Supplementary Materials for “Model Selection of Generalized Estimating Equation

with Divergent Model Size”

Shicheng Wu!, Xin Gao' and ?Raymond J. Carroll

YYork University and ® Texas A€M University

Supplementary Material

This online supplementary file contains the proofs of Lemmas [1| - [§] in
the main paper and some technical lemmas - and their proofs. In

the following proofs, we assume m; = m for simplicity.

S1 Proofs of Lemmas [ - [7]

Proof of Lemma[1. This lemma is similar to Lemma A6 of |Gao and Car-
roll| (2017). Because Q(f;) satisfies the cumulant boundedness condition,
its first and second moments are uniformly bounded. Given a model s,
by Lemma A5 of Gao and Carroll (2017), Pr(>"" | [Q:(5s) — E{Qi(8s)}])/

Var{Q;(B:)} > (2np,logp,)'/?] = o(p;?*). According to Bonferroni in-
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equality,

n

Pr(max » [Qi(8:) — B{Qi(B)}) > buar (2npn log pn) /) < o(p, ") 2" =0,
i=1

as there are 2P» models in the model space, and b, is the upper bound for

Var{Q;(;)}. Similar arguments apply to the result for each element of the

score function, and its first and second derivatives.

]

Proof of Lemma[3. We know for true model V;(5%) = Vi(5}) for s € S,.
Therefore we know that ||V, =V;(82) ™ [max = [[Vi(Bp) ™" = Vi(B2) ™ lmax =
HVi(EF)_l — Vi(BE) Hlmax = Op{(p3 log p,/n)'/?}, according to Lemma
52.5, In addition ||V~ = Vi(B.) ™ lmax < 1V = ViB) ™ s +I1Vi(5) ™ =

Vi(Bs) ™Y lmax = Op{ (9% log p/n)"/2}. This implies:
max A LV, = Vi(3) 7 Amin IV, = Vi(Be) 1} = Op{ (02 log pa/n) Y%},

max A Vi = Vi) ™ H Amin (VT = Vi(82) ™) = Op{ (97 log pu /) 2}

]

Proof of Lemma[3. From Taylor expansion around S, there exists B; be-

tween 37 and B, such that (1/n)U (B\S)m = 0. Therefore we know

[’"] + Z rk:] [k] + Z Bs rkl /B:)[k] (Bs - Bs)m = 0.



According to Lemma!maxseg |(1/n)U(pB: )[rk]—l—Q(ﬁ )irk)| = maxses [(1/n)U(B:

E[U(B ){rk Il = Op{(pn log p,/n)'/?}, then we have

1 ~
> U (Bs = B

k

= B + QB + U (BN B~ B2

k

= 3 108y + Op{(palogpa/m) Y (B — B

k

Similarly from Lemma , ntU (63) = = n'E[U(B. )[rkl]]{l + 0,(1)}.

From Assumption , n‘lE[U(Es)[TH ] is bounded. So n_lU(ﬁs) i = Op(1).

According to Theorem ||,/8\5 — BY| = O,{(p? log p,/n)'/?}. Then

> e (B2 (B — Bl

l

< max [n U (5] Z (B

= 0,(1) x 1B, = Bl

l
< 0y(1) x &}/ x ||B, = 5|

= Op{(p} log p/n)"/*}.

Combining the second and the third order terms of Taylor expansion,

3

s

)

(1)
[rk]



we have
1~
0= EU<BS>[T}

= %U(B:)[r] — Z[Q(ﬁ;*)w] + O {(pnlogpa/n) "} (B, — B3k

k

+ 3 0{(p3 log p /) "*}(Bs — BDw-
k

We can reformat it as
1 ~
~U(B2) = {QUB2) + Resa}(B. = B7) = 0,

where Res, is a matrix that all elements are at order of O,{(p3 log p,/n)'/%}
uniformly. Let v,,;, be the corresponding eigenvector of smallest eigenvalue
Amin{Q2(55)}. According to matrix perturbation theory (Stewart), 1990), we

have
Amin{Q(5) + Resq}
= Mnin{ B} + Vi ReSaUmin + o( || Resal[?)
> Amin{Q(85)} + ds X || Resq|max + o(1)
= Auin{ QB } + Op{ (0] log pa/n)' 2} + o(1)
Since Apnin{2(B)} > 0 and p3 log p,/n — 0, we have A\ {Q(3%) + Resq} >

0 and therefore Q(5%) + Res, is invertible. This entails

~

B 87 = {B0) + Resa} " U(B2).



Proof of Lemmal[{ Considering a competing model s.

n

2Q(62) =3 _{Yi — m(B)Y VI HY: — a(52)}

i=1

= Y — (B + pa(Be) — (B YV Y — pal(Ba) + pa(Bs) — pa(B)}

=1

/Bs + Z{:ul — M BS }TV 1{,[%( ) ”Z(B\s)}
+2 Z{m(@) — 1 (BYTVHY: — mi(By)}

Lemma shows that the last term Z?:l{ui(ﬁs) — i (BYV Y —

MES)} =n||f — Es||20p(1). We consider the second term. Applying Equa-

tion (S2.1)) from Lemma to the second term, we have

Z{:ul — M Bs }TV 1{:“’1( ) Nz(B\Ls‘)}

—_

ZZ(ﬁi —5S)T{Di(5§‘)+ 5D (B, B2, BEOY' VT HDABE) + 5 DY (B, B, BE)YBE — B)

N | —

= (B - By) {ZD BYTVD(BE) + DIV (By, B, BTV, LDy(B2)

+ DO 52, By T DO (B 52 BEVNS: - )

n

= n(8; - B)" +}lZDz DIV = VIEDIDAB) + DY (B, B, BY) TV Di(5)

+ 2D, 57, By T DO (B, 52, BENNS: — )

= (5 — B)"{B7) + Ress} (B8 — B).

Let Res; = Resy + Ress + Resgs, with Resyy = Y21 Dy(85)T{V; ™ —
Vi(B2)}Di(8:)/n, Ressy = Y01y DiY (B, B2, BE)'VH Di(B;) /n, and Resgs =
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S D ) (ﬁs,ﬁs, B“l)TV D M (55, pE, B /4n. Let v be a d; dimensional

unit vector with ||v||> = 1. Then

[v" Resziv] = v —ZD VAV = Vi(B} DBl

< max A V! = Vi(BDH: Paia V! = Vi(BDH] max {072 Z Dy( Jo}

< 0,{(p2 log pn/n)'/?}.

From Lemma , we have |vT Ressov| = [vT(1/n) 377, Dl(l)@\s’ %, BE)TVAD, (55| =
Op{(p3log p,/n)'/?}. For Resss,

7l
o7 Ressgu] = Jo nZD“ (B.. 85 BV D (B, B, BE) o

=1

< Ao (Vi71) e, {0 —ZDl (B 82, B)" DL (B, 82, B}

[[v]]2=1
= Op(pi log pn/n)

From Assumption [2] the eigenvalues of Q(;) are bounded from zero

and infinity. We have

sup [o794(3) + Ress}o| = sup [o7Q(3)0](1 + Op{(s ogpn/n) ).
llvf|=1 v||=1

Combining the above equation and Lemma , we have Q[Q(fj\s) —Q(BH)] =
(87 = B)T{UB) + Ress (85 = o) + 0185 = Bl PO, {7 log p )"/} =
—n(B; — B\S)TQ(B:)(@ — B\s){l +0,(1)}. According to Lemma , ES — B =
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{Q(Br) + Resq}tU(Br). We rewrite the equation as

2{Q(B,) — Q(B)} = —n(B; — B)"UB)(B; — B){1 + 0,(1)}

= —%U(ﬁi)T{Q(ﬁ;‘) + Resg } QUB{QUBL) + Resa} " U(B){1 + 0p(1)}
= —%U( B2 {QU(B;) + Resy}(B;) QB + Resa}] " U(B){1 + 0,(1)}

:—lU( BYTLO(BY) + Resa+ ResT + ResTQ(3Y) " Resa}\U(85){1 + o,(1)}.

Let Ress = Resy + Resl + Res}Q(B%) ™' Resy and we have

2{Q(B.) — Q(B:)} = —1/nU (B;)"{Q(B:) + Res } U (B){1 + 0,(1)}.

We estimate the order of the matrix Res, as follows:

sup v’ (Resq + Resy)v < 2 sup v’ Resgv
[lo]l=1 [lo]l=1

< max [[Resg]p| x ds X ol f?

(02 log pa )2}

IIiﬂf v (Resq + Resy)v > 2H1|r|1f vT Resqv
v||=1 v||=1

> — max |[Resdljen]| x do  [[o]

= —0,{(p> logp,)'"*};

sup v! (ResiQ(B2) " Resg)v

llvf|=1

< Anax {Q(87) 7 s x || Resdl[gpax % ds X [[0]]?

= O,{p) log pn/n};



inf v’ (ResyQ(B7) ' Resq)v

> = Auin{Q(B7) " b x || Resal [ X ds x [0l

= —Op{p}, log pn/n}.
Thus we have sup,—, [v" Res,v| = Op{(p} log pn/n)"/?} = 0,(1). This im-
plies that the eigenvalues of Res, are of the order of 0,(1). It follows that

sup v [Q(BY) T — {Q(BF) + Res,} v

[lvl[2=1

= sup v QBT = {1+ Q(8) 72 Res Q(B) QB T P

loll2=1
< Ama{ QB8 ™ Phunax (1 = {1+ Q(82) 7 Res, Q(52) 72} ) [o]?

= Amax{ Q(B) T HA = Ain[{T + QB 2 Res (B2} 7Y)

_ a1y Amacd Q(8;)?Res, Q(B7) 1}
— >\max{9<ﬂ) }[1+)\max{Q( ) 1/2R68 Q( ) 1/2}]

Furthermore,
Amax{Q(B2) Y2 Res Q(B2) V%)

= sup vT{Q(B7) "V Res,Q(BF) v
llo]l=1

< Amax{Q(ﬁ:)il})‘max{Ress}"UHQ = 0y(1)

Thus sup), 2= v [Q(BF) ™" = {Q(BY) + Ress} v = 0p(1). Therefore,
2{Q(B.) — Q(B)} = —1/nU (B;)"{QB2) + Res } U (B){1 + 0,(1)}
= ——U(5 ) QB TTUBI{L + 0p(1)}-



Proof of Lemma[5 We first consider the true and overfitting situation. By
Lemmashows that |Q(§S) —Q(B)| = (n/2)(Br — BS)TQ(B:)(/B: - Bs)‘{l +
0p(1)}. Theorem [I] shows that [|55 — Bl| = O,{(p2logpa/n)"/?}. And
Assumption [2| indicates that all eigenvalue of (%) is bounded.

QB = QUBII = 582 = BB (B: = BAL + 0,(1)}
A { QB HIBE = Bl {1+ 0,(1)}

<

Q w|3

(7 1og pn).

Then we consider the underfitting situation.

2Q(B.) = 2Q(B2) = 1Y _{Y; — ws(Bo) YV HY; — mil(Bo)} — 2Q(B2)]

= | Z{Y (B + pa(B5) = (B Y VY = (B + pa(B7) — (B} — 2Q(87))

< \Z{uz — B YT a5 = s B} + 20 o (ma82) = (B} Y = (B,

We consider the first term from the above formula. According to Taylor
expansion, there exists a 3, between 8 and B, such that u;(8%) — ;(Bs) =

D;(B) (B — B\s) Then we have

|Z{ﬂz — M ﬁs }TV 1{:“1( ) ﬂz(gs)H
= Z B; = B.)"Di(B)"V, "' Di(B)(8; — B.)
WA (V' % 1187 = Bl x max {u —ZD

llvll?=1

= O,(p2 log py).



Next we consider the second term. Lemma implies that max;{(1/n) > ", |Yi;—
wii (B} = O,(1). Assumptionimplies that maxi{||Di(B)||max||\7i_1||max} =

O,(1). Combining these results, we have

|Z{ul = i B)Y VY = (B

= Z(&;‘ = BT Di(B) VMY = (B}

<|8; BSIIXIIZD BTV = (B}

<|18° ﬁs|><p1/2max|z g Vi Y — (89}

< npy/?||8; — BSHX—ZWHD e Ve i ¥y — i (57)|

< 2255 = Bull % 1011045 s 7 e % o Z ¥ = g ()1}

L {(p3 log p,/n) %},

Proof of Lemma[6. From Assumption [ both Q(8%)~! and Q(8:)~! are

positive definite. The Q(3}.) is a sub-block of Q(5%). We define Q = Q(55)

Q Q -
and define block matrix Q(5) = , where  is a positive definite

Qr Q
dy % dgs matrix and Q a d, x (ds — dr) matrix. For any dp x 1 vector ¢; and
(ds — dp) x 1 vector g, we can show that the matrix M,/ is non-negative

10



definite by the formula below:

T -1

2
¢
=
(e

Lo QT Q 0 0 Lo
b Q1Q(Q — QT OTQ —QIQ - QT | o,
Lo —(Q = QTQ 1) LOTO ! (Q— QTQ10)! L
= (QTQ_lbl — LQ)T(Q — QTQ_IQ)_I(QTQ_lbl — LQ)
> 0.

O

Proof of Lemma[]. Let n, = n~'2W~=Y2(3)U(B). According to Lemma

[52.8] it satisfies the exponential moment condition,

log[E{exp(t'ns) }] < a?|[t][*/2,

with ¢ € R, ||t|]|> < p?logp, and some constant a® > 1. We scale the
vector n as n* = n/a, so that log[E{exp(tTn*)}] < |[t|[?/2 with [[t]] <
{a*p? (log p,)}'/? = axp. Given matrix Byr = WI/Z(B:)MS/T([?:)WUQ(B;)
and Tr(Byr) = d; — d, we define B}, = Byyr/T where T = Anaa(Bs/r).
Therefore Apeq(B7,p) = 1. We scale the quadratic form A7 = A,/ a’t =
(n*)'Bin*. Let Ayr = n'Bn and Al p = A/a*t = (n*)B*n*. Define
Pe = Tv[B*] = (df — d})/7 and V3 = Tr[(B*)?]. Using the inequality
for the trace of matrix product, we obtain Vg < (2P)"? = O(p,). We
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apply the large deviation result from Corollary 4.2 of Spokoiny and Zhilova)

(2013). For 3/2p® > K > V/3,

Pr(Afr > Po + K) < 10.4exp(—K/6).
Choosing K = {(d} — d&)/7Hn/a® — 1} leads to K = O(p, logp,). Given
p* = O(p2logp,) and Vg = Opy(p,). We have 3/2p*> > K > Vg/3. Let
7= (df — d})/(ds — dr). We have

Pr{ max Ay > (d; —d7)v}

s€S,,s#T
< > Pr{Alr > [(d — dp)v/(a®7)]}
s€Sy,s#T
* Tn
< > Pr{Al;>Po+ Pa(—3 = 1)}
se€Sy,s#T

< > Pr{Al;> P+ K}

s€S,,s#T
(ds - dT)% Tn
< 10.4 —_ (= =
< Y 0dep(- BTy
s€Sy,s#T
Pn -
s (ds - dT)T ,Yn
< Y gEimoden(— N )
dSZdT-i-l
pn—dr m' ~
< mz/::l Con-ap 104 exp{——(-3 = 1)}

2
n - 1
<{1+104 exp(_%)}pn—cﬁ .
W

As a? can be chosen as close to 1 as possible with increasing sample
size n, the choices of v, = 6w(1 + 7) log p,, for some v > 0 or v, = 6w(1 +
log log p,,) log p,, lead to lim,, oo (1410.4 exp{—(y,/a*—1)/(6w)})P» 9T = 1.
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This entails Pr{max,cgs, szr Asyr > (df — d7)v} — 0. O

Proof of Lemma[8. First we decompose the difference between d* and c/i; as

follows:

d; — dy =Te{W. (81951 (B) — Wa(B.)2 ' (B:)}
= Tr[{W.(82) — Wa(B) HQ(87) — @ (B}
+ Te[W, (B4 (8) — 5 (B)}]
+ Te[{ WL (82) — Wa(Bs) 1 (By)).

Next we will prove that | Tr[{W,(8) =W, (B:) Y 1(82)]] = Op{(p? log pn/n)"/?}.
Let the subscript [j, k| denote the (j, k)th element of a matrix. The covari-

ance matrix of the score vector can be expressed as

W (B)jwy =n~"Cov{U(B)1, U(B)}

—n ! Z Cov{U;(B)j1, Us(B)m }
i—1

=n"' Y [E{UB)Ui(B)w} — E{U(B) i Y ELU:(B)w }-

i=1

Then we have

{Wa(82) = WalBo) gy =n™" D _IBAUBDm U809 — Us(B)iaUi(Bo)a ]

n

—n ™Y [B{UBY) i YEAUAB) i} — B{U(Ba) y YE{U:(Bo) g }-

=1

13



For the first component, we have

U8 Us(B2w — Ui B Ui (Bo)
= Ui(Bs)[j]{Uz’(B:)[k] - Uz’(gs)[k]} + {Ui(ﬁj)[ﬂ - Ui(ES)[j}}Ui(Bs)[k}
+{Ui(B) — Us(B) i HUAB)wy — Us(Be) g}

From Taylor expansion, there exist a Bs between ! and 35 such that

Ui(B2)) — Ui(Ba) il > U (B2w| = (85 — B U(Ba) (3| < (B
< (187 = Boll x [|U(B)1 % 1U(B2) ]

= O,{(p% log p./n)"?},

where ||8% — B|| = Op{(p2logpn/n)"/?} according to Theorem , and
\Us(B%) | is bounded and each element of p, vector Ui(Bs)Ejl]) is bounded
according to Lemma Similarly we get {U;(5%); — Ui(BS)m}Ui(BS)[k] =
O,p{(p2 log pn/m)"/?} and {U;(82)y) — Us(Be) i HUAB)w — Ui(Bo)w} = Oy

{p} 1og pn/n}. Thus [Us(87) 5 Us( 85 —Us(Be) i Us(Bo)a| = Op{ () log /) 2},
and 1/n 31 [E{U(52) i YEAU(Bw } — EAUAB,)m YE{U: (B )] = Oy

{(p3log p,/n)"/?}. Combining the terms above, we have max; ,{W,(3!) —
WS(B\S)}W] = 0, {(p log p,/n)"/?}. Based on Assumption , all eigenvalues

of matrices W,(5%), WS(ES) and 9;1(35) are bounded. According to Von
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Neumann’s Trace Inequality, we have

| Tr[{Ws(B;) - Ws(ﬁs)}Qs_l(B\S)H
< | Z )‘T{Ws(ﬁz) - Ws(gs)})‘r{Q;1<Bs)}|

= p{(pz logpn/n)l/Q}v
where ), denotes the rth eigenvalues ordered from the least to the greatest.

Next we have

Te[W, (B {5 (85) — Q1(B))}) = Te[Wa(By) Q5 (B {Q4(Bs) — Qu(8) 1051 (82)]

~

= Tr[{0(B.) — (B} (B WL (B (Ba)].

Similarly we obtain max; |[Qs(87) — Qs(gs)][jkﬂ = 0,{(p3 log p,/n)'/?}.
According to Assumption 2, all eigenvalues of Q;l(ﬂ:)WS(B\S)le(BS) are
positive and bounded. This entails | Tr[W,(3,){Q:1(87) — Q71 (B)Y| =
O,{(p> logp,/n)*/?}. Following similar argument, we have | Tr[{W,(3}) —
WL(BIHH(B:) — Q1B = 0p{(p5 logpa/n)*/?}. Combining all the
results above, we have |d:—c/i;| = 0,{(p> log p,/n)'/?}. As all the asymptotic
orders are established uniformly for all model s in the model space, the

consistency result of JS is uniform over the space of all models. m
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S2 Some Technical Lemmas

Lemma S2.1. Let the joint distribution of the observations from the ith
cluster follow a canonical multivariate exponential family with the likelihood
Li(Y;,0;) = exp{zg.n:"l Yii0i — b(6;) + c(Y)}, where 0; = (0i1,0i .. . i) "
Assume the parameter space for 0; is a compact subspace of R"™ with the
true value 07 being an interior point of the parameter space, the func-
tion b(6;) is three times differentiable and bounded on the parameter space
and Yi;s are sub-Gaussian random variables. Under Assumption @ Qi(5),
Ui(B) U,(ﬁ)f;l)], and Ui(ﬁ)le)r] satisfy the cumulant boundedness condition
uniformly for all model s € S and all B in the neighborhood || — BX|| <

(p2 log p,/n)/2.

Proof of Lemma[S2.1. The cumulant generating function of Y; can be for-
mulated as

Cy,(t:) = log E{exp(t; - Y;)}

= log / eXP{Z ti;Yij} eXP{Z 0:;Yi; — b(0;) + c(Yi) }dY;
j=1 J=1
~ log / exp{(D" iy + 0:5)Yi5 — b(6; + ) + c(¥)} exp{b(6; + ) — b(0,) }dY;
j=1
= b(0; +t;) — b(6,),
with b(0;+1t;) = b(0;1+ti1, 0o +tia . . . Oy +tim ). Next we consider the cumu-
lant boundedness condition of U;(8)y. Let [R™1] ;5 be the (4, h) element of
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matrix R~'. We define fi3(8) = {05 (8)" /0B }Ai(B) /2[R~ jny Ain (8)

and N;ﬁ(ﬁ) = {0 (B)T/Gﬁ[k]} Aij(ﬁ)_lﬂ [R_l][jh]Aih(ﬁ)_l/Qﬂih(ﬁ)- We rewrite

Ui(B)x as follows:

U = Vi) ()}
=SS 2O )R A (5) Vi — ()}
o 98w
=33 FRBYa — Fir(B)
j=1 h=1

m 2 il () 0? ~?’f(5)
| @ _ jh - jh
UZ (6>[klr] Z Z aﬁm aﬁ[r] Y;h aﬁ[l] 85[7’] ’

We first consider the cumulant generating function of U;(5)

Cuyp)yy (t) = log Elexp{tU;(8) s }]

= 10g/exp{t SN FEB)Yn — Fin(8)} GXP{Z 0:;Yi; — b(0;) + c(Yi) }dY;

jlhl

log/exp Z{th —i—tz FRB)YYin = b(0; + ) + ¢(V7)]

eXp{tZZ —FI(B) + b(0; + ) — b(6;)}dY;

7j=1 h=1

= b(0; + ) — b(6; —tzz

7=1 h=1

17



with ¢©) = (0 fIE(B) t 320 fi5(B) - t 320 fik(B))T. Similarly we

can calculate the cumulant generating function of U; (5)[;” and Uj; (ﬁ)[klr]

below:
m m a zk
j=1 h=1
m m 82 Nzk(ﬁ)
C e () = bl + @) — b(8,) —t B
e, () = b0+ 17) = b(6) Z;,;aﬁmaﬁm’
] —
with

1 — Za /85[”,1528 B)/0By. - - tZa 8)/08m)",

t® = Z O fi(8)/0BdBy, t Z & f15(8)/0BudBy, - - - »
tz 0% fi% (B)/0Bu0By)"-

From Assumption [3| and Lemma , it is known that ;,";(ﬁ), ;Z,’j(ﬁ),
and their derivatives are uniformly bounded when ||3—8:|| < (p? log p,,/n)'/2.
Thus there exists a positive number b, such that max{||t©||mac, |1 max:
[t@||max } < b|t|. Then we have 9b(0; +t@) /0t < mb||Vb(0; + D) | maz- A
the function b(.) is three times differentiable and bounded on the parameter
space, we have 9b(0; + t))/0t, 9*b(0; + tD)/(0t)? and 3b(0; + tV)/(0t)3

all uniformly bounded. Similarly, we can verify that the Ui(ﬂs)[k], Ui(ﬁs)ﬁl)]

and Ui(ﬁs)@zl)ﬂ satisfy cumulant boundedness condition in Definition .
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Let Vij; be the (j, h) element of matrix ‘7[1. We can rewrite the Q;(5)

as follows:
2Qi(8) = {Y; — (B)}TV,HY; — wi(B)}

{Yi; — 1a;(B) }VijndYin — 1an(8)}

NE
NE

1h

1

<.
Il

NE
Ms

ViinYi;jYin + Vzghuzg(ﬂ)uih(ﬂ) - (V;jh + V;hj)Y;j,Uih(ﬁ)-

1

>
Il
—

J

Next we consider the cumulant generating function of Q;(/3) :

Co,p)(t) = log E[exp{Qi(8)t}]

= log / exp{t Z Z VignYiiYin + Vignptiy(B) pin(B) — (Vign + Ving)Yijrin(8) }

7j=1 h=1

7=1
=) ) Vigntts (B)in(B) + b(0; + 1) — b(6;) + log E{exp(t > > ViV
j=1 h=1 j=1 h=1
Wlth{—( ch 1( zh1+‘/11h),uzl( ) tzh 1( zh2+‘/;2h):u22( ) _ch 1

(Vitan =+ Vimn)ptim (8))". For the last term, we have log E{exp(t 7", >0,
ViinYi;Yin)} < max; ;plog E[exp{th(maXi’j’h|V;jh)|YZ-§}]. If Yi;s are sub-
Gaussian random variables with uniformly bounded mean and variances,

there exist constants b, and b, such that for Vi, j,
max[E{exp(b;Y;})}] < b
2¥}

(Rudelson and Vershynin, 2013). Let b = bs/(m? max;;, [Vijn|), then if
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t| < bs, 0Cq,(s)(t)/0t is bounded. By similar argument, we can prove that

9%Co,5)(t)/(0t)* and 8*Co,(s)(t)/(0t)* are bounded.

Lemma S2.2. Under Assumptions[d - for all 8 in the neighborhood of
118 = B2l < (P2 log pn/n)Y/2, Ay (B) are uniformly bounded away from zero
and infinity as n — oo. Furthermore, |0Ay;(5)/08|, |0>Ai;(8)/08wdBul;
A5 2B, 10A52(8)/ 98y, 102 A5 (8) /08Bl i (B)], 19A:5(8) /0By,
|35 (B)], 10135(B)/ 0B, 10°145(B) /0By OBu ], 10°1i5(8) /0B 0B 0By | are
all uniformly bounded for all i € {1,2...n}, j € {1,2...m}, k,L,r €

{1,2...p,}.

Proof of Lemma[S2.9. We first consider the boundedness of the third deriva-
tive of p1;5(8). As [0®pni(B) /0Bw0Bn0Bm| = XineXinXijr0®g{(i(6)}
OG5 (B)} and 9%g1{C;(B5)} /10C,(B5)} is bounded and continuous,
therefore |0°11i;(8) /98195108y is bounded for ||3—57|| < (p}, log p,/n)"/>.
Similarly we can also prove the boundedness of |i;(8)], 94;(8)/88,
|0%135(8)/ 0By 0By |. Furthermore, 9°A;(8)/ 08 0B8n= [0v{pi;(8)}/Opi; (B)]

(021135(8)/ 0B 0Bu) +[0*v {5 (8)} /{0135 (B)}?] [O15(8) /0B [O1i5(8)/ OByw]
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and
02 A;%(8) /081 0By
= (3/4)A;”%(8)[0A;(8) /0B [0A;(8) /9By
— (1/2)A;*()[0*Aij(8) /0By 0By
are also bounded. Similarly we can prove the boundedness of the other

terms. n

Let B and B denote d, x m matrices. Let Dgl)(ﬁ,B,B) be an m X
d, matrix and its jth row and kth column entry is Dgl)(ﬁ,B,B)[jk] =
(8 — B)T{0?1i(Byy)/ 0BwOB}. Let DZ@)(B,E,B,E) be an m X ds ma-
trix with the jth row and kth column entry as DZ@) (8, 5, B, E)[jk] =(6—
BYNO i (B13) /081 DBOBT Y (Brsy = B).
Lemma S2.3. Let B} = (8%, 5% ...8%). Under Assumptions (1] - |4, for all
model s € S, i € {1,2...n}, there exist d, x m matrices B*, B B and
BPi such that each column of these four matrices is between B, and Bi and

they satisfy:

-~

i) — 1(52) = DUB)B— 52 + 5D B 52, BB~ 57); (52.)

a(52) — a(Be) = DuBIB; — Bo) + 5 DO (82, By BEVE: — B (52.2)
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Di(B,) = Dy(BZ) + DV (B, Bz, BP); (52.3)

DBz, By, B, Bi) = DMV (B2, By, BE) — DMV (82, By, BY).  (S2.4)

The maz norms of the matrices have the following uniform bounds for all

model s € S, i€ {1,2...n}:

1D (Bsy B, BE) | [max = Op{ (9% log pa/n) 2},

DX (B2, By BE)|lmase = Opf (92 10g pn /) 12},

1D (Bs, B2, BP)lamax = Op{ (02 log pa /)23,

1D (B2, By B, BE)||max = Op(p2 10g pu/n).

Proof of Lemma [S2.3. From Taylor expansion, there exists a 35 between

B and B, such that

Ay ey OG(BY) o e Ls o rPu(BY) 5
MZJ(BS) N”L](/Bs) - a/BT (/88 /Bs) + 2(65 Bs) 8/88671 (BS Bs)
(S2.5)
Let Bt = (pti gtz . Bm) and each column of B is between £ and
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35. Define

(Bs — B2)T{0%ua (B1)/0BOBT}

5 Be — 1) {0 wia(B2) | 0BOB"
DM (B,, 87, B = (Bs = B)" {9 iz (6572)/0BOB™ }

(B — BT {0 uam (B1) | 05057Y

Then Equation (S2.5) can be reformulated as

~

B — wa52) = D) B — 82) + 5 DB 62, B B — B2)
Similarly if we perform Taylor Expansion at ui(@), we obtain
ui(85) — ws(B) = DB)(; — Bo) + 5D (82, By BEY(S: — o)

By similar argument, there exists a ﬁf Y between [ and BS such that

Ops;(Be) 0By = Opis (B2)/08u + (Be — B {01s(8Y) /0B 0B} Define

BDi = (pPa gPi2  BPim) and we can reformulate the equation above as

Di(B,) = Di(B:) + DIV (By, B2, B77).

According to Taylor Expansion, there exists a 85 between B¢ and (5" such

that
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D82, By B — D82 B B

0% 115 ( M”) 707135 (B%)
= (8 53) M(ﬁfm — 8.
85 8536T 5 5

Define B = (pfi ghiz  BFim) Then the equation above can be simpli-

fied as
DP(B:, By, BE, B) = DIV(B2, B, BH) — DIV (B2, Bs, BY).

Next we estimate the orders of D( (ﬂs,ﬁs,B“Z) and D @ (Bs,ﬁsBﬁi, B).

According to Cauchy-Schwarz inequality, we have

7015 (85) = O i (B€7)

|_DZ(1)(BS7B:JB§”)[J'I€}|:|(BS s) aﬁ aﬁ ’SHﬁs—BSHXH

Here [|0%155(8L") /081 9BI| = [0, {07 (BE”) /08108y " 1/? = Op(pi®).
Thus D" (ﬁs,ﬁs,ﬂ“’)bk] O,(p*[|82 — Bs||), for all i, j, and s. Similarly

we have

~ ~ Fis m
1D (82, By BE, Bl = (57 — B) %(3& ~5)

o5 — Bl B — e 2
—an/BS ﬁSH X H S B H X Haﬁ 8586T’|max

= O,(p; log pn/n).
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Lemma S2.4. Let 8, S, 55, Bs and every column of B; be a dy x 1 vector
that falls within a (p? log p,/n)"? neighborhood of B, i =1,2...n. Under

Assumptions |1| - |4, for any unit vector ||[v||?> =1 and any model s € S, we

have the following bounds:

llvl]?=1

max UT{% > DB D)} = O(1),

1 & . .
max UT{E Z Dgl)(ﬁsu 657 Bi)TDZ(l)(ﬁsa ﬁs; Bz)}v = Op(pi logpn/n)a
i=1

llvl]?=1

max o (- S DAY ViR DO (B B B Yo = O, (o pufr) ).
=1

[lvl[*=1

Proof of Lemma[S52.4. First we have the following bound:

1 < 1
max [vf =% 7 Di(B) " Di(Bo)v| = max [l > X Ai(B) Xl
i=1 =1

[lvl[2=1 [lvl[2=1

1 n
< A; 2 max 1 XTXZ 2
< max Amax{ Ai ()"} A {n; i X[l
1 n
< max{ Ay ()" Pmax{ > XXl
’ i=1

= 0(1).

As 11;5(8s) is differentiable to the third order, we rewrite 9%p;;(3s) /08081 =
{8A,~j(6s)/855}X5. Here {OA;;(Bs)/00s} is a dsx 1 column vector and Xg; is

a 1xds row vector. We have Dfl)(ﬁs, Bs, B)j) = (ﬂS—Bs)T{(?Quij(B[J])/@Bs@ﬁg} =
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(B — Bs)T{OA;(By)/0B:} X5 Therefore we have

(Bs — Bs)"{OA1(Bpy) /0B } XE

DY (Bs, By, B) = (Bs = Bo)T{ONia(Byay) /05, } Xy

| (Bs = B) " {0Nim(Bymy) 08,3 X3, |
Let diagfL,{(Bs — Bo)T[0{Ai;(B:)}/0B3,]} represent a diagonal matrix with
the jth diagonal entry equal to (fs — BS)T[a{Aij(ﬁs)}/(?Bs]. Then we can
reformat D{"(8,, B, B) = diag} {(Bs — 3.)T[0{A;;(8,)}/9B)}X;. From
Assumption [ we have the boundedness of Apax{n ™' 37, X7 X;}. This
entails

max 171 zn;DE”ws,Bs? B DY (3, Ao B0

71 7 ONi; (B 1)

= max |[v’ — Xsza R
I[v]|2= 1‘ n; gj 1{( ) aﬁs

aAw< Z[J] T 2
a5, }}Amax E X Xi)[|vl|
8/\1](

J]) 1 A
9By P Z XX)

=1

e
< max Amax{diagiL, {(8; — B5)"

< n}gX{( — BT

y ONi; (B 51) 1 —
< — B2 hutalel A S ) AT - Ty
<85 — Bsl] xrggx{H 98, | }xAmax<n ;1 X; Xi)
< ||Bs = Bs|[* X pn x max[{ —2 N A (— Y XT X
| | nl(—55, ) <n2 )

= 0,(p} log pn/n);
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n

max IUT% Di(BS)T%(gs)_ngl)(ﬁs,BS>B¢)U|

[lvf]?=1

i=1
1 : ~ . = O\ (B
= max o2 > XTA(B)Vi(B) ™ diag; { (B, - ﬁs)T%}Xﬂﬂ
- i=1 s
. ~ - 7 ONi; (B
< (A (B} > mas e Vi(3) 1} mas{ (8, — )7 ),
1,] K3 1,7 s
1 n
X Amax(;ZXlTXl) X HUHQ
=1
i Oy ( By,
< 18, — Al x max || 225 Py o)
&J aﬁs
v ON;( By
<118, — Al x (01/2) x mae | 22550y o o
bk By
— 0,9 log pu /).
]

Lemma S2.5. Under Assumption [1] - [{, the estimated inverse working
covariance matrices can be decomposed into the sum of several matrices of
the same dimension V;(B,)™* = V1 (82) + V(B., B2) + VP (B., B2, BY),
where B = (pAu ... pAim) and each B j = 1,...,m, is a vector
between B, and B Let ViV (B, B2, B) = VIV (B, 82) + Vi? (B., B2, BLY).
The bounds

Vi (B Bl = Op{ (P Jog /)23,

VD (B,, B2, BAY

lmax = Op{ (P} log p/m)' /23,

IV (B,, B2, B4)

|max = Op{pi lngn/n}
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are uniformly held for all model s € S, andi=1,2...n

Proof of Lemma[S2.5. According to Taylor expansion, there exists a B
between B\S and 37 such that

814_1/2(/8*) 1 ~ 8214_1/2(/3;4”) R
1/2 1/2 ij s - T ij %
(ﬁs) - z (ﬁ ) (58 ﬁs) aﬁ +2(ﬁs Bs) (9ﬁ3ﬁT (58 ﬁs)

For the jth row and hAth column of matrix v;l(Bs) — V7Y(BY), we apply

the formula above and obtain

Vi (Bs) = Vi (B))um = A P (BOIR um AP (Be) — A2 (B[R um A2 (87)

. . oA (B DAL (B
= (B = B IR A2 T g Py

R ) ~ 92A 71/2(68 LOT T . 92 A2 5;42"1
+ B B (R a5 A, 1/2<@5>W Y PCARA R L

) DA (82) 0AT 2 (BY) -

Denote the first term in the expansion as V}”(ES, B%)n and the remaining
three terms as V;(z) (BS, 3%, B24) ;). Based on the Cauchy-Schwarz inequality,

the bounds determined in Lemma and Assumption [2, we have

VY (Bay B2 |

_ B DA B A
<8, — 21 M £ 200y 28 ) 4 g a0y
e : R N2 T O NV 8Az~7f/2(6;“)

Op(p/ 1185 — 5211)

L { (02 log pa/n) '/}
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and

3 8214‘_1/2 Ain,
VO B2, BVl < 1B, — 21 plf? mass IR (54 W&‘)W
1 8214;1/2 ;4ij A 1/2 aA_l/Q R R
A g aﬁ[l(ﬁ) B - )l + 018, — BIF)

. ‘12 L —1/2 *
< 1B — BEIP * prmancmac (R {5 4 2(52) 9810501

8214;1/2(6;41]) 8A;1/2(ﬁ ) aA h1/2(6 )
) ) i O ) “113
DT

= 0, (|85 — B> X pn) = Op(p2 log pn/n).

1 -
+ A5

Lemma S2.6. Under Assumptions[]] - [4 for all model s € S,

max—z Yij — 145 (B)| = Op(1).

Proof of Lemma[S52.6. First we consider the true and overfitting models
s € S;. AsYj;’s are independent and their variances are uniformly bounded,

we have
var{|Yy; — pi; (B} = B{|Y; — pi; (801} — [E{[Y:j — pi; (B}
E[{Yi; — i (80)}?] = var(Yy)

< by.

By the Law of Large Numbers,

_Zlyw i (B ZE‘HY%J 1ii (B[}
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Furthermore,
1< 1<
- ZE{IYij —ni (BN} = o > E{Y; - pi(8)) + 1]
i i=1
{Z var(Yy;) + 1}

< (b +1)/2.
Forall j =1,2,...,m, we have n™t Y " | |Y;; — pi;(85)] = O,(1).
For underfitting models s € S_, Lemma implies that both 1;;(57})
and p;;(87) are bounded. Thus n=t 37" | |wi;(85) — wij(B2)] = O(1). For
J=12,..om,wehave n™ 330 Vi — i (B7)] < 7t 300 [Yij—pai (B7) |+

nTt 30 i (BT) — pig (B2)| = Op(1). =

Lemma S2.7. Under Assumptions([1] -[4, for the true and overfitting mod-

els,

Z{uz — w(B)Y VI HY: = i(Bo)} = nl18: = Bil[Po,(D),

where the o,(1) term holds for all models s € S,

Proof of Lemma[S2.7. From Equation (52.2)) of Lemma [S2.3] we have
Z{Mz — pi( Bs)}TV HY - Nz(ﬁs)}

—Z{D (B)(B: = Bs) + D“(ﬂs,ﬁs,BM)(ﬁ — BOYVHY — p(Ba)}

= (B =B Z Di(B) (Vi = Vi(Bo) ™+ Vi) T HY: — (B}
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(87 = B)TS DB, By BEY U Y: — 1i(B)}

i=1

41

2
— (G -B)" Z DiBNT{V = ViR HY: - i)

+(8: = B)"U(B,)

+ 508 -3 ZD (81 B BV Y= B}

= (5: - 6S)T ZDi(ﬂs)T{‘/i_l - V;(B\S)il}{y; - M@(B\s)}

)—l

+5(8; = B) ZD (85, Be BEYTVHY: = na(Bo)}
= Res; + Ress.

We expand the residual terms as follows.

Resy = (5% — 5" Z DABYTT — ViB) Y - (B

(- AT Z DABYT — ViB Y, — (8}

- BT Z DB AT — Vi (B (5 — (B}

(G- B Z DB T — (V) 4 (V) — ViR 1Y — ) + Resn
= Resn 4 (8~ B0 S DB (T — (V)Y - m(B)

(BT Z DB VB — (V) 1Y~ (500}

= Resi; + Resip — Resys.
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The first term can be further decomposed:

Resi = (8 — B)" 3 DB (V" = Vi(B) (B2 - (B}

i=1

DM (BE, Bay BEYY(B: — Bs)

DO | —

= (B2 = 3" 30 DBV = VilBo) T HDi(By) +

= (8 = BT Di(B){V, T = Vi(B) T Di(B) (B — B)

=1

(82— BT Di(B)TV, DO (B, B, BE)(BE — B)
=1

N —

+
— 55 = BT S. DUBYVB) " D (82, By BEY(E: - )
=1

= Resi11 + Resqia + Resqis.

We obtain the bounds for each of the residual terms:

[Resin| = (87 = Bo)" D> Di(Bo)"{V, ! = Vi(B) '} DilBo) (8] — By

i=1

< nmax{ A V; 7 = Vi(Be) " H, Pain V! = Vi(B) T}

x (8~ BT Zli@)TDi(@)(ﬁ: -5

< 0|82 = Bl I* x max{Amaxc{ V" = Vi(Be) 7}, Panin AV, = Vi(B) 7' H}
<Nl Z Di(B)"Di(Au)}

= n||8% — Bl POp{(12 log pu /) "%},
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[2Resna| = [(8; = B.)" Z Di(By)" VDY (87, B, BE)(8: = B
= [n(B8; — B,)" ZDl (B3, Bey BIY'V Di(B,) (85 — Byl
< nl|p; /68||2“nhgxl{v —ZDl (8, B, BE)'V Di(B)v}

= nl|8; = Byl PO { () log pu/n)"*}.

Following the same technique on Resji2, we obtain |Resji3| = nl||8F —

Ba|I20,{(p? log p,/n)"/2}. Applying Lemma and to Resp2, we have

Resyy = (B — B, TZD B (Vi = (V) s — (80}
= (8, - B.)" ;{Diwzf + DIV (B, 87, BPYHV™ (Br. B7)
V2 (Br, B, B ) HY: — (80}
= (6: - B.) Z{D DTV B, B1) + Di(B)V;P (Br, By, BiY)
DY (B, 82, BPY'V.Y (Br, By) + DV (B, B, B2 V2 (Bp, B, B VHY: — mal(B7)}

= Resjo1 + Resios + Resiog3 + Resioy.

For Resyo1, define the dy x 1 vector I' = Y D;(B)TVIY (B, BE){Y; —
wi(B)}. Resia can be reformulated as (B\S — 85)IT. The kth element of T

is denoted as I'y. The kth row of D;(8:)" is denoted as [D;(55)" ]k,
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n

T = > [D:(8) g Vit (B, B){Y: — il B5)}
=1

=3NS DB e Vi Br. By Y — 1 (B2}

n m 7: R 1 ) Ai1/2 }
- ZZZDi(ﬁs)[ﬂc](ﬁF — B3 IR { A" (BF)UT(B)
—1/2
b a7 v F)}{ — (80}

= (Br — @P)Tﬂk(ﬁi)-

Note that for true and overfitting model, u;(85) = p;(8%). Here I (8%) =
Sty S 5 DB om R A (B0 AG(82)/08} + A5 (82)
{814;31/2(5:) /OB Y5 —1i5(8%)} represents a d,x 1 vector. The rth element

of I (5%) is denoted as I, (8%). Then we have

" _ 0A;"*(82)
(8 ZZDz i By { A, 1/2( S)T
i=1 j=1 j=1 [r]
_ 0AZ*(57)
+ A58 — g5 = MY — (B}

Given that E[Y;] = pu;(8%), then E[n 'L, ()] = 0. According to
Lemma , A;}/ ?(87) and its first derivative are uniformly bounded for

all 7, h and all model s. Therefore there exists a by for all model s such
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fazt g2

._1/2 . a14—71/2 *
%é_;ﬁs) ;e 2 By cony v < B

{A57(82) 5
According to Chebyshev’s inequality,

n

1
p2logp,

1 . b
Pr{|= T4 (8))] = (242 logpa)2} <
When p,, — 00, according to Bonferroni inequality,

P2

1 . b B
Primax | T (5))| > (17 logpa)?} < i = (logpa) ™ =0,

log pn

Or equivalently we have

max |, (B7)] = Op{ (¢}, log pa)'/*}.
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According to Cauchy-Schwarz inequality

[Resin| < 118, = 8211 x [IT1] < py/* x |[B, — B2l x max Ty,

[Tl < 1185 = B2l < NIl < 9/ < (18, = B2 x maxc [TL,(87)] = |18 — B211Op{ (P Log pa) /2.

Therefore we have

|Resion] = n||Bs — 2|2 x O {(p* log p,/n)"/?}.

For the term Resiss, Lemma implies that the largest elements

of matrix |[V;* (Br, B Ba)|Imax is Op(p3 log pp/n). Lemma implies
that all elements from D;(8}) are bounded. Lemma demonstrates that
o 1Y — 14 (8%)|/n are bounded for all j € {1,2...m}. Therefore we

have

n

|Resiza| = (B = 8)" > Di(B2) Vi (Br, By, BEO{Y: — (B}
i=1

n

< nl|B, - B|!><|IHZD1 B V2 (Br, B BEOAY: — ms(BY
=1

n

< b PI1B. — 521 % s |- S IDAB gV B B BENY: — (B

i=1

< npy 2|18, = 8211 % ml| Dy B lmax Vi (Br, B3, Bir') — i (B}

21]1

< 2B = B2 5 D V2 B B B s S 3719, )1
i=1
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O(npY/)||Bs — B21| x |1V, (B, By, Bp)

= O(npy/*p3 log pa/n)||Bs — B2
= nl|B, — B;IPO,{ (1], log pa/n)"?}.
Similarly we can estimate the orders of Resio3 and Resqoq.
Resios = (Bs — 807> DIV(B, B2, BPY VY (Br, Bp){Yi — (B2}
i=1
<18, = B2l < 11> DV (Ba, B2, BPY' VO (Br, B3 (Y — i B}

< (1B, = Bl x pi/* x max| Y~ DI By, 82, BP VY (B, B (Y — ma( B}
i=1
< 11Be = 820 % il < 1D B B2 B Mlaws X 1V (B B3 e x 1 max Y [Vig = g (8)
i=1

= O(npY?) x ||Bs = 57| % [|DIV(Bs, B2, BP))||lmax X Op{(p? log pn/n)"/?}

= n||Bs — BZ]1POp{ (15 log pu /) "%}

Resiz = (B, ZDl (Be: B3, BPY'V2 (Br, By, B (Y — i)}

< 1By = B21P2DM (Bs B2, BP) lmax X |1V, (Br, B, B

i — i (BY)]

i=1
= O {np}/*}1Bs = BII[* < [1Br — B
= nl|3, — B:IPOp (P log pa/n}.
According to Lemma/[$S2.5, both % —‘A/l| |max and ||V;*—V;(Bs)||mlx have

the same order. Similar to |Resis|, we have |Resi3| = n||f — B\S‘|2Op(1).
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Next we analyze the other residual terms.

n

2Resy = (B; — B)" > DI (1, Be, BEY'VHY: — 1(B0)}
=1
= (B; = B)" Y DIV (B, By BI)VHY: = ua(B2) + pa(B87) — il Bo)}
=1
= (87 = B> DIV(B;, Bey BEYTV,HY: — il B7)}
=1

+ (8 =BT DB, Bey BEYTV pa(B7) — pi(B)}
=1

= Ress; + Resoys.

Resy = (B — BT DI (B2, Bo, BV HY: — (B0}

=1

= (8 = BT Y _{DV(8:, Bs, BY) + DP(BE, By, B, BT

=1
(Vi Be) + VY (B, By BAYHY: — (8}
= (81— B)" Y DM (B, B, BV (By) + D (B2, By, B, BRI (Br)

=1
+ DI (87, By, BV (B, By, BY) + D57, By, BY, BE YV (B, B, BA)HY: — mi(57)}
= R€8211 + R65212 + R68213 + R68214.

By similar arguments as above, we are able to show Ressi1, Resgis,
Resaiz, and Resgyy are all of the order n||§s — B%][?0p(1). For Resas, there

exists a Bs between ﬁ: and B\S such that Mz(ﬁ:) - ,uz(gs) = Dz(Bs)(ﬁZ o Bs)
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This entails

n

|Resgn| = [(Bs — BT DIV (B2, Be, BTV {pa(B2) — i)}

=1

= (8 = BT D (BE, B, BEYTV, T Di(B) (B — B
=1

= [n(B; - @)T% > D(B;, B, BIYV T Di(B,) (8] — By
=1

* ) 1 - x 70 NT T — 2
< nl|B: = Bil* max {v"=>" DM (B, B, BTV, Di(Bo)v}
=1

lWlP=1" 1
= |7 = BulFOu{ (9] log pu /) 12},
Combining all the orders for each of the terms, results in the lemma follows.

O

Lemma S2.8. For s € Sy, let n = n Y2W (8723 " Ui(B:). The
random vectors Uy(BY),Us(BY), ..., Un(B%) are independently distributed
random wvectors of dimension ds with zero mean and satisfy the cumulant
boundedness condition. Under Assumptz’ons -l log Elet ) < a?tTt/2 for

1t]1? < p? log p,, and some constant a® > 1.

Proof of LemmaSZ8 For s € S, E{UL(3)} = BID(3) TV (Y pu(37)}] =
0. Let W; = Cov{U;(BX)} be the covariance matrix of U;(5%) and W =

>+ Wi/n. The cumulant generating function of U is
Cuigae (1) = log E{e!" Vi3D}

= C(0) + tTCM(0) + %tTCov{Ui(ﬁ:)}t + % >ttt O,

Irk
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with a ¢* such that [|t*]| < [[t]|. Let m = n~Y23"" Ui(B?), then the

cumulant generating function of n; is

Z Cuis n1/2

1 t*
T * ®3)
= E‘l{%t Cov{U;(B2)}t + ) 6n3/2t’t’”t’“o““’“(n1/2>}

lrk

=y + Ch.
First, C| can be simplified as Cy = $¢7{2 3" | Cov(U;) }t = 5T (£ 370, W)t =
stTWt. Next, Cs has the bound as follows:

c be pallt|?
C< o 1/2p3/2!| 1P = 5 (=) I = Opl{pn log pa/n} ] [t = op(1)[[¢]]*.

This entails

1
C(t) < 5a?tTWt,

for some a with a® > 1 and |[t|| < {(p? logp,)"/?}. Let n = W~'/2p;, then

the cumulant generating function of 7 is log E[e!" "] < a2t7t/2. O
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SIMULATION RESULTS

We conduct additional simulations on clustered binary responses and
clustered Gaussian responses. Table[l|and [2|illustrate the simulation results
of QIC and GIC for binary and Gaussian responses under 100 simulated
datasets. We let the multiplicative factor ¢ to vary from 1 to 4 and examine
the PSR and FDR under different values of c. It is observed that when ¢ = 1,
or 2, the proposed GIC achieves high PSR and low FDR. In comparison,
when c¢ increases to 3 or 4, the GIC has much lower PSR. Table |3| provides
additional simulation results for binary and Gaussian responses with the
cluster size m = 20. The performance of the proposed GIC improves with

higher PSR and lower FDR with larger cluster size.
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Table 1: The PSR and FDR of GIC and QIC for Binary Response under different valus

of the multiplicative factor ¢

n 1000 p 1000 n 1000 p 500 n 500 p 500

mean std mean std mean std mean std mean std mean std

PSR PSR FDR FDR PSR PSR FDR FDR PSR PSR FDR FDR
QIC(I) 1.0000 0.0000 0.7093 0.0241 1.0000 0.0000 0.4984 0.0585 0.9974 0.0084 0.5677 .0735
QIC(E) 1.0000 0.0000 0.7099 0.0241 1.0000 0.0000 0.4988 0.0582 0.9974 0.0084 0.5677 .0735
QIC(A) 1.0000 0.0000 0.7093 0.0241 1.0000 0.0000 0.4984 0.0585 0.9974 0.0084 0.5677 .0735
QIC(U) 1.0000 0.0000 0.7234 0.0179 1.0000 0.0000 0.5151 0.0707 0.9976 0.0082 0.6163 L0677
GIC(I,c=1) 0.9982 0.0081 0.0596 0.0476 0.9988 0.0069 0.1194 0.0932 0.9182 0.0710 0.0250 .0548
GIC(I,c=2) 0.9554 0.0552 0.0012 0.0065 0.9822 0.0339 0.0147 0.0233 0.7378 0.0881 0.0000 .0000
GIC(I,c=3) 0.8398 0.0854 0.0000 0.0000 0.9317 0.0898 0.0018 0.0068 0.6288 0.0794 0.0000 .0000
GIC(I,c=4) 0.7568 0.0802 0.0000 0.0000 0.8566 0.1222 0.0008 0.0047 0.5524 0.0906 0.0000 .0000
GIC(E,c=1) 0.9982 0.0081 0.0574 0.0454 0.9986 0.0071 0.1217 0.0939 0.9194 0.0715 0.0265 .0561
GIC(E,c=2) 0.9554 0.0552 0.0012 0.0065 0.9822 0.0339 0.0147 0.0233 0.7410 0.0880 0.0000 .0000
GIC(E,c=3) 0.8414 0.0858 0.0000 0.0000 0.9323 0.0900 0.0018 0.0068 0.6316 0.0833 0.0000 .0000
GIC(E,c=4) 0.7560 0.0810 0.0000 0.0000 0.8592 0.1211 0.0006 0.0043 0.5546 0.0906 0.0000 .0000
GIC(A,c=1) 0.9980 0.0083 0.0584 0.0471 0.9988 0.0069 0.1168 0.0915 0.9180 0.0708 0.0246 .0550
GIC(A,c=2) 0.9554 0.0552 0.0014 0.0068 0.9822 0.0339 0.0146 0.0230 0.7378 0.0881 0.0000 .0000
GIC(A,c=3) 0.8414 0.0837 0.0000 0.0000 0.9317 0.0898 0.0023 0.0088 0.6278 0.0784 0.0000 .0000
GIC(A,c=4) 0.7568 0.0802 0.0000 0.0000 0.8558 0.1215 0.0008 0.0047 0.5536 0.0910 0.0000 .0000
GIC(U,c=1) 0.9990 0.0066 0.0445 0.0399 0.9998 0.0020 0.0990 0.0885 0.9498 0.0538 0.0242 .0381
GIC(U,c=2) 0.9820 0.0296 0.0017 0.0085 0.9911 0.0200 0.0098 0.0193 0.7978 0.0848 0.0000 .0000
GIC(U,c=3) 0.9060 0.0773 0.0000 0.0000 0.9588 0.0651 0.0025 0.0085 0.6782 0.0909 0.0000 .0000
GIC(U,c=4) 0.8146 0.0820 0.0000 0.0000 0.9143 0.0969 0.0006 0.0034 0.6094 0.0841 0.0000 .0000

The true parameters size dp is 50 and the cluster size m is 10. For working correlations,

represents exchangeable, " A” represents AR1, and ”U” represents unstructured.
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Table 2: The PSR and FDR of GIC and QIC for Gaussian Response under different

valus of the multiplicative factor ¢

n 1000 p 1000 n 1000 p 500 n 500 p 500

mean std mean std mean std mean std mean std mean std

PSR PSR FDR FDR PSR PSR FDR FDR PSR PSR FDR FDR
QIC(I) 1.0000 0.0000 0.6937 0.0326 1.0000 0.0000 0.5308 0.0652 1.0000 0.0000 0.5401 .0607
QIC(E) 1.0000 0.0000 0.6937 0.0326 1.0000 0.0000 0.5381 0.0648 1.0000 0.0000 0.5395 .0599
QIC(A) 1.0000 0.0000 0.6937 0.0326 1.0000 0.0000 0.5308 0.0652 1.0000 0.0000 0.5401 .0607
QIC(U) 1.0000 0.0000 0.7281 0.0136 1.0000 0.0000 0.7077 0.0354 1.0000 0.0000 0.7109 .0324
GIC(I,c=1) 1.0000 0.0000 0.1077 0.0460 1.0000 0.0000 0.0784 0.0415 1.0000 0.0000 0.0871 .0449
GIC(I,c=2) 1.0000 0.0000 0.0012 0.0047 1.0000 0.0000 0.0024 0.0065 1.0000 0.0000 0.0008 .0038
GIC(I,c=3) 1.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0004 0.0028 1.0000 0.0000 0.0000 .0000
GIC(I,c=4) 1.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 .0000
GIC(E,c=1) 1.0000 0.0000 0.0961 0.0511 1.0000 0.0000 0.0709 0.0404 1.0000 0.0000 0.0705 .0450
GIC(E,c=2) 1.0000 0.0000 0.0028 0.0095 1.0000 0.0000 0.0024 0.0065 1.0000 0.0000 0.0015 .0065
GIC(E,c=3) 1.0000 0.0000 0.0004 0.0028 1.0000 0.0000 0.0004 0.0028 1.0000 0.0000 0.0000 .0000
GIC(E,c=4) 1.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 .0000
GIC(A,c=1) 1.0000 0.0000 0.1073 0.0471 1.0000 0.0000 0.0784 0.0415 1.0000 0.0000 0.0860 .0461
GIC(A,c=2) 1.0000 0.0000 0.0012 0.0047 1.0000 0.0000 0.0024 0.0065 1.0000 0.0000 0.0008 .0038
GIC(A,c=3) 1.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0004 0.0028 1.0000 0.0000 0.0000 .0000
GIC(A,c=4) 1.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 .0000
GIC(U,c=1) 1.0000 0.0000 0.0226 0.0295 1.0000 0.0000 0.0116 0.0220 1.0000 0.0000 0.0272 .0355
GIC(U,c=2) 1.0000 0.0000 0.0012 0.0047 1.0000 0.0000 0.0012 0.0047 1.0000 0.0000 0.0004 .0027
GIC(U,c=3) 1.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0004 0.0028 1.0000 0.0000 0.0000 .0000
GIC(U,c=4) 1.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 .0000

The true parameters size dp is 50 and the cluster size m is 10. For working correlations,

represents exchangeable, " A” represents AR1, and ”U” represents unstructured.
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Table 3: The PSR and FDR of GIC and QIC for Binary and Gaussian Responses with

the cluster size m = 20

Binary Gaussian
n 500 p 500 n 500 p 500

mean std mean std mean std mean std

PSR PSR FDR FDR PSR PSR FDR FDR
QIC(I) 1.0000 0.0000 0.5482 0.0629 1.0000 0.0000 0.5262 0.0628
QIC(E) 1.0000 0.0000 0.5490 0.0634 1.0000 0.0000 0.5262 0.0628
QIC(A) 1.0000 0.0000 0.5490 0.0634 1.0000 0.0000 0.5262 0.0628
QIC(U) 1.0000 0.0000 0.5978 0.0553 1.0000 0.0000 0.7294 0.0207
GIC(I,c=1) 0.9986 0.0051 0.0452 0.0375 1.0000 0.0000 0.0779 0.0406
GIC(I,c=2) 0.9708 0.0380 0.0019 0.0070 1.0000 0.0000 0.0036 0.0086
GIC(I,c=3) 0.8952 0.0755 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000
GIC(I,c=4) 0.7966 0.1006 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000
GIC(E,c=1) 0.9986 0.0051 0.0456 0.0375 1.0000 0.0000 0.0775 0.0409
GIC(E,c=2) 0.9710 0.0379 0.0019 0.0070 1.0000 0.0000 0.0036 0.0086
GIC(E,c=3) 0.8952 0.0755 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000
GIC(E,c=4) 0.7966 0.1006 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000
GIC(A,c=1) 0.9986 0.0051 0.0448 0.0375 1.0000 0.0000 0.0789 0.0411
GIC(A,c=2) 0.9706 0.0379 0.0019 0.0070 1.0000 0.0000 0.0032 0.0083
GIC(A,c=3) 0.8952 0.0755 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000
GIC(A,c=4) 0.7966 0.1006 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000
GIC(U,c=1) 0.9992 0.0039 0.0346 0.0370 1.0000 0.0000 0.0147 0.0292
GIC(U,c=2) 0.9916 0.0187 0.0020 0.0065 1.0000 0.0000 0.0016 0.0067
GIC(U,c=3) 0.9562 0.0525 0.0004 0.0028 1.0000 0.0000 0.0000 0.0000
GIC(U,c=4) 0.9012 0.0733 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000

The true parameters size dp is 50 and the cluster size m is 20. For working correlations, "1” represents independent, ” E”

represents exchangeable, " A” represents AR1, and ”U” represents unstructured.

44



	Proofs of Lemmas 1 - 7
	Some Technical Lemmas

