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This document supplements the paper entitled “Trade-off between validity and efficiency of merging p-
values under arbitrary dependence”. Section contains simulation studies and a real data example. The
numerical results show the advantages of the Simes, the averaging and the Cauchy combination methods
against dependence uncertainty of p-values. Section presents additional remarks. Section includes
the proofs of all the theorems and propositions in the paper. Section contains additional tables for the

price for validity.

S1 Simulations and a real data example

S1.1 Simulation studies

We conduct K one-sided z-tests of the null hypothesis: p; = 0 against the alter-
native hypothesis pu; > 0,7 =1,..., K, using the test statistic X; and the p-value p;

from the ith test, s = 1,..., K. The tests are formulated as the following:

pi=9(Xy), Xi=pZ+1-p*Z;— i, i=1,...,K.

*
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where ® is the standard normal distribution function, Z, Z, ..., Zx are iid standard
normal random variables, p; > 0,4 =1,..., K, and p is a parameter in [0, 1]. Note
that for p = 0, the p-variables are independent, and p = 1 corresponds to the case
where p-variables are comonotonic.

Let K € {50,200} and set the significance level € = 0.01. To see how different
dependence structures and signals affect the size and the power for various methods
using both VAD and VSD thresholds, the rejection probabilities (RPs) are computed
over p € [0, 1] under the following four cases:

(i) (no signal) 100% of u;’s are 0;
(ii) (needle in a haystack) 98% of u;’s are 0 and 2% of p;’s are 4;
(iii) (sparse signal) 90% of p;’s are 0 and 10% of p;’s are 3;

(iv) (dense signal) 100% of pu;’s are 2.

The RP corresponds to the size under case (i), and it corresponds to the power
under (ii), (iii) and (iv). The RP is computed as the ratio between the number of
the combined values which are less than the critical threshold and the number of

simulations for some p € [0, 1], that is,

N
N )

where N is the number of simulations and is equal to 15000 in our study, F; is the
realized value of the combining function for the ¢-th simulation, : = 1,..., N, and

g(e) is the corresponding critical value. For p € [0,1], graphs of RPs for different
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combining methods are drawn using VAD thresholds and VSD thresholds. Some
observations from Figures are made below, and those on the averaging methods

using M, x are consistent with the observations in |[Vovk and Wang| (2020a)).

1. All VAD methods give sizes less than ¢ = 0.01 as expected. Using VAD thresh-
olds, the Bonferroni, the harmonic averaging, the Cauchy combination and the

Simes methods have good powers.

2. The Simes method using thresholds bg or cg reports the right size for all values of
p. [Sarkar| (1998)) showed the validity of the Simes method in the so-called MTP,
class including multivariate normal distributions with nonnegative correlations

(the setting of our simulation).

3. Using thresholds bp or cp, the harmonic averaging and Cauchy combination

methods perform similarly with sizes possibly larger than 0.01 (see Theorems

and .

4. The geometric averaging method using bz and the Bonferroni and negative-
quartic methods using cr do not yield correct sizes under model misspecification,

and the sizes increase rapidly as the misspecification gets bigger.

5. Using b or cp, the harmonic averaging, the Cauchy combination and the Simes

methods have good performances on capturing the signals.
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S1.2 Real data analysis

We apply several merging methods to a genomewide study to compare their
performances. We use the dataset of p-values of [Storey and Tibshirani| (2003) which
contains 3170 p-values computed based on the data from Hedenfalk et al.| (2001)
for testing whether genes are differentially expressed between BRCA1- and BRCA2-
mutation-positive tumors. As mentioned in Section [2, g7' o F(Py,..., Px) is a p-
variable if the threshold g is strictly increasing, and it is the quantity we choose to
compare combined p-values for different methods.

For each method, we calculate the combined p-value, and remove the smallest
p-value from the dataset. Repeat this procedure until the resulting combined p-
value loses significance. Using the Bonferroni combining function, this leads to the
Bonferroni-Holm (BH) procedure (Holm| (1979)); thus we mimic the BH procedure for
other methods in a naive manner. The rough interpretation is to report the number
of significant discoveries (this procedure generally does not control the family-wise
error rate (FWER); to control FWER one needs to use a generalized BH procedure
as in [Vovk and Wang (2020al) or (Goeman et al. (2019). This procedure can be seen as
a lower confidence bound from a closed testing perspective). For a visual comparison
of detection power, the combined p-values against the numbers of removed p-values
are plotted in Figure |5 where we use both the VAD and the VI thresholds (comono-

tonicity is obviously unrealistic here). In the third panel of Figure 5, we present the
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number of omitted p-values in log-scale for better visualization.
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Figure 5: Combined p-value after removing n smallest p-values

All VAD methods lose significance at € = 0.05 after omitting the first or the sec-
ond smallest p-value (the smallest p-value is 0 and the second smallest is 1.26 x 107°).
Using thresholds br for independence, the Bonferroni and the negative quartic meth-
ods behave similarly to their VAD versions (as their price for validity is close to 1).
In contrast, the Simes, the Cauchy combination and the harmonic averaging methods
lose significance at ¢ = 0.05 after removing around 20, 70 and 110 p-values respec-
tively. The geometric averaging method (Fisher’s) exceeds 0.05 only after removing
around 400 p-values. However, this method relies heavily on the independence as-

sumption, which is impossible to verify from just one set of p-values.
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S2 Additional remarks

Remark 1 (Section . The property of IC-balance should be seen as a necessary but
not sufficient condition for a merging method to be insensitive to dependence between
independence and comonotonicity. As shown by [Sarkar| (1998), the Simes method is
valid for positive regression dependence, which is a large spectrum of dependence
structures connecting independence and comonotonicity (larger than (4.1])); on the
other hand, the Cauchy combination method using VI threshold is valid under a
bivariate Gaussian assumption asymptotically but not precisely (Liu and Xie| (2020)));
see Theorem [2| below and the simulation studies in Section [S1| of the supplementary
material. Instead of arguing for the practical usefulness of IC-balance, we emphasize
it as a necessary condition for insensitivity to dependence. The main aim of Theorem
is, via this necessary condition, to pin down the unique role of the Simes and
the Cauchy combination methods among their respective generalized classes, thus

justifying their advantages with respect to dependence.
Remark 2 (Section [f]). We note that the equivalence
]P)(MC’K<U17 ceey UK) < 5) ~ P(Mfl,K(Uly ey UK) < 8)

in (5.1) does not always hold under arbitrary dependence structures. Since the
Cauchy distribution is symmetric, it is possible that P(C~!(U;)+- - -+C 1 (Ux) = 0) =

1 for some Uy, ..., Uk € U, implying P(Mc x(Un, ..., Uk) < 1/2) = 0. Indeed, Theo-
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rem 4.2 of Puccetti et al.| (2019) implies that there exist K standard Cauchy random
variables whose sum is a constant ¢, for each ¢ € [-K log(K —1) /7, K log(K —1)/7].
On the other hand, P(M_; x(Uy,...,Uk) <e) >0foralle >0and all Uy, ..., Uk €

U. Thus, P(Me x(Uy, ..., Ug) <e) ~P(M_y x(Uy,...,Uk) <€) does not hold.

Remark 3 (Section [f]). The equivalence in Theorem [2 (ii) relies on the p-variables
being uniform on [0, 1]. For p-variables that are stochastically larger than uniform,
the behaviour of the Cauchy combination method and that of the harmonic averaging
method may diverge; nevertheless, by Theorem [2| (i), for a realized vector of p-values
with at least one very small component, the two methods would produce similar

values.

S3 Proofs of theorems and propositions

S3.1 Proof of Proposition

By definition, we have
ap(e) = inf{q.(F(Uy,...,Uk)) | Uy,..., Ugx €U}, € € (0,1).
We shall show
ap(e) =inf{q(F(V1,...,Vk)) | V1,...,Vk €U}, € € (0,1), (S3.1)

where U. denotes the collection of all uniform random variables distributed on [0, €.

Denote by S = F(Uy,...,Uk) and Gg5'(t) = ¢(S), t € (0,1]. We can find Us € U
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such that Gg'(Us) = S a.s. (e.g., Lemma A.32 of [Follmer and Schied| (2016)). Let
fit) = P(U; <tlUs <€), t € [0,1]. Then f;(U;) conditionally on Ug < € is a
uniform random variable on [0,1] and V := ¢f;(U;) conditionally on Us < ¢ is a

uniform random variable on [0, £]. We construct the following two random variables:
Sl - S]].{US<5} + dﬂ{UgZE}? Sg - F(‘/le, e ,V;)]I{US<5} + d]l{UsZa}, (832)

where d > F(e,...,e). Noting the fact that e f;(t) = P(U; < t,Us <¢) <t, t € [0,1]
and F' is increasing, we have S; > Sy. Hence ¢.(S1) > ¢.(52). Moreover, direct
calculation shows ¢.(S) = ¢-(S1). Thus ¢.(S) > ¢-(S2). Let Vi,...,V, be uniform

random variables on [0, ] such that (‘71, ..., V,) has the joint distribution identical

to the conditional distribution of (V, ..., V) on Ug < €. Hence, for x < d,

P(Sy <z)=P(F(V5,...,V.) <x,Us <¢)

=cP(F(VE,...,V:) <z|Us < ¢)

~

This implies ¢-(S2) = ¢1(F(V4,...,V,)). Thus we have
ap(e) > inf{g(F(V1,..., Vi) | Vi,...,Vk € U-}.

We next show “<” in (S3.1). Take V4,...,V,, € U. and U € U such that U is indepen-

dent of V4,...,V,. Let [71 =Viliyeey +Ulyy>ey, 1 =1,2,...,n. It is clear that UZ €

A~ A~

U, v = 1,2,...,n and F(Ul,...,Un> = F(Vly--wvn)]l{UQE}+F(U7---7U)]1{U25}-
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A~

Noting that F is increasing, we have q,(F(Vi,...,V,)) = ¢.(F(Uy,...,U,)). This

implies

ap(e) <inf{g(F(Vi,..., Vi) | Vi,...,Vk € U.}.

Therefore, (S3.1]) holds. By (S3.1)) and the homogeneity of F' we have that for ¢ €

(0,1),
ap(e) =inf{q(F(Vi,....,Vk)) | Vi,...,Vk €U}
= inf{ql(F(sUl, c. ,SUK)) ’ Ul, .. .,UK € Z/{}
= 5inf{q1(F(U1,...,UK)) | Ul,...7UK EZ/{}
This completes the proof. O

S3.2 Proof of Proposition

It is well known that the Bonferroni correction yields ap(e) = ¢/K. Also, since
the average of identical objects is itself, cp () = € for any averaging method, including
the Bonferroni method. For iid standard uniform random variables Vi,..., Vi, we
have P(min{V;,...,Vgx} < ) =1 — (1 — 2)X. Therefore, bp(c) = 1 — (1 — )/¥ for

e€(0,1). 0
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S3.3 Proof of Proposition

(a) Suppose r < 0. We first fix K and find the asymptotic of b, as € | 0 satisfying

P (Z Pl > K <bT(s>>”> —c.

Observe that the random variables P, 7 = 1,..., K, follow a common Pareto
distribution with cdf P(P < z) =1—2'", 2 € (1,00), i = 1,..., K. Note that
the tail probability of the sum of iid Pareto random variables is asymptotically the

same as that of the maximum of the iid Pareto random variables (e.g., Embrechts

et al.| (2013), Corollary 1.3.2). Hence

P(SE P2 K (b)) | e
b

lim — = lim =1
elo P (max{P],..., P} > K (b.(c))") =lo 1— (1 - Kib,(g))K

This implies

==

1—(1—¢)

br(g) ~ Kvl

~ K1Y ase | 0.

The case K — oo follows directly from the generalized central limit theorem

(e.g., Theorem 1.8.1 of |[Samorodnitsky| (2017))).

(b) If r = 0, in a similar way, we first have,

P QEK:IO i>2K10 L =c
gPZ_ gb»p(f) - <

=1

The random variable log 1 =1,..., K, follows exponential distribution with

L
P,

parameter 1. Thus 2 Zfil log % follows a chi-square distribution with parameter
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2K. We denote g, (x?) the a-quantile of the chi-square distribution with v degrees

of freedom. Hence

br(e) = exp (—%ql_a (X§K)) :

(c) If r > 0, using the result of Wang| (2005)), we have for 0 <z < K7,

where A is the Lebesgue measure. This implies that if ¢ < %,

oy (DOt K /) VRS
H&) = T+ 1)

(93.3)

The asymptotic behaviour of b,(g) for fixed € € (0,1) as K — oo can be obtained

by the Central Limit Theorem. Note that the random variables P, i =1,..., K

* Y

follow a common Beta distribution with mean and variance given by, respectively,
p=(r+1)"" and o® = r*(1 +2r) 1 (1 + )2

The Central Limit Theorem gives (31, P/ — Ku)/vVKo 4 N(0,1). Hence

b6~ (St n) s ko

where &1 is the inverse of the standard normal distribution function. OJ
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S3.4 Proof of Proposition

By symmetry of the standard Cauchy distribution,

. 1 e
ap(e) =C <1nf{q€ (E;C (Ui)) | Uy, ... Uk eu}>
=C (%sup {qls (;Cl(Ui)> | Uh, ..., Uk EL[}) .

Moreover, C™1(U;), i = 1,..., K, follow the standard Cauchy distribution with de-

creasing density on [C™!(1 — ¢), 00] for € € (0,1/2). The proposition follows directly

from applying Corollary 3.7 of Wang et al.| (2013)). O]

S3.5 Proof of Theorem [

(i)

(i)

IC-balance of My for all K € {2,3,...} is equivalent to + Zfil o(V;) 4 o(U)

for all K € {2,3,...}, which is further equivalent to the fact that ¢(U) follows
a strictly 1-stable distribution. We know that strictly 1-stable distributions are
Cauchy distributions (see, e.g., Theorem 14.15 of [Sato| (1999))). This proves the

statement of part (i).

For the Simes function S, x = Sk, a; = i for i € {1,..., K} and bp(z) =
cp(x) = x for x € [0,1]. Therefore, S, x is IC-balanced.
Below we show the opposite direction of the statement. For n € {2,..., K}, let

Vi, - -+, Viny be the order statistics for n independent standard uniform random

variables Vi,...,V,. Let (X1,..., X,-1) = Vy/Viw), - - -, Vin—1)/V(ny) which is
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identically distributed as the order statistics for n — 1 independent standard

uniform random variables, independent of V{,. Hence, for x € (0,1/ay),

P(San(Vi,..., Vo) > x)

Vay > zaq, ..., Vo > zag_1, Vi) > xan)

P (
P (X1 > a1/ Vi), - Xno1 > wan_1/Viny, Vin) > xal)

1
P (X, > za1/p, ..., Xn 1> 20, 1/p)np™ tdp

T,

1
_ / P (Spn1(Vis .., Vir) > 2/p) np"~ dp, (83.4)

Qn

where for simplicity we use Sq -1 for S(a,,....a,_1),m—1. Note that

,,,,,

P(Sa1(Vi) >2)=1—ayz, z€(0,1/a). (S3.5)

Plugging (53.5) in (S3.4]), we obtain that P (S,2(Vi,V2) > x) is a polynomial

function of = of degree less than or equal to 2. Recursively, using (S3.4)) we are
able to show that the function P (S, (V1,...,V,) > z) for z € (0,1/a,) is a
polynomial of x of degree less than or equal to n for n = 2, ..., K. Hence, there

exist K constants fy,..., 8x_1 such that
P(SO(,K—1<‘/17 e VK—I) > l’) = Z Bixi, T e (0, l/OéK_l).
Moreover, noting that S, x is IC-balanced, we have

1
/ P(Sax-1(Vi,...,Vk_1) > z/p) Kpf=tdp = P(Sax(U,...,U) >zx) =1—zxag,

aK
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for x € (0,1/ak). Therefore, we have

1 K-1
/ > Ba'pt | Kptdp =1 - zay,
rak \ i=0

which implies that for z € (0,1/ag),

K1 K-1
ZK—ix B <ZK—@”§ z) o™ =1 - zag.
=0 =0
Solving the above equation, we get By = 1, £ = —%QK and By = ---

Br_1 = 0. Consequently,

K-1
P(SO[,K—I(‘/L e 7VK—1) > .CE) =1-

Recursively, using (S3.4) we have

n

P(San(Vi,...., Vo) >2)=1— KT, T € (0,1/a)
for n =1,..., K, which gives, using (S3.5),
A = KO&l.

agr, € (0,1/ak_q).

(93.6)

(93.7)

Inserting ([S3.6]) into (S3.4)), we obtain, for z € (0,1/a,) and n =2,..., K,

1
—1
1- 2OzK:c = / (1 _z aprl) np™tdp

K o K
—1- 2 :c—l—(na oz”’l—a”>x”
Consequently,
n
a, =—ag, n=2,...,K,



S53. PROOFS OF THEOREMS AND PROPOSITIONS17

which together with (S3.7) implies o,, = nay, & = 1,..., K. This gives the

desired statement. O

In the following example, we shall employ several theorems from [Sato (1999). To
make our paper more self-contained, we display the useful part of these theorems as
below.

Theorem 8.1 in Sato| (1999): u is an infinitely divisible distribution in R if and
only if there exist d > 0, v € R and a measure v on R satisfying v({0}) = 0 and

Je(Jz[? A 1)r(dx) < oo, such that the characteristic function of y is

1 .
f(z) = exp <—§d22 +ivz + /(em’ —1- izx]l[_m}(x))l/(dx)) , z€ R, (S3.8)
R

where 1(_11)(-) is the indicator function and ¢* = —1.
Theorem 27.16 in Sato| (1999): Suppose p satisfies (S3.8). If d = 0 and v is

discrete with total measure infinite, then p is a continuous distribution.

Example 1 (IC-balanced generalized mean for a finite K'). We show that IC-balance
of My k for a finite K does not imply M, i that ¢ is the Cauchy quantile function
(up to an affine transform). For this purpose, we construct a continuous distribution

1 such that
1 d
=Y X, =X, (S3.9)

where X and X;,2 = 1,..., K are iid random variables with distribution p, but u is
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not a Cauchy distribution. Define

i(2) = exp (/R (€™ — 1= Ty (x)) y(dx)) , 2 €R,

where v is a symmetric measure on R\ {0} satisfying

v({K™) =v({-K"}) = K™, ne€Z and v (]R\ ({0} uJgxm, —K”})) ~0.

nel

It follows from Theorem 8.1 of [Sato (1999) that j is the characterization function of
some infinitely divisible distribution p. Also noting that v(R\{0}) = oo, by Theorem
27.16 of |Sato| (1999) we know that p is a continuous distribution. By Theorem 14.7

of Sato| (1999), (fi(2))* = fi(bz), z € R,b > 0 holds if and only if

Tyw(B) = bv(B), and / zv(dz) =0,

1<|z|<b
where Tyv(B) = v(b~! B) for all Borel sets B C R. By symmetry of v, f1<‘x|§b zv(dz) =
0 holds for any b > 0. However, Tyv(B) = bv(B) holds only for b € {K",n € Z}.
Consequently, (ii(z))* = ji(bz), z € R if and only if b € {K™,n € Z}. This implies

that p is not a Cauchy distribution (strictly 1-stable distribution) but (S3.9) holds.

S3.6 Proof of Theorem [2

(i) Recall that



S53. PROOFS OF THEOREMS AND PROPOSITIONS19

Note that C™!(z) ~ —1/(7z) as x { 0 and C(y) ~ —1/(7y) as y — —oo. For any
01,09 € (0,1/K), there exists 0 < ¢ < 1 and m < 0 such that for all z € (0,¢)

and y € (—oo,m),

_a 2‘51) <CMz) < 4 _x‘sl); (S3.10)
C(1-5y) C(1+4y)
- <C(y) < —— (S3.11)

For 0 < ¢ < 1, there exists 0 < &’ < ¢ such that

tan <—g + 7T£E> + + < —. (S3.12)

sup <
mr

z€[e,c]

Take (pi1,...,px) such that pqy < & and pxy < ¢ < 1. Let | = max{i =

1,...,K :pu < e}. As a consequence of (53.10), we have

—El: (1+8) _ itan <_Z +7Tp(i)> Ly
-1 PO i=1 2 i—1 TP@)
For 7 > [, implies
tan (—Z +7Tp(j)) + —| < i < 01
2 TPG) e T mpy
Therefore,
EK:tan (—g +7sz‘> < —ZZ: (17: 51) - EK: 1‘ + (B = Doy
i=1 i1 PO imip1 PG ()
" (1 -K6&)
- Zl o)
- i (1 - Kd,)
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(i)

Similarly, we can show

K K
ZZ;taun <—g + 7rp,-) Z (1+ K(Sl

=1

Using (S3.11)), for any (p1,...,px) satisfying py < min(e’, %) and pry <

c <1,

1—52 1—|—(52

—M_ < M, —M_ )
1+K(51 1,K(p17 7pK> = C,K(ph 7pK> =71_ K(Sl 1,K<p17 7pK)

We establish the claim by letting 1,05 | 0, and the above inequalities hold as

long as p(1) is sufficiently small.
The statement
P(Mek(Uy,...,Ug) <e)~e asecl0

follows directly from Theorem 1 of |Liu and Xie| (2020) by noting that standard

Cauchy distribution is symmetric at 0. Below we show P (M_; (Ui, ...,Uk) <€) ~

e as € | 0, based on similar techniques as in Theorem 1 of Liu and Xie| (2020)).

Observe that

K
1 -1
P(M_LK(Ul,...,UK)<€):P<? izglUi >1/€>.

Condition (G) means that for any 1 < i < j < K, (2 1(U;), @~ 1(U;)) is a
bivariate normal random variable with cov(®~(U;),®1(U;)) = 0i;, where ®
is the standard normal distribution function and ®~! is its inverse. Clearly,

0;; = 1 implies that U; = U; a.s. In this case we can combine them in one
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and the corresponding coefficient becomes 2/K. Thus, it suffices to prove the
stronger statement
K
P <Z w;U; ! > 1/5) ~e, ase 0, (S3.13)
i=1
where w; > 0, i = 1,..., K, Efilwi =lando; <1, 4,5=1,..., K. We
choose some positive constant 0. depending on ¢, such that 6. — 0 and §./e —
oo as € | 0. Denote by S = Zfil w;U; !, and define the following events: for

ie{l,...,K},

1+ 6. 1+ 6.
Ao = {U{l > L} Bi. = {U;l < % S > 1/5}.

w;e i

Let A, = Ufil A, and B, = ﬂfil B; . and thus we have

P(S > 1/¢) = P(A,) + P(B.).

First we show P(B.) = o(e). Note that S > 1/¢ implies that there exists

: —1 1
i €{l,..., K} such that U;~ > .. Hence,

K
1 146,
P(B.) < ZIP’ (w‘Kg <U'< wa,S > 1/e

K K
1 - 1-94 146
< -l < < = i
< E P(w,-Ks<U’ - ,S>1/a)+i§1P< o <U " < wig)

K 1 1-96 K 1 1
< P -l < £ 1 » —
_Z (U}Z‘K6<UZ TweE 7S> /€)+izlwzg(1—5a 1—}-55)
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Noting that 0. | 0 as € | 0, we have I, = o(¢). We next focus on I;. Observe

K 1 1-0. &
—1 - Ug -1
I, < E P (wiKs <U " < o’ E ijj > 55/s>

i=1 J#i
K K
1 1-96 0
< P <U < U s —— ).

It remains to show for 1 <i # j < K,

1—9

1 0,
Li; =P <Ui'< = U > —— ) =o(e).
7 (wiKe T we ije) o(e)

Condition (G) implies that there exist Z; ; and d; ; such that
(I)il(Uj) = O'ijq)il(Ui) -+ 5isz‘j7 (8314)

where Z;; is a standard normal random variable that is independent of U; and
J?j + 5% = 1. If 0;; = —1, we have U; = 1 — U;. This implies that I; ; = 0 for
e > 0 sufficiently small. Next, assume |o;;] < 1, and write v;; = &1 (w; Ke) if
—1 <0y <0and ;=3 (ﬁ) if 0 < 0;; < 1. We have

1 1-9 w;Ke
I[,=P < 5 N U+ 62 < T L=
) (/LUZKg 7 — wW;E 70-] (U>+ J ]< ( 55 ))

1 1—09, K
< IP( <UT' < ——=,8Z;; <@ (M> - Uz‘j%‘j)

w; Ke W;E 0

1 1—-90 w;Ke
=P U< VP62, <[ - — i |-
(wiKa <Y s W;E ) ( 343 < ( Oc ) a]’y])

Note that ®7!(¢) ~ —v/—21Ing, as € | 0, which is a slowly varying function.

Taking . = —1/loge, we have

. K
o (ﬁ% ) ~ &7 (0 Ke) ~ B! (wﬂé 5) as e 0.
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(iii)

This implies

K
! <w]c5 8) — 0ij%ij — —00, ase L 0.

Hence I; j = o(¢). Consequently, I; = o(c) and further P(B.) = o(¢). Next, we

show P(A.) ~ . By the Bonferroni inequality, we have,

D P(Ai) - Y P(AinA;) <P(A) < ZK:IP(Ai,E).

i=1 1<i<j<K

Direct calculation gives

K
w; €
ZIP’(Ai,e) = ; 154 "

=1

For any 1 <i < j < K, since the Gaussian copula is tail independent (e.g., Ex-

ample 7.38 of McNeil et al.| (2015)), we have, writing w = max{w;, w;},

1 e 1 R
]P(Ai,e N Aj,a) =P (Ui_l > +90 7Uj 1 > i)

w;€ w;e

we we we
= (UZ<1+55’UJ<1+55) o(1) (U1<1+55) o(l)e

Hence P(A;. N A;.) = o(e). This implies P(A.) ~ ¢, and we establish (S3.13]).

By Lemma A.1 of Vovk and Wang| (2020a), we have

+ Lo B
aMs)ze(sup{qO <%ZPZ >|P1,...,PKEU}> , €€(0,1),

i=1
where ¢f (X) = sup{z € R | P(X < z) = 0}. Note that for any § > 0, there

exists 0 < g5 < 1 such that for all z € (0, &5)

(1+0)

(1-9)

s
<tan(——+x) < —
2 T
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For 6 > 0, letting 0 < € < g5/m and using Theorem 4.6 in Bernard et al.| (2014)),

we have

K

mf{qE(Eg: >|P1,...,PKEU}

K

—lnf{qe EZZI (W(H-—)))‘Ph,PKEU}
1 K

:Hlf{ql ?;tan(w(eﬂ——)>)|P1,...,PKEU}
1 K

< inf — P,...,P

< 1n {Q1 K; €7TP>| 1, KGU}

1—90 1 1—9
qa_(?zpi_l>|Plv'“7pKeu}:_ -

= — sup
=1 ay/(e)m

ETT

—— .

Similarly, we obtain, for 0 < & < g5/,

inf {qa (%ZC”(B))} > _aiZs)ir'
inf {qg (% ZCl(R-)> } ~ _aH(lg)ﬂ as e | 0.

Plugging the above result in the formula for ac¢ in (3.6), and using C(y) ~

Consequently,

—1/(my) as y — —oo, we have, as € | 0,

. L o=
ac(e) =C <1Hf {Qs (E ;C (B)) })
1. 1 o -1 B
. <mf{q€ @;c <a>>}) ~ an(e)

This completes the proof.
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(iv) By (i), it suffices to show that for r # —1

Mor(pry - prc) ~ 1, as max p; }0.
Mr,K(ph e 7PK) ie{l,.,K}

Take p; = p? and p; = z;p with z; > 0 and p > 0 for i = 2,...,K. By
homogeneity of M,., for r < —1,

M—I,K<p17"‘7pK) _ M—I,K<p7x27"'7xK)
Mr,K(p17"'JpK) MT,K<p7x27"'7xK> '

Hence

M_
lim 1,K(p17 7pK) _ Kl/r—i—l # 17 r< —1.
pl0 MT,K(p17""pK)

This proves the claim of (iv) for » < —1. The case for r > —1 can be argued
similarly. O]
S3.7 Proof of Theorem [3

Take arbitrary pi,...,px € (0,1],and let j € {1,..., K} besuch that mingeqi,. xy Dy /k =

p(j)/J- Noting that

1 i
So=> a2 <K,
= Pi 5 Pe) J t
we have
K K K K
Sk(p1,...,PK) 1 1 1 1 1 1 1
= =Py — | = =DP@ < D@ = - =K
M—l,K(pb cee 7]91() J ) ; Di ; J (])p(i) ; ? ()p(i) ; ?
Moreover,

Sk, -px) lp '
MA,K(Pl:---aPK) .7 )
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Therefore, M_; x < Sk < {xM_; . The two special cases of equalities are straight-

forward to check. O

S3.8 Proof of Proposition

(i) Recall that ap(z) = apzx for z € (0,1). By (i) of Proposition |3 we have
br(d) ~ d as 0 | 0. Hence limgs)o bp(9)/ap(6) = 1/ap. By Proposition 6 of [Vovk

and Wang| (2020a), we have ar ~ 1/log K, as K — oo. Consequently,

lim br ()

I r ) ~log K, as K — oo.

Moreover, for the harmonic averaging method, cp(g) = . This implies cp(e) /ap(e) =

1/ap. We establish the claim by the fact ap ~ 1/log K, as K — oc.

(ii) By Theorem [2, we have ac(d) ~ ax(6) and be(8) ~ by(d) as ¢ | 0, which
together with (i) leads to

_be(d)
W ae®)

~log K, as K — oo.
The rest of the statement follows by noting that cc(d) = be(9).

(iii) For the Simes method, recall that ap(z) = 2/lx and bp(z) = cp(x) = z. The

claim follows directly from the fact that {x = Zszl % ~log K, as K — oco. [

S4 Additional tables

In Tables [1] and [2| we report numerical results of prices for validity for e = 0.05
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Table 1: bp(e)/ar(e) and cp(e)/ar(e) for e = 0.05 and K € {50,100, 200, 400}
K =50 K =100 K =200 K =400

bF/CLF cF/aF bF/ap cF/aF bF/aF CF/CLF bF/CLF CF/CLF
Bonferroni 1.025 50.000 1.026 100.000 1.026  200.000 1.026  400.000

Negative-quartic ~ 1.367  25.071  1.367 42.164 1.368 70.911 1.368  119.257

Simes 4.499 4.499 5.187 5.187 5.878 5.878 6.570 6.570
Cauchy 6.623 6.623 7.463 7.463 8.274 8.274 9.055 9.055
Harmonic 6.793 6.625 7.650 7.459 8.485 8.273 9.306 9.072
Geometric 15.679  2.718 16.874 2.718 17.755 2.718 18.395 2.718

and 0.0001, respectively.
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Table 2: bp(e)/ar(e) and cp(e)/arp(e) for e = 0.0001 and K € {50,100, 200,400}

K =50 K =100 K =200 K =400
br/ar cr/ar br/ar cr/ar br/ar cr/ar br/ar cr/ar
Bonferroni 1.000 50.000 1.000 100.000 1.000 200.000 1.000 400.000

Negative-quartic 1.333 25.071 1.333 42.164 1.333 70.911 1.333 119.257

Simes 4499 4499 5187 5187 5878 5878 6570 6570

Cauchy 6.625  6.625 7465  T.A65 8274 8274  9.055  9.055

Harmonic 6.625  6.625 7459 7459 8272 8272  9.071  9.071

Geometric 5416.222  2.718  6601.414 2718 7523231 2718 8214151 2718
Bibliography

Bernard, C., Jiang, X. and Wang, R. (2014). Risk aggregation with dependence

uncertainty. Insurance: Mathematics and Economics, 54, 93-108.

Embrechts, P., Kliippelberg, C. and Mikosch, T. (2013). Modelling Eztremal Events

for Insurance and Finance. Springer Science & Business Media.

Follmer, H. and Schied, A. (2016). Stochastic Finance. An Introduction in Discrete

Time. Walter de Gruyter, Berlin, Fourth Edition.

Goeman, J. J., Meijer, R. J., Krebs, T. J. and Solari, A. (2019). Simultaneous
control of all false discovery proportions in large-scale multiple hypothesis testing.

Biometrika, 106(4), 841-856.

Hedenfalk, I., Duggan, D., Chen, Y., Radmacher, M., Bittner, M., Simon, R.,



BIBLIOGRAPHY?29

Meltzer, P., Gusterson, B., Esteller, M., Raffeld, M., et al. (2001). Gene-expression
profiles in hereditary breast cancer. New England Journal of Medicine, 344 (8),

539-548.

Holm, S. (1979). A simple sequentially rejective multiple test procedure. Scandinavian

Journal of Statistics 6, 65-70.

Liu, Y. and Xie, J. (2020). Cauchy combination test: a powerful test with analytic p-
value calculation under arbitrary dependency structures. Journal of the American

Statistical Association, 115, 393-402.

McNeil, A. J., Frey, R. and Embrechts, P. (2015). Quantitative Risk Management:
Concepts, Techniques and Tools. Revised Edition. Princeton, NJ: Princeton Uni-

versity Press.

Puccetti, G., Rigo, P., Wang, B. and Wang, R. (2019). Centers of probability mea-

sures without the mean. Journal of Theoretical Probability, 32(3), 1482—-1501.

Sarkar, S. K. (1998). Some probability inequalities for ordered MTP2 random vari-

ables: a proof of the Simes conjecture. Annals of Statistics, 26(2), 494-504.

Samorodnitsky, G. (2017). Stable Non-Gaussian Random Processes: Stochastic Mod-

els with Infinite Variance. Routledge.

Sato, K. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge

University Press, Cambridge.



30 Yuyu Chen, Peng Liu, Ken Seng Tan and Ruodu Wang

Storey, J. D. and Tibshirani, R. (2003). Statistical significance for genomewide stud-

ies. Proceedings of the National Academy of Sciences, 100(16), 9440-9445.

Vovk, V. and Wang, R. (2020a). Combining p-values via averaging. Biometrika,

107(4), 791-808.

Wang, R., Peng, L. and Yang, J. (2013). Bounds for the sum of dependent risks and
worst Value-at-Risk with monotone marginal densities. Finance and Stochastics,

17(2), 395-417.

Wang, X. (2005). Volumes of generalized unit balls. Mathematics Magazine, 78(5),

390-395.



	Simulations and a real data example
	Simulation studies
	Real data analysis

	Additional remarks
	Proofs of theorems and propositions
	Proof of Proposition 1
	Proof of Proposition 2
	Proof of Proposition 3
	Proof of Proposition 4
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3
	Proof of Proposition 5

	Additional tables

