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Abstract: A profile likelihood inference is made for the regression coefficient and
frailty parameters in the correlated gamma-frailty model for current status family
data. With the introduction of an identifiability assumption, the identifiability
of the parameters and the existence of the nonparametric maximum likelihood
estimate (NPMLE) are established, the consistency and convergence rate of the
NPMLE are obtained, the invertibility of the efficient Fisher information matrix
is proved, and a quadratic expansion of the profile likelihood is established. From
these, we show that the NPMLE of the parameters of interest is asymptotically
normal and efficient, its covariance matrix can be estimated consistently by means
of the profile likelihood, and the likelihood ratio test is asymptotically chi-squared.
A simulation study is carried out to illustrate the numerical performance of the
likelihood ratio test.
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1. Introduction

As explained in [Parner (1998) and [Yashin, Vaupel and Tachind (1995), an
appropriate survival model for the analysis of family data with covariates is
the correlated gamma-frailty model, henceforth CGFM. This model extends the
Cox’s proportional hazards model by the introduction of a frailty variable, which
acts multiplicatively on the baseline hazard function, and consists of a compo-
nent common to every individual in the family and a component specific to each
individual. [Parner (1998) provided an asymptotic theory for nonparametric max-
imum likelihood estimation in the CGFM for right censored family data. In this
paper, we are interested in the likelihood approach to statistical inference in the
CGFM for current status family data.

Let Tji, Ci, and Z;; be the survival time, the examination time, and the co-
variate of the ith individual in the kth family in a study of current status family
data. We assume there are m > 2 members in each family and there are K fam-
ilies. Since every subject in the study is examined at a random observation time
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Cik, and at this time it is observed whether the survival time T}, has occurred or
not, the observed data is {(Cig, A1k, Z1ks - - - s Conkes Dnkes Zmi) | K = 1,..., K},
where A, = I, <¢,,) indicates whether Tj; has occurred before Cy,. Both T
and Cj take values in [0, 00).

We suppress the k’s in the notation when considering a single family. Thus
X =(C1,A,Zy,...,Chny Ay, Zyy) denotes the data from a single family.

Let Hy,H4,...,H,, be independent gamma distributed random variables
with parameters (01072,071), (0,072,071, ..., (02072,071) respectively, where
(61,02) € [0,00)2\{(0,0)}, and 6. = 01 + 0. We assume that, given Z; =
21y vy Lm = zm and Hog = ng, ..., Hy = 0y, the cumulative hazard function of
T; at time t is

€% (10 + mi) A(t), (1.1)

where A(-) is a nondecreasing deterministic baseline function, and 63 is a real
number.

The quantity ng+m; in (1.1) is called the frailty for the ith individual, where
1o is a common component for all individuals in the family and n; is an individual
component. We note that the frailty variable Hy+ H; is gamma distributed with
mean 1 and variance 6.. The correlation between Ho + H; and Ho + Hj, i # j, is
610~1. Hence, if 6 is zero, the correlation reduces to 1, and (1.1) is the so-called
shared gamma frailty model.

We assume further that given Z4,...,Z,,, Hy,..., Hy,, the variables T, ...,
T, Ch1,...,C,, are conditionally independent, the random vectors (C1, ..., Chy,
Z1y...yZy) and (Hy,...,Hy,) are independent, and the joint distribution of
(C1,...,Cn, Z1,...,Zy) does not involve 61,605,035 and A. Let n = (ng,..., Nm)
and 0 = (01,02,603). Using (1.1) and the preceding assumptions, we know the
likelihood for X given Hy = ng, ..., Hy = 0y is proportional to

m A 1-A;
q((gg’A; 777X) _ H {1 _ e—eegzi(no—i—m)A(Ci)] ¢ [6_693Z¢(no+ni)A(Ci)] ’. (1.2)
i=1

Multiplying (1.2) by the joint density of (Hy, H1, ..., Hy,), denoted by p(n; 61, 62),
and integrating over 7, we get the likelihood for X:

RO = [ (61, 62)a(64 A, Xy (1.3)

[O’Oo)m+1
We note that if y(y;a,b) = (b%/T'(a))y* te~? denotes the density of the gamma
distribution with shape parameter a and scale parameter b, then

m

p(;01,02) = v(no; 02072, 071) [ [ v(ms5 60267,671).
i1
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The parameter space for (6, A) we consider is © x £, where © is a compact
subset of ([0,00)2\{(0,0)}) x R! and

L={A:[0,7) —[0,00) | A(0) =0, A is nondecreasing and right continuous}.

Here 7 € (0, 00]. Throughout, we assume that the true baseline cumulative hazard
function Ag is continuous. In Sections 3, 4 and 5, we suppose the true parameter
0o = (010,020,030) is an interior point of ©. This paper studies the inference
problem regarding the frailty parameters 01, 02, and the regression coefficient 3
based on observations of X only.

Statistical inference in Cox’s proportional hazards model for current
status data was studied by [Huang and Wellner (1995), Huang (1996) and
Murphy and van der Vaart (1997,11999,12000), among others. In particular, they
show that the nonparametric maximum likelihood estimate, henceforth NPMLE,
of the regression coefficient is asymptotically normal and efficient with v/K con-
vergence rate, the likelihood ratio test for the regression parameter is asymptoti-
cally chi-squared, and the covariance matrix of the NPMLE can be estimated con-
sistently by means of the profile likelihood. In fact, Murphy and van der Vaart
(2000) provide a set of conditions under which semiparametric profile likelihoods
admit asymptotic quadratic expansions, and present many of the above results
as consequences of the quadratic expansion, consistency of the NPMLE, and the
invertibility of the efficient Fisher information matrix.

The purpose of this paper is to establish, with the introduction of an identifia-
bility assumption, the consistency of the NPMLE, the invertibility of the efficient
Fisher information, and the asymptotic quadratic expansion for the semiparam-
etic profile likelihood. Based on these results and IMurphy and van der Vaart
(2000) we obtain an asymptotic profile likelihood theory. We note that Bickel
and Ritov (2000) and IMurphy and van der Vaarti (2000) pointed out that the
hardest part of a profile likelihood theory might be the verification of the gen-
eral conditions described, for example, in Murphy and van der Vaart (2000), and
this is borne out here. For example, we need to show that the efficient score is
Lipschitz, without the availability of its closed form; we need an upper bound
for the entropy of the log-likelihoods; we need to use the identifiability assump-
tion to study the modulus of continuity of certain empirical process indexed by
log-likelihoods.

This paper is organized as follows. Section 2 establishes the identifiability
of the parameters and the existence and the consistency of the NPMLE under
certain regularity conditions. These conditions are reasonable, and can be verified
computationally in applications. Section 3 exhibits the efficient score function
and the efficient Fisher information matrix, and indicates the invertibility of the
latter. Section 4 provides a convergence rate of the NPMLE in an appropriate
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norm. Section 5 establishes a quadratic expansion of the profile likelihood for
f, and derives from it the asymptotic normality and efficiency of the NPMLE
of 0, the asymptotic distribution of the profile likelihood ratio statistic, and
a consistent estimate of the covariance matrix of the NPMLE of 6. Section 6
presents a simulation study to indicate the numerical performance of the profile
likelihood ratio statistic, and Section 7 discusses computational issues for future
studies.

Throughout, let Py denote the underlying distribution. For a real vector v,
let vT" denote its transpose, v; its ith component, and |v| its Euclidean norm.
We use the notations op(1) and Op(1), respectively, for a sequence of random
vectors converging to zero in probability and being uniformly tight.

We also use the notations P and G, respectively, for the empirical dis-
tribution and the empirical process for the random sample {X,..., Xx} of X.
Moreover, we use the operator notation for evaluating expectation. Thus for
every measurable g and probability measure P, we have

K
1
Prg = 74 kz_lg(Xk), Pg = /gdP,

K
Gro = VE(Ps = i) = —= 3 "(6(Xs) = Pog).
k=1

2. Nonparametric Maximum Likelihood Estimate

This section contains three subsections. The first studies the parameter
identifiability; the second and the third establish, respectively, the existence and
consistency of the NPMLE (O, Ax) of (6y, Ag). The following assumptions are
made.

(A1) Given (Z1,...,2Zm) = (#1,...,2m), each examination variable C; has a com-
mon continuous conditional density function whose support is an interval
[T1, T2], with 1/M < Ag(71) < Ap(m2) < M for some constant M > 0.

(A2) Each individual covariate Z; is bounded and non-degenerate.

(A3) (Identifiability) There exists (cf,...,c},) in (71,72)™ for which there are

e m

m + 3 different values of (d1,...,0m,21,...,2n) such that if

N 0
(Z ula—e + ZZ:UZ+36_ZJZ>

{1 _e—e932i (770+77i)yi:| bi [e—eQSZi(nO‘f'ni)yi] 1_6idn:0 (2.1)

(0,91, ym)=(00,A0(c}),-..Ao(ck,))

i3

log /p(n; 61,06)

i=1
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for each of these m + 3 values, then u; = -+ = w43 = 0. Here ¢; € {0, 1}
for every i = 1,...,m, and (z1,...,2y) is in the support of the distribution
of (Zl, e 7Zm)

(A4) Ag is continuously differentiable on [11, 2] with positive derivative.

Remarks. Assumption (A3) is needed in establishing the identifiability of the
parameters (see Theorem 2.1), the consistency of the NPMLE, the invertibility
of the efficient Fisher information matrix for 6 at (6p, Ag) (see Theorem 3.3), and
a convergence rate of the NPMLE (see Section 4). This indicates that in the
general framework, Assumption (A3) plays the same fundamental role here as
the identifiability Assumption II plays in [(Chang, Hsinng, Wang and Wen (2007)
concerning NPMLE in the Cox-gene model. However, we would like to point
out that, except for the identifiability of parameters, the proofs of the major
theorems in the present paper are markedly different from those in [Chang et al.
(2005); the main difference comes from the fact that the NPMLE in IChang _et. al.
(2005) can be viewed as a Z-estimator, meaning that it is the zero of estimating
functions, and that here it is still an M-estimator, the maximizer of a criterion
function. A general discussion of M-estimators and Z-estimators can be found in
van_der Vaart_and Wellned (199€) and lvan_der Vaart (1998).

Without loss of generality, we assume that all the random variables are
defined on a sample space ) with a specific o-field.

2.1. Identifiability of the parameters

Theorem 2.1. There exists d* > 0 such that if ||(0 — 6o, (A — Ao)(ci), ..., (A —
Ao)(E )| < d*, and lik(0,A) = lik(6p,Ao) a.s. under Py, then 0 = 6y and
A=Ay on [, 7).

Proof. For every positive integer n, we know from (1.2), (A1), and the condi-
tional independence of T1,...,T,,C1,...,Cy, given Z1,...,Zy, Hy, Hy,..., Hpy,
that

Cy € [er,e1 4+ 2),C e, ¢+ L) fori=2,...,m;
P0< noTh T e >0 (2.2)

Ai:O,Zie(zi—%,zi—i—%) fori=1,...,m

for every (c1,21,...,2mn) in the support of the distribution of (C1,Z1,..., Zy).
This shows that there exists w, in Q such that Z;(w,) € (z; — 1/n,z; + 1/n),
Aj(wp) =0foreveryi=1,...,m, Ci(wy) € [c1,c1+1/n), Ci(wy) € [cf,cf+1/n)
for every i = 2,...,m, and lik(0, A; X (wy,)) = lik(0g, Ao; X (wy,)). Letting n go to
infinity in lik(0, A, X (wy,)) = lik(6p, Ao; X (wy,)), we obtain

/p(m 01,02) exp(—e"* (o + m)A(er)) [ T exp(=e™% (o + mi) A(e;))dn
=2
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- /p(ﬁ; 010, 620) exp (=% (g + 1) Ao (er)) | [ exp(=e™0% (no + mi) Ao (c}))dn.
i=2
(2.3)

Using the fact that both sides of (2.3) are monotone functions in ¢y, it suffices to

show 6 = 6y and A(c]) = Ag(c}) for i = 2,...,m to establish the identifiability.
Let 0; € {0,1} for ¢ = 1,...,m. Conbldering cg =cf and (Aq,...,Ap) =

(01,...,6m) in (2.2), and using the argument leading to (2.3), we get

/ p(1;01,02) ﬁ [1 e o +m)A(e] )r' [676932 (no-+ni)A(c; )]1 0 dn

=1

/ (m;01,6) [T [1 - *69302"(770“72')/\0(03)]& [e*e%wnommo(c:)]1"”dn.
i=1

Let G : R™3 — R™F3 be the vector valued function whose components are of
the form

.’ 032; Ny, 62 03z2; oy, 1_62'
H |:1_efe 7’("70“""77,):’;’74i| |:efe 2(770+772)yz} dn

i=1

(‘97917- .. 7ym) = log/P(n7 01702)

Here (81,...,0m,21,-..,2m) are those m + 3 different values in (A3). It suffices
to show that G is locally invertible in order to obtain the identifiability.

Applying the Inverse Function Theorem (see, for example, Theorem 9.24 in
Rudin (1976)), the locally invertibility of G in a neighborhood of (6y, Ao(c}), - . .,
Ao(ct,)) follows if the determinant of the Jacobian of G, denoted by Jg (0, y1, .. .,
Ym), evaluated at (0o, Ao(c}),...,Ao(c),)) is nonzero. Since Jg is an analytic
function, it is zero only on a nowhere dense closed subset of R™*3 if it is not
identically zero. Therefore, as long as Jg is not zero at (6o, Ao(cy), ..., Ao(c,)),
which is equivalent to (A3), we can find an appropriate d* such that the conclu-
sion of this theorem is valid. This completes the proof.

Remarks. Although the above proof is similar to the one for Proposition A.1
in I(Chang et all (2005), and could have been omitted, we keep it here because
its argument appears several times in the rest of this paper. The proof sug-
gests a method to check the identifiability assumption (A3). We now illustrate
it by considering the model with true parameters 6y = (1,1,0.5) and Ag(t) =
log(100/(100 —¢)), and m = 3 members in each family. Let ¢ = 45, ¢5 = 50 and
c5 = 55. Since the determinant of the linear mapping from RS to RS obtained
from (2.1) by specifying (d1,09,9s, 21, 22,23) = (1,1,1,0,0,0), (1,1,0,0,0,0),
(1,0,1,0,1,1), (0,1,1,0,0,1), (0,1,0,1,0,0) and (0,0,0, 1,0, 0) is equal to 0.1866,
which is not zero, we know (A3) is satisfied, and Theorem 2.1 indicates that there
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is a neighborhood of (0y, Ag) on which the parameters are identifiable. Because
the above determinant is an real analytic function of (6o, Ao(c7), ..., Ao(c,)), its
zero set is closed and nowhere dense, and if the determinant is not zero at one
point, it is never zero on a neighborhood of it. Therefore, if the identifiability is
established for a point in the parameter space, it is also established at each point
in a neighborhood of it.

2.2. Existence of NPMLE

Let X1,...,Xg beii.d. copies of X, then, according to (1.3), the likelihood
for the data {(Cllm A1k7 Zlk‘7 e ,ka, Amkv ka) ’ k= 1, e ,K} is

K m Ajg
Lk(0,A) = H / p(n;601,02) H [1 — e~ e"3%k (no+n:) A(Cix)
Ic:l[opo)mJr1 i=1
1-A;
X {eeGSZikwom)A(cik)} kdn. (2.4)

Since only the values of A at the Cj matter in (2.4), all the estimates Ax of Ay
considered in this paper are right continuous nondecreasing step functions with
possible jump points Cj.

Theorem 2.2. If the set {(ik,i'k") | Cix < Cygr, Aik = 1, Ay = 0} is nonempty,
then there exists (O, Ar) that mazimizes Ly (0,A) subject to 0 € © and A in
the aforesaid and constrained class.

The condition in Theorem 2.2 is theoretically interesting. Consider, for ex-
ample, the situation that Tj; refers to age of onset of a certain disease. In this
case, violation of the condition means all the early examined subjects are not af-
fected and the late examined are affected, which indicates that this age of onset
has little variance and hence little statistical study of the problem is needed.

Proof. For an estimate Ax of Ay, we take G, = AK(CZk) and Yk to be the
matrix (g;z). Then the maximum likelihood estimate of 6y = (619, 020,630) and
Ao is the O = (01k, 02K, 03K) and A, represented by Yx that maximizes

K m 07 JAVTE 07 1-Ajg
Y(O,Y) = H/p(n; 01,92)H[1—e‘e ’ ““(”0““)%} [e—e ’ ““("0““)%’“} dn,
k=1 i=1
subject to (0,Y) € © x D, where
D = {(yir) € R™X | 0 < yir, < yyps if Cix < Cyyy for every pair (ik,i'k')}.

For fixed 0, we first show that there exists an element Ag(-,6) in £ that
maximizes Lg (0, A) under the above constraint.
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Let Cq) < -+ < C(k) denote the order statistic of {Ciy |1 =1,...,m, k=
1,..., K}, and let A(J) = A, Z(j) = Zik, Yi) = A(Cy) if C(J) = Cj;. We note
that if Ay = 0, then Ag(C(y),0) = 0, and if A,y = 1, then Ag(Ci, 0) =
oo. This shows that the terms associated with Ay = 0 and Ag,x) = 1 in ¢
are 1, and hence do not contribute anything to 1. Therefore, without loss of
generality, we may assume that Ay = 1 and A, x) = 0 in establishing the
existence of Ag(-,0).

In view of

[(0,Y)] < /p(n; 01, 62) exp(—eZ0m5) (ng +m1)y(mic) )dn
— (14 0.e57mm0y, )0 (2.5)
there exists dy > 0 such that
max ¢(0,Y)> sup (0,Y). (2.6)

y(mK)SdO y(mK)>d0

Because 1 is a continuous function, it has a maximizer on any compact set. This
together with (2.6) gives the existence of Ag(-,6).

Using (2.5), we can show 9 is uniformly continuous on © x D, and hence the
mapping 0 — Lx (0, Ax(-,0)) is continuous. Since © is compact, the maximizer
Ok exists. Let Ag(-) = Ag(-,0k). Since sup(p,a) Lk (0, A) = supy Li(0,Ak(-,0)),

we know (fx, Ax) maximizes (2.4). This completes the proof.

2.3. Consistency

The following theorem can be established in the framework of Wald that
studies the consistency of maximum likelihood estimates (see, for example, van
der Vaart (1998), pp.47-51); its proof is hence omitted.

Theorem 2.3. Ok — 0y a.s. and SUDye 7y o] Ak (t) — Ag(t)] = 0 a.s..

3. Efficient Score

The purpose of this section is to find the efficient score and to show
the invertibility of the Fisher information matrix. Readers are referred to
Bickel, Klaassen, Ritov and Wellnen (1993) and van der Vaartl (1998) for these
definitions and concepts.

Let

1o (0, A)(X) = (zal (0. 0)(X). 15, (6. A) (X). I, <9,A><X>),

where lg, (0, A)(X) = B%i log lik(0, A; X). lp,(0,A) and lp(6, A) are the score func-
tion for 0; and @ at (6, A), respectively.
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Let A = A+ch, where ¢ is positive and h is a nondecreasing and nonnegative
function defined on [0, 7]. The score function for A in the direction h at (6,A),
denoted by Ix (0, A)[h], is defined by

log lik(6, Ac; X).

NONUEIES

e

A little calculation shows that

1A (0, \)[R](X) = i h(C)W;(0, A; X), (3.1)

where

Wi(0,A; X) = lik(, A; X) ™1

. A;
. /p(n; 01, 02)a(0s, A m, X)GG?)ZZ (10 +71i) 1 — e—eBZi(notn)AC) L) dn-

We consider the closed linear span (in L?(Fy)) of the score functions 5 (6, A)
[h] for h € H, the set of all bounded functions defined on [0, 7] with ||k| gy < 0.
Here the bounded variation norm ||k gy is defined to be the sum of the absolute
value of h(71) and the total variation of h on the interval |1, 2]. H is a Banach
space under this norm. Let A be the continuous operator from H to H defined
by

(Ah)(u) =Y " Eo(h(C;)W;(00, Ao; X)W (6o, Ao; X)|Ci = u), (3:2)
i=1 j=1

which is motivated by (3.6) below. Using the following Lemma 3.2, the inverse
A1 of A exists. Let h* = (h}, h3, h}) be defined by

h;k(u) = (A_l(z EO [lgj (eo,Ao;X)Wi(eo,Ao;XNCZ’ = ])) (u), (33)
i=1

for j =1,2,3. In fact, (3.3) becomes

R (u) = Eq [lg, (00, Ao; X) 3212 Wi, Ao; X)|C1 = u |
I T B (2, Wi, Ag; X))2(Cr = |

(3.4)

when all the members in the same family share a common examination time Cj.
We note that the functions {h} | j = 1,2,3} are unique only up to null sets
relative to @, the distribution of examination variable C;.
Let I5(6o, Ao)[h*] = (Ia (6o, Ao)[AT], Ia (00, Ao)[h3] ,1a(Bo, Ao)[h3]).
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Theorem 3.1. The efficient score function for 0 at (6, Ng) is Iy = lg(0o, No) —
IA (6o, Ag)[h*].

We note that the efficient Fisher information matrix for 6 at (6p, Ap), denoted
by Iy, is Iy = Polglo. We will show that I is positive definite in Theorem 3.3.

Proof. It suffices to show that
Po(lgj(Ho,Ao)—lA(HO,Ao)[h;f])(lA(Ho,Ao)[h]) =0, (3.5)

for every h € H and every j = 1,2, 3. Substituting (3.1) into (3.5), we get

m

Ey [19(00, Ao; X) Y B(Ci)W;(Bo, Ao X)}
=1

= | Y (GO Wit A0 X) D H(COW:(60, i X)|. (3.6)
k=1 i=1

Since each C; has the same marginal distribution @, (3.6) becomes
Z/h(ci)EO |:l6(‘90aA0§X)VVZ'(HO’AO;X”Ci] dQ(C;)
i=1

:Z/h(Ci)Eo [Zh*(Ck)Wk(HO,AO;X)I/VZ-(QO,AO;X)|Ci] dQ(Cy).

i=1 k=1
Thus (3.5) is equivalent to

m

/h(u) > B [lg(HO,AO;X)Wi(HO,AO; X)|C; = u} dQ(u)

i=1

= /h(u) Z EO I:Z h*(Ck)Wk(HQ, AQ; X)WZ'(H(), A(); X)‘CZ = u:| dQ(u) (3.7)
i=1 k=1

In view of the definition of h* in (3.3), we know (3.7) is satisfied. This completes

the proof.

Lemma 3.2. The linear operator A defined by (3.2) is onto and continuously
invertible.

Proof. It suffices to show that A is injective and is the sum of a compact operator
and a continuously invertible and surjective operator (see, for example, Theorem
4.25 in [Rudid (1973), or Lemma 25.93 in lvan_der Vaart (1995)).

We first consider the injectivity of A. If Ah = 0 for some h € H, then
[ h(Ah)dQ = 0. Combining this with (3.1) and (3.2), we know Py(Ix (6o, Ao)[h])?
= 0, and hence [5 (0o, Ag)[h] = 0 a.s. [R).
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Considering A; = 0, Z; near z;, and C; near ¢; from theright fori =1,...,m
in IA (0o, Ao)[h] = 0, and use the argument for deriving (2.3) to get

m m Oarizs
h(ct) [Z /p(77§ ‘910,‘920)66302i (o + mi) H e—e 7(770+77,7')Ao(01)d77 -0
=1 j=1

for almost every (ci,21,...,2n) in the support of the distribution (Ci, Z1,. ..,
Zm). Since the term in the square brackets of the preceding equation is positive
for almost every (ci, 21, .., 2m), we know h =0 a.e. [Q)].

We now show that A is the sum of a compact operator and a continuously
invertible and surjective operator. In view of

(AR)(u) = h(u) Y Eo(W7 (00, Ao; X)|C; = u)

we define Ag : H — H by
(Aoh) ZEO 7 (00, Ao; X)|Ci = u).

Since Y, Eo(W2(6p, Ao; X)|C; = u) > 0 with probability 1, we know Ay is
onto and continuously invertible. Therefore, it suffices to show that A — Ap is a
compact operator. Note that A — Ap is a linear operator with

||Ah — A0h||BV
1SS | CENY; B0, Aok X)WV, Ao X)IC = . C)QUE)
i=1 1
gt
<blh]lsv, (3.8)

for every h € H and some constant b > 0. Using (3.8), Helly’s Selection
Lemma, and the Dominated Convergence Theorem, we know every sequence
(Ahy, — Aohy)n>1 has a convergent subsequence if hy, in H satisfies ||, ||py < 1.
This completes the proof.

Theorem 3.3. [y is positive definite.

Proof. Let v = (vi,10,13) € R3. Since vigp! = Po(l~0yT)2 > 0, it suffices to
show that vIopv” = 0 implies v = 0.
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Suppose vIprT = 0, then lpr?T = 0 a.s. [P]. Let 6; € {0,1}, z; be the point
in the support of the distribution of Z;, and ¢ be the point given in (A3).
Considering A; = 6;, Z; near z;, and C; near ¢ from the right for< =1,...,m
in lov” = 0, and use the argument for deriving (2.3) to get

3 9 m 3 . 5
(; o0, ;(; thj(ci))a—yi)

(0,91,--5ym)=(00,M0(c}),--,Ao(ch, )

. z é . 1—5
10g/p(77; 01,02) H [1 e k(no-i—nk)yk} k [6_503 ’“(770+77k)yk] k dn =0
k=1

for (01,...,0m) € {0,1}™ and almost every (zi,...,2y) in the support of the
distribution of (Z1,...,Zy). Using (A3), we know v = vy = v3 = 0. This
completes the proof.

4. Rate of Convergence

With the consistency established in Subsection 2.3, we now apply empiri-
cal process theory to study the rate of convergence for (éK,AK) under the as-
sumption that (éK,AK) € Ny, x Loy, where Ny, is a neighborhood of 6y and
Lo={Ae L|1/M <A(r1) < A(m2) < M}. Define the profile likelihood for 6,

pLi(0) = sup Lk (0, A),
AeLy
where Ly (0, A) is the full likelihood given by (2.4). For every fixed 6, denote by
Ay arandom element at which the supremum in the definition of pL g is achieved.
The existence of Ay can be established by the argument in the proof of Theorem
2.2.
The main result of this section is the following.

Theorem 4.1. For every random sequence Ox L o,
. ~ _1
1A, — Dol = Op(l0k — boll + K73), (4.1)

where HAéK —Aoll2,0 = (f(AéK — Ao)2dQ)V?, and Q is the marginal distribution
of the examination variable C;.

The proof of Theorem 4.1 is at the end of this section, when a series of
lemmas is established. Lemma 4.2 provides an upper bound for the entropy-
with-bracketing integral for the class of log-likelihood functions. Lemmas 4.4
and 4.5 concern the modulus of continuity of the empirical process indexed by
the log-likelihoods.
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Let ¥ = {loglik(0,A) | (§,A) € Ny, x Lo}. For any probability measure P
on the sample space Q, let L*(P) = {g | Pg?> < oo} and ||g|l2.p = (Pg?)'/? for
g € L?(P). Given any subclass C of L?(P), we define the bracketing number

Nii(g,C, La(P)) = min{N | there exists Vo R fY such that
IfE — fYll2.p < &, and for each f € C, fL < f < fY for some 1 < n < N},

and the bracketing integral

JH((SC LQ / \/1+10gN[]€CL2( ))

Lemma 4.2. log N| (g, V¥, La(Fy)) = O(1/¢) as e decreases to 0.

Proof. Because of the monotonicity of the elements in Loy, we know N ](5, Lo,
Ly(Q)) < e/¢ for some constant ¢ > 0. (See, for example, Theorem 2.7.5 of
van_der Vaart and Wellney (1996)). This implies that there exists a sequence of
functions {AJL,[\J.U,]' =1,...,J}, where J = O(e%?), such that H[\JU—]\JLHQQ <eg,
and for each A € L, JXJL §A§A]U for some 1 < j < J. Let AJL :]\]L—aand
Agj = Agj + €. Then, ||A§] - A]LHQQ < 3e. Since elements of £y are uniformly
bounded away from zero, we can choose £ small enough that each A]L also stays
away from zero.

For each A € Ly, we assign one pair Af and Ag»] so that Af <AL Agj For
(0,A) € Ny, x Lo, we define

m 1-3;

z; ;i z; i
le,e(w)Zlog/ (101, 02) H [1—e’ee3 1(’70*"1')’\?(‘32')} [6*663 1(770+m)/\§](ci)] dn,

.
—_

lg{e(:c):log/ p(n; 01,0) ﬁ[ —56321'(7704-771')/\?(01')]6i{e—€93zl(no+ﬂz) (Cz)] 6id77.

1=

—_

Here = (¢1,01, 21, -+, Cmy Oy Zm)-
Consider the function
M —e%3%i (no-+ni)ys | 21 [ —e%%i (mo-+na)ys | 10
flasw) =Tog | p(ni01,0) [T [1 - e R I R )
=1

(4.2)
where o = (0, y1,...,ym) is in Ny, x [1/M, M]|™, and x in the range of X.
) Let « = (0 ,(51A§-] + (1 - 51)A]L)(cl),...,(5mAjU + (1 - 5m)AJL)(cm)) and
a = (0,A(c1),
., A(cm)). Applying the Mean Value Theorem, there exists an intermediate
point & between o and o such that

%/ (z) — log lik(, A; x)
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1"

~ f(a's2) - f(a's)
3

=3 (@) (6,01 +Zfz+3 )| -+ 1-d) k-1 (e (03)
i=1

Here f; denotes the partial derivative of f with respect to o; with (o, g, ag) = 0,
and (a4, ..., am+1)=(Y1,--.,Ym). We note that, for 4 <i<m+3, fi(o;x)/(26,—1)
is positive and uniformly bounded in (o;x). It follows from (4.3) that

%/ (z) — loglik(, A; x)

> —bol|6" = 0] + b1 D _[26; — 1] [&(AJ'U = N)(e) + (1= 8G)(AF = A)(ei)| (44)
i=1
for some constants bg, b; > 0.

By the definition of (AJL, A]-U)7 we know form (4.4) that l;fe, (x)—loglik(0, A; x)
> —b||0" — || + bre. Similarly, we have 12y (@) ~loglik(0, A; ) < bol|0" — 0| — boe
for some constant by > 0. 7

Let 0 ... 00) be points in N, such that for every 6 € Np,, [|6 — 87| <
min{bye /by, b2€/b0} for some 1 < n < N. Therefore, for every (0, A) in Ny, x Lo,
there exist §(™), AJL and Agj such that

1L
J

‘) = loglik(6, A) < l;{g(n)' (4.5)

Because Ny, C R3, we note that N can be on the order of O(1/&?).
Furthermore, we know from the Mean Value Theorem that

||l§{9(n) - leﬂ(n) H%,P < E<b3 Z |A§](cl) — AJL(CZ-)F)

=1
=bym|AY — A3 < bym(3e)? (4.6)

for some b3 > 0. It follows from (4.5) and (4.6) that N (e, ¥, L2(P)) is of the or-
der NJ = O(e/¢ /%), and hence log Npy(g, ¥, La(P)) = O(1/e). This completes
the proof.

Let P; and P, denote the distribution of (C1,...,Cy,) and (Cy,...,Cpy, Z1,
..y Zm) respectively. We consider the family of conditional log-densities of X
given (C1,...,Cp) = (C1,...,Cm),

APs(C1y. oy Cmy 21y -y Zm)
dPl(Cl,...,Cm) ’

g(a; x) = log|lik(0, A; x) (4.7)

parameterized by a = (6, A(c1),...,A(cy)) € R™T3. Here x = (¢1, 01,21, - - -, Cm,

Oms Zm)-
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Denote the first and the second derivative of g relative to a by ¢ and §
respectively, and let ¥, .. = Eo(j(ao; X)[C1 = c1,...,Cn = cp). Here
ap = (0o, Ao(c1), ..., Ao(cm)). Since (4.7) defines a parametric model, we have

_uz(cl,...,cm)uT = Ey ((Q(Oéo; X)uT)2 ‘ Ci=ci,...,Cpn = Cm) > 0,

for every u = (uq,...,ums3) € R™3.
Lemma 4.3. X .+ is negative definite.

Proof. It suffices to show that uX.
(60, Mo(cT), -, Ao(cr,)). Suppose ullc;

o )uT = 0 implies u = 0. Let af =
(a5 01,21,y Co Oy Zm )l =0 (4.8)

for almost every ¢; € {0,1} and z; in the support of the distribution of Z;. Noting
that (4.8) is (2.1) precisely, we get u = 0 by (A38). This completes the proof.

Lemma 4.4. There exists a constant b > 0 such that
Ry (1og Lik(0, A) — log lik (6, A0)> < b(=[|A = Aolf3,q + (16 — boll*)

for every (6, A) € Ny, x Lo.
Proof. It suffices to show that

Py <10g lik(6g, Ag) — log lik(6), A0)> < b|0 — 6|?, (4.9)
Py <log lik(6,A) — log lik(6o, A0)> < —bl|A — Ao|l3,0- (4.10)

A Taylor series argument in 6 can be used to verify (4.9). We prove (4.10).
Using the Taylor’s expansion of g around «g, we know

P <log lik(8, A) — log lik (6, A0)>
— BB, <g<a; X) — glao: X) | Cu.. .. cm)
= Ey <E0(§J(Oéo; X)|Ch, ..., Cr) (e — ag)”
0 = 0%y~ 00)" + ol aal) )

=E, <59(00, Ao)(X) (0 — 00)T +1a(00, Ao)[A — AO](X))
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+Eq ((a — Oéo)z(cl’mpvm)(a — OéQ)T + o(Ha — 040“2)> . (4.11)

Recalling that Iy and [ are the score functions and using Rayleigh’s principle
(see, for example, Theorem 6.37 in [Stephen, Arnold and Lawrencd (1997)), we
know from (4.11) that

Py (log lik(0, A)—log lik(0y, A0)> < Ey ()\(Cl, . ,Cm)Ha—a0H2—|—0(Ha—aoH2)>,

(4.12)
where A(C1,...,Cp,) is the largest eigenvalue of ¥(¢, . ¢,,)- Noting that X is

*

continuous at (cj,...,c} ) and using Lemma 4.3, we know A has a negative upper

bound on some neighborhood of (cj,...,c},). Combining this with the negative
semi-definiteness of ¥ (¢, . ¢,.) and (4.12), we obtain (4.10). This completes the
proof.

Lemma 4.5. Let ¢ (6) = V0(1 4+ v5/(6*VK)) and let E* denote outer expec-

tation. Then there exists a constant B > 0 such that

E* sup |Gk (log lik(0, A) — log lik(0y, Ao))| < Box (9),
66./\/@0, AeLy, ||0—60] <9, ||A—A0||2’Q<5

for & sufficiently small.

Proof. We first note that all elements of ¥ are uniformly bounded. Using the
Mean Value Theorem, there exists a constant b > 0 such that

Py(loglik(0, A)—log lik(0, Ao))® < b(|A—No|3o+]10—6o]|) (4.13)

for every (0,A) € Ny, x L.
Furthermore, we know from Lemma 4.2 that

J (6,9, Lo(P)) = O(V/3) (4.14)
as d decreases to 0. It follows from (4.13), (4.14), and Lemma 3.3 of Murphy and
van der Vaart (1999) that the proof is complete.

Proof of Theorem 4.1. In view of Lemma 4.4 and Lemma 4.5, we know
the conditions of Theorem 3.2 of [Murphy and van der Vaart (1999) are satisfied
for ¢ (0) = Vo(1 + V8/(6*>VK)). Since K¢ (K1/3) = 2V/K, we know
HAéK — Aoll2.o = Op(||0x — 60| + K~/3) for every random sequence O L 0.
This completes the proof.

5. Profile Likelihood Theory

In this section, we focus our attention on the estimation of  and present a
profile likelihood theory.



CURRENT STATUS FAMILY DATA 1039

Formally, the efficient score function ZO is the derivative at v = 6y of the log-
likelihood function evaluated at the path v +— (v, Ag+h*(6y—v)T). The so-called
least favorable submodel refers to this path. However, the second coordinate
of the preceding path may not lie in the space Ly defined in Section 4. We
now modify and replace this path to obtain an approximately least-favorable
submodel.

Let ¢ : [0, M] — [0,00) be defined by

0 for 0 <y < 77,
_y=M~' for L < A

o(y) = Ao(m1)—M~1 or gy =Y < o(71),
1 for Ao(Tl) <y< AO(TQ)’
#?{m) for Ag(m2) <y < M.

For fixed (0, A) and v = (v, 19,13) € R3, we define
Ay (0,0)(t) = A(t) + ¢(A(1) (0" o Ay ) (A()(0 —v)T. (5.1)

Recall that a real-valued function g is Lipschitz if there exists a number L such
that |g(u1) — g(u2)| < L|uy — ug| for every u; and uy. The least such number L
is denoted by ||g||rip. Because of (A4), the mapping

m
u — Z Eo(lg(eo, Ao; X)VVZ(Q(), Ao; X)|Cz = u)

i=1
is LipSChitZ. Let || Zz Eo(lg(eo,Ao;X)Wi(eo,Ao;X)|CZ' = - )HLip = Lo, and let
Ho be the closed linear span of {h € H | h is Lipschitz with ||h|/z;, < Lo}. We
note that the proofs of Theorem 3.1 and Lemma 3.2 indicate that the operator
A : Hog — Hp is onto and continuously invertible. This shows that the func-
tions {h};j = 1,2,3} are bounded and Lipschitz. Based on this and (A4), the
following result can be obtained straightforwardly.

Lemma 5.1. A, (0,A)(-) given by (5.1) defines a cumulative hazard function in
Lo for every v sufficiently close to 0.

Using Lemma 5.1, we introduce the approximately least-favorable submodel
specified by the log-likelihood v +— [(v,0,A; X) = loglik(v,A,(0,A); X). We
denote respectively the first and the second derivative of [ relative to v by
l(v,0,A; X) and I(v,0, A; X). Noting that

(v, 0,05 X) = lp(v, Ay (0, A)(X) = Ia (v, A (0, 1)) (60" 0 AGH(M](X),  (5:2)

we know

(00, 00, Ao; X) = lo(X), (5.3)
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the efficient score function for 6 at (6p,Ag). Furthermore, noting that v
l(v,00,Ag) is a smooth parametric submodel, its derivatives at 0y satisfies

Pol (80,600, Ao) = —Pol™ (60,00, Mo)i(00, 60, Ao) = — 1. (5.4)

Lemma 5.2. The class of functions {i(v,0,A) | (v,0,A) € Nao X Ny x Lo} is a
uniformly bounded Donsker class, and the class of functions {l(v,0,A) | (v,0,A) €
Noy X Ny, x Lo} is a uniformly bounded Glivenko-Cantelli class.

Readers are referred to lvan_der Vaart. and Wellner (1996) for the definitions
of a Donsker class and a Glivenko-Cantelli class. The proof for Lemma 5.2 is
technical and hence omitted. Readers can find it in I(Chang, Hsiung and Wen
(2009).

s P
Lemma 5.3. For every random sequence O — 0,

Poi(00, 01, Ag, ) = op([|0x — b0l + K 2). (5.5)

Proof. Since [(0,0,A) is a score function for the model indexed by (6, A), we
have Py Al(0,0,A) = 0 for every (6, A). Differentiating this identity relative to 6
yields

Py AlL (0, M)i(0,0,A)+PpAl(0,6,A)+ aﬂ Py al(6,v,A) =0,

Ulu=0
where lp(0, A) is the score function for §. Evaluating this at (0, A) = (6g, Ay) gives

— % PQZ(HQ,’U,A()) = POZ?(HO,AO)Z(@O, 00,A0)—|—P0l(00, 00,/\0) =Ig—1Ip = 0.

v=>0y

Here (5.4) and the fact that [(6, 89, Ag)(= o) is orthogonal to every A-score are
used to get the second to last equality. Thus,

1(00,v,A)—

. . 0
(00,0, 0)=i(00.00.80) = Py 51 i
v="0+ v

ov

1(6, v, A0)> (0—6)T

v=0y

for an intermediate point 0, between 6 and 6. Letting 6 = O and A = Aéx’ and
using (4.1) and the Mean Value Theorem, we know it suffices to verify

. ~

Pyol(8o, 00, Az, ) = op(|fx —bo]| + K~7) (5.6)

to establish (5.5). '
Noting that Py, Al(6o,00,A) = 0, we have

Pol (60,00, A) = (Po — Pay.2)(I(60, 00, A) — (60,00, Ao)) + (Po — Pay.4)i(00, 00, Ao).
(5.7)
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We now explain, without giving the details, that both terms on the right-hand
side are bounded by a multiple of [|[A — A0||%’Q. The desired bound for the
first term is obtained by means of the Mean Value Theorem and the Cauchy-
Schwarz inequality. The bound for the second term is obtained by means of the
second-order Taylor expansion for (A(C}),...,A(Cy,)) — lik(6y, A; X) around
(Ao(Ch), ..., Ao(Ch)), and the fact i(@O,GO,AO) is the efficient score .

Applying the rate of convergence on AgK given by Theorem 4.1 to (5.7), we
obtain Poi(Ho,Ho,AéK) = Op(||0x — 60]|* + K~2/3). This is more than required
and thus the proof is complete.

Theorem 5.4. For every random sequence O il 0o,

K
~ ~ 1 ~ ~
logpLK(HK) — logpLK(Ho) = ((9]( — (90) E Zg(Xk) — 5[((0[( — (90)[0(0[( — HQ)T
k=1

+or, (VE |0k = 60)]| +1)%. (5.8)

Proof. We apply Theorem 1 of Murphy and van der Vaartl (200() to prove
this theorem. It is easy to see that the functions (v,0,A) — i(u,H,A;X ) and
(v,0,A) — (1,0, A; X) are continuous at (o, 6, Ag) for Py—almost every X.
For every random sequence g it 0o, (4.1) implies that AéK Lt Ap. In view
of (5.1), (5.3), (5.5) and Lemma 5.2, we know all conditions of Theorem 1 of
Murphy and van der Vaart (2000) are satisfied. Thus the proof is complete.

Using the consistency of éK, the invertibility of the efficient Fisher informa-
tion matrix Iy, and the second order expansion of the profile likelihood (5.8),
we obtain the following three theorems immediately from the profile likelihood
theory of IMurphy and van der Vaartl (2000).

Theorem 5.5. The NPMLE O is asymptotically normal and asymptotically
efficient at (0o, Ao); that is,

VE (b — 00) = Iy 'VEPgIT + op, (1) % N(0,I;7).

Theorem 5.6. Under the null hypothesis Hy : 0 = 8, the profile likelihood ratio
statistic

pLk(0r)
pLx(60)

is asymptotically chi-squared with three degrees of freedom. The region {0 |

Irtg(6p) = 2log

Irtg(0) < X%,l—a} is an associated confidence region of asymptotic level 1 — a.
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Theorem 5.7. For all sequences vi Lt v € R3 and hg L 0 such that

(VEhg)™t = 0p(1),

B logpLK(HK +hKVK) logpLK(HK)
Kh2

Lt 1/[01/

6. A Simulation Study

This section reports a simulation study that illustrates the numerical perfor-
mance of the profile likelihood ratio statistic. The main task is to find supy¢p,
L (00, A) and supgeo, aer, Lx (0, A). This is an optimization problem with the
objective functions defined on a set of high dimension. In order to alleviate the
computation burden, we consider sieve estimates. Let by < -+ < by in [71, o]
We consider the estimates A that are in £1 C £, which comprises step functions
with possible jump points b;. A function A in £; can thus be identified with a
nonnegative vector v = (v1,...,vn) with v; = A(b;) — A(bj—1) for j =1,...,N;
in fact, A(c) = > jiby<c Vj- The sieve maximum likelihood estimates of 6y and Ag

is the 6 and A, represented by v, that maximizes

m

—e%3%; . o Aik
Zlog/ 17,01,92)1_[[1_6 87k (o+11i) Xy < j}

=1
1-A;
_ 9321 . . . ik
« |:€ €737 (770+772)E];bj§cik ”J:| d77

subject to # € © and v € (0,00)™

Let £ = (&1,...,én+3) = (logbq,log 02,03,log vy, ..., logvy). Consider the
bijective transform ®(§) = f1>1(¢9 v) and denote the gradient of ® relative to £
by ®'; namely, &' = (gg ”’86
method is used to find the estlmates

) The following algorithm based on gradient

) Choose a starting point £(1).
Set J = 1.
Set n = 1.

(1
(2)
(3)
(4) Let £ = S0 2ma(el),

(5) If ®(£M)) > ®(€), then set n = n + 1 and go back to (4).

(6) If (M) < ®(€), then set £ = ¢,

(1) J=J+1.

(8) Repeat (3)~(7) for a suitable number M of iterations once the evidence of

convergence occurs.
(M)

(9) Set (6,0) = (61, e M) &M efnin).
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We generate data with 6y = (1,1,0.5), Ao(t) = log(100/(100 — t)), Z; ~
unif{0,1},C1 ~ unif(1,99), m = 3, and K = 400. Our study consists of
100 replicates. The parameters for the sieve are N = 98 and b; = ¢ for ¢ =
1,...,N. In applying the above algorithm, we take the starting value ¢ =
(0,0,0.5,1og(1/80),log(2/80), .. .,1log(98/80)) to conduct the likelihood ratio test.
Our simulation study seems to suggest that the y? approximation works well for
the profile likelihood ratio statistic.

The following Table 1 reports the theoretical and simulated critical values
(CV) and rejection rate (RR) under the null hypothesis Hy, and Figure 1 is the
Q-Q plot for Irtso(fo) versus x3.

Table 1. Comparison of theoretical and simulated critical values (CV) and
rejection rate (RR) under Hy.

Significance Level (%) | CV for x3 | CV for lrtgoo(6p) | RR (%)
90 0.5844 0.7058 93
80 1.0052 1.1144 82
70 1.4237 1.5589 72
60 1.8692 1.9569 61
50 2.3660 2.5947 51
40 2.9462 3.3848 47
30 3.6649 3.9840 36
20 4.6416 4.8706 21
10 6.2514 6.6243 13
5 7.8147 7.8293 6
1 11.3449 9.1968 0

Figure 1. Q.Q plot for Irt4o(fo) v.s. x3.
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We also studied this problem by a nonlinear conjugate gradient method with
a strong global convergence property, as developed by [Dai_and Yuan (1999). The
results from this method are omitted, because they are similar to those in Table 1.

7. Discussion

With the introduction of the identifiability assumption (A3), we have es-
tablished a profile likelihood theory for the correlated gamma-frailty model with
current status family data. Specifically, we have obtained a quadratic expansion
of the profile likelihood for the parameters of interest, and derived from it the
asymptotic normality and efficiency of the NPMLE, the asymptotic distribution
of the profile likelihood ratio statistic, and a consistent estimate of the covariance
matrix of the NPMLE. This approach may also be useful in other models with
family data.

In this paper, we allowed different examination times for different members
in the same family. We note that our argument can be used to obtain a profile
likelihood theory for the case that all the members in the same family share a
common examination time. This situation arises, for example, when both eyes
of a person are examined at the same time for a given disease. In fact, in this
case, the efficient score has the closed form (3.4).

To make these methods useful in applications, we need to find good ap-
proximations to A,él,ég, and ég, and to know the numerical performance of
the NPMLE. The simulation study in Section 6 represents our initial effort
in this direction; although it is encouraging, a thorough study is needed and
is underway. The main challenges come from the fact that the log-likelihood
®1(A,v) in Section 6 is not concave, its domain of definition has high dimen-
sionality, and the likelihood itself is not concave. The latter can leave the like-
lihood ratio statistic based confidence region not convex (see Lemma A.l of
Murphy and van der Vaarti (1997); in fact, our (unreported) simulation study
does indicate this possibility. We note that, in the study of Cox’s model with
current status data, [Huang (1996) made significant use of the concavity of the log-
likelihood with respect to the cumulative hazard function. Faced with the above
mentioned difficulties, we believe some of the strategies in [Wellner and Zhan
(1997) and [Tsodikoy (2003) may be needed in attacking this problem.

We note that, although sieve approximation was introduced to handle the
situations where the ordinary likelihood does not work due to large nuisance
parameter space (see [Fan_and Wong (2000)for a brief discussion), the sieve ap-
proximation in Section 6 is motivated by computational concerns. It seems de-
sirable to develop an asymptotic theory for sieve profile likelihoods, which can
be obtained by modifying the current theory, so as to get a good suggestion on
the choice of sieves for computational purposes, and to see if the sieve profile
likelihood is different from the theory in the present paper.
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