈Ax, x〉 ≥ 0 for each x ∈ H . The conjugate of an operator A ∈ L (H ), de-
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noted by A, is defined as Ax = (Ax), where x denotes the complex conjugate of

x ∈H . For A,B ,C ∈L (H ) we define the following bounded linear mappings.

The Kronecker product is defined as (A
⊗̃

B)C = AC B †, while the transpose

Kronecker product is given by (A
⊗̃

>B)C = (A
⊗̃

B)C
†
. For A,B ,C ∈ S2(H ), we

shall denote, in analogy to elements a,b ∈ H , the Hilbert tensor product as

A
⊗

B . We list the following useful properties:

Properties S1.1. Let H i = L2
C

([0,1]k ) for i = 1, . . . ,n. Then for ai ,bi ∈ H i and

Ai ,Bi ∈ S2(H i ), we have

1. 〈A,B〉HS = Tr(AB †)

2. 〈⊗n
i=1 Ai ,

⊗n
i=1 Bi 〉HS =∏n

i=1〈Ai ,Bi 〉HS

3. 〈a1 ⊗a2,b1 ⊗b2〉HS = 〈a1 ⊗a2,b1 ⊗b2〉H i⊗H i = 〈a1,b1〉〈a2,b2〉

4. If Ai ∈ S1(H), then
∏n

i=1 Tr(Ai ) = Tr(
⊗̃n

i=1 Ai )

5.
(
(a1 ⊗a2)

⊗
(a3 ⊗a4)

)= (
(a1 ⊗a3)

⊗̃
(a2 ⊗a4)

)= (
(a1 ⊗a4)

⊗̃
>a2 ⊗a3)

)
Let X be a random element on a probability space (Ω,A ,P) that takes

values in a separable Hilbert space H . More precisely, we endow H with

the topology induced by the norm on H and assume that X :Ω→H is Borel-

measurable. The k-th order cumulant tensor is defined by (van Delft and Eich-

ler, 2018)

Cum
(
X1, . . . , Xk

)= ∑
l1,...lk∈N

Cum
(〈X1,ψl1〉, . . . ,〈Xk ,ψlk 〉

)
(ψl1 ⊗·· ·⊗ψlk ), (S1.2)
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and the cumulants on the right hand side are as usual given by

Cum
(〈X1,ψl1〉, . . . ,〈Xk ,ψlk 〉

)= ∑
ν=(ν1,...,νp )

(−1)p−1 (p −1)!
p∏

r=1
E
[ ∏

t∈νr

〈X t ,ψlt 〉
]

,

where the summation extends over all unordered partitions ν of {1, . . . ,k}. The

product theorem for cumulants (Brillinger, 1981, Theorem 2.3.2) can then be

generalized (see e.g. Aue and van Delft, 2019, Theorem B.1) to simple tensors

of random elements of H , i.e., X t =⊗Jt
j=1X t j with j = 1, . . . , Jt and t = 1, . . . ,k.

The joint cumulant tensor is then be given by

Cum(X1, . . . , Xk ) = ∑
ν=(ν1,...,νp )

Sν
(
⊗p

n=1 Cum
(
X t j |(t , j ) ∈ νn

))
, (S1.3)

where Sν is the permutation that maps the components of the tensor back

into the original order, that is, Sν(⊗p
r=1 ⊗(t , j )∈νr X t j ) = X11 ⊗·· ·⊗Xk Jt .

Suppose that {X (u)
t : t ∈ Z} is a strictly stationary sequence of H -valued

random elements for each u ∈ [0,1]. The results of van Delft and Eichler (2018)

imply that the local k-th order cumulant spectral operator

Fu,ω1,...,ωk−1 =
1

(2π)k−1

∑
t1,...,tk−1∈Z

Cu,t1,...,tk−1 e−i
∑k−1

l=1 ωl tl

is well-defined, where ω1, . . . ,ωk−1 ∈ [−π,π] and

Cu,t1,...,tk−1 = Cum
(
X (u)

t1
, . . . , X (u)

tk−1
, X (u)

0

)
(S1.4)

is the corresponding local cumulant operator of order k at time u. For k =
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2, we obtain the time-varying spectral density operator Fu,ω - the operator

defined in (2.3) of the main paper - which is uniquely defined by the triangular

array {X t ,T : 1 ≤ t ≤ T }T∈N and twice-differentiable with respect to u and ω if

(iv) of Assumption 3.1 of the main paper holds for `= 2 (see also Aue and van

Delft (2019) for more details).

S2. Proof of Lemma 2.1

Proof of Lemma 2.1. Since |||·|||2 is induced by the Hilbert-Schmidt inner prod-

uct, we have that

|||Fu,ω−Gω|||22 =|||Fu,ω−F̃ω|||22 +〈Fu,ω−F̃ω,F̃ω−Gω〉HS

+〈F̃ω−Gω,Fu,ω−F̃ω〉HS+|||F̃ω−Gω|||22.

By linearity and the definition of the Hilbert-Schmidt inner product,

∫ 1

0
〈Fu,ω−F̃ω,F̃ω−Gω〉HSdu =

〈∫ 1

0
Fu,ωdu −F̃ω,F̃ω−Gω

〉
HS

= 0.

A similar argument shows that
∫ 1

0 〈F̃ω−Gω,Fu,ω−F̃ω〉HSdu = 0. Hence,

m2 =
∫ π

−π

∫ 1

0
�Fu,ω−F̃ω�2

2dudω+min
G

∫ π

−π
�F̃ω−Gω�2

2dω

and the infimum of the second term is achieved at Gω ≡ F̃ω. The proof is

complete.
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S3. Proof of Theorem 3.1

In this section we explain the main steps in the proof of Theorem 3.1. The

proofs of various statements of this section are intricate and therefore post-

poned to Section S4 and Section S5. Let us recall that T = N M , where N de-

fines the resolution in frequency of the local fDFT and M controls the number

of nonoverlapping local fDFT’s. To establish that
p

T (m̂T −m2)
d−→ N (0,ν2) as

T →∞ with v2 given by (S5.19), we show that

p
T [Em̂T −m2] → 0, (S3.5)

T Varm̂T → v2, (S3.6)

and

T n/2 cumn(m̂T ) → 0 (S3.7)

for n > 2 as T →∞.

Recall first that m̂T = 4π(F̂1,T − F̂2,T + B̂N ,T ) and that Corollary S3.1, which

is given below, implies the bias correction B̂N ,T does not affect the asymptotic

distribution of m̂T . Therefore, the distributional properties of
p

T (m̂T −m2)

will follow from the joint distributional structure of F̂1,T and F̂2,T . In particu-

lar, multilinearity of cumulants implies that we have

cumn(m̂T ) = (4π)n cumn(F̂1,T −F̂2,T ) = (4π)n
n∑

x=0
(−1)x

(
n

x

)
cumn−x,x(F̂1,T , F̂2,T ),
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where cumn−x,x(F̂1,T , F̂2,T ) denotes the joint cumulant

cum(F̂1,T , . . . , F̂1,T︸ ︷︷ ︸
x times

, F̂2,T , . . . , F̂2,T︸ ︷︷ ︸
n−x times

)

for n, x ≥ 0.

The first two moments (S3.5)-(S3.6) can be determined by the cumulant

structure of order n = 1 and n = 2 of F̂1,T and F̂2,T , respectively, while (S3.7)

will follow from showing that

T n/2 cumn−x,x(F̂1,T , F̂2,T ) → 0

as T →∞ for each n > 2 and 0 ≤ x ≤ n.

The main ingredient to our proof is the following result which allows us to

re-express the cumulants of F̂1,T and F̂2,T , which consists of Hilbert-Schmidt

inner products of local periodogram tensors, into the trace of cumulants of

simple tensors of the local functional DFT’s. The proof of Theorem S3.1 is

given in Section S4.

Theorem S3.1. Let E|||I u,ω
N |||2n

2 <∞ for some n ∈N uniformly in u and ω. Then

cum
(
〈I

u j1 ,ωk1
N , I

u j2 ,ωk2
N 〉HS , . . . ,〈I

u j2n−1 ,ωk2n−1
N , I

u j2n ,ωk2n
N 〉HS

)
Tr

( ∑
P=P1∪...∪PG

SP

(
⊗G

g=1 cum
(
D

u jp ,ωkp

N |p ∈ Pg

))
,

where the summation is over all indecomposable partitions P = P1∪ . . .∪PG of
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the array

(1,1) (1,2) (1,3) (1,4)

(2,1) (2,2) (2,3) (2,4)

...
...

...
...

(n,1) (n,2) (n,3) (n,4)

(S3.8)

where p = (l ,m) and kp = (−1)mk2l−δ{m∈{1,2}} and jp = j2l−δ{m∈{1,2}} for l ∈
{1, . . . ,n} and m ∈ {1,2,3,4}. Here the function δ{A} equals 1 if event A occurs

and 0 otherwise.

In order to establish (S3.6) and (S3.7), it is of importance to be able to de-

termine which indecomposable partitions of the array (S3.8) are vanishing in

a structured fashion. The following two results allow us to exploit the struc-

ture of the array. The next lemma provides a global bound on the cumulants

that is implied by the behavior of the joint cumulants of the local fDFT’s for

different midpoints (Lemma S4.2). For a fixed partition P = {P1, . . . ,PG } of the

array, denote the size of the partition by G .

Lemma S3.1. If Assumption 3.1 is satisfied then for finite n,

T n/2 cumn−x,x(F̂1,T , F̂2,T ) =O(T 1−n/2NG−n−1)

uniformly in 0 ≤ x ≤ n.

Lemma S3.1 implies that for n = 2 partitions with G ≤ 2 vanish, while for

n > 2 all partitions of size G ≤ n +1 will vanish asymptotically. Moreover, in-



S3. PROOF OF THEOREM 3.1 9

decomposability of the array requires to stay on the frequency manifold (see

(S4.11) of Corollary S4.1) and therefore imposes additional restrictions in fre-

quency direction. In case n = 2, only those partitions of size G ≥ 2 for which

all sets are such that
∑

k∈Pg ωk ≡ 0 mod 2π will not vanish. For n > 2, the in-

decomposability of the partition and Corollary S4.1 also result in restrictions

over frequencies k1, . . . ,kn . These restrictions are formalized in the following

proposition.

Proposition S3.1. For a partition of size G = n + r1 +1 with r1 ≥ 1 of the array

(S4.14) with n > 2, only partitions with at least r1 restrictions in frequency di-

rection are indecomposable. For n = 2, G = n + r1 +1 with r1 ≥ 1 will have at

least 1 restriction in frequency direction.

Together, Lemma S3.1 and Proposition S3.1 allow to show that all higher

order cumulants vanish asymptotically and therefore asymptotic normality

can be established.

Theorem S3.2. Under Assumption 3.1, we have for all x = 0, . . . ,n and n > 2,

T n/2 cumn−x,x(F̂1,T , F̂2,T ) → 0 as T →∞.

Proof. By Lemma S3.1, it is direct that all partitions of size G ≤ n +1 vanish.

We therefore only have to consider the case where G = n+r1+1 with r1 ≥ 1. In

this case, Proposition S3.1, yields an upperbound of the joint cumulant that is

of order O(T 1−n/2N n+r1+1−n−1N−r1 ) =O(T 1−n/2). This establishes (S3.7).

Combining Theorem S3.2 with (S5.16), we immediately obtain the follow-
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ing result for the bias correction

Corollary S3.1. Under the conditions of Theorem 3.1,

p
T

(
B̂N ,T −BN ,T

) p→ 0 as T →∞.

The derivation of the asymptotic first and second order structure of
p

T F̂1,T

and
p

T F̂2,T can be found in Section S5. A straightforward calculation then

yields the asymptotic variance v2 is simply given by

ν2 = lim
T→∞

(
16π2Var(F̂1,T )+16π2Var(F̂2,T )−32π2Cov(F̂1,T , F̂2,T )

)
.

We therefore obtain the following expression for the asymptotic variance

ν2 =4π
∫ π

−π

∫ π

−π

∫ 1

0
〈Fu,ω1,−ω1,−ω2 ,Fu,ω1

⊗
Fu,ω2〉HSdudω1dω2

+4π
∫ π

−π

∫ π

−π
〈F̃ω1,−ω1,−ω2 ,F̃ω1

⊗
F̃ω2〉HSdω1dω2

−8π
∫ π

−π

∫ π

−π

∫ 1

0
〈Fu,ω1,−ω1,−ω2 ,Fu,ω1

⊗
F̃ω2〉HSdudω1dω2

+4π
∫ π

−π

∫ π

−π

∫ 1

0
〈Fu,ω1,−ω1,ω2 ,Fu,ω1

⊗
Fu,−ω2〉HSdudω1dω2

+4π
∫ π

−π

∫ π

−π
〈F̃ω1,−ω1,ω2 ,F̃ω1

⊗
F̃−ω2〉HSdω1dω2

−8π
∫ π

−π

∫ π

−π

∫ 1

0
〈Fu,ω1,−ω1,ω2 ,Fu,ω1

⊗
F̃−ω2〉HSdudω1dω2

+8π
∫ π

−π

∫ 1

0
|||F 2

u,ω|||22dudω+4π
∫ π

−π

∫ 1

0
〈F 2

u,ω,Fu,ωF̃ω〉HSdudω

+4π
∫ π

−π

∫ 1

0
〈F̃ωFu,ω,Fu,ωF̃u,ω〉HSdudω

−16π
∫ π

−π

∫ 1

0
〈Fu,ωFu,ω,Fu,ωF̃ω〉HSdudω
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+4π
∫ π

−π

∫ 1

0
|||Fu,ω|||42dudω

+4π
∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
Fu,ω,Fu,ω

⊗
Fu,ω〉HSdudω

+4π
∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
>Fu,−ω,Fu,ω

⊗
Fu,−ω〉HSdudω

+4π
∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
Fu,ω,F̃ω

⊗
F̃ω〉HSdudω

+4π
∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
>Fu,−ω,F̃ω

⊗
F̃−ω〉HSdudω

−8π
∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
Fu,ω,Fu,ω

⊗
F̃ω〉HSdudω

−8π
∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
>Fu,−ω,Fu,ω

⊗
F̃−ω〉HSdudω, (S3.9)

Under H0 this reduces to ν2
H0

= 4π
∫ π
−π|||F̃ω|||42dω.

S4. Bounds on cumulant tensors of local functional DFT

The following lemma shows that the cumulant tensor of the local fDFT’s eval-

uated at the same midpoint ui and on the manifold
∑k

j=1ω j ≡ 0 mod 2π can

in turn be expressed in terms of higher order cumulant spectral operators.

Lemma S4.1. If Assumption 3.1 is satisfied and
∑k

j=1ω j ≡ 0 mod 2π then

∣∣∣∣∣∣∣∣∣Cum
(
Dui ,ω1

N , . . . ,Dui ,ωk
N

)− (2π)1−k/2

N k/2−1
Fui ,ω1,...,ωk−1

∣∣∣∣∣∣∣∣∣
1
=O

(
N−k/2 × N

M 2

)
.

When evaluated off the manifold, i.e.,
∑k

j=1ω j 6= 0 mod 2π, the above cu-

mulant is of lower order (see Corollary S4.1). A direct consequence of the

proof of Lemma S4.1 is the following corollary
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Corollary S4.1. We have for any p ≥ 1

∣∣∣∣∣∣∣∣∣Cum
(
Du1,ω1

N , . . . ,Duk ,ωk
N

)∣∣∣∣∣∣∣∣∣
p
=O

(
N 1−k/2

)
(S4.10)

uniformly in ω1, . . . ,ωk and u1, . . . ,uk . Moreover, if
∑k

j=1ω j 6= 0 mod 2π then

∣∣∣∣∣∣∣∣∣Cum
(
Du1,ω1

N , . . . ,Duk ,ωk
N

)∣∣∣∣∣∣∣∣∣
p
=O

(
N−k/2

)
. (S4.11)

Before we give the proofs, denote the function ∆(N )(ω) = ∑N−1
t=0 e−iωt for

ω ∈ R. This function satisfies |∆(N )(
∑k

j=1ω j )| = N for any ω1, . . . ,ωk for which

their sum lies on the manifoldω≡ 0 mod 2π, while it is of reduced magnitude

off the manifold. For the canonical frequencies ωk = 2πk/N with k ∈ Z, we

moreover have

∆(N )(ωk ) =


N , k ∈ NZ;

0, k ∈Z\ NZ.

(S4.12)

Proof of Lemma S4.1. Let p ∈ {1,2}. Using linearity of cumulants we write

Cum
(
Dui ,ω1

N , . . . ,Dui ,ωk
N

)
= 1

(2πN )k/2

N−1∑
s1,...,sk=0

exp

(
−i

k∑
j=1

s jω j

)
Cum

(
Xbui T c−N /2+s1+1,T , . . . , Xbui T c−N /2+sk+1,T

)
= 1

(2πN )k/2

N−1∑
s1,...,sk=0

exp

(
−i

k∑
j=1

s jω j

)
C

ui−N /2−s1−1
T ,s1−sk ,s2−sk ,...,sk−1−sk

+R1
k,M ,N ,

(S4.13)

where Cu,t1,...,tk−1 denotes the local cumulant operator as defined in (S1.4). Us-
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ing Lemma S.2.1 of Aue and van Delft (2019) and Assumption 3.1,

∣∣∣∣∣∣∣∣∣R1
k,M ,N

∣∣∣∣∣∣∣∣∣
p
≤ 1

(2πN )k/2

N−1∑
s1,...,sk=0

( k

T
+

k−1∑
j=1

|s j − sk |
T

)|||κk,s1−sk ,...,sk−1−sk |||p

≤ 1

(2πN )k/2

N−1∑
sk=0

1

T

∑
l1,...,lk−1∈Z

(
1+

k−1∑
j=1

|l j |
)|||κk,l1,...,lk−1 |||p =O

(
N−k/2M−1

)
.

In addition, we can write the first term of (S4.13) as

= 1

(2πN )k/2

N−1∑
s1,...,sk=0

exp

(
−isk

∑
j
ω j

)
exp

(
−i

k−1∑
j=1

ω j (s j − sk )

)
C

ui−N /2−sk−1
T ,s1−sk ,s2−sk ,...,sk−1−sk

= (2π)1−k/2

N k/2

N−1∑
s=0

e−is
∑

j ω j Fui−N /2−s−1
T ,ω1,...,ωk−1

+R2
k,M ,N ,

where

∣∣∣∣∣∣∣∣∣R2
k,M ,N

∣∣∣∣∣∣∣∣∣
p
≤ 1

(2πN )k/2

N−1∑
s=0

∑
j :1,...k−1:

|s j−s|≥N−1

∣∣∣∣∣∣∣∣∣Cu−N /2−s−1
T ,s1−s,s2−s,...,sk−1−s

∣∣∣∣∣∣∣∣∣
p

≤ 1

(2πN )k/2

N−1∑
s=0

∑
j :1,...k−1:

|s j−s|≥N−1

|||κk,s1−s,s2−s,...,sk−1−s |||p .

≤ 1

(2πN )k/2

N−1∑
s=0

1

N 2

∑
j :1,...k−1:
|l j |>N

N 2|||κk,l1,l2,...,lk−1 |||p

≤ 1

(2πN )k/2

1

N

∑
j :1,...k−1:
|l j |>N

|l j |2|||κk,l1,l2,...,lk−1 |||p = o
(
N−k/2

)
.

Therefore, the cumulants satisfy

Cum
(
Dui ,ω1

N , . . . ,Dui ,ωk
N

)= (2π)1−k/2

N k/2

N−1∑
s=0

e−is
∑

j ω j Fui−N /2−s−1
T ,ω1,...,ωk−1

+R1
k,M ,N +R2

k,M ,N .
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On the manifold
∑k

j=1ω j ≡ 0 mod 2π, we have that e−is
∑

j ω j = 1. Assumption

3.1(iv) and a Taylor expansion yield

Cum
(
Dui ,ω1

N , . . . ,Dui ,ωk
N

)= (2π)k/2−1

N k/2−1
Fui ,ω1,...,ωk−1 +R1

k,M ,N +R2
k,M ,N +R3

k,M ,N ,

where

|||R3
k,M ,N |||p =

∣∣∣∣∣∣∣∣∣(2π)k/2−1

N k/2

2∑
`=1

N−1∑
s=0

(1−N /2+ s

T

)` ∂`
∂u`

Fu,ω1,...,ωk

∣∣∣∣∣∣∣∣∣
p

≤ (2π)k/2−1

N k/2
O

(N

T
+ N

M 2

) 2∑
`=1

sup
u,ω1,...,ωk

∣∣∣∣∣∣∣∣∣ ∂`
∂u`

Fu,ω1,...,ωk

∣∣∣∣∣∣∣∣∣
p
=O

(
N−k/2

(N

T
+ N

M 2

))
,

which follows since
∑N−1

s=0

(
1−N /2+s

T

)
= (N−1)(1−N /2+N /2)

T = N
2T and similarly

∑N−1
s=0

(
1−N /2+s

T

)2 =
O

(N 3

T 2

)
. We additionally note that, off manifold, the first term of (S4.13) can be

bounded in norm by

=
∣∣∣∣∣∣∣∣∣ 1

(2πN )k/2

N−1∑
s1,...,sk=0

exp

(
−isk

∑
j
ω j

)
exp

(
−i

k−1∑
j=1

ω j (s j − sk )

)
C

ui−N /2−sk−1
T ,s1−sk ,s2−sk ,...,sk−1−sk

∣∣∣∣∣∣∣∣∣
p

≤ K

(2πN )k/2

∑
|l1|...,|lk−1|<N

∣∣∣N−|l∗j |∑
sk=0

e−isk
∑

j ω j

∣∣∣∣∣∣∣∣∣∣∣∣C
ui−N /2−sk−1

T ,l1,l2,...,lk−1

∣∣∣∣∣∣∣∣∣
p

≤ K

(2πN )k/2

∑
|l1|...,|lk−1|<N

|l∗j ||||κk;t1,...,tl−1 |||p =O
(
N−k/2

)
,

for some constant K and where j∗ = argmax
j=1,...,k−1

|l j |. This finishes the proof of

Lemma S4.1.

Additionally, when the local fDFT’s are evaluated on different midpoints

then we have the following lemma.
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Lemma S4.2. If Assumption 3.1 is satisfied and | j1− j2| > 1 for some midpoints

u j1 and u j2 then

∣∣∣∣∣∣∣∣∣Cum
(
D

u j1 ,ω1

N , . . . ,D
u jk

,ωk

N

)∣∣∣∣∣∣∣∣∣
1
=O

(
N−k/2M−1

)

uniformly in ω1, . . . ,ωk .

Proof of Lemma S4.2. Using again the linearity of cumulants we write

Cum
(
D

u j1 ,ω1

N , . . . ,D
u jk

,ωk

N

)
= 1

(2πN )k/2

N−1∑
s1,...,sk=0

exp

(
−i

k∑
v=1

svωv

)
Cum

(
Xbu j1 T c−N /2+s1+1,T , . . . , Xbu jk

T c−N /2+sk+1,T

)
= 1

(2πN )k/2

N−1∑
s1,...,sk=0

exp

(
−i

k∑
v=1

svωv

)
Cu′

k ,bu j1 T c−bu jk
T c+s1−sk ,...,bu jk−1

T c−buk T c+sk−1−sk
+R1

k,M ,N

where u′
k = uk−N /2−sk−1

T and where R1
k,M ,N is the error term derived in Lemma

S4.1. Let

lm = bu jm T c−buk T c+ sm − sk ↔ sm = t jk − t jm + lm − sk m = 1, . . .k −1

Similar to the proof of Lemma S4.1, we note that

∑
l1,l2,...lk−1,
|lm |>N

|||Cu′
k ,l1,...,lm ,...,lk−1

|||p ≤ ∑
l1,l2,...lk−1

,|lm |>N

|lm |2
N 2

|||κk,l1,...,lk−1 |||p =O(N−2).
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From which it follows that if |lm | > N , the term

∣∣∣∣∣∣∣∣∣ 1

(2πN )k/2

N−1∑
sk=0

e−isk
∑k

v=1ωv
∑

l1,l2,...lk−1,
|lm |>N

e−i
∑k−1

v=1(t jv −t jk
+lv )ωv Cu′

k ,l1,...,lk−1

∣∣∣∣∣∣∣∣∣
p

is bounded by

1

(2πN )k/2

N−1∑
s=0

∑
l1,l2,...,lk−1
|lm |≥N

|||κk,l1,...,lm ,...,lk−1 |||p

≤ 1

(2πN )k/2+2

N−1∑
s=0

∑
l1,l2,...,lk−1

|l1|≥N

|lm |2|||κk,l1,...,lm ,...,lk−1 |||p =O
(
N−k/2−1

)
.

Proof of Theorem S3.1. First note that a sufficient condition for E|||I u,ω
N |||p2 <∞

to exist is E‖Du,ω
N ‖2p

2 < ∞ or, in terms of moments of X , E‖X t ,T ‖2p
2 < ∞ for

each T ≥ 1, 1 ≤ t ≤ T and hence by Assumption 3.1

Cumn(〈I
u j1 ,ωk1
N , I

u j2 ,ωk2
N 〉HS) ≤

n∏
l=1

bN /2c∑
kl=1

M∑
jl=1

√
E|||I u jl

,ωkl
N |||22

√
E|||I u j2 ,ωk2

N |||22 <∞.

The definition of scalar cumulants and a basis expansion yield

Cum
(
〈I

u j1 ,ωk1
N , I

u j2 ,ωk2
N 〉HS , . . . ,〈I

u j2n−1 ,ωk2n−1
N , I

u j2n ,ωk2n
N 〉HS

)
= ∑
ν=(ν1,...,νG )

(−1)G−1 (G −1)!
G∏

g=1
E

∏
(l ,m)∈νg

〈I
u jl

,ωkl
N , I

u jm ,ωkm
N 〉HS

= ∑
ν=(ν1,...,νG )

(−1)G−1 (G −1)!
G∏

g=1
E

∏
(l ,m)∈νg

Tr
(
(D

u jl
,ωkl

N ⊗D
u jl

,−ωkl
N )

⊗
(D

u jm ,ωkm
N ⊗D

u jm ,−ωkm
N )

)
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= ∑
ν=(ν1,...,νG )

(−1)G−1 (G −1)!
G∏

g=1
E

∏
(l ,m)∈νg

Tr
(
(D

u jl
,ωkl

N ⊗D
u jl

,−ωkl
N ⊗D

u jm ,−ωkm
N ⊗D

u jm ,ωkm
N

)
,

where the summation extends over all unordered partitions (ν1, . . . ,νG ),G =
1, . . . ,n. The fact that the expectation operator commutes with the trace oper-

ator together with property S1.1.4 implies this can be written as

Tr
( ∑
ν=(ν1,...,νG )

(−1)G−1 (G −1)!
⊗̃G

g=1E
[⊗̃

(l ,m)∈νg
((D

u jl
,ωkl

N ⊗D
u jl

,ωkl
N )⊗ (D

u jm ,ωkm
N ⊗D

u jm ,ωkm
N ))

])

The product theorem for cumulant tensors (equation (S1.3)) then shows this

equals

Tr
( ∑

P=P1∪...∪PG

SP

(
⊗G

g=1 Cum
(
D

u jp ,ωkp

N |p ∈ νg

))
.

Here, the summation is over all indecomposable partitions P = P1∪ . . .∪PG of

the array

(1,1) (1,2) (1,3) (1,4)

(2,1) (2,2) (2,3) (2,4)

...
...

(n,1) (n,2) (n,3) (n,4)

(S4.14)

where SP denote the permutation operator on ⊗4n
i=1L2([0,1],C) that maps the

components of the tensor according to the permutation (1, . . . ,4n) 7→ P and

where p = (l ,m), kp = (−1)mk2l−δ{m∈{1,2}} and jp = j2l−δ{m∈{1,2}} for l ∈ {1, . . . ,n}

and m ∈ {1,2,3,4}. Here the function δ{A} equals 1 if event A occurs and 0

otherwise.
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Lemma S4.3. If Assumption 3.1 is satisfied then for finite n,

T n/2 cumn−x,x(F̂1,T , F̂2,T ) =
1

T n/2M x

bN /2c∑
k1,...,kn=1

M∑
j1,..., jn

jn+1,..., jn+x=1

Tr
( ∑

P=P1∪...∪PG

SP

(
⊗G

g=1 cum
(
D

u jp ,ωkp

N |p ∈ νg

))

=O(T 1−n/2NG−n−1)

uniformly in 0 ≤ x ≤ n.

Proof of Lemma S4.3. For a fixed partition P = {P1, . . . ,PG }, let the cardinality

of set Pg be denoted by |Pg | =Cg . By (S4.10) of Corollary S4.1 and Lemma S4.2

an upperbound of (S4.14) is given by

O
(
T −n/2M−x

bN /2c∑
k1,...,kn=1

M∑
j1,..., jn

jn+1,..., jn+x=1

G∏
g=1

1

NCg /2−1
M−δ{∃p1,p2∈Pg :| jp1− jp2 |>1}

)
(S4.15)

Note that |Cg | ≥ 2 and that the partition must be indecomposable. We can

therefore assume, without loss of generality, that row l hooks with row l+1 for

l = 1, . . . ,n −1, i.e., within each partition there must be at least one set Pg that

contains an element from both rows. For fixed jl , there are only finitely many

possibilities, say E , for jl+1 (Lemma S4.2). If the set does not cover another

row, then the fact that jl is fixed and jl+1 are fixed, another set must contain

at least an element from row l or l +1. But since the sets must communicate

there are only finitely many options for jl+2. If, on other hand, the same set

covers elements from yet another row then given a fixed jl , there are again
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finitely many options for jl+1 and for jl+2. This argument can be continued

inductively to find (S4.15) is of order

O(N n/2M−n/2−xE n M 1+x N−2n+G ) =O(T 1−n/2NG−n−1).

Proposition S4.1. For a partition of size G = n + r1 +1 with r1 ≥ 1 of the array

(S4.14) with n > 2, only partitions with at least r1 restrictions in frequency di-

rection are indecomposable. For n = 2, G = n + r1 +1 with r1 ≥ 1 will have at

least 1 restriction in frequency direction.

Proof of Proposition S4.1. First consider the case n > 2. We note that a mini-

mal amount of restrictions will be given by those partitions in which frequen-

cies and their conjugates are always part of the same set, i.e., in which for fixed

row l , the first two columns are in the same set and the last two columns are in

the same set. Given we need that G ≥ n +2 and Cg ≥ 2, indecomposability of

the array means that the smallest number of restrictions is given by partitions

that have one large set that covers the first two or last two columns and n − r1

rows and for the rest has 4n−2(n−r1)
2 = n+r1 sets with Cg = 2. This means there

are no constraints in frequency in n−r1−1 rows but for the array to hook there

must be r1 constraints in terms of frequencies in rows n − r1 −1 to row n.

Consider then the special case of n = 2, for which the above argument implies

a partition of size G = 3 and thus r1 = 0. For partitions are of size G ≥ 4, in-

decomposability then requires the first row to hook with the second, which

imposes at least one restriction in frequency direction since only those parti-
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tions for which
∑

k∈Pg ωk ≡ 0 mod 2π will not vanish.

S5. Derivation of expectation and covariance

For (S3.5), Theorem S3.1 implies we can write

EF̂1,T = 1

T

bN /2c∑
k=1

M∑
j=1

Tr
(
E
[
D

u j1 ,ωk1
N ⊗D

u j1 ,−ωk1
N ⊗D

u j1 ,−ωk1−1

N ⊗D
u j1 ,ωk1−1

N

])
.

Expressing this expectation in cumulant tensors, we get

EF̂1,T = 1

T

bN /2c∑
k=1

M∑
j=1

Tr

(
S1234

(
Cum

(
(D

u j1 ,ωk1
N ,D

u j1 ,−ωk1
N ,D

u j1 ,−ωk1−1

N ,D
u j1 ,ωk1−1

N )
))

+ 1

T

bN /2c∑
k=1

M∑
j=1

Tr

(
S1234

(
Cum(D

u j1 ,ωk1
N ,D

u j1 ,−ωk1
N )⊗Cum(D

u j1 ,−ωk1−1

N ,D
u j1 ,ωk1−1

N )
))

+ 1

T

bN /2c∑
k=1

M∑
j=1

Tr

(
S1324

(
Cum(D

u j1 ,ωk1
N ,D

u j1 ,−ωk1−1

N )⊗Cum(D
u j1 ,−ωk1
N ,D

u j1 ,ωk1−1

N )
))

+ 1

T

bN /2c∑
k=1

M∑
j=1

Tr

(
S1423

(
Cum(D

u j1 ,ωk1
N ,D

u j1 ,ωk1−1

N )⊗Cum(D
u j1 ,−ωk1
N ,D

u j1 ,−ωk1−1

N )
))

,

where Si j kl denotes the permutation operator on ⊗4
i=1L2([0,1],C) that maps

the components of the tensor according to the permutation (1,2,3,4) 7→ (i , j ,k, l ).

By Lemma S4.1 and Corollary S4.1, we thus find

EF̂1,T = 1

T

bN /2c∑
k=1

M∑
j=1

〈Fu j ,ωk ,Fu j ,ωk−1〉HS +O(M−2)+O(N−1).



S5. DERIVATION OF EXPECTATION AND COVARIANCE 21

Similarly, for F̂2,T we obtain

EF̂2,T = 1

N M 2

bN /2c∑
k=1

M∑
j1, j2=1

Tr
(
Cum

(
(D

u j1 ,ωk

N ,D
u j1 ,−ωk

N ,D
u j2 ,−ωk

N ,D
u j2 ,ωk

N )
)

+ 1

N M 2

bN /2c∑
k=1

M∑
j1, j2=1

Tr

(
S1234

(
Cum(D

u j1 ,ωk

N ,D
u j1 ,−ωk

N )⊗Cum(D
u j2 ,−ωk

N ,D
u j2 ,ωk

N )
))

+ 1

N M 2

bN /2c∑
k=1

M∑
j1, j2=1

Tr

(
S1324

(
Cum(D

u j1 ,ωk

N ,D
u j2 ,−ωk

N )⊗Cum(D
u j1 ,−ωk

N ,D
u j2 ,ωk

N )
))

+ 1

N M 2

bN /2c∑
k=1

M∑
j1, j2=1

Tr

(
S1423

(
Cum(D

u j1 ,ωk

N ,D
u j2 ,ωk

N )⊗Cum(D
u j1 ,−ωk

N ,D
u j2 ,−ωk

N )
))

.

Corollary S4.1 and Lemma S4.2 then yield

EF̂2,T = 1

N M 2

bN /2c∑
k=1

M∑
j1, j2=1

〈Fu j1 ,ωk ,Fu j2ωk 〉HS + 1

N M 2

bN /2c∑
k=1

M∑
j1=1

Tr
(
S1324

(
Fu j ,ωk

⊗
Fu j ,ωk

))
+O(

1

T
)+O(

1

M 2
).

Note that the permutation operator implies Tr
(
S1324

(
Fu j ,ωk

⊗
Fu j ,ωk

))= Tr
(
Fu j ,ωk

⊗̃
Fu j ,ωk

)
.

Therefore, with slight abuse of notation,

lim
N ,M→∞

E F̂2,T = 1

4π

∫ π

−π
〈
∫ 1

0
Fu,ωdu,

∫ 1

0
Fu,ωdu〉HSdudω+ N

T
BN ,T ,

where the term BN ,T is defined in (2.15). In complete analogy with the deriva-

tion of EF̂1,T , we find that the estimator B̂N ,T defined in (2.17) is asymptoti-

cally unbiased, i.e.,

lim
T→∞

EB̂N ,T = BN ,T . (S5.16)
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Summarizing, we obtain

p
T

[
4πE(F̂1,T − F̂2,T + N

T
B̂N ,T )−

(∫ π

−π

∫ 1

0
|||Fu,ω|||22dudω−

∫ π

−π
|||̃Fω|||22dω

)]
→ 0

as T →∞, provided Assumption 2.1 is satisfied.

S5.1 Covariance structure of
p

T F̂1,T

T Cov(F̂1,T , F̂1,T ) = T Cum
( 1

T

bN /2c∑
k1=1

M∑
j1=1

〈I
u j1 ,ωk1
N , I

u j1 ,ωk1−1

N 〉HS ,
1

T

bN /2c∑
k2=1

M∑
j2=1

〈I
u j2 ,ωk2
N , I

u j2 ,ωk2−1

N 〉HS

)
.

Using again Theorem S3.1

Cum2(
p

T F̂1,T ) = 1

T

bN /2c∑
k1,k2=1

M∑
j1, j2=1

Tr
( ∑

P=P1∪...∪PG

SP

(
⊗G

g=1 cum
(
D

u jp ,ωkp

N |p ∈ νg

))
,

where p = (l ,m) with kp = (−1)l−mkl −δ{m∈{3,4}} and jp = jl for l ∈ {1,2} and

m ∈ {1,2,3,4} and where δ{A} equals 1 if event A occurs and 0 otherwise. In

particular, we are interested in all indecomposable partitions of the array

D
u j1 ,ωk1
N︸ ︷︷ ︸

1

D
u j1 ,−ωk1
N︸ ︷︷ ︸

2

D
u j1 ,−ωk1−1

N︸ ︷︷ ︸
3

D
u j1 ,ωk1−1

N︸ ︷︷ ︸
4

D
u j2 ,−ωk2
N︸ ︷︷ ︸

5

D
u j2 ,ωk2
N︸ ︷︷ ︸

6

D
u j2 ,ωk2−1

N︸ ︷︷ ︸
7

D
u j2 ,−ωk2−1

N︸ ︷︷ ︸
8

By Lemma S4.3, all partitions of size G < 3, will be of lower order. By Propo-

sition S4.1), the only partitions that remain are those that contain either one

fourth order cumulant and two second order cumulants or those consisting

only of second order cumulants. Additionally, Corollary S4.1 and Lemma S4.2
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imply that, in order for the partitions with structure Cum4Cum2Cum2 to be

indecomposable, there must be at least one restriction in time. More restric-

tions in terms of frequency would mean the partition term is of lower order.

For the structure Cum4Cum2Cum2, the only significant terms are there-

fore

Tr
(
S(1256)(34)(78)

(
δ j1, j2

[
(

2π

N
Fu j1 ,ωk1 ,−ωk1 ,−ωk2

+E4)⊗ (Fu j1 ,−ωk1−1 +E2)⊗ (Fu j2 ,ωk2−1 +E2)
])

Tr
(
S(1278)(34)(56)

(
δ j1, j2

[
(

2π

N
Fu j1 ,ωk1 ,−ωk1 ,ωk2−1 +E4)⊗ (Fu j1 ,−ωk1−1 +E2)⊗ (Fu j2 ,−ωk2

+E2)
])

Tr
(
S(3456)(12)(78)

(
δ j1, j2

[
(

2π

N
Fu j1 ,−ωk1−1,ωk1−1,−ωk2

+E4)⊗ (Fu j1 ,ωk1
+E2)⊗ (Fu j2 ,ωk2−1 +E2)

])
Tr

(
S(3478)(12)(56)

(
δ j1, j2

[
(

2π

N
Fu j1 ,−ωk1−1,ωk1−1,ωk2−1 +E4)⊗ (Fu j1 ,ωk1

+E2)⊗ (Fu j2 ,−ωk2
+E2)

])
,

where Ek denotes an operator on L2
C

([0,1]bk/2c) that satisfies |||Ek |||1 =O(N−k/2×
N

M 2 ). For the partitions with structure Cum2Cum2Cum2Cum2, there must be

at least one restriction in terms of time and frequency for the partition to

be indecomposable. Those with more than the minimum restrictions are of

lower order. For the structure Cum2Cum2Cum2Cum2, the significant inde-

composable partitions are

Tr
(
S(12)(37)(56)(48)

(
δ j1, j2δk1,k2

[
Fu j1 ,ωk1

⊗Fu j1 ,−ωk1−1 ⊗Fu j2 ,−ωk2
⊗Fu j1 ,ωk1−1 +E2

])
Tr

(
S(12)(36)(78)(45)

(
δ j1, j2δk1−1,k2

[
Fu j1 ,ωk1

⊗Fu j1 ,−ωk1−1 ⊗Fu j2 ,ωk2−1 ⊗Fu j1 ,ωk1−1 +E2
])

Tr
(
S(15)(26)(37)(48)

(
δ j1, j2δk1,k2

[
Fu j1 ,ωk1

⊗Fu j1 ,−ωk1
⊗Fu j1 ,−ωk1−1 ⊗Fu j1 ,ωk1−1 +E2

])
Tr

(
S(15)(26)(34)(78)

(
δ j1, j2δk1,k2

[
Fu j1 ,ωk1

⊗Fu j1 ,−ωk1
⊗Fu j1 ,−ωk1−1 ⊗Fu j2 ,ωk2−1 +E2

])
Tr

(
S(18)(27)(34)(56)

(
δ j1, j2δk1,k2−1

[
Fu j1 ,ωk1

⊗Fu j1 ,−ωk1
⊗Fu j1 ,−ωk1−1 ⊗Fu j2 ,−ωk2

+ε2
])

.
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Using Remark S5.1 and in particular equation (S5.17) and (S5.18) below, the

corresponding terms of the covariance, T Cov(F̂1,T , F̂1,T ) equal

1

T

bN /2c∑
k1,k2=1

M∑
j1, j2=1

δ j1, j2

[〈2π

N
Fu j1 ,ωk1 ,−ωk1 ,−ωk2

,Fu j1 ,ωk1−1

⊗
Fu j2 ,ωk2−1

〉
HS

+O(
1

T
)
]

+ 1

T

bN /2c∑
k1,k2=1

M∑
j1, j2=1

δ j1, j2

[〈2π

N
Fu j1 ,ωk1 ,−ωk1 ,ωk2−1 ,Fu j1 ,ωk1−1

⊗
Fu j2 ,−ωk2

〉
HS

+O(
1

T
)
]

+ 1

T

bN /2c∑
k1,k2=1

M∑
j1, j2=1

δ j1, j2

[〈2π

N
Fu j1 ,−ωk1−1,ωk1−1,−ωk2

,Fu j1 ,−ωk1

⊗
Fu j2 ,ωk2−1

〉
HS

+O(
1

T
)
]

+ 1

T

bN /2c∑
k1,k2=1

M∑
j1, j2=1

δ j1, j2

[〈
(

2π

N
Fu j1 ,−ωk1−1,ωk1−1,ωk2−1 ,Fu j1 ,−ωk1

⊗
Fu j2 ,−ωk2

〉
HS

+O(
1

T
)
]

+ 1

T

bN /2c∑
k1,k2=1

M∑
j1, j2=1

δ j1, j2δk1,k2

[
〈F †

u j1 ,−ωk1
Fu j1 ,−ωk1−1 ,Fu j1 ,−ωk1−1F

†
u j2 ,−ωk2

〉+O(
1

M 2 )
]

+ 1

T

bN /2c∑
k1,k2=1

M∑
j1, j2=1

δ j1, j2δk1−1,k2

[
〈F †

u j1 ,−ωk1
Fu j1 ,−ωk1−1 ,Fu j1 ,−ωk1−1Fu j2 ,−ωk2−1〉HS +O(

1

M 2 )
]

+ 1

T

bN /2c∑
k1,k2=1

M∑
j1, j2=1

δ j1, j2δk1,k2

[
〈Fu j1 ,ωk1

,Fu j1 ,ωk1−1〉HS〈Fu j1 ,−ωk1
,Fu j1 ,−ωk1−1〉HS +O(

1

M 2 )
]

+ 1

T

bN /2c∑
k1,k2=1

M∑
j1, j2=1

δ j1, j2δk1,k2

[
〈Fu j1 ,ωk1

⊗̃
Fu j1 ,ωk1

,Fu j1 ,ωk1−1

⊗
Fu j2 ,ωk2−1〉HS +O(

1

M 2 )
]

+ 1

T

bN /2c∑
k1,k2=1

M∑
j1, j2=1

δ j1, j2δk1,k2−1

[
〈Fu j1 ,ωk1

⊗̃
>Fu j1 ,−ωk1

,Fu j1 ,ωk1−1

⊗
Fu j2 ,−ωk2

〉HS +O(
1

M 2 )
]

.

Then, using self-adjointness of the spectral density operator and that, for any

function g : R → K, we have
∫ π
−π g (ω)dω = ∫ π

−π g (−ω)dω, it follows that the

first and fourth term, the second and third term, the fifth and sixth term of the

above expression are, respectively, equal in the limit. Hence, as N , M →∞,

N MCov(F̂1,T , F̂1,T ) → 2

8π

∫ π

−π

∫ π

−π

∫ 1

0

〈
Fu,ω1,−ω1,−ω2 ,Fu,ω1

⊗
Fu,ω2

〉
HS

dudω1dω2

+ 2

8π

∫ π

−π

∫ π

−π

∫ 1

0

〈
Fu,ω1,−ω1,ω2 ,Fu,ω1

⊗
Fu,−ω2

〉
HS

dudω1dω2
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+ 2

4π

∫ π

−π

∫ 1

0
|||F 2

u,ω|||22dudω

+ 1

4π

∫ π

−π

∫ 1

0
|||Fu,ω|||42dudω

+ 1

4π

∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
Fu,ω,Fu,ω

⊗
Fu,ω〉HSdudω

+ 1

4π

∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
>Fu,−ω,Fu,ω

⊗
Fu,−ω〉HSdudω.

Remark S5.1 (A note on the permutation for the 2nd order cumulants). In

order to give meaning to the covariance structure, we need to investigate how

it ‘operates’ as a result of the permutation that occurs due to the cumulant

operation. For the second order cumulant structure, Theorem S3.1] implies

that the original order of the simple tensors has structure Tr(S1234 · ⊗ · ⊗ ·⊗ ·⊗̃
S5678·⊗·⊗·⊗·) which leads to the following correspondence of simple tensors

1 ↔ 3

2 ↔ 4

5 ↔ 7

6 ↔ 8

Let X ∈H ⊗4
and Y , Z , X ∈H ⊗2

, then using properties S1.1 we find

Tr
(
S(1256)(12)(56)X ⊗Y ⊗Z ) = Tr

(
X (Y

⊗
Z )†)= 〈X ,Y

⊗
Z 〉HS

Tr
(
S(1256)(12)(56)X ⊗Y ⊗Z ) = Tr

(
X (Y

⊗
Z )†)= 〈X ,Y

⊗
Z 〉HS

Tr
(
S(1256)(12)(56)X ⊗Y ⊗Z ) = Tr

(
X (Y

⊗
Z )†)= 〈X ,Y

⊗
Z 〉HS

Tr
(
S(1256)(12)(56)X ⊗Y ⊗Z ) = Tr

(
X (Y

⊗
Z )†)= 〈X ,Y

⊗
Z 〉HS (S5.17)
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and for W, X ,Y , Z ∈ X ∈H ⊗2

Tr
(
S(12)(15)(56)(26)W ⊗X ⊗Y ⊗Z

)
= 〈W †

X , Z Y †〉HS

Tr
(
S(12)(16)(56)(25)W ⊗X ⊗Y ⊗Z

)
= 〈W †

X , Z Y 〉HS

Tr
(
S(15)(26)(15)(26)W ⊗X ⊗Y ⊗Z

)
= 〈W,Y 〉HS〈X , Z 〉HS

Tr
(
S(15)(26)(12)(56)W ⊗X ⊗Y ⊗Z

)
= 〈W ⊗̃

X , (Y
⊗

Z )〉HS

Tr
(
S(16)(25)(12)(56)W ⊗X ⊗Y ⊗Z

)
= 〈W ⊗̃

>X , (Y
⊗

Z )〉HS . (S5.18)

S5.2 Covariance structure of
p

T F̂2,T

We have that T Cov(F̂2,T , F̂2,T ) is given by

T Cum(
1

N M 2

bN /2c∑
k1=1

M∑
j1, j2=1

〈I
u j1 ,ωk1
N , I

u j2 ,ωk1
N 〉HS ,

1

N M 2

bN /2c∑
k2=1

M∑
j3, j4=1

〈I
u j3 ,ωk2
N , I

u j4 ,ωk2
N 〉HS).

Using again Theorem S3.1,

Cum2(F̂2,T ) = 1

N 2M 4

bN /2c∑
k1,k2=1

M∑
j1, j2,

j3, j4=1

Tr
( ∑

P=P1∪...∪PG

SP

(
⊗G

g=1 cum
(
D

u jp ,ωkp

N |p ∈ νg

))
,

where p = (l ,m) with kp = (−1)l−mkl and jp = j2l−δ{m∈{1,2}} for l ∈ {1,2} and

m ∈ {1,2,3,4} and where δ{A} equals 1 if event A occurs and 0 otherwise. That
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is, we are interested in all indecomposable partitions of the array

D
u j1 ,ωk1
N︸ ︷︷ ︸

1

D
u j1 ,−ωk1
N︸ ︷︷ ︸

2

D
u j2 ,−ωk1
N︸ ︷︷ ︸

3

D
u j2 ,ωk1
N︸ ︷︷ ︸

4

D
u j3 ,−ωk2
N︸ ︷︷ ︸

5

D
u j3 ,ωk2
N︸ ︷︷ ︸

6

D
u j4 ,ωk2
N︸ ︷︷ ︸

7

D
u j4 ,−ωk2
N︸ ︷︷ ︸

8

For the same reason as above, we only have to consider the structures Cum4Cum2Cum2

and Cum2Cum2Cum2Cum2. For the structure Cum4Cum2Cum2, the only sig-

nificant terms are again

Tr
(
S(1256)(34)(78)

(
δ j1, j3

[
(

2π

N
Fu j1 ,ωk1 ,−ωk1 ,−ωk2

+E4)⊗ (Fu j2 ,−ωk1
+E2)⊗ (Fu j4 ,ωk2

+E2)
])

Tr
(
S(1278)(34)(56)

(
δ j1, j4

[
(

2π

N
Fu j1 ,ωk1 ,−ωk1 ,ωk2

+E4)⊗ (Fu j2 ,−ωk1
+E2)⊗ (Fu j3 ,−ωk2

+E2)
])

Tr
(
S(3456)(12)(78)

(
δ j2, j3

[
(

2π

N
Fu j2 ,−ωk1 ,ωk1 ,−ωk2

+E4)⊗ (Fu j1 ,ωk1
+E2)⊗ (Fu j4 ,ωk2

+E2)
])

Tr
(
S(3478)(12)(56)

(
δ j2, j4

[
(

2π

N
Fu j2 ,−ωk1 ,ωk1 ,ωk2

+E4)⊗ (Fu j1 ,ωk1
+E2)⊗ (Fu j3 ,−ωk2

+E2

])
.

For the structure Cum2Cum2Cum2Cum2, the only significant terms are in this

case

Tr
(
S(3478)(12)(56)

(
δ j2, j4δk1,k2

[
Fu j1 ,ωk1

⊗Fu j2 ,−ωk1
⊗Fu j3 ,−ωk2

⊗Fu j2 ,ωk1
+E2

]))
Tr

(
S(12)(36)(78)(45)

(
δ j2, j3δk1,k2

[
Fu j1 ,ωk1

⊗Fu j2 ,−ωk1
⊗Fu j4 ,ωk2

⊗Fu j2 ,ωk1
+E2

]))
Tr

(
S(15)(26)(34)(78)

(
δ j1, j3δk1,k2

[
Fu j1 ,ωk1

⊗Fu j1 ,−ωk1
⊗Fu j2 ,−ωk1

⊗Fu j4 ,ωk2
+E2

]))
Tr

(
S(18)(27)(34)(56)

(
δ j1, j4δk1,k2

[
Fu j1 ,ωk1

⊗Fu j1 ,−ωk1
⊗Fu j2 ,−ωk1

⊗Fu j3 ,−ωk2
+E2

]))
.
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Using Remark S5.1, we find that Cov(
p

T F̂2,T ) equals

1

N M 3

bN /2c∑
k1,k2=1

M∑
j1, j2,

j3, j4=1

δ j1, j3

[
〈2π

N
Fu j1 ,ωk1 ,−ωk1 ,−ωk2

,Fu j2 ,−ωk1

⊗
Fu j4 ,ωk2

〉HS +O(
1

T
)
]

+ 1

N M 3

bN /2c∑
k1,k2=1

M∑
j1, j2,

j3, j4=1

δ j1, j4

[
〈2π

N
Fu j1 ,ωk1 ,−ωk1 ,ωk2

,Fu j2 ,−ωk1

⊗
Fu j3 ,−ωk2

〉HS +O(
1

T
)
]

+ 1

N M 3

bN /2c∑
k1,k2=1

M∑
j1, j2,

j3, j4=1

δ j2, j3

[
〈2π

N
Fu j2 ,−ωk1 ,ωk1 ,−ωk2

,Fu j1 ,ωk1

⊗
Fu j4 ,ωk2

〉HS +O(
1

T
)
]

+ 1

N M 3

bN /2c∑
k1,k2=1

M∑
j1, j2,

j3, j4=1

δ j2, j4

[
〈( 2π

N
Fu j2 ,−ωk1 ,ωk1 ,ωk2

,Fu j1 ,ωk1

⊗
Fu j3 ,−ωk2

〉HS +O(
1

T
)
]

+ 1

N M 3

bN /2c∑
k1,k2=1

M∑
j1, j2,

j3, j4=1

δ j2, j4δk1,k2

[
〈Fu j1 ,ωk1

†
Fu j2 ,−ωk1

,Fu j2 ,ωk1
F †

u j3 ,−ωk2
〉HS +O(

1

M 2 )
]

+ 1

N M 3

bN /2c∑
k1,k2=1

M∑
j1, j2,

j3, j4=1

δ j2, j3δk1,k2

[
〈Fu j1 ,ωk1

†
Fu j2 ,−ωk1

,Fu j2 ,ωk1
Fu j4 ,ωk2

〉HS +O(
1

M 2 )
]

+ 1

N M 3

bN /2c∑
k1,k2=1

M∑
j1, j2,

j3, j4=1

δ j1, j3δk1,k2

[
〈Fu j1 ,ωk1

⊗̃
Fu j1 ,−ωk1

,Fu j2 ,−ωk1

⊗
Fu j4 ,ωk2

〉HS +O(
1

M 2 )
]

+ 1

N M 3

bN /2c∑
k1,k2=1

M∑
j1, j2,

j3, j4=1

δ j1, j4δk1,k2

[
〈Fu j1 ,ωk1

⊗̃
>Fu j1 ,−ωk1

,Fu j2 ,−ωk1

⊗
Fu j3 ,−ωk2

〉HS +O(
1

M 2 )
]

.

So that, as N , M →∞,

N MCov(F̂2,T , F̂2,T ) → 2

8π

∫ π

−π

∫ π

−π
〈F̃ω1,−ω1,−ω2 ,F̃ω1

⊗
F̃ω2〉HSdω1dω2

+ 2

8π

∫ π

−π

∫ π

−π
〈F̃ω1,−ω1,ω2 ,F̃ω1

⊗
F̃−ω2〉HSdω1dω2

+ 1

4π

∫ π

−π

∫ 1

0
〈F 2

u,ω,Fu,ωF̃ω〉HSdudω

+ 1

4π

∫ π

−π

∫ 1

0
〈F̃ωFu,ω,Fu,ωF̃u,ω〉HSdudω
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+ 1

4π

∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
Fu,ω,F̃ω

⊗
F̃ω〉HSdudω

+ 1

4π

∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
>Fu,−ω,F̃ω

⊗
F̃−ω〉HSdudω.

S5.3 Cross-covariance F̂1,T and F̂2,T

Using again Theorem S3.1

T Cum2(F̂1,T , F̂2,T ) = T

N 2M 3

bN /2c∑
k1,k2=1

M∑
j1, j2, j3=1

Tr
( ∑

P=P1∪...∪PG

SP

(
⊗G

g=1 cum
(
D

u jp ,ωkp

N |p ∈ νg

))
,

where this time we are interested in all indecomposable partitions of the array

D
u j1 ,ωk1
N︸ ︷︷ ︸

1

D
u j1 ,−ωk1
N︸ ︷︷ ︸

2

D
u j1 ,−ωk1−1

N︸ ︷︷ ︸
3

D
u j1 ,ωk1−1

N︸ ︷︷ ︸
4

D
u j2 ,−ωk2
N︸ ︷︷ ︸

5

D
u j2 ,ωk2
N︸ ︷︷ ︸

6

D
u j3 ,ωk2
N︸ ︷︷ ︸

7

D
u j3 ,−ωk2
N︸ ︷︷ ︸

8

By Lemma S4.3 and Proposition S4.1), we only have to consider partitions of

the form Cum4Cum2Cum2 and Cum2Cum2Cum2Cum2. The only significant

terms of first form are again

Tr
(
S(1256)(34)(78)δ j1, j2

[
(

2π

N
Fu j1 ,ωk1 ,−ωk1 ,−ωk2

+E4)⊗ (Fu j1 ,−ωk1−1 +E2)⊗ (Fu j3 ,ωk2
+E2)

])
Tr

(
S(1278)(34)(56)δ j1, j3

[2π

N
Fu j1 ,ωk1 ,−ωk1 ,ωk2

+E4)⊗ (Fu j1 ,−ωk1−1 +E2)⊗ (Fu j2 ,−ωk2
+E2)

])
Tr

(
S(3456)(12)(78)δ j1, j2

[2π

N
Fu j1 ,−ωk1−1,ωk1−1,−ωk2

+E4)⊗ (Fu j1 ,ωk1
+E2)⊗ (Fu j3 ,ωk2

+E2)
])

Tr
(
S(3478)(12)(56)δ j1, j3

[
(

2π

N
Fu j1 ,−ωk1−1,ωk1−1,ωk2

+E4)⊗ (Fu j1 ,ωk1
+E2)⊗ (Fu j2 ,−ωk2

+E2)
])
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and for the structure Cum2Cum2Cum2Cum2, the only significant terms are

Tr
(
S(12)(37)(56)(48)δ j1, j3δk1−1,k2δ j1, j3δk1−1,k2

(
Fu j1 ,ωk1

⊗Fu j1 ,−ωk1−1 ⊗Fu j2 ,−ωk2
⊗Fu j1 ,ωk1−1 +E2

])
Tr

(
S(12)(36)(78)(45)δ j1, j2δk1−1,k2δ j1, j2δk1−1,k2δ j1, j2δk1−1,k2

[
Fu j1 ,ωk1

⊗Fu j1 ,−ωk1−1Fu j3 ,ωk2
⊗Fu j1 ,ωk1−1 +E2

])
Tr

(
S(15)(26)(34)(78)δ j1, j2δk1,k2 )2δ j1, j2δk1,k2

[
Fu j1 ,ωk1

⊗Fu j1 ,−ωk1
⊗Fu j1 ,−ωk1−1 ⊗Fu j2 ,ωk2

+E2
])

Tr
(
S(18)(27)(34)(56)δ j1, j3δk1,k2 )2δ j1, j3δk1,k2

[
Fu j1 ,ωk1

⊗Fu j1 ,−ωk1
⊗Fu j1 ,−ωk1−1 ⊗Fu j2 ,−ωk2

+E2
])

,

which implies by Remark S5.1 that T Cov(F̂1,T , F̂2,T ) equals

1

N M 2

bN /2c∑
k1,k2=1

M∑
j1, j2, j3=1

δ j1, j2

[
〈2π

N
Fu j1 ,ωk1 ,−ωk1 ,−ωk2

,Fu j1 ,−ωk1−1

⊗
Fu j3 ,ωk2

〉HS +O(
1

T
)
]

+ 1

N M 2

bN /2c∑
k1,k2=1

M∑
j1, j2, j3=1

δ j1, j3

[
〈2π

N
Fu j1 ,ωk1 ,−ωk1 ,ωk2

,Fu j1 ,−ωk1−1

⊗
Fu j2 ,−ωk2

〉HS +O(
1

T
)
]

+ 1

N M 2

bN /2c∑
k1,k2=1

M∑
j1, j2, j3=1

δ j1, j2

[
〈2π

N
Fu j1 ,−ωk1−1,ωk1−1,−ωk2

,Fu j1 ,ωk1

⊗
Fu j3 ,ωk2

〉HS +O(
1

T
)
]

+ 1

N M 2

bN /2c∑
k1,k2=1

M∑
j1, j2, j3=1

δ j1, j3

[
〈2π

N
Fu j1 ,−ωk1−1,ωk1−1,ωk2

,Fu j1 ,ωk1

⊗
Fu j2 ,−ωk2

〉HS +O(
1

T
)
]

+ 1

N M 2

bN /2c∑
k1,k2=1

M∑
j1, j2, j3=1

δ j1, j3δk1−1,k2δ j1, j3δk1−1,k2

[
〈Fu j1 ,ωk1

†
Fu j1 ,−ωk1−1 ,Fu j1 ,ωk1−1F

†
u j2 ,−ωk2

〉HS +O(
1

M 2 )
]

+ 1

N M 2

bN /2c∑
k1,k2=1

M∑
j1, j2, j3=1

δ j1, j2δk1−1,k2δ j1, j2δk1−1,k2δ j1, j2

[
〈Fu j1 ,ωk1

†
Fu j1 ,−ωk1−1 ,Fu j1 ,ωk1−1Fu j3 ,ωk2

〉HS +O(
1

M 2 )
]

+ 1

N M 2

bN /2c∑
k1,k2=1

M∑
j1, j2, j3=1

δ j1, j2δk1,k2δ j1, j2δk1,k2

[
〈Fu j1 ,ωk1

⊗̃
Fu j1 ,−ωk1

,Fu j1 ,−ωk1−1

⊗
Fu j2 ,ωk2

〉HS +O(
1

M 2 )
]

+ 1

N M 2

bN /2c∑
k1,k2=1

M∑
j1, j2, j3=1

δ j1, j3δk1,k2δ j1, j3δk1,k2

[
〈Fu j1 ,ωk1

⊗̃
>Fu j1 ,−ωk1

,Fu j1 ,−ωk1−1

⊗
Fu j2 ,−ωk2

〉HS +O(
1

M 2 )
]

.

Hence, as N , M →∞,

N MCov(F̂1,T , F̂2,T ) → 2

8π

∫ π

−π

∫ π

−π

∫ 1

0
〈Fu,ω1,−ω1,−ω2 ,Fu,ω1

⊗
F̃ω2〉HSdudω1dω2
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2

8π

∫ π

−π

∫ π

−π

∫ 1

0
〈Fu,ω1,−ω1,ω2 ,Fu,ω1

⊗
F̃−ω2〉HSdudω1dω2

+ 2

4π

∫ π

−π

∫ 1

0
〈Fu,ωFu,ω,Fu,ωF̃ω〉HSdudω

+ 1

4π

∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
Fu,ω,Fu,ω

⊗
F̃ω〉HSdudω

+ 1

4π

∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
>Fu,−ω,Fu,ω

⊗
F̃−ω〉HSdudω.

S5.4 Limiting Variance of m̂T

The limiting variance of m̂T is given by

ν2 = lim
T→∞

(
16π2Var(F̂1,T )+16π2Var(F̂2,T )−32π2Cov(F̂1,T , F̂2,T )

)
.

The above therefore yields the following expression for the asymptotic vari-

ance

ν2 = 4π
∫ π

−π

∫ π

−π

∫ 1

0
〈Fu,ω1,−ω1,−ω2 ,Fu,ω1

⊗
Fu,ω2〉HSdudω1dω2

+4π
∫ π

−π

∫ π

−π
〈F̃ω1,−ω1,−ω2 ,F̃ω1

⊗
F̃ω2〉HSdω1dω2

−8π
∫ π

−π

∫ π

−π

∫ 1

0
〈Fu,ω1,−ω1,−ω2 ,Fu,ω1

⊗
F̃ω2〉HSdudω1dω2

+4π
∫ π

−π

∫ π

−π

∫ 1

0
〈Fu,ω1,−ω1,ω2 ,Fu,ω1

⊗
Fu,−ω2〉HSdudω1dω2

+4π
∫ π

−π

∫ π

−π
〈F̃ω1,−ω1,ω2 ,F̃ω1

⊗
F̃−ω2〉HSdω1dω2

−8π
∫ π

−π

∫ π

−π

∫ 1

0
〈Fu,ω1,−ω1,ω2 ,Fu,ω1

⊗
F̃−ω2〉HSdudω1dω2

+8π
∫ π

−π

∫ 1

0
|||F 2

u,ω|||22dudω+4π
∫ π

−π

∫ 1

0
〈F 2

u,ω,Fu,ωF̃ω〉HSdudω

+4π
∫ π

−π

∫ 1

0
〈F̃ωFu,ω,Fu,ωF̃u,ω〉HSdudω
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−16π
∫ π

−π

∫ 1

0
〈Fu,ωFu,ω,Fu,ωF̃ω〉HSdudω+4π

∫ π

−π

∫ 1

0
|||Fu,ω|||42dudω

+4π
∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
Fu,ω,Fu,ω

⊗
Fu,ω〉HSdudω

+4π
∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
>Fu,−ω,Fu,ω

⊗
Fu,−ω〉HSdudω

+4π
∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
Fu,ω,F̃ω

⊗
F̃ω〉HSdudω

+4π
∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
>Fu,−ω,F̃ω

⊗
F̃−ω〉HSdudω

−8π
∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
Fu,ω,Fu,ω

⊗
F̃ω〉HSdudω

−8π
∫ π

−π

∫ 1

0
〈Fu,ω

⊗̃
>Fu,−ω,Fu,ω

⊗
F̃−ω〉HSdudω. (S5.19)

Under H0 this reduces to ν2
H0

= 4π
∫ π
−π|||F̃ω|||42dω.

S5.5 Proof of Lemma 3.1 (consistency of variance estimate)

Proof of Lemma 3.1: We write

E(v̂2
H0

) =16π2

N

bN /2c∑
k=1

E
[ 1

M

M∑
j=1

〈I
u j ,ωk

N , I
u j ,ωk−1

N 〉HS

]2

=16π2

N

bN /2c∑
k=1

Var
[ 1

M

M∑
j=1

〈I
u j ,ωk

N , I
u j ,ωk−1

N 〉HS

]
+ 16π2

N

bN /2c∑
k=1

(
E
[ 1

M

M∑
j=1

〈I
u j ,ωk

N , I
u j ,ωk−1

N 〉HS

])2

= 16π2

N M 2

bN /2c∑
k=1

M∑
j1, j2=1

Cov
[
〈I

u j1 ,ωk

N , I
u j1 ,ωk−1

N 〉HS ,〈I
u j2 ,ωk

N , I
u j2 ,ωk−1

N 〉HS

]

+ 16π2

N

bN /2c∑
k=1

(
1

M

M∑
j=1
E
[
〈I

u j ,ωk

N , I
u j ,ωk−1

N 〉HS

])2

.
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Using Theorem S3.1, we can write the first term as

16π2

N M 2

bN /2c∑
k=1

M∑
j1, j2=1

Tr
( ∑

P=P1∪...∪PG

SP

(
⊗G

g=1 cum
(
D

u jp ,ωkp

N |p ∈ νg

))
, (S5.20)

where p = (l ,m) and kp = (−1)mk2l−δ{m∈{1,2}} and jp = j2l−δ{m∈{1,2}} for l ∈
{1, . . . ,n} and m ∈ {1,2,3,4}. In this case, we are interested in all indecomposi-

ble partitions of the array

D
u j1 ,ωk

N︸ ︷︷ ︸
1

D
u j1 ,−ωk

N︸ ︷︷ ︸
2

D
u j1 ,−ωk−1

N︸ ︷︷ ︸
3

D
u j1 ,ωk−1

N︸ ︷︷ ︸
7

D
u j2 ,−ωk−1

N︸ ︷︷ ︸
5

D
u j2 ,ωk−1

N︸ ︷︷ ︸
6

D
u j2 ,ωk

N︸ ︷︷ ︸
7

D
u j2 ,−ωk

N︸ ︷︷ ︸
8

.

Indecomposability immediately implies that there must be one restriction in

time. Using the results in Section S3 and a similar argument as in Section S5

will show that all of these are at most order O( 1
M ) and hence will vanish as

M →∞. For example,

Tr
(
S(18)(27)(36)(45)δ j1, j2

(
Fu j1 ,ωk ⊗Fu j1 ,−ωk−1 ⊗Fu j1 ,−ωk ⊗Fu j1 ,ωk−1 +E2

])
Tr

(
S(12)(78)(36)(45)δ j1, j2

(
Fu j1 ,ωk ⊗Fu j2 ,ωk ⊗Fu j1 ,−ωk ⊗Fu j1 ,ωk−1 +E2

])
...

Using again Theorem Theorem S3.1, we can prove similar to the proof of EF̂1,T

that the second term converges to 4π
∫ π
−π

(∫ 1
0 |||Fu,ω|||22du

)2
dω. Under H0, we

have Fω,u ≡ Fω and it follows therefore that the second term converges to
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4π
∫ π
−π|||F̃ω|||42dω if the null is satisfied. For the variance of the estimator, we

write

Var(v̂2
H0

) = E[v̂2
H0

]2 − (
E[v̂2

H0
]
)2. (S5.21)

Under H0, the above derivation yields that the second term of (S5.21) con-

verges to
(
4π

∫ π
−π|||F̃ω|||42dω)2. Consider then decomposing the first term of

(S5.21) as

E[v̂2
H0

]2 =28π4

N 2

∑
k1,k2

E
[ 1

M 2

∑
j1, j2

〈I
u j1 ,ωk1
N , I

u j1 ,ωk1−1

N 〉HS〈I
u j2 ,ωk2
N , I

u j2 ,ωk2−1

N 〉HS

]2

=28π4

N 2

∑
k1,k2

Var
[ 1

M 2

∑
j1, j2

〈I
u j1 ,ωk1
N , I

u j1 ,ωk1−1

N 〉HS〈I
u j2 ,ωk2
N , I

u j2 ,ωk2−1

N 〉HS

]
(S5.22)

+ 28π4

N 2

∑
k1,k2

[
E
( 1

M 2

∑
j1, j2

〈I
u j1 ,ωk1
N , I

u j1 ,ωk1−1

N 〉HS〈I
u j2 ,ωk2
N , I

u j2 ,ωk2−1

N 〉HS

)]2

(S5.23)

We consider(S5.22) and (S5.23) separately. Using the product theorem for cu-

mulants, (S5.22) equals

28π4

N 2M 4

∑
k1,k2

∑
j1, j2, j3, j4

Cum
(
〈I

u j1 ,ωk1
N , I

u j1 ,ωk1−1

N 〉HS , 〈I
u j3 ,ωk1
N , I

u j3 ,ωk1−1

N 〉HS

)
×Cum

(
〈I

u j2 ,ωk2
N , I

u j2 ,ωk2−1

N 〉HS , 〈I
u j4 ,ωk2
N , I

u j4 ,ωk2−1

N 〉HS

)
+ 28π4

N 2M 4

∑
k1,k2

∑
j1, j2, j3, j4

Cum
(
〈I

u j1 ,ωk1
N , I

u j1 ,ωk1−1

N 〉HS , 〈I
u j4 ,ωk2
N , I

u j4 ,ωk2−1

N 〉HS

)
×Cum

(
〈I

u j2 ,ωk2
N , I

u j2 ,ωk2−1

N 〉HS , 〈I
u j3 ,ωk1
N , I

u j3 ,ωk1−1

N 〉HS

)
.
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Theorem S3.1 then shows that indecomposability of the first of these terms

implies the restrictions k1 = k2 and { j1, j2}∩ { j3, j4} = ;, while indecompos-

ability of the second implies the constraints { j1, j2}∩ { j3, j4} = ; only. There-

fore, (S5.22) is of order O( 1
N M 2 + 1

M 2 ) and hence converges to zero as N , M →
∞. Finally, it is straightforward to show using a similar argument that (S5.23)

equals

28π4

N 2

∑
k1,k2

[ 1

M 2

∑
j1, j2

Cum
(
〈I

u j1 ,ωk1
N , I

u j1 ,ωk1−1

N 〉HS ,〈I
u j2 ,ωk2
N , I

u j2 ,ωk2−1

N 〉HS

)
+E〈I

u j1 ,ωk1
N , I

u j1 ,ωk1−1

N 〉HSE〈I
u j2 ,ωk2
N , I

u j2 ,ωk2−1

N 〉HS

)]2

= 28π4

N 2

∑
k1,k2

[
O(

1

M
)+ 1

M 2

∑
j1, j2

E〈I
u j1 ,ωk1
N , I

u j1 ,ωk1−1

N 〉HSE〈I
u j2 ,ωk2
N , I

u j2 ,ωk2−1

N 〉HS

)]2

= 28π4

N 2

∑
k1,k2

[ 1

M

∑
j1

|||Fu j1 ,ωk1
|||22

1

M

∑
j2

|||Fu j2 ,ωk2
|||22 +O(

1

M
)
]2

.

Under H0, the latter converges to
(
4π

∫ π
−π|||F̃ω|||42dω)2. Altogether, the above

derivation shows that E[v̂2
H0

]2 → (
4π

∫ π
−π|||F̃ω|||42dω)2 as N , M → ∞. Since the

second term of (S5.21) converges to the same limit, we thus find Var(v̂2
H0

) → 0

and consequently v̂2
H0

p→ v2
H0

.

S5.6 Proof of Remark 3.1

We remark that, in case of nonzero constant mean, the local fDFT used in

(2.16) is implicitly defined as

Du,ω
N = (2πN )−1/2

N−1∑
s=0

(XbuT c−N /2+s+1,T −µ)e−iωs = Du,ω
N −(2πN )−1/2µ

N−1∑
s=0

e−iωs ,
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where µ = EX t ,T for all t ,T . If µ 6= 0, then we can center the data using the

sample mean from which we obtain as a raw estimator

D̃u,ω
N := (2πN )−1/2

N−1∑
s=0

(XbuT c−N /2+s+1,T − µ̂T )e−iωs .

Let Ĩ u,ω
N := D̃u,ω

N ⊗ D̃u,ω
N and correspondingly denote ˜̂mT the statistic as given

in (2.16) but where Ĩ u,ω
N replaces I u,ω

N in (2.13), (2.14) and (2.15), respectively.

We shall prove that ˜̂mT has the same limiting distribution as m̂T . Observe first

that

Ĩ u,ω
N = I u,ω

N + (2πN )−1/2
(
Du,ω

N ⊗ (µ− µ̂T )
N−1∑
s=0

e−iωs + (µ− µ̂T )
N−1∑
s=0

e−iωs ⊗Du,ω
N

)
+ (µ− µ̂T )⊗ (µ− µ̂T )

1

2πN

N−1∑
s,t=0

e−iω(s−t ) := I u,ω
N +Rω

1,N +Rω
2,N .

Recall that ∆N (ω) = ∑N−1
s=0 e−iωs satisfies ∆N (ω) = N , for all ω ≡ 0(mod 2π)

and that ∆N (ωk ) = 0 for any ωk = 2πk/N with k ∈ Z,k 6≡ 0(mod N ). Hence,

|||Ĩ u,ωk
N − I u,ωk

N |||22 = 0 for all k = 1, . . . , N . Therefore, using Ĩ u,ω
N rather than I u,ω

N

only affects the estimator via F̂1,T and B̂N ,T because the zero frequency arises

in these terms due to the lag when the summand is evaluated at k = 1, i.e.,

|m̂T − ˜̂mT | =
∣∣∣ 1

T

M∑
j=1

〈I
u j ,ω1

N , I
u j ,ω0

N 〉HS + 1

N M

M∑
j=1

Tr(I
u j ,ω1

N )Tr(I
u j ,ω0

N )

− 1

T

M∑
j=1

〈Ĩ
u j ,ω1

N , Ĩ
u j ,ω0

N 〉HS − 1

N M

M∑
j=1

Tr(Ĩ
u j ,ω1

N )Tr(Ĩ
u j ,ω0

N )
∣∣∣

≤ 1

T

M∑
j=1

∣∣∣〈I
u j ,ω1

N ,Rω0
1,N +Rω0

2,N 〉+Tr(I
u j ,ω1

N )Tr(Rω0
1,N +Rω0

2,N )
∣∣∣. (S5.24)
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By the Cauchy Schwarz inequality, the properties of the tensor product and

applying the Cauchy Schwarz inequality again,

1

T

M∑
j=1
E
∣∣〈I

u j ,ω1

N ,Rω0
1,N 〉∣∣

≤ N 1/2

(2π)1/2T

M∑
j=1
E
[
|||I u j ,ω1

N |||2
(
|||Du,ω0

N ⊗ (µ− µ̂T )|||2+|||(µ− µ̂T )⊗Du,ω0
N |||2

)]
≤ 2N 1/2

(2π)1/2T

M∑
j=1

√
E(‖Du,ω1

N ‖2
2‖Du,ω0

N ‖2)2
√

E‖µ− µ̂T ‖2
2. (S5.25)

Similarly, by the Cauchy Schwarz inequality

1

T

M∑
j=1
E
∣∣〈I

u j ,ω1

N ,Rω0
2,N 〉∣∣≤ N

(2π)1/2T

M∑
j=1

√
E(‖Du,ω1

N ‖4
2

√
E‖µ− µ̂T ‖4

2. (S5.26)

Let YT = µ̂T −µ and note that E‖YT ‖2
2 < ∞, whereas EYT = 0. We thus have

E‖YT ‖2
2 =|||Var(YT )|||1 =|||Var(T −1 ∑T

t=1 X t ,T −µ)|||1 and Minkowski’s inequality

yields

E‖µ̂T −µ‖2
2 =

1

T 2

∣∣∣∣∣∣∣∣∣ T∑
t ,s=1

(E
[
(X t ,T −µ)⊗ (Xs,T −µ)

]−Ct/T,t−s +Ct/T,t−s)
∣∣∣∣∣∣∣∣∣

1

≤ 1

T 2

T∑
t ,s=1

|||E[(X t ,T −µ)⊗ (Xs,T −µ)
]−Ct/T,t−s |||1 + 1

T 2

T∑
t ,s=1

|||Ct/T,t−s |||1,

where Ct/T,t−s = E(X (t/T )
t −µ)⊗ (X (t/T )

t−s −µ). Then, by Lemma S.2.1 of Aue and

van Delft (2019) and Assumption 3.1,

E‖µ− µ̂T ‖2
2 ≤

1

T
sup

u

∑
|h|≤T

|||Cu,h |||1 +O(
1

T
) ≤ 1

T

∑
h∈Z

|||κ2;h |||1 +O(
1

T
) =O(

1

T
).
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This shows that (S5.25) is of order O((N T )−1/2) under Assumption 3.1. To de-

rive (S5.26), observe that by the properties of the trace, simple tensor and the

product theorem for cumulant tensors (S1.3)

E‖YT ‖4
2 = Tr(E(YT ⊗YT ⊗YT ⊗YT )) =|||Cum(YT ,YT ,YT ,YT )|||1 +3|||Var(YT )|||21.

(S5.27)

Since we already showed that |||Var(YT )|||21 = O(T −2), it remains to derive a

bound for the first term of (S5.27). Again, by Assumption 3.1 and Lemma S.2.1

of Aue and van Delft (2019),

|||Cum(YT ,YT ,YT ,YT )|||1 ≤ 1

T 4

∑
t1,...,t4

|||Ct1/T ;t1−t2,t1−t3,t1−t4 |||1

+ 1

T 4

∑
t1,...,t4

∣∣∣∣∣∣∣∣∣Cum
[
(X t1,T −µ, . . . , (X t4,T −µ)

]−Ct1/T ;t1−t2,t1−t3,t1−t4

∣∣∣∣∣∣∣∣∣
1

≤ 1

T 3

∑
h1,h2,h3∈Z

(1+|h?|)|||κ4;h1,h2,h3 |||1

+ 1

T 4

∑
t1,t2,t3,t4∈Z

( 1

T

(
4+

3∑
j=1

|t1 − t j |
)|||κ4;t1−t2,t1−t3,t1−t4 |||1

=O(T −3)+O(T −4) =O(T −3),

where h? = min(h1,h2,h3). Hence, we obtain for (S5.27) an order of O(T −3 +
T −2) and therefore for (S5.26) an order of O(T −1). Using that Tr(x⊗ y) = 〈x, y〉,
x, y ∈ H , a similar derivation shows the same bound for the second term of

(S5.24), from which it now follows that |m̂T − ˜̂mT | =Op (T −1).
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S6. Statistical applications

As Theorem 3.1 provides the asymptotic distribution at any point of the alter-

native it has several important applications, ,such as confidence intervals for

the measure of stationarity and tests for precise hypotheses (see Berger and

Delampady, 1987). These are briefly mentioned here.

(a) The probability of a type II of the test (3.4) can be calculated approxi-

mately by the formula

P
(
m̂T ≤ ν̂H0 u1−α/

p
T

) ≈ Φ
(νH0

ν
u1−α−

p
T

m2

ν

)
, (S6.28)

where ν2
H0

and ν2 are defined in Theorem 3.1 and 3.1, respectively, and

Φ is the distribution function of the standard normal distribution.

(b) An asymptotic confidence interval for the measure of stationarity m2 is

given by

[
max

{
0,m̂T − ν̂H1p

T
u1−α/2

}
,m̂T + ν̂H1p

T
u1−α/2

]
, (S6.29)

where ν̂2
H1

denotes an estimator of the variance in Theorem 3.1.

(c) Similarly, one can use Theorem 3.1 to test for similarity to stationarity

considering the hypotheses

H∆ : m2 ≥∆ vs. K∆ : m2 <∆ , (S6.30)
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where ∆ is a pre-specified constant such that for a value of m2 smaller

than ∆ the experimenter defines the second order properties to be sim-

ilar to stationarity. For example, if the functional time series deviates

only slightly from second order stationarity, it is often reasonable to

work under the assumption of stationarity as many procedures are ro-

bust against small deviations from this assumption and procedures specif-

ically adapted to non-stationarity usually have a larger variability.

An asymptotic level α test for these hypotheses is obtained by rejecting

the null hypothesis, whenever

m̂T −∆< ν̂H1p
T

uα . (S6.31)

Note that this test allows to decide for “approximate second order sta-

tionarity” with a controlled type I error. It follows from Theorem 3.1 and

a straightforward calculation that

lim
T→∞

P
(
m̂T −∆< ν̂H1p

T
uα

)
=



0 if m2 >∆

α if m2 =∆

1 if m2 <∆

, (S6.32)

which means that the test (S6.31) is a consistent and asymptotic level α

test for the hypotheses (S6.30). For the hypotheses of a relevant differ-

ence H : m2 ≤∆ vs. K :>∆ a corresponding asymptotic level α test can

be constructed similarly and the details are omitted.
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