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We empirically investigate the sensitiveness of our method to the choice
of tuning parameters in Section[S1] Section [S2| provides every figure and ta-
ble for Sections 2 and [6]in the main paper. Technical details and additional

numerical results are gathered in Sections [S3| and [S4] respectively.

S1 Empirical analysis of tuning parameters

We empirically investigate the sensitiveness of our method to the choice
of tuning parameters. Throughout this subsection, we suppose the rows
of X € R0 are iid realizations from N(0,%) with %, = 0.977*
(Toeplitz) or ¥;; = 0.8 (Equicorrelation) for j # k and X;; = 1. Regression
coefficients f3;’s are generated by either Case 1 with sy = 10 or Case 2 with
sp = 4 as described in Section [6] The errors are independently generated

from the standard normal distribution. The nominal level is 95% and results
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are based on 100 independent simulation runs.

We first explore the effect of Cjy on the estimation of the surrogate set
and the impact of C7 and C5 on the coverage rate and interval width of
the BRP-based confidence interval. The results for 8; generated from Case
2 with sy = 4 and Toeplitz covariance 3 are summarized in Figure [I] As
seen from Panel A the surrogate set A(7) with 7 = 2 correctly identifies the
large coefficients when Cy > 2. Panels B-D provide the average coverage
rate, bias and length of the BRP-based confidence intervals for the active set
over a prespecified set of grid points for (C}, Cs). The coverage probability
and interval width both tend to increase with the values of C; and Cs.
These results appear to suggest that fixing one parameter at a reasonably
large value while choosing the other parameter to balance the coverage
probability and interval width would generally deliver similar results as
simultaneously selecting the two parameters.

To confirm this intuition, we set Cy = 2, C; = 8 and use the procedure

in Section |5 to select Cy over the following prespecified grid points
{casm e, = {0.3,06,--,14.7,15.0} . (S1.1)

We denote the corresponding procedures by “Fix-BRP” and “Fix-MBRP”
and compare their performance with the procedures that select all tuning

parameters automatically using the method in Section |5, Notice that fixing
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Cy and C; would significantly ease the computational burden. Figure
presents the empirical coverage probabilities and lengths of the 95% confi-
dence intervals and the normalized overall bias as in (6.4). Fix-BRP and
Fix-MBRP perform equally well in terms of the coverage accuracy and bias
as compared to BRP and MBRP but with a much lower computational
cost. Indeed similar results are observed for the other simulation setups in
Section [6.1] For the rest of the paper, we shall adopt the above procedure
by fixing Cy and C' to implement the proposed method.

Finally, we study the impact of B and 7. Figure [3|summarizes the per-
formance of the BRP and MBRP-based confidence intervals with different
values of B and 7. The results are not sensitive to the bootstrap sample
size B. We also observe that a larger 7 tends to deliver higher coverage
for MBRP in the equicorrelation case. Unreported numerical studies show
that similar phenomenon can be observed for the other simulation setups.

In Section [6] below, we shall fix B =200 and 7 = 2.
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4 non-zero coefficients for BRP with Toeplitz
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Figure 1: Panel A shows the barplots of the average cardinality of A(7) against Cy. Error
bars in the barplots represent the interval within one standard error of the average value.
Panel B (C or D) shows the heatmap of the average coverage rates (bias or length) by
the BRP estimator over a prespecified grid points for (C7,C5). The number represents
the average coverage probability (bias or length) of the 95% confidence intervals for the

active set.
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4 non-zero coefficients for BRP with Toeplitz
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Figure 2: Panel A shows the barplots of the empirical coverage and Panels B-C display
the boxplots for the length and bias of the 95% confidence intervals of each method.
In Panel A, the horizontal line indicates the nominal level and error bars represent the
interval within one standard deviation of the empirical coverage. Panel D shows the

boxplots of the computation time (in seconds) for each method.
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10 non-zero coefficients for different values of B with tau = 2
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10 non-zero coefficients for different values of tau with B = 200
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Figure 3: Barplots for the empirical coverage and boxplots for the lengths and biases of
the 95% confidence intervals for both the active and inactive sets with different values
of B and 7. The horizontal line in the barplots indicates the nominal level. Error bars
in the barplots represent the interval within one standard deviation of the empirical
coverage. Data sets are independently generated from Case 1 with sy = 10 and standard

normal error as in Section
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S2 Appendices for Sections 2 and 6

S2.1 For Section 2

Overall Bias with and without decomposition

bias

0-

With Decomposition Without Decompaosition
formulation

Figure 4: Boxplots of the absolute values of the normalized bias terms defined in
by “With Decomposition” and “Without Decomposition.” The non-zero ;s are inde-
pendently generated from U(0,4) with so = 10. All the simulation settings are the same
as the case with the Toeplitz covariance structure and standard normal error in Section

[Bl The results are based on 100 simulation runs.
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S2.2 For Section

3 non-zero coefficients in Case 1
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Figure 5: Barplots for the empirical coverage and boxplots for the lengths and biases of
the 95% confidence intervals for Case 1 with sg = 3,5 and standard normal error. The
horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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10 non-zero coefficients in Case 1
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15 non-zero coefficients in Case 1
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Figure 6: Barplots for the empirical coverage and boxplots for the lengths and biases of
the 95% confidence intervals for Case 1 with so = 10,15 and standard normal error. The
horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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4 non-zero coefficients in Case 2
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Figure 7: Barplots for the empirical coverage and boxplots for the lengths and biases of
the 95% confidence intervals for Case 2 with sg = 4,8 and standard normal error. The
horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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12 non-zero coefficients in Case 2
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16 non-zero coefficients in Case 2
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Figure 8: Barplots for the empirical coverage and boxplots for the lengths and biases of

the 95% confidence intervals for Case 2 with so = 12,16 and standard normal error. The

horizontal line in the barplots indicates the nominal level.

Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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3 non-zero coefficients for BRP with Toeplitz

Bias against chosen C2
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Figure 9: Scatterplots of the bias and length of the BRP-based confidence interval for

the active set with sg =

3 and Toeplitz covariance structure for X against the selected

Cs. The point shapes and colors indicate whether the constructed confidence intervals

include the true parameter or not.

8 non-zero coefficients for MBRP with Equicorrelation
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Figure 10: Scatterplots of the bias and length of the MBRP-based confidence interval

for the active set with sg = 8 and equicorrelation covariance structure for X against the

selected Cs.

intervals include the true parameter or not.

The point shapes and colors indicate whether the constructed confidence
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Figure 11: Barplots for the empirical coverage and boxplots for the lengths and biases
of the 95% confidence intervals for different contrasts with standard normal error. The
horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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Min Q1 Median Q3 Max

BRP 107.60 | 125.30 | 126.70 | 127.80 | 135.20

MBRP | 89.65 | 104.34 | 105.21 | 106.35 | 109.03

DB 26.29 | 33.45 34.41 35.66 | 38.20

ZB 457.90 | 471.30 | 476.50 | 483.20 | 499.50

Table 1: Computation time (in seconds) of each method for constructing 500 confidence
intervals calculated by the R package microbenchmark. The five number summaries are

obtained based on 100 independent simulation runs.

S3 Technical Details

S3.1 Concentration Inequalities

We first define several quantities which will appear throughout the supple-

mentary material. Let 0, = X; — X_;b_; and

b_; = argmin B||X; - X ;b =271 =

beRp—1 Y
Define xy = 262, ky; = 2624/ A1 25 and kg; = 26241 30 .
The following lemmas shows the concentration inequalities for sub-
exponential and sub-gaussian random variables which are motivated by

Lemmas 5.5, 5.15 and Propositions 5.10, 5.16 in [Vershynin| (2010)).

Lemma 1. Let Xy, .-, Xy be i.t.d. mean-zero sub-exponential random

variables with || X;||ly, = Ki. Then, for every a = (a1, -+ ,ay)’ € R¥*!
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and any t > 0, we have

al 2 t
P X, >t <2 Y : :
( - )‘ exp{ mm(seQHaW% 4eK1HaHoo)}

>
Proof of Lemma [1. We first derive an upper bound of the moment gen-

erating function of X;. By expanding the exponential function in the Taylor

series, we have

(AX;)P L NPE[XP
Elexp(A\X;)] = E |14+ \X; + Z : )|y + #
p=2 p: p=2 p:
AP(Kip)? = (eAK)?
1+ =1+ eANK WP =14+ —~""22_
pz; (p/e)? pz;( 2 1 — (eAK,)

provided that |eAK;| < 1. The inequality follows by the definition of sub-

exponential norm

E[X?] < (Kip)?

and Stirling’s approximation p! > (p/e)P. In addition, if [eAK;| < 0.5, the

quantity on the right hand side can be bounded above by

1+ 2(eAK)? < exp(2(eAK))?).

Thus, combining all of the above implies

Elexp(AX;)] < exp(2(eAK;)?) for |)| < (S3.1)

2€K1 ‘
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Next, for A > 0, we have

P (i a; X; > t> =P (exp (Aiaﬁ(}) > exp(At))

exp ()\ Z aiXZ)] = exp(—At) H Elexp(Aa; X;)]

=1

< exp(—Mt)E

by the exponential Markov inequality for Zf\il a; X;. If X is small enough

so that |\ < (2eK]|al|oo) ™!, (S3.1)) gives

N N
P (Z a; X; > t) < exp(—At) Hexp(?(e)\aiKl)Q) = exp(—At+2e*\?||a||? K?).

=1 =1

By choosing A = min (¢(4€?||a|*K?)7!, (2eK1||a|ls) '), we obtain

N
42 t
P iXi 2t ] < —mi 7 |
(Eja ) o { - min (e s ) )

=1

The second term in min can be obtained as follows. When A\ = (2eK||al|o) 7},
we have

t lal* t

)\t 4+ 2e2)\? K2 — —
2Nl = R el T 2l S T deRflal

where the last inequality follows as

R t
2eKlafle ™ (4€2||a|KT)

which implies
2
ol _ ¢
llalloo — 2eK;

By repeating the same argument for —X;, we get the same bound for

P(— SN a;X; > t), which completes the proof. O

=1



S3. TECHNICAL DETAILS

Lemma 2. Let Xy, ---, Xy be i.i.d. mean-zero sub-gaussian random vari-

ables with || X;||y, = Ko. Then, we have the following results.

1. For any |w;| < 1,

X7
E {exp <w%4eK§)} < exp(w?). (S3.2)
2. For ws € R,
Elexp(wy X;)] < exp(8eK3ws). (S3.3)
3. For every a = (ay,--- ,ay) € RN and any t > 0,

p<'_

N
E a; X;
=1

t2
>t <2 —_— . S3.4
. ) <200 (“ggapap) - 999
Proof of Lemma [2 LetY; = X;/(2v/eK). We note that, for [w}/2| < 1,

o kE Y2k
Elexp(u?y?)] =1+ 3 2]

= k!
=t i ] (<2:/k>) - i (w?) B (1 - %) 71

by the Taylor series expansion of the exponential function and Stirling’s

approximation. We can further bound
Blexp(@?Y?)] < explw?) for |w| <1

by using the inequality (1—z)~" < exp(2z) for 0 < z < 0.5, which completes

(S3.2).
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For (S3.3)), we notice that

Elexp(wYi)] < E[wY; + exp(w?¥/?)] < exp(w?) (S3.5)

for |w| < 1 where the first inequality follows by e* < z + ¢ for any = € R

and the second one does by (S3.2). If |w| > 1, we have
Elexp(wY;)] < exp(w?)Elexp(Y?)] < exp(w? + 1) < exp(2w?®)  (S3.6)

due to wY; < w?+Y;? for any w, Y; and (S3.2)). Thus, combining ((S3.5)) with
(1S3.6) gives

Blexp(wY))] < exp(2?).

for any w € R. Letting wy = w/(2y/eK>) completes ([S3.3]).

For (S3.4)), notice that

E
i=1
N

< Hexp(Sngwga?) = exp(8eKjws||al|?).

=1

exp(ws Z aiXi)] = H E [exp(waa; X;)]

For wy > 0, we have

P (i a; X; > t) =P <exp <w2 iaiXi) > exp(wgt))

i=1 i=1

N
exp <wQ Z ain) ]
i=1

< exp(—wat + 8ewy K3 |a]?)

t2
< -
= eXp( 32eK%||a||2>

< exp(—wat)E
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and the same bound can be obtained for P (— Zf\il a; X; > t). Thus, com-

bining those bounds gives (|S3.4)). ]

S3.2 Technical details in Section [3l

Lemma 3. Under Assumption [J,

_ [log p 1 8(2)»
gT j
P (n H9j X_jHoo > Eoj - > < 2exp { (1 3e2 (Hoj)z logp

fO’I" 0< €05 < Koj\/ ’I’L(lng)_l.

Proof of Lemma[3 Let Z = (Zy -+ Z,1) = n~ ' (X X_;—b].X_;TX_).
Then we have

n

1
DXy =L X)X

n <
=1

7 —
where X ; is the value of the jth predictor of the ¢th observation and

X o= (Xig Xijo, Xijia - Xip).

%=
Fix some k € {1,2,...,p}\{j} and let Zi(f;) = (X;;— biji,,j)Xi(vk_)j, where

Xi@j denotes the kth element of X; ;. Then Zy = n~'Y ", 7™ where

g

E [Zl-(f;)] =0 and Zi(f;-)’s are independent across 1 <7 <n.
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We derive an upper bound for ||Zi(7’;) |ly,- Notice that
k k k
125 N = 11Xy = DI, X)X < 20 X5 = 15X sl 1X0%;
k
= 20Xl 1K
< 267|712
< 2(1+ /A 2K,
where X;| = (X;;, X;' ;) and 7', = (1,-b';). Here, the first inequality
holds from the fact that | XYy, < 2||X|y]|Y ]|y, for any two random

variables X, Y’; the second inequality comes from
¢ PEIX 1OV = ly-slla PLEIX (g =5 D1 < Dyl

and the third inequality follows from

rmslle = /1 Dol < 1 foogl] < 14 A (570555

By Lemmal[I], for any ¢ > 0, we have

1< 1 e\ 1 ¢
P(=N " zW| > <2 —pmin [ — (=), ==},
(n ; Y 8) < exp{ 7 min (862 (I{Oj) ' e /“fo]‘)}

Choosing € = ¢p;4/n ! logp and assuming that n > Egj(ligj)_2 log p, then

1|\~ log p 1 <5
P - Z7 > e, <2 —— 1 .
(n ; ij | = €oj n > 4€Xp ]¢2 (KJOJ‘)2 ogp

The result follows from the union bound over k € {1,2,...,p — 1}. ]

An implication of Lemma [3]is that

lo
07Xl < oy (83.1)
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with probability tending to 1 for a fixed £o; such that €5 > (kg;)*8e?. We

introduce an additional result below for a later use.

n 1
0] X;  Xj

Lemma 4. Under Assumption[d, we have
N=5CL
4/€1

p< (
—2ex —— A
P " se2 ( dris, )
for 0 < e1; < min{(3;_;) 7", 4min(ky, ke;) (X —;) 2} and
1651 1 (e AN
Y < ) > = N _ -
P( n Zj\-g| Sy ) 2120w 8¢2 \3r, ) " 20xp 8e2 \ 6y, !
1 €2j 2
_2€Xp{ 862 (3/-$3j> n}

fOT 0< €2j S Smin(/ﬁ, 2:‘12]‘, :‘igj).

1
§€1j> 1—2exp 32

Proof of Lemma [4] We notice that

n p—1

k
QJTXJ = XJTXJ - Z Z b—j,kXi(7_)in,j7

i=1 k=1

where b_;, is the kth element of b_; and X, ®) "is the kth element of X

—J
Then, we see that

0] X; 1 < 1 = (k) 1
S = D (XS Y | Db X Xy = B30 85 )
k=1

=1 =1

By Lemma[I],
1 n
P(|- X2
(B3

P(

(k) _
— E ( g b—] kX Xl,] - 2]7_]2]1712_j’j)
=1 k=1
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for 0 < &; < min(ky, ko). Also, for e1; < (2,_;)7F, we have

n 1 S
0] X;  Zj- ’
BN 2 E?\*j
C H ﬁ;(Xi,j =355 > L Cu
U{ESs (St 3w o) | = e ).
=1 k=1

Thus, for e1; < min{(Xj_;) ", 4min(k1, ko) (X5 —;) "}, we have

2
1 (X2 ey
]P’( §51j> >1—2exp 32 (—]4\1/{7 lj) n
1

2
1 (X2 e
Re2 4K,

which proves the first inequality. Next, we note that

16,117 XTX; XTX, i
L I I D ) I DR Yy

n 1
0/ X; X

n n n

N —~

(%) (%)
X . TX .
+3;,57; (# - Ej,j) DI VRPN

—2=J n J

.

(k)

The concentration inequalities for (x) and (xx) are given respectively as

2
€9j 1 €9
P <=\ >1-2 — | = S3.2
< = 3>— eXp{ 82 <3/<1) ”} (53.2)

and

n

1
- (X2 -%5))
=1
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for 0 < e9; < min(3ky, 6k2;). Also, we notice that

2
1 n p—1 i -
(* * *) = ﬁ Z < Xi(,—)jb]}k> — Ej,*jz—;y—jzfj,j'

i=1 k=1

Lemma [I] gives us

2
1 & p—1 . ) N
IP) ﬁ Z (Z Xl(v_)ijrk> - Ej,—jz_;’_jx,m S ?j

i=1 k=1
>1-92 VTR 3.4
1 — 42€eXp —@ 3/€3j n ( . )

for 0 < €35 < 3k3;. Combining (S3.2)), (S3.3) and (S3.4)) finishes the proof.

]

The following result directly follows by Lemmas [3] and [4]

Corollary 1. Let 0; = nb;/(0] X;) and @; = n™'||[0] X_j|l. Under As-

sumption @ U; satisfies T)jTXj =n,

) 1 ?
P <TLI||U]'H2 < (E + €1j> (Bj—j + %))
J\—J
1 E94 2 1 E94 2 1 €94 2
>1-9 — | =L -9 - | ==L -9 [ ==L
- eXp{ 862 (Sfilj) n} exp{ 862 (6/'4}2]') " exp 862 3"13]' "

2 2
9 B A A 9 D
s 862 ( 4/'{1]‘ " Y 862 4’%23' e
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and

1 &
— 2exp __( AN 13

for €oj,€15,€2; given in Lemmas @ cmd

Lemma 5. Let R} = n~ '] X (B — 6_) where U; and U; denote the

solution to . Then,

max Ry = 0,(1).

Proof of Lemma [5 According to the definition of 7,

n . i n
Cy a; +nH|o]? < Cy
log p lo

i +n o)
p

where @ = n7|0] X |0, B = n6;/6] X; and @ = n7||,X _||oo. Then,

we have

n_ n . 1.
Cy Uz§02o a; +n” o)

log p

which implies

2
oy o 17 Xodloe < (max(Sn-) ™" ) (Calet) + mpx B + )

with probability tending to 1 by (S3.6). Therefore,

mas By < a0 X oo/l = Bl = 0,(1)
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by Assumptions [3 and [6] O

The following inequalities are direct consequences of Lemmas and

the definition of ;.

Corollary 2. Let ©; be the solution to . Then, we have

_ log p 1 o1
19T 2
P <mlaxn 160, X_1]loo > 4 T) < 2exp {—@ (mlm “_(2)1) (0) 10gp+2logp},
n . 1 - (Zn)? 5
P (mlaXWZT—Xl\ < mlaX(El\_l) + 5'1> >1—2exp {—@ (mlln e (e1)*n+logp
A0 >IN A W
_expd—— 1
exp{ o <mlm (G ? (1)*n+logp ¢,
P maxW <maxXp_;+¢eh ) >1—2exp —;(6’)2n+logp
Ioon T 2] = 8e2(3k1)2" 2
1 ) 1 112
— 2exp ~ %2 mllnm (€5)n +logp
; L (min—— ) (&) +1
—2exp{q —— | min —— | (g5)°n +1lo
Pl 82 \ M (3k3)2 ) "2 sPy
and
P (maxn_lnf; 1% < M’) >1—2exp _ L min ! (0)*logp + 2log p
= - 8e2 U (Kor)? 0
L/ (B! 2
— 2exp {—@ <mlm (Iy)? (e1)*n +logp
1 . (2t 2
— 2exp {—@ <mlm (G )? (g)*n+logp
1 2
—QGXP{—W(gé) n+10gp}
2 L (min—— ) ()0 +1
— —— [ min ——
FPL T8 \ M (6rar)? c2) TSP

L/
T8 <mzm (3/%1)2) @ logp} ’
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where
M/ = (mlaX(El\_ﬂil + 8/1)2(02862 + mlax El\—l + 8/2) (S35)

for0 < e < (min; ko) y/n(logp)=,0 < &) < min, {min((El\_l)_l,élmin(m, m2l)(21\_1)_2)}

and 0 < ¢ < min;(min(3ky, 6Kk, 3K31)).

Under Assumption [6 Corollary [2] implies that

1
mlaxn_lHQlTX_lHOO < epn/ in,

n
< E B -1 !/
max x| S mlax( n-1) el

(93.6)

mlaxn_1||¢91||2 < max St + e,
rnlamcn_1||@l||2 <M,
with probability tending to 1 for a fixed (e})? min; (k) 2 > 16e* and fixed

/ / 4
£, as in Corollary 2]

Proof of Proposition [ Noting that (n='/2||5;||)~! < || X;||/v/n, we have

m| =2 Va(Bu(e) — B) n VB,
T on 2o on= 12| o]

o 1 1 - Vg,

- = R vV
5 |on 172 (\/ﬁ e+ ) T on 2

=\ o 2ol T {on 2o

<% (1 1Xall | VR | |1 X]] | VB

>~ 7 ‘ l| + + )
o vn | o vn | o




S3. TECHNICAL DETAILS

and
o Vi VR
>\ — -4 - |—
Tl >3 < on= 12| 4 on= 120 )
o Vb 12Xl | vnBy
o \|on=12||5|| vn | o

where Ry = n19, X (B, — B_l). We also observe that

Y R
{ 7 1‘ < 5}ﬂ max |Z;| + D' max AL + D' max AL < +/Tlogp
o 1eB? es® | 0 e | o
Xl _
ﬂ max <D C max |T;| < +/7logp ¢,
VAT 1eB®
and
R
min % — max |Z;| — D' max Vi l‘>\/7'logp
et |[on” /2| 1eBY sV o

o

N

O X
g _ 1‘ < 5} ﬂ{mlax% < D’}] C {lrerg;?) |'T;| > \/Tlogp}
and where D' = \/max; 3;; + ¢’ for 0 < ¢’ < 2x%. Note that

X 1 AV
P{mlax H\/l_” SD’} > 1—2exp{— (£) n—{—logp}. (S3.7)

n 8e2 4t

We prove Proposition (1] in the following two steps.

1. Under Assumption [I], it suffices to show that

D/
P (max) |Z1| + — max VR < erv logp) — 1,
2 o (2

(
18 1B,
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where ¢; = /7 — D'\/dy. We have, for £” > 0,

D
P max|Zl|+?max|\/_Rl|<c“/10gp>

18 1B
D/
>P | ¢ max |Z)| < ¢14/logp —&” ﬂ — max |[VnR| <é&”
18 0 keB?
D’
>P [ max |Z;] < ¢14/logp — +P —max|\/_Rl|<€ -1
1eB? T 1B
D’ I _ N2
>P | — max [vVnRy| <&” | —2pexp _laviogp = <) :
O pen? 32er?

Here the last inequality follows by Lemma 2| under Assumption [2} i.e.,

P max |Z;| > c1y/logp — 5")
18

<P U {|Zl|201 logp—e”}

1eB? (S3.8)
(2) 1 - - "
§|Bj |XP<M;WQ 201\/1ng—€>

2 I /AW
<187 2 cxp { - L= SN
eR:

conditional on ¥;. By the assumption

2
326%2(\/_ do max )" > 1,

we have

2
—c; > 1
32er? “

for small enough ¢’. Together with (S3.7), Lemma [5| and Assumption
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we obtain

P (max T| < \/Tlng> — 1.

1eB?

. We define ¢y = \/di/M" — /T, where

, 2 (20 1\
" !/ .
M" = (mlln Yp+ 81) (@ (mlln W> + mlax Ypn—+ 255)

by letting (£})2 = 2 ((8¢2) ™ miny (k) "2) " +&, in (S3.5). We have, for

e’ >0,
R
P | min _ Vb — max |Z;| — D' max vl > /T logp
e jon- 1/2||Ul|| 1estt) sV | o
| VB D’
>P min — | — max |Z;| > logp + &” — nRy| <
o ] s 0 o YOV v <
: 1 1
>P | ¢ min v | max |Z;| > /7 logp +¢” ﬂ min —— >
e lovVM" | 1estV e 2ol T VMY

0 et

D
+P<—max]\/_Rl|<e>—1

np
>P | min Vb —max |Z)| > /Tlogp+¢" | +P | maxn t5* < M”
e lovVM" | 1estV 1estM
'D "
+P —max]\/_Rl\<€ -2
T e
a2 < A" D
>P (max|Zl| < c1/logp > <maxn lo]]© < M > +IP’<— max [vnRy| < &’ ) —2
1eBtM 0 1es®

>1-2

(1) =111+ 112 1
\exp{ s (007 } <m(x)n el §M>

D/
+P —max]\/_Rk]<€

o keB
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where the last inequality follows from (S3.8). By the assumption
Vdi/M — /T > 0, we have ¢y = \/d;/M" — /7 > 0 for small enough
g1, €h. Since ’B§1)’ < 89 < p, by (S3.6)), (S3.7), Lemmaand Assump-

tion , we get P <minl€8<_1) |T;| > \/Tlogp> — 1.
J

Proof of Theorem [1. The argument below is conditional on the event
®) -y — rk _ . .
{A;”(7) = B;"” for k = 1,2} which occurs almost surely by Proposition |1}

Let %;; = max n~'0] Xy| and i;; = max n~'|0] Xy| where

keA (1) ke A (1)

¥; is as in Corollary Then, (@;1,%;1,7;) is a feasible point to problem

(2.8). By the definition of 9;,

no . 1~
Cl + OQ—'LL§2 +n 1“1)jH2 < Cl

C ) =15 112
lgp logp 27 ]2+n HU]H?

logp G+ 1 ogp

Ui = “LgT . = —15T
where @1 = maxkeAgl) n |vj Xi| and @jo = maneAf) n |vj Xk|- Then,

for i = 1,2, we must have

no_
Ci@uji < max{C}, Ca}ep; (

2 2
1
ST +51j) + (2\ , +€1j) (Bj\—j + €25),
VAN

with probability tending to 1 by Corollary [, Then, by Assumptions [3] and

6}

[VnR(by, B—j)| =n"20] X_j(B_; — B_j)| <n! max |6 Xilv/nll B — Bjlli = 0p(1).
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Hence, we obtain

- 1 .
Vn(B;(v;) — B;) = —nvae + 0,(1). (S3.9)
Note that
S Bl ) _ S IES )
e L N TAET

Conditional on the event that {||0;]|24s/||0;]] = 0}, the Lyapunov condition
is satisfied and thus 0 e/{c||7;||} converges to N(0,1). If € ~ N(0,0°I),
v} e/{o|v;]|} ~ N(0,1) conditional on ¥;. The conclusion thus follows from

(153.9) and Assumption 4| by the Slutsky’s theorem. ]

Proof of Proposition[2. All the arguments below are conditional on the
event {A;Q) = B]@)} which occurs almost surely by Proposition . With the
projection direction v; from (3.8) and the refitted least square estimator A,

the bias ([2.6)) reduces to
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where we have used the fact that @;Xk =0 for k € Ag-l) from and
BA;_Q) =0 by . Thus, we have
[VnR(v;, 8-5)| < ||n_117jTX—j||oo\/ﬁllﬁA§2>II1
< 00Xl oo s Tog Pl

lo
<O (\/ 519) o/ do 10gp||/35§2>||o

where the second inequality holds by Assumption [I{under the event {A§2) =

2) : : 1~
BJ(- }. The last inequality follows from the fact that ||n™'0]X_jll =
O,(+/logp/n), which can be verified by using similar arguments as in the
proof of Corollary 1 together with the definition of ¥; under Assumption [}

The last statement follows immediately from condition (3.12)). O

S3.3 Technical details in Section [l

We first state the following results which are parallel to Lemma |3 and the
first inequality in Corollary [2l As the proof is similar to the one in Lemma

Bl we omit the details.

Corollary 3. Let 6§, = X; — X_gb, with by = argminy E|| X; — X_gb||? for

l € S. Under Assumption[J],

/1 62
P nil”elTXfSHoo > &ou Ep < 2exp { (1 — .8 o 2) logp}
Sn s(&or)




S3. TECHNICAL DETAILS

for 0 < &y < koiy/sn(logp)~t where ¢; 5 > 0 is an absolute constant and

Kol = 2 (1 + ,/Amiln217l> k2. As a consequence, we have

_ log p . Qg
p<%m 67X sl = gy ) SQQXP{—(mlmswz (&) logp + 2ogp b

for 0 < &) < min; Ko/ sn(logp)=1t.

The following results are introduced for the proof of Theorem [2| which

follows from a direct application of Proposition 2.1 in [Vershynin| (2012).

Lemma 6. For every 6 > 0, we have

4 s 2
P IXIXs—2 < /=—Zlog=)>1-96
(InXEXs - Zal < |/ 5 2how3 ) 216

where C, > 0 is an absolute constant which only depends on ¢ and k.

We next introduce the following lemma which provides an upper bound

for the operator norm of a matrix.

Lemma 7. Let B be a m x m matriz and N, be an e-net of the unit sphere

S™1 for some e € (0,1/2). Then

IB|| < (1—2¢)~" sup |¢'Bd|.
c,dEN;

Proof of Lemma [7. For any ¢, d € 8™, we can choose cy,dy € N

such that max{||c — cy||, ||d — dnr||} < e. Some algebra gives us

¢'Bd = c\Bdy + (c — cx) 'Bd + e\ B(d — dy),
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which implies that

’cTBd‘ <2|B| + sup |CJ\—[BdN‘ :

enr,darEN:
Taking supremum over all ¢,d € S™~! and rearranging terms give us the

desired result. O

Lemma 8. For every 6 > 0, we have

8 2
P (H(anng —X5-5)2 5 ¢Tossl <3 o log g£> >1-46
’ o n

where Cyy > 0 denotes an absolute constant which only depends on k' =
262/ A} D2

Proof of Lemma [8 We prove the result in several steps. First, we bound
the operator norm by using the so-called e-net argument. Then we apply the
concentration inequality for sub-exponential random variables and finally
use the union bound to finish the proof. For two vectors a,b € R?*!, write

{a,b) = a"b. By Lemma [7| and Lemma 5.2 in Vershynin| (2012), we have

(™' X§X s — Bg,-5) X5 _sE_s.s

n

1 _ _
= sup - Z ((Xi,s, ) (B -5 _sXi—s,d) — ¢ Bg X5 _¢3_55d)
c,deSs— i=1
1 ¢ ‘ 1 . T 1
<3 dSIJI\I? EZ((Xz,s,C><ES,—SZ_5,_SXZ,—S7d> ¢' 5T 5 ¢ _s5d)
c,ae 1/3 i=1

where NV /3 denotes a 1/3-net of S*~' with the covering number [N 5| < 7°.
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Let us fix ¢, d € NV} /3. Because each row of Xg and X _g is independent

sub-gaussian random vector, we can apply the concentration inequality in
Corollary 5.17 of |Vershynin (2010). Specifically, we have
]P (

)
<2exp (_nﬁ>

provided that € < ()%, where [[(X; s, ¢)(Zs-sB"5_¢Xi—s,d)|ly, <

n

1
> ((Xis ) (Bs—sTTh_sXi_s,d) — " Bs_sB74_¢B_g5d)

n <
=1

and ¢ > 0 is an absolute constant. Applying the union bound over c¢,d €
Ni/3, we have

1 n
- Z (X, ) (Bs—sBT§_gXi—s,d) — ¢ (Bg-sX75_sE_g.5)d)
=1

sup
C,dGNI/g

> €

with probabiliity at most 2|\ /3|* exp [—cne?/(x')?], which implies

_ _ €\2
P([[(n'X5X 5 — g 6)575 ¢ ssll < 3¢) > 1— 2N 5% exp [—cn (;) 1
>1—2exp [48 — nEQC’H,}

where Cv = ¢/(k')?. Then by letting €2 = (8/C,)log(2/6)(s/n), we have

8 2
P (‘|(7’L—1X:9|—X_S - 257_5)2:}9 —SE—S,SH S 3 C_ log SE) Z 1—96
K h:/ n

which completes the proof. O]
Lemma 9. Let A = n 'X[© and A = Sg5 — B5_sX 75 S g5. Under
the assumption that s/n = o(1) and |A~Y|| < B for some constant B > 0,

we have ||w]| = Op([las])-
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Proof of Lemma [9. Note that
lwll = [I(n'X5©) " as|| < [|A7"[[|as]]-
We want to bound ||A~!||. Using the properties of operator norm, we have
JAT < AT = AT+ AT < AT AT A — Al + AT
Rearranging the terms, we obtain
IATH (L = AT A — Al < A7
With the assumption ||A~!|| < B, we have
L— AT |A-A|>1-B|A - Al

Under the assumption s/n = o(1), by Lemmas @ and , we have ||[A—A| =
0,(1). Thus 1—||A~1||||A—A]| is bounded from below by a positive constant

with probability tending to one. Thus
AT < (1= AT IA = A)THAT < (1 - BA - Al ATY
which implies that |A~'|| = O,(1). The conclusion follows directly. O

Lemma 10. Let ® € R"** where the l-th column vector is 6; for | € S
as in Corollary[q and ©, = Ow where w = (n"'X;O) ag. Then, under

Assumption@ and |lag|| = O(1), we have n= |0, ||* = O,(1).
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Proof of Lemma [10. We note that

[©w]* < [IXs = X_s7g Z_sslP*lwlz < 2 {IXs|* + X275 ¢35/} [wl.

I

We shall control I below. Lemma 5.3 in Vershynin| (2012) gives us

1Xs|* < 402}\;[11)/(2 ¢ X Xgc,

IX_sXZ5_sZ_gs]® < 4;53352 A5 s3T5 _¢X (X T4 _¢B_ggd.
Let Q=35 X5 o (n "X (X _g—B_g_5) B2y _¢X_gs. Since the el-
ements of the terms inside the maximization can be expressed as a sum

of independent sub-exponential random variables, we can use similar argu-

ments as in the proof of Lemma [3| to show that for every ¢ > 0,

4 s 2
P <y/=—-log=)<1-
(1l < /2082 ) <14

where C,s > 0 is an absolute constant which only depends on k" = 2x2/A_{ D2
Together with Lemma [0, we have

n [ Xsl|? + X225 _sZossl1?} <Co{0p(1) + Anax(Bs,5) + Amax(Bs,-sE"5 _¢E_5,9)}

SOO {Op(l) + 2>\max(23,5>} )
for some constant Cy. Therefore, we have

n”H|©wll3 < 2Co(0p(1) + 2A55)Op([las]|) = Oy(1).

min
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Proof of Theorem [2. The arguments below are conditional on the sets
A(;) and Ag) which have nonrandom limits by Proposition . Let 4, =

max, _ n~o, Xi| and e = max Yol Xy|, where 9, is as in
j

2N
kGAj

Lemma Then, (g1, U2, 0,) is a feasible point to problem (4.2)). By

the definition of 7,

n

o n . 1w
bgpuzl + Cor—1i5 +n" |0

"2+ Gyt + G < O 1
ogp

C -
ogp " logp

Then, for i = 1,2, we must have

C; Ug; < max{Ch, Cs} maxn Hw' O Xi| +n 7|,

logp k¢s

n

log p
< max{C}, Co}||w||(§)* + M,

with probability tending to 1 for 0 < &) < min; ko\/sn(log p)~! and some

constant M, according to Corollary [3| and Lemma [10] Then, by Assump-

tions [3] and [6]
VAR (T, B-s)| =n~ 2|5 X_s(B_s — B_s)| <n”" max |50 Xelv/nllBos — B_s|l = 0p(1).

Hence, we obtain

Vi) = a3s) = Z=ile+o,1). (s1)

Finally we can apply the central limit theorem as in the proof of Theorem

[1, which completes the proof. O
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S4 Additional numerical results

3 non-zero coefficients with t-distributed error for Case 1
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Figure 12: Barplots for the empirical coverage and boxplots for the lengths and biases
of the 95% confidence intervals for Case 1 with so = 3,5 and t-distributed error. The
horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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10 non-zero coefficients with t-distributed error for Case 1
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Figure 13: Barplots for the empirical coverage and boxplots for the lengths and biases
of the 95% confidence intervals for Case 1 with s = 10, 15 and ¢-distributed error. The
horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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4 non-zero coefficients with t-distributed error for Case 2
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Figure 14: Barplots for the empirical coverage and boxplots for the lengths and biases
of the 95% confidence intervals for Case 2 with sy = 4,8 and ¢-distributed error. The
horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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12 non-zero coefficients with t-distributed error for Case 2
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Figure 15: Barplots for the empirical coverage and boxplots for the lengths and biases
of the 95% confidence intervals for Case 2 with so = 12,16 and ¢-distributed error. The
horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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3 non-zero coefficients with Gamma distributed error for Case 1
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5 non-zero coefficients with Gamma distributed error for Case 1
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Figure 16: Barplots for the empirical coverage and boxplots for the lengths and biases
of the 95% confidence intervals for Case 1 with sy = 3,5 and Gamma-distributed error.
The horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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10 non-zero coefficients with Gamma distributed error for Case 1
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Figure 17: Barplots for the empirical coverage and boxplots for the lengths and biases of
the 95% confidence intervals for Case 1 with sqg = 10,15 and Gamma-distributed error.
The horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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4 non-zero coefficients with Gamma distributed error for Case 2
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8 non-zero coefficients with Gamma distributed error for Case 2
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Figure 18: Barplots for the empirical coverage and boxplots for the lengths and biases
of the 95% confidence intervals for Case 2 with sy = 4,8 and Gamma-distributed error.
The horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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12 non-zero coefficients with Gamma distributed error for Case 2
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16 non-zero coefficients with Gamma distributed error for Case 2
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Figure 19: Barplots for the empirical coverage and boxplots for the lengths and biases of
the 95% confidence intervals for Case 2 with sqg = 12,16 and Gamma-distributed error.
The horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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Toeplitz with t-distributed error
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Figure 20: Barplots for the empirical coverage and boxplots for the lengths and biases
of the 95% confidence intervals for different contrasts with ¢-distributed error. The
horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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Toeplitz with Gamma distributed error
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Figure 21: Barplots for the empirical coverage and boxplots for the lengths and biases of

the 95% confidence intervals for different contrasts with Gamma-distributed error. The

horizontal line in the barplots indicates the nominal level. Error bars in the barplots

represent the interval within one standard deviation of the empirical coverage.
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Figure 22: Boxplots of the two different error variance estimators. Data sets are gener-
ated by Case 1 with 59 = 3,5,10 and 15. “Ist” denotes the estimator ||Y — X 3||2/n and
“and” denotes the estimator ||Y —X3[2/(n—||3]l0). The number on the top of each panel
denotes the number of non-zero coefficients. The horizontal dashed line corresponds to

the true error variance.
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