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The 8 sections contain: scenarios used in simulation, a notation table, numerical experiment in

the MTD setting, the calibration methods and the proofs of all the properties and theorems.

S1. Scenarios for the MTC setting
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Table 1: Toxicity scenarios 1-4 for the two-drug combinations. Dose combinations in the
minimal set are in bold. Doses associated to a toxicity probability equal to 0.20 belong to

D~ and D% (see Section 4); they are always in the minimal set.

Dose Drug A2
Level 1 2 3 4 1 2 3 4
Scenario 1 Scenario 2
4 22 26 30 34 55 65 75 85
3 16 20 24 28 40 50 60 70
2 10 14 18 22 25 35 45 55
1 4 8 12 16 10 20 30 40
Drug
Al Scenario 3 Scenario 4
4 11 21 31 41 10 30 50 80
3 10 20 30 31 6 15 30 45
2 9 19 29 30 4 10 15 20
1 8 18 28 29 1 2 3 4

S2. Notations
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Table 2: Important notations

Notation Description

dor X a dose combination

Y response in term of toxicity

D set of dose combinations

I and J number of doses for agent 1 and 2

Ag, Bg and Cg;  set of doses above, below and non-ordered with d

P a scenario, i.e a I X J matrix of bernoulli parameters

c and M, a contour and a minimal set associated to this contour

Ac and B. set of dose combinations above and below ¢

C set of possible contour in the range of dose combinations

d* true Maximum Tolerated Dose (MTD)

c* true Maximum Tolerated Contour (MTC)

11 distribution on the MTD or the MTC parameter

6 MTD parameter

¥ MTC parameter

A= (Ng)geD distributions on the scenarios conditioned by the MTD parameter
A= (Ay)yec distributions on the scenarios conditioned by the MTC parameter
S, Sg, Sy support of A, Ag and Ay

A¢ (or Aﬁl/)

marginal at dose combination d

S3. Allocation strategy

In a minimal set, many of the doses are not ordered and the question of

allocation within this set needs to be addressed. This is not straightforward

and we do not exhaust all possibilities here. Several allocation strategies can

be made available and any particular choice will result in some particular
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trial behaviour. The allocation strategy introduced hereafter is a compro-
mise between one that spreads experimentation ‘equally’ against one that
tests those doses that will, in expectation, bring more information into the
study. We also need for experimentation to be restricted to an area of the
minimal set considered to be safe.

While allocating patients within the estimated minimal set, we want to
do our best to avoid the selection of dose combinations which are already
associated with having an unacceptably high toxicity probability. We can
address this issue by making use of a Bayesian test based on a uniform prior
U on the space of Bernoulli parameters. The set H,, describes those dose
combinations indicated as being too toxic following these local Bayesian

tests at each of the doses.
H,={d € D :Py [P;> 07|(ng,ny)| > or}.

We are then in a position to use the partial ordering in D to extend these
exclusions to other doses that are unfavourably ordered with the doses
belonging to this set, e.g. a dose d' in A, with d belonging to H,.

Exclusion rule: A dose dj is excluded from the study if:
dy€T,={deD:3d € H,,d>d},

where T, is the set of dose combinations considered as overly toxic. A
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dose combination of the estimated minimal set My, will not be tested if it
belongs to T),. Note that this exclusion rule corresponds also to a stopping
rule when the evidence of unacceptably high toxicity is associated with the
lowest dose. This rule is an extension in the context of partial ordering to
rules introduced by |Ji et al (2010)).

The approach based on a compromise between spreading the observa-
tions along the contour as opposed to making observations on those doses
that we estimate would bring more information into the study leans on two
quantities: (i) the number of doses which will potentially benefit from the
next observation through the partial ordering structure and (ii) the amount
of information already collected. Each dose d, can be associated with a value
kg4 corresponding to the number of dose combinations ordered with d plus
one: kg = #A,+ #By+ 1, where the cardinality of a set E is noted E. The
value kg4 corresponds to the number of dose combinations on which we aim
to learn something subsequent to an observation on d. Observing a DLT at
dose d implies that the patient would have experienced a DLT for all the
doses in Ay, and conversely, all the doses in B; would have been safe for a
patient who does not experience a DLT at dose d. This structure is natu-
rally taken into account by our model. When the objective is to optimize

the quantity of information obtained during the trial, those doses associated
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with the highest value k; are, in expectation, those that provide the most
information. Note that these doses are located along the diagonal going
from the combination (1,1) to (/,.J). The notion of entropy is our second
tool. It corresponds to a quantity of information per unit of data, in our
case the observation related to a single patient. As the goal of the study is
to determine doses that are close to a in term of toxicity probability, we will
use the concept of relative entropy between each observation and the target
a. If p and ¢ denotes two Bernoulli distributions and their parameters, the
entropy of p relative to ¢ is: H(p|lq) = —q x log(p) — (1 — ¢)log(1 — p),
with the convention log(0) = —oo and 0 x (—o0) = 0. Thus, n x H(«|l)
is the quantity of information relative to the target alpha which is brought
by n DLT (H(«|0) for the non toxic observations). It corresponds to the
log-likelihood in a. After n observations, the next dose X, is:

Xpi1 = deﬂr?j?\Tnkid | Z nd | x H(a|0) + | Z n | x H(all)

JEB4U{d} jeAqU{d}

This allocation strategy spreads the observations along the estimated con-
tour and tests slightly more often the doses in the middle of the grid.
Since a DLT corresponds to a greater quantity of information those doses

with a smaller number of toxicities are tried more often (for @ = 0.25 :

H(a|l)/H(a|0) = log(a)/log(l — o) =~ 4.82).
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S4. Numerical experiments: MTD setting

We evaluate the operating characteristics of poSPM and compared them to
the 2d-BOIN method (Lin et al., 2016) and the poCRM (Wages, Conaway
and O’Quigley} [2011). Performance evaluation was based on several met-
rics under 4 toxicity scenarios. Our goal is to evaluate: (1) how well each
method provides a recommendation of sets of doses at and around the tar-
get rate (i.e. acceptable MTD’s), and (2) how well each method allocates
patients to acceptable MTD’s. While traditional evaluation measures, such
as the percentage of recommendation and allocation to the true MTD’s
are useful in assessing performance, it is also beneficial to consider the en-
tire distribution of selected dose combination, as it provides more detailed
information as to what combinations are being recommended. For evaluat-
ing recommendation, Cheung (2011) proposes to use the accuracy index so

that, after n patients, he defines,

i
A, =1—-1xJx i : (S4.1)

where P, is the true toxicity probability at dose combination d = (i, j), pg
is the percentage of trials in which combination d = (i, j) was selected as

the MTD, and n is the total sample size. For experimentation, the same



8 MATTHIEU CLERTANT, JOHN O’QUIGLEY AND NOLAN A. WAGES

formula can be used with p, representing the percentage of patients treated
at combination d = (i,j). The maximum value of A, is 1 with larger
values (close to 1) indicating that the method has high accuracy. For each
method, we simulated 10,000 trials under the 4 different sets of assumed
DLT probabilities in a 6 x 6 grid of combinations with varying positions
and number of true MTD’s; as shown in Table[3] The target toxicity rate is
a = 0.25 and the total sample size for each simulated study is 40 patients.
For each method, a cohort of size 1 is used. The calibration of the three
methods is fully described in Appendix and [S5.2

Table [4] shows the operating characteristics of the 3 methods under
10000 trials for the 4 scenarios considered. For each scenario, we report
the percentage of patient allocation (experimentation %) and percentage
of MTD selection (recommendation %) for doses contained within five dif-
ferent ranges of the true toxicity probabilities. Since a = 0.25, the target
interval containing the true MTD is [0.20,0.30]. In Scenarios 1 and 2, the
poSPM and poCRM have very comparable performance, with each method
outperforming 2d-BOIN in terms of experimentation %, recommendation
%, as well as accuracy of experimentation and recommendation. For both
of these scenarios, 2d-BOIN induces a higher percentage of DLT’s, on av-

erage. In Scenario 3, the 2d-BOIN exhibits the best performance when
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Table 3: True toxicity probabilities for the four scenarios of a 6 X 6 grid, with maximum

tolerated doses shown in bold

Dose Drug Al
Level 1 2 3 4 5 6 1 2 3 4 5 6
Scenario 1 Scenario 2
6 20 29 31 43 47 50 37 45 51 54 55 58
5 18 20 29 34 41 48 30 38 41 43 46 47
4 16 19 21 32 36 42 23 25 35 36 40 42
3 10 15 20 25 30 37 19 20 26 33 35 39
2 3 9 16 19 21 32 15 17 21 24 31 33
1 2 5 10 17 21 30 5 10 16 20 25 28
Drug
A2 Scenario 3 Scenario 4
6 1 13 15 17 25 33 65 70 76 80 84 90
5 9 11 13 15 16 25 55 63 69 77 80 85
4 7 9 11 14 15 17 45 56 60 72 76 79
3 5 8§ 10 11 13 15 35 42 52 65 70 73
2 3 6 7 9 12 13 25 34 46 54 60 64

1 1 3 5 7 9 11 15 25 36 43 49 55
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considering experimentation and recommendation percentages in the tar-
get interval. The accuracy of recommendation of the poSPM is very close
to that of the 2d-BOIN due to the higher recommendation percentage for
2d-BOIN on the toxicity probability interval [0,0.10). In the final scenario,
poSPM is the best performing method according to all metrics.

We anticipate that there will always be certain scenarios in which some
methods perform better than others. A useful tool in this regard for com-
paring dose-finding designs can be average performance over a range of
scenarios. Across the 4 scenarios, the poSPM method, the 2d-BOIN design
and poCRM methods demonstrated averages of 46.7%, 42.5%, and 43.3%
recommendation percentages for combinations in the true target interval
[0.20,0.30], respectively. The overall percentage of observed toxicities of
the poSPM method, the 2d-BOIN design, and poCRM methods were on
average; 24.1%, 27.3%, and 23.1%, respectively. It is desirable for the value
to be as close as possible to the target rate «. This is achieved by the
poSPM. The average percentage of patients allocated to a dose combina-
tion in the target interval of the poSPM method, the 2d-BOIN design, and
poCRM methods were 34.13%, 30.75%, and 31.75%, respectively. Based
on the accuracy index for recommendation, the poSPM yielded an average

value of 0.77, the 2d-BOIN method produced an average value of 0.73, and
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Table 4: Ezperimentation and recommendation percentages for the poSPM, the BOIN

design and the poCRM in four scenarios of a 6 X 6 grid of true toxicity probabilities.

Column containing the MTD in bold.

Experimentation %

Scenario  Method  [0,0.10)  [0.10,0.20)  [0.20,0.30] (0.30,0.40] (0.40,1] As %DLTs
poSPM 11.1 18.7 42.3 22.3 6.6 0.35 23.9
1 BOIN 8.6 16.2 32.0 23.9 19.3 0.34 27.5
poCRM 11.0 26.0 43.0 17.0 4.0 0.37 22.2
poSPM 4.6 18.5 44.0 26.6 6.4 0.54 25.8
2 BOIN 4.3 15.3 40.0 31.2 18.2 0.26 29.3
poCRM 4.0 22.0 47.0 24.0 4.0 0.64 25.1
poSPM 14.6 52.6 17.7 15.1 0.0 0.38 17.5
3 BOIN 14.3 38.7 25.1 21.8 0.0 0.48 20.0
poCRM 25.0 57.0 10.0 9.0 0.0 0.20 14.6
poSPM 0.0 24.2 32.5 25.5 17.8 0.90 29.2
4 BOIN 0.0 18.4 25.9 24.4 28.9 0.83 32.3
poCRM 0.0 18.0 27.0 29.0 26.0 0.86 32.3
Recommendation %
[0,0.10) [0.10,0.20) [0.20,0.30]  (0.30,0.40] (0.40,1] Ao
poSPM 0.4 16.0 54.2 25.1 4.3 0.68
1 BOIN 1.2 16.9 46.6 27.4 7.45 0.65
poCRM 1.0 24.0 56.0 16.0 3.0 0.68
poSPM 0.1 10.1 56.5 29.6 3.7 0.74
2 BOIN 0.1 13.69 44.5 33.5 8.1 0.63
poCRM 0.0 15.0 59.0 25.0 3.0 0.76
poSPM 0.6 47.0 30.6 21.8 0.0 0.71
3 BOIN 2.5 44.3 37.4 15.8 0.0 0.72
poCRM 12.0 63.0 18.0 8.0 0.0 0.46
poSPM 0.0 17.5 45.5 28.7 8.2 0.95
4 BOIN 0.0 11.5 41.4 30.7 13.3 0.93
poCRM 0.0 12.0 40.0 35.0 11.0 0.94
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the poCRM design resulted in an average value of 0.71. For accuracy of
experimentation, the average index values over the four scenarios were 0.54,

0.48, and 0.52 for the poSPM, 2d-BOIN, and poCRM, respectively.

S5. Calibration

S5.1 poCRM, 2d-BOIN and PIPE methods

For poCRM, we utilized six possible orderings in all scenarios, arranging
the combinations across rows, up columns, and up or down any diagonal as
suggested by Wages and Conaway (2013). A uniform prior was placed on
the orderings. The skeleton values for poCRM were generated according
to the algorithm of Lee and Cheung (2009) using the getprior function in
R package dfcrm. Specifically, we used getprior(0.035,0.25,12,36), and
all simulation results were generated using the functions of the R package
poCRM.

For the BOIN method, we used the default cutoff values a; = 0.6«
and ay = 1.4a and a Beta(0.5,0.5) prior for the toxicity probability at each
combination. The boundaries for the optimal interval for the BOIN method
are (0.197,0.298).

The prior distributions for PIPE are set to be the true DLT probabilities

taken from Scenario 1 in Table[l] PIPE uses a neighbourhood dose-skipping
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constraint, as well as the closest doses chosen from the admissible dose set.
The dose escalation algorithm employs the smallest sample size strategy,

and a weak prior distribution (1/16) is specified.

S5.2 poSPM

The marginals of the prior model are beta distributions truncated accord-
ing to their support (Assumption 3). Let Bj(a,b) be the truncated beta
distribution with parameters a and b and let B;(m,T) be an alternative
parametrization of this distribution such that: B;(m,T) = B(m x T +
1,(1 —m) x T'+1). Then, m is the mode of the beta distribution and 7" is
a dispersion parameter.

The family of I x J matrix (mg)gep is associated with the prior model
(Ag)gep. The element of the matrix my in position d, noted mg, is the mode
of the marginal A4. The value T} and T5 are the dispersion parameters used
on the different marginals. In the Bayesian setting, they can be equated
to a number of pseudo observations providing toxicities and non-toxicities.
The rank of a dose combination § = (4,7), noted 6, is equal to i + j. All
the doses on the same diagonal have the same rank. Let r; and ry be two

positive values used for the calibration of the prior II. The poSPM model



14 MATTHIEU CLERTANT, JOHN O’QUIGLEY AND NOLAN A. WAGES

used in the simulations can be summarized by:

Ao~ I Bp(mg, Tv) x [ Ba(mg,Tv) x [] Bjoy(mf, T2) x Br(mg, T1)
deBy deAg deCy

I1(0) o r?’Q X 7”273,
Weset: Ay ={d€ A:0+1<d}andB)={dec B:0>d+1}. The
parameters of the prior model are : m§ = a(1 4 0.414,(d) + 0.21 4, (d) —
0.41p,(d) — 0.2]1319((1)), T, = 40 and T, = 10. The parameters r; and ry
are chosen to produce a progressive allocation in the range of doses. The
goal is to obtain a prior II that is non-informative with the purpose of
compensating the weight given to the highest dose combinations by the
first non-toxic observations. For o = 0.25, we choose: r; = 0.942724 and
ry = 0.95566. In order to explore the diagonal going from (1,1) to (/,J)
before a DLT is observed, a very small weight (107°) is added to these doses.
Thus, the poSPM follows the sequence of dose combinations (1, 1), (1,2),
(2,2), (2,3), (3,3), ... until a first DLT is observed. After NV observations,
the final recommendation is made by using our current estimator éN, which

corresponds to the most probable MTD according to the posterior I1y.

S5.3 poSPMc

We use the same notation as for the poSPM calibration. The poSPMc

model fulfills Assumption 4. The allocation strategy defined by Equation
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(4.3) is used. The family of I x J matrix (m,),ec is associated with the
prior model (A,),ec. The rank of a contour 7, noted 7, is the number of
dose combination in B,,. T'is the dispersion parameter of the truncated beta
distributions, r; and 7y are two positive values used for the calibration of

the prior II.

;

Ay~ TI Bpw(mg,T) x I Bjaj(md, T1),

deB, deA,

I(y) ocr] ?xry >,

\

The parameters of the prior model are: m? = a(140.51 4, (d)+0.251 4 \m, (d)—
0.41p (d)—0.215\ . (d)) and T' = 25. The parameters r; and 7, are chosen
to produce a progressive allocation in the range of dose combinations. The
goal is to obtain a prior II that is non informative with the idea of com-
pensating the weight given to the highest contour in term of rank by the
the first non-toxic observations. For a = 0.2, we choose r; = 0.8739592
and ro = 0.9749345 and for a = 0.3, we choose r; = 0.8117365 and
ro = 0.950334. For the exclusion rules (End of section 4.2), we choose to
exclude a dose when the probability of our posterior on the upper interval
attains 95% : 6 = 0.95. An € = 107° is added to the part multiplying 1/ky

such that the value k; drives the allocation between dose combinations for

which we do not yet posses any observations. After N observations, we
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recommend all the dose combinations in the estimated minimal set M,
except the doses for which we have less than 2 observations and the doses

in H] which are considered as toxic:

H, ={d e D :Py[P;> a+0.05|(ngny)] >0.9}.

S6. Computation of minimal set

In the two dimensional case, I and J are the number of doses for each of
the agents. The set of contours could be described as all the polygonal
chains tracing out a path from (0.5, + 0.5) to (I 4+ 0.5,0.5) with steps
of size 1 along the abscissae and of size —1 on the ordinate axis. Only
rightward and downward steps are permitted. This set is also equivalent to
all the combinations of I among I 4 J which could be generated with the
R function combn of package combinat. From there, it is easy to obtain
matrices indicating which dose combinations are below or above the contour
¢ that correponds to the sets A. and B..

Computing the minimal set is equivalent to computing min . 4, and
max B,.. For the general problem ”computing the maximum of a partially
ordered set” the greatest calculation burden is O(n?) : in a set where no

element are a priori ordered, all the elements have to be compared to solve
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the problem. In the case of two drugs, the structure of N? leads to a time
complexity O(n). Let matg, be a I x J matrix of 0 and 1 indicating the

dose combinations in B,.. From row N to 1:

1. Select the last element equal to 1 of the row in matg,, if it exists.

Otherwise, go to next row.

2. Compare the selected element to the previous one. Keep it, if they are

not ordered. Otherwise, delete it.

Finally, the selected elements are the maximum set of B..

Note that in order to save time, all the arrays containing the minimal
set associated to each contour can be saved for use in simulations. If we do
so, the O(n?) solution (exhaustive comparison two by two) could be used

as it is only applied one time.

S7. Proofs of two properties and a general theorem

S7.1 Coherence

When there is no confusion, we write Ap(dP,) for Aj(dFP,), with r € D We

then state a stochastic partial ordering assumption on the prior-model.

Assumption 1. Let d and d' be two doses such thatd < d'. For all marginal
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r € D, the posterior Ay, is stochastically greater than Ay,

Ag/’n([O,l‘]) S A:l’,n([ovx])vx S [07 1]

This assumption is satisfied by the calibration of poSPM presented in Sec-

tion [S5.21

Proposition 1. Under Assumptions 3 and[1] (supp. material), the poSPM

1s coherent.

Proof. Suppose that Y,,.; = 1. The case Y,,.1 = 0 can be solved in the

same way. By construction, we have
I1,,41(0) [/PA@}n(dP):| I1,,(0).
Furthermore,

/PTAG,n(dP) = {/]1{0<x<PT}M(d$)} Ngn(dP,)

/
/

If 0, = r, then for all § € D, II,(f) < IL,(r). Let t > r. According to

Ay (Jz, 1)) p(dir).

Assumption , we know that A] (.) is stochastically greater than Aj (.),
i.€.

/ A7 (1, ) pu(dz) > / AL (. ) d),
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that is
/PTAT,n(dP) > /P,AAm(dP).

Finally II,41(r) > II,,41(¢), which ends the proof. O

S7.2 Conjugacy property

Proposition 3. For alln € N, the probability I, defined by Equation 7.1 is

the posterior on the set of dose combinations from the poSPM model (/N\, l:[)

where:
~ 1 ~ _ I(c)
II(d) x = E [(c) and Ay = E riA. with 18 = ——"— .
Vdcevd cEVy ZV H(C>
cEVy

Proof. We have the following proportionnality relations:

11, (d) Véczdnn(c) x Véz { / Ln(P)AC(dP)} X % x Y T(c)

eV, cEVy

Vi

]

S7.3 Proof of Theorem 1

Proof. The proof is made by showing that the two first statements are
equivalent to the third one. As the proofs of these two equivalences are very

similar, we focus on: (i) < (i7i). The implication (i) < (éi7) is immediate

« <LZH(C)) ~ {/Ln(P)MdP)} « Ti(d).
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by using the Law of Large Number for the frequentist estimators nl/ng at
each dose of the minimal set. We show (i) = (iii) by using a reductio ad
absurdum argument.

T is a scenario whose the maximum tolerated dose is MT D and the
maximum tolerated contour is MTCr. We choose this scenario T and a
dose dy € MTCr such that there exists a set of sequences of our sample,
A = {a = (2°,y1°)} satisfying: (1) Va = (27°,97°) € A, F(at,y7) —
MTDy, (2) Pr(A) >0, (3) Vae A, dy ¢ No(jl niLjN {z,}. This is possible
as the absence of (3) for any dose contradicts the negation of (4i7) and the
absence of (1) and (2) together contradicts (i). The point (3) implies that

there exists Ny € N such that:
PT<BI{8€AI£7L>N0, l’n:d0}>>0

We introduce the two following sets: B’ = {w € Q : Ja = (2°,y{°) €
A, (X, YR)(w) = (2F,,2%)} and B” = {w € Q : Ja = (2%, y°) €
A, (XN VM) (w) = (20, 21°)}. We have: Pp(B) = Pp(B'|B") x Pp(B")
and then Pr(B’|B") > 0. Let T" be a scenario such that, for all d € D\ {dy},
Pr(Y =1|X =d) = Pr(Y = 1|X =d) and MT Dy = dy. We then have:
Pr/(B'|B") > 0, as the same method chooses the next dose being used for

the two scenarios and the dose is not tried after Ny for any sequence of B.
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Moreover, B”" = U A{w € Q: (X, V) (w) = (27, 21°0)} with:
S

(@7°,97°)

Pr({w € Q: (X7, V) (w) = (20, 27°)}),

as the constraints are on the first Ny terms. Thus, P/ (B) > 0 and on this

set of sequences of the sample the statistic ' converges to MT Dy # dy =

MT Dy

S8. Proof of asymptotic results for poSPM

S8.1 Proof of Theorem 2 (a)
This assumption leans upon the regularity of the prior model.

Assumption 2. The following conditions are valid except when AY is a
Dirac measure.
(a) For all d € D, the marginal distribution AJ is absolutely continuous
with respect to the Lebesgue measure and Ns denotes its density function.
(b) There exist two numbers s and S in R* , such that, for all 6 and d
m D, we have:

VP €St s<M(Py)<S.

Note that this assumption can be used for the poSPMc by replacing 6 by ~,

the parameter of the contour.
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The second point is only useful for the sake of the demonstration when some
B, are equal to 0 or 1. In order to establish asymptotic properties for the
poSPM, we introduce the set D to indicate those doses that are observed

infinitely often:

dGD@TLd—>OO.

n—oo

Proof. Let us start with the proof of e-sensitivity. In this proof, we are
interested in the asymptotic behavior of poSPM, that is why we are able to
ignore those doses tested only a finite number of times and we can reason
as though they had never been used. Specifically, the doses in this proof
are always considered to be in D. We assume that £(I, PT) is not empty
(PT denotes the true scenario). Let r € D\ (I, PT). We can distinguish
two cases. The first case is the existence of a dose d € £(I, PT) such that
d is ordered with . We are then reduced to the SPM in the case of total
ordering and the proof can be found in |Clertant and O’Quigley| (2017)).
The second case is where there exists no dose in (I, PT) ordered with
r. So there exists a dose d € £(I, PT) not ordered with 7, because we

assume that £(I, PT) is not empty. We want now to compare the integrals
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I, and I, 4, where g(p,n,m) = p"(1 — p)™.

I,. g (Pr,nk,nd) A, (dPy)
Toa H =11 . (P Lo Aq (dP (58.1)
nd L h n, keD fskg s s 1) A (d Py )
ved fskg kanka”k) >‘d (Px) dPy ‘
g (P, ny, ny) dPy,
Jst e (58.3)

s kle_[]jfssg(Pk,n,ﬁ,ng)de’
where Equation (S8.1)) follows from Assumption 3, Equation (S8.2)) from
Assumption [2| (a) and Inequation (S8.3) from Assumption [2 (b). We are
able to state the following property. For all functions f that are continuous

on [0,1], we have

Pk?”kvnk) B
/f Beta nk +1 nk + 1)de m:go f (Pk) ]l{Pk} (Pk) (de) =f (Pk) )
(S8.4)

where Beta(.) denotes the Beta function and « the counting measure. Let

then k € D. We are looking for the behavior, when ny, increases without

bound, of
e fsﬁ g (Pg,ng,n?) de.
fsg g (P, my,m) dPy,
The case S¥ = S% is straightforward. For the other cases, we use the

convergence expressed in Equation (S8.4). As d is not ordered with r, with

Assumption 77, we have six cases left to deal with.

e Sf=AorBorlandS;=[0,1]. Then R, — 14 (P]) or 15 (Pl)

Np—r00
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or 0. This last result is due to the fact that r ¢ £(I, PT).

e S¥=10,1] and S¥ = I. Then R, — 1, because d € £(I, PT).

Ng—r00

e S8 =1[0,1] and S¥ = A. Then R, — 1/1, (Pl) = 1. As there is no

N —r00

couple of ordered dose in E(I, PT), PI belongs to A.

e S¥=10,1] and S% = B. With the same argument as the previous case,

we have R, — 1.

N —r00

Finally, going back to Inequality , we conclude that I,, /1, 4 tends to
0 when n increases without bound. This leads to a contradiction because,
as r € D, this ratio is greater than 1 infinitely often. So D C £(I, P), that
is, the poSPM is e-sensitive.

We prove now that poSPM is also balanced. Assumption 3 allows us

to focus on the marginal ratio

M, [ g(Py,nj,ng) Af(dRy) Lns My,
ME, T [g Bonlonl) A@r) ™ T, LN
Assumption [2] involves:
Mk k
d(PL,S" =d(Pl',SF) = 0< hr{glolgf T - < hinj;ip 5: < 400, a.s.

(98.5)

The e-balanced behavior corresponds to the case where, forall k € D, Pl ¢
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I. We show that
r¢ Mo = P({n, - o0})=0 (S8.6)

By symmetry we can choose r € D~. The set M. N D~ N A, is not empty.

Let ¢ be a dose in M. N D~ N A,. By using Equation (S8.5), as A; C A,

nk—>oo>:1.

If k € (B,UC,) NB; then Pl € B and we obtain the same result

nk—>oo):1.

We consider now the ratios M}, /MF, when k € (B, N A,) U {t,r}. In

and S¥ = [0,1] when k € C;, we have

Mk
Vke A UG, P limsupMZ’r < 00

n—00 n,t

Mk
P | limsup % < o0

n—00 n,t

that case, we have Pl € B, S = B and S¥ equals to I or A. By using

Proposition [I} we have

k
n,

M
VkeU$ﬂAﬁU{tﬂ,P<hm

=0

n—00
n,t

nk—>oo):1.

We then have

P < lim 22 —

n—oo n,t

I
nr—>oo) —1andIP’({lim]n’r—O}ﬂ{nr—>oo}> =0,

n—oo n,t

which proves Equation (S8.6). We achieve the proof of the e-balanced

property by showing that
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By using Equation (S8.6)), we have, for all » and ¢ in M.«

k

n—00 n,t

Mk
Vk € D, k#rand k # t, P(limsupMn’r <oo> =1.

Moreover, for all r € M, P! is included in S7. As P! ¢ I = ST, we have

T

MTLT
Vr € M, IP’(lim L

n—00 Mg ‘
b

nr—>oo):1.

Let E, be the event {n, — oo} N {n; — oc}°. Then,

P 1im]””’:0 E.l]=1andP limI”’T:O NE.| =0,
n—00 ]n,t n—0o0 In,t

As P(>° o, e = +00) = 1, we have P(Upq,, E) = 1, which proves Equa-

tion ((98.7) and ends the demonstration of the poSPM e-balanced behav-

10T. O

S8.2 Proof of Theorem 2 (b)

Proof. We set:

I, = H Mk, = H /S X (P, i, mf)) Ae (dPy)
keD keD €

We note that the regularity assumption [2| involves:

ME MF
S(PE, Sk =¢6(PL,SF) = 0< lim inf 2L < limﬁsup 2L < 00, a.s.
n,t n—oo n,t

We will show the following assertion

ceC\c" = Pn.—o0)=0 (S8.8)
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As ¢ # ¢*, we have M, # M, and there exists k € M. such that Pl is

included in S% and not in S*. By using Proposition [1} we have

MF MF
Pl lim —= =0|n. =2 o0 | =P lim :’C:()nk—>oo =1,
n—)oo]\/[n’c*

n—oo M 7]1“ o
where the first equality arises from Assumption 5(b). For all doses d € D,

the distribution A. models correctly the probability of toxicity, in other

words PT € Se-. We then have

Inc
]P’(lim—’:()

n—00 [TMC*

I
nc—>oo)zlandP<{1imﬂ:0}ﬂ{nc—>oo}>:0,

n—oo TL,C*

which ends the proof. ([S8.8). O

S9. A general bayesian property

The following property is used in the proof of asymptotic results. It has
already been proved in (Clertant and O’Quigley, [2018). Here, for the con-
venience of the reader, we reproduce this property without its proof.

The couple (£2,.4) denotes an abstract space endowed with its o-field.
We denote by I a finite set and by (Xy)ren a sequence of independent
random variables taking their values in I. Let F' be the set of functions
from I to the segment [0, 1]. For any element ¢ € F', ¢; denotes its value at
i€l Let S={qeF:) ;¢ =1} be the probability space on which we

want to work. We say that a random variable X follows the distribution
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qif P{X =i} = ¢;, for all i« € I. Let Ay and Ay be two probabilities on
the Borel o-field B of S. Let S; and S5 be the topological supports of A;
and A, respectively. We would like to know the asymptotic behavior of the
ratio of the expected likelihood under A; on the one under Ay;. We define

the operator r as follows

/quk A1 (dg) /anz A (d

’I“(Al,Agﬂ’L) = el

/ Hqu Ao(dg) / [T As dg)
Pl icl

where n; = >, Iyx,—;, for i € I. We assume that, under the true prob-

ability 3, the random variables X, k € N are identically distributed. The
convergence of r(Aq, Ay, n) depends mainly on the localization of 5 com-
pared to the supports S; and S5. To deal with this problem, we make use
of the usual concept of entropy. The entropy of ¢ relative to p is H(gq|p) =
— Y icr Pilog q;, with the conventions log0 = —oo and 0 x —oo = 0. We

suppose that § is closer to S; than S5 in terms of entropy.

Assumption 3. Let V' be a subspace of Sy satisfying Ao(V') > 0. There

exists 6 > 0 such that

inf H(q|3) — sup H(q|3) > 4.

qe51 qeV

This leads to a simple characterisation of the behavior of r(Ay, Ay, n).

Proposition 1. Under Assumptz’on@ we have (A1, Ag,n) — 0.

n—oo
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