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Abstract: Nested Latin hypercube designs (Qian (2009)) and sliced Latin hypercube
designs (Qiag (2012)) are extensions of ordinary Latin hypercube designs with
special combinational structures. It is known that the mean estimator over the
unit cube computed from either of these designs has the same asymptotic variance
as its counterpart for an ordinary Latin hypercube design. We derive a central
limit theorem to show that the mean estimator of either of these two designs has a
limiting normal distribution. This result is useful for making confidence statements
for such designs in numerical integration, uncertainty quantification, and sensitivity
analysis.
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1. Introduction

Latin hypercube designs (McKay, Beckman, and Conover (1T979)) have been
used in many applications. A Latin hypercube design of n runs in ¢ factors is
an n X ¢ matrix such that each of its column contains exactly one point in each
of the n equally spaced regions [0,1/n),[1/n,2/n),...,[1 —1/n,1). The original
construction generates the columns in a Latin hypercube design independently,
and we refer to such designs as ordinary Latin hypercube designs (OLHD).

Recently, two classes of Latin hypercube designs with special combinational
structure have been proposed. Nested Latin hypercube designs (Qian (2009))
(NLHD) are Latin hypercube designs in which a subsample is also a Latin hyper-
cube design. NLHD are useful for sequential evaluation of computer experiments
and multi-fidelity computer experiments. Sliced Latin hypercube designs ((Jian
(2012)) (SLHD) are Latin hypercube designs which can be divided into several
slices with each slice being a Latin hypercube design. SLHD are useful for batch
evaluation of computer experiments and computer experiments with quantita-
tive and qualitative factors. A nested Latin hypercube of 24 runs and a sliced
Latin hypercube of 24 runs are given in Table 1. The NLHD and SLHD by
coupling uniform random numbers are given in Figures 1 and 2, respectively.
These NLHD and SLHD hold a special nested or sliced structure while achieving
maximal uniformity in any one-dimensional projections as an OLHD.
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Table 1. A nested Latin hypercube of 24 runs in two factors (left) and a
sliced Latin hypercube of 24 runs in two factors (right). After mapping level
x to [z/4], the six rows above the dashed line for the nested Latin hypercube
become a Latin hypercube; and each of the four slices, separated by dashed
lines for the sliced Latin hypercube, become a Latin hypercube with six runs.

5 1 5 3
22 23 1321
10 7 919
16 15 311
410 2116
20 19 17 8
1712 19
9 18 20 24
24 3 8 7
1122 16 17
14 6 10 4
21 14 2213
7 20 18 6
12 5 4 18
13 16 6 14
2 24 11 2
8 9 15 23
1 4 2310
18 13 1222
19 8 25
23 21 24 20
1511 7 15
3 2 141
6 17 1912

For a continuous function f, consider the numerical integration problem,

p=E{f(x)} = f(a)dz
[0,1)1
with ¢ > 1. After evaluating f at a design of n runs, X1,...,X,, u is estimated
by

p=n"1Y" f(X). (1.1)
=1

Stein (I987) obtained a variance formula of ji from an OLHD that is no greater
than the variance of an identically and independently generated sample of the
same size. Similar formulas have been obtained for NLHD (Qian (2009)) and
SLHD (Qian (2012)). The NLHD and SLHD have the same asymptotic variance
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An NLHD
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Figure 1. An NLHD based on the nested Latin hypercube in Table 1. The

six points denoted by “+” consist of the nested smaller Latin hypercube

design. For each dimension, each of the 24 equally spaced intervals of [0, 1)

contains exactly one point and each of the six equally spaced intervals of

[0,1) contains exactly one point from the nested smaller design.

as an OLHD of the same size. Methods for estimating the variance for OLHD
are discussed in Sfein (T987) and Owenl (1992).

Once the asymptotic variance is obtained, one can ask about the limiting
distribution of f. Owen (I997) obtained a central limit theorem for OLHDs.
In this work, we show that 4 in (), computed from an NLHD or an SLHD,
has the same limiting normal distribution as that for an OLHD. Our approach
is conceptually simple using the method of moments. The challenges here are
the special structures of NLHDs and SLHDs. This type of technique was used
in Owenl (I992) and (2014) for OLHD and orthogonal array based
designs. But the steps are quite different. The derived results are useful for
making confidence statements in numerical integration, stochastic optimization,
and uncertainty quantification.

One may also be interested in the mean estimate using the small design of an
NLHD or one slice of an SLHD. As shown in (2009, P012), either of these
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An SLHD
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Figure 2. An SLHD based on the sliced Latin hypercube in Table 1. Points
denoted by the same symbol consist of one slice of Latin hypercube design.
For each dimension, each of the 24 equally spaced intervals of [0, 1) contains
exactly one point and each of the six equally spaced intervals of [0, 1) contains
exactly one point from each slice.

two designs is an OLHD and follows the same variance formula and asymptotic
normal distribution as derived in Sfeil (T987) and Owen (I997).

Section 2 presents some sampling properties of OLHD, NLHD and SLHD.
To derive a unified central limit theorem for all three designs, we express the
conditional distribution of OLHD, NLHD, and SLHD in the same form using big
O notation. Section 3 provides our main result. Section 4 concludes with some

brief discussion.

2. Dependence Structures of Latin Hypercube Designs

A uniform permutation on a set of a numbers is randomly generated with all
a! permutations equally probable. Let I() be the indicator function. For a real

number z, let |x] be the largest integer no greater than z, [x] be the smallest
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integer no smaller than x, and the subdivision of z with length 1/z be

5.(x) = [szj’ (lzz]| + 1))

z z

An OLHD (McKay, Beckman, and Conover (T979)) of n points in ¢ factors
is constructed as

LU (2.1)

fori =1,...,nand k = 1,...,q, where Xf is the kth dimension of X, the
7 are uniform permutations on {1,...,n}, the nf are generated from uniform
distributions on (0, 1], and the 7 and the nf are generated independently.

Proposition 1 follows from the construction. Unless noted otherwise, proofs
are given in the supplementary materials.

Proposition 1. Let X1,..., X, be constructed from an OLHD by (Z3) and take
s <n. The conditional density of X5 given X1,...,Xs_1 is

gorLup(di, ..., dq)

0, dy, € 6p(XF) foran1<i<s—1,1<k<gq,
= q (2.2)
{ n } , otherwise.

n—s+1

An NLHD of n runs in ¢ factors that contains a smaller Latin hypercube
design with m runs and n = ml is constructed as
b Glr@) ok

A LA WA 2.3
L (23)

fori=1,...,nand k=1,...,q, where Xik is the kth dimension of X;. Here,

Coli) = ’Yk(i)l—Tik 1=1,...,m,
SO ol —m)), i=mt1,...om,

with 7 a uniform permutation on {1,...,n}, the 7% uniform permutations on
{1,...,m}, the 7¥ generated from {0, ...,l—1} with equal probabilities, the 1(2)
denote the zth element of {1, ... ,n}\{fyk(j)l—T;C :7=1,...,m}, the p; uniform
permutations on {1,...,n—m}, the nf generated from uniform distributions on
(0,1], and 7, the g, the 7F, the p and the n¥ are generated independently.

For i = 1,...,n,let Z; = 1if n(i) € {1,...,m} and Z; = 2 otherwise.
Then the m rows with Z; = 1 form the smaller Latin hypercube design. The
conditional density from an NLHD is more complicated than that for OLHD.
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Proposition 2. Let X1,...,X,, be constructed from an NLHD by (223) and take
s <n. Then the conditional density of X5 given X1,...,Xs_1,21,...,2s 18

gNLuD(di, ..., dg)

,

0, dkE(Sn(Xf)foranlgiﬁs—l,lSk:gq,
0, Zs=1,dp € 6py(XF) foran1<i<s—1,1<k<gq
= such that Z; =1, (2.4)

{1 9k(dy), other cases with Zs =1,
iy hi(dy), other cases with Zs = 2,

where
ml/im—{i:1<i<s—1,7; =1}|)
(I—|{i:1<i<s—1,dp €0m(X)})
n(l—1—={i:1<i<s—1,dg € 0n(XF),Z; =2
() — (=1 - 5312 i< 5~ Ldg €n(XH), Z = 23)

(n—m—|{i:1<i<s—1,Z;=2})(1—|[{i : 1<i<s—1,dr €6m(XF)}])
An SLHD (Qian (2017)) of n runs in ¢ factors that can be divided into [

slices of m points is constructed as

szw_ﬁ’ (2.5)

n n

fori=1,...,nand k=1,...,q, where Xik is the kth dimension of Xj,
Cr(bm + a) = '75(“)1 - Tkk(a)(b)>

b
fora=1,...,mand b=0,...,l — 1, 7 is a uniform permutation on {1,...,n},
the ’y{f are uniform permutations on {1,...,m}, the Tf are uniform permutations
on {0,...,1— 1}, the n¥ are generated from uniform distributions on (0, 1], and

m, the ’yf, the 7% and the nf are generated independently.

Fori=1,...,n,let Z; = bif bm+1 < w(i) < (b+ 1)m. Then the m
rows with the same value of Z consist of one slice of the sliced Latin hypercube
design. Parallel to Proposition 2, Proposition 3 gives the conditional density
from an SLHD.

Proposition 3. Let Xi,...,X,, be constructed from an SLHD by (ZZ) and take
s <n. Then the conditional density of Xs given X1,..., Xs_1,21,...,2s 1S
gsLup(di, ..., dy)
0, dj, € 60(XF) foran1<i<s—1,1<k<gq,
_Jo, d, € 6m(XF) foran1<i<s—1,1<k<gq (2.6)
such that Zs = Z;,

[Ti_, gk(dy), otherwise,
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where
ml/(m—{i:1<i<s—1,Z;=Zs}|)

(I—{i:1<i<s—1,d;€én(XH)})
An OLHD can be seen as a special case of NLHD or SLHD with [ = 1 and
n = m. Propositions 1, 2 and 3 suggest that, although the three types of designs

have different conditional densities, they share several properties. The densities
are close to one in the majority of areas; the exception is when dj € 5m(Xf) or

gr(dy) =

di, € 0,(XF) for some i and k. The total volume of such subdivision areas has
order O(n~!) as n goes to infinity. If we divide [0,1)? into n? equally spaced
squares, then the densities are uniform in each of the squares. We summarize
these properties in the following.

Proposition 4. Take s < m. Let MF be an s x s zero-one matriz whose (i, j)th
element is one if and only if |mXF| = LmX]kJ and My = (M},... . Md). Let
X1,..., Xy be generated from an OLHD in (2), an NLHD in (223), or an SLHD
in (Z3). Let DY = 6, (XF) fori=1,...,s =1 and k=1,...,q, DF = 6,(X*))
fori=—(s—1),...,~1and k = 1,...,q, and D = [0,1)\ Uj;%ém(Xf) for
k=1,...,q. Then the conditional density of X5 given X1,...,Xs_1,21,...,2s

18
s—1

g(dy, ... dy) = > bs(ins.oyig)I(dy €D, dg € DY), (2.7)

i1 yeenyig=—(5—1)

where, for the sampling method OLHD, NLHD or SLHD, bs(i1,...,iq) is a de-
terministic function on n,m,i1,...,iq, Z1,...,2Zs, Ms—1, bounded as n goes to

infinity, and bs(0,...,0) =1+ O(n™1h).

These conditional densities are expressed as sums of identity functions with
weights. Note that (220) can be simplified for OLHD in that bs(i1,...,1,) is
irrelevant to Zi,...,Zs, Ms_1, and bs(i1,...,iq) = 0 if there is a k such that
i < 0. Using the overlapping domains of identity functions makes it possi-
ble to write the densities as a sum; using big O notation can unite the den-
sities into one formula. In each dimension, the identity function is depen-
dent on at most one of Xi,...,Xs_1. The weights, although dependent on
n,m,X1,...,Xe-1,21,...,2s,My_1, are bounded as n goes to infinity. These
new expression of the conditional densities simplifies the complicated dependence
structure of three types of Latin hypercube designs and is convenient for deriving
a central limit theorem. The expression is also useful for deriving a CLT of other
types of designs when (EZ7) holds.
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3. A Central Limit Theorem

We first introduce the functional analysis of variance decomposition (Owen
(r994)) and variance formulas of Latin hypercube designs. Let F' be the uniform
measure on [0,1)? with dF = [[}_, dFy, where Fyy is the uniform measure
on [0,1). Assume f is a continuous function on [0, 1]¢ and with finite variance

[ f(z)?dF. Express f as
f@y=p+ D ful@),

PCuC{l,....q}

where p = [ f(z)dF and f, is defined recursively via

fulw) = [1@) = 3 fla)}dF g

vCu

Ifunwv# ¢,
/fudx = 0. (3.1)

Let ag(z) = firy(z). The remaining part, r(z), of f is
q

flx) = p+) ar(z) +r(z). (3.2)

k=1

From Sfein (T9Y87), as n goes to infinity, the variance of 4 in (I) of an OLHD is
var(ji) = n~! / F(X)2dF(X) + o(n=1).

The same formulas obtain for NLHDs (Qian (2009)) and SLHDs (Qian (2012)).
Here is a result on the method of moments (Durretfi (2010)).

Lemma 1. Let Ay, Ao, ... be random variables with distribution functions Fy, Fs, ...
so that for any p=1,2,... andn=1,2,...,

+0o0
mP) = / 2PdF,

n
—00

is finite. Let F be a distribution function with finite moments for which

(2p))1/2p
lim sup {(m)} < 00.

p—00 2p

If for any p = 1,2,..., lim, .o m%p) = m®), then A, converges in distribution

to F'.



A CLT FOR NESTED OR SLICED LH DESIGNS 1125

We state two useful lemmas that parallel results for ordinary Latin hypercube
designs in Owen (I997). Let |D| be the volume of region D. Let Erp be the
expectation of a function with an identically and independently sample.

Lemma 2. For any continuous function f on [0,1]7 and fized I, as n — oo,
E{f(XS) | Xl) ey Xs—l} = EHD{f(XS)} + O(nil))

where the first expectation is over an OLHD in (20), an NLHD in (233) or an
SLHD in (Z3).

Lemma 3. Let

R=n"! ir(Xi),
i=1

where r(x) is the remaining part by (B2) of a continuous function f on [0, 1]9.
Then for any positive integer p and fized I, as n — oo,

E{(n'?R)P} = Enp{(n'?R)"} + o(1),

where the first expectation is over an OLHD in (), an NLHD in (E23), or an
SLHD in (E5).

Theorem 1. Suppose f is a continuous function from [0,1]7 to %, [ in (L)
is based on X1,..., X, generated from an OLHD, NLHD, or SLHD. Then, as

n — 00,
n2(f—p) = N (0,/r(x)2dx) .

Proof. The mean of n'/?(ji — p) is 0 and the variance of n'/2(ji — p) tends to
[ r(z)?dz. From Lemma 3, for p=1,2,...,

E{(n'?R)*} = Exp{(n'?R)P} + o(1).

When the points are generated identically and independently, n'/2R follows a
normal distribution with mean zero and variance 0? = [ r(z)?dz. From Owen
(o),

0, p=1,35,...,

oP(p— D, p=2,4,6,....

Eup{(n'*R)P} = {

Thus limsup,_, (o (p — DINYP/p = 0 and, from Lemma 1, n'/?R from an
OLHD, an NLHD or an SLHD has the same normal limiting distribution as
n'/2R with the points generated identically and independently.
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An NLHD of 24 runs An SLHD of 24 runs
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Figure 3. Density plots (solid curves) of i based on NLHDs (left) and SLHDs
(right), both close to a normal distribution (dashed curves).

We can easily extend Theorem 1 to a multivariate function f = (fi,..., fp)-
Parallel to (B2), define r;(x) via

filw) = pi+ Y aip(x) +ri(2).
k=1

Corollary 1. Suppose f is a continuous function from [0,1]7 to %P, fi in (L)
is based on Xi,...,X, generated from an OLHD, NLHD or SLHD. Then, as
n — oo, n*?(ji — p) — N(0,%), where ¥ is a p x p matriz with the (i,7)th
element ¥; ; = [ ri(x)rj(z)dz.

Proof. The normality of multivariate f follows from the fact that any linear
combinations of (f1,..., fp) has a limiting normal distribution.

As an example, take an NLHD and an SLHD with n = 24, m =6, [ =4, and
q = 2. We estimate the mean output p of the Branin function (Branin (T972))

5.1 5 2 1
f= (xg — rﬂgﬁ + —a1 — 6) +10 (1 — 87r> cos(z1) + 10
on the domain [—5,10] x [0,15]. The true value of p is approximately 54-31,
computed from a large grid. We computed i = Z§i1 (X;)/24 for the two
designs, repeated for 100,000 times. The density plots of i from the two designs
are shown in Figure 3.
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4. Conclusions

A central limit theorem has been derived for nested or sliced Latin hypercube
designs. It is shown that 4 in (D) computed from a nested or sliced Latin
hypercube design has the same limiting normal distribution as that of an ordinary
Latin hypercube design. The derived results are useful for making confidence
statements in numerical integration (Kuo, Schwab, and Sloan (2011)), stochastic
optimization (Birge and Louveaux (2011); Shapiro, Dentcheva, and Ruszczynski
(2009)), uncertainty quantification (Xiu (2010)) and other applications.

For extending our technique to derive central limit theorems for more general
types of Latin hypercube designs, such as NLHD or SLHD of multiple layers or a
mix of NLHD and SLHD, it remains a challenge to derive probabilistic structures
of this general class of designs. Another problem for future research would be to
allow [ to go to infinity.

Supplementary Materials

The supplementary materials contain the proofs of Propositions 1-4 and
Lemma 3.
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