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Abstract: This paper discusses the problem of fitting a parametric model to the
nonparametric component in partially linear regression models when covariates in
parametric and nonparametric parts are subject to Berkson measurement errors.
The proposed test is based on the supremum of a martingale transform of a certain
partial sum process of calibrated residuals. The asymptotic null distribution of
this transformed process is shown to be the same as that of a time transformed
standard Brownian motion. Consistency of this sequence of tests against some fixed
alternatives and asymptotic power under some local nonparametric alternatives
are also discussed. A simulation study is conducted to assess the finite sample
performance of the proposed test. A Monte Carlo power comparison with some
existing tests shows some superiority of the proposed test at the chosen alternatives.
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1. Introduction

In this paper, we are interested in developing a lack-of-fit test for checking if
the nonparametric component takes on a parametric form in the partially linear
regression model with Berkson measurement errors. More precisely, in the model
under consideration one observes (S, Z,Y’) obeying the relations

Y=FX+gT)+e, X=Z+& T=S5+n, (1.1)

where X is a p-dimensional random vector, T' is a scalar random variable, 3
is an unknown p-dimensional vector of regression parameters, and ¢ is an un-
known real-valued measurable function. The random variables (r.v.’s) { and n
are p-dimensional and 1-dimensional measurement errors, respectively. All r.v.’s
,(Z,8), & and n are assumed to be mutually independent, with €, n having zero
means, finite variances, and & having zero mean and known covariance matrix
Y¢. The distributions of € and £ are assumed to be otherwise unknown, while
that of n is assumed to be known. Under these assumptions, the above model is
identifiable and the covariance of X and T is the same as that of Z and S. See
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Hu and Schennachl| (2008)) for more on identifiability in Berkson and other non-
classical measurement error models. A discussion on the availability of density
function or covariance matrices of measurement errors can be found in Delaigle,
Hall, and Qiul (2006]).

Traditionally, in some cases, the variables Z and S are called controlled vari-
ables as their values are deterministic. But as in [Delaigle, Hall, and Qiul (2006)),
we also treat these variables as random. These authors cite many examples
where the controlled variables are genuinely random, rather than deterministic,
cf. [Reeves et al. (1998)), Thomas et all (1999), Raaschou-Nielsen et al.| (2001,
Stram, Huberman and Wul (2002) and Lubin et al.l (2005). See also Huwang and
Huang| (2000)) and [Wang| (2004) for more on this point.

Here, we are interested in testing whether g in (I.T) is of a parametric form
or not. Thus, given a parametric family of functions {g,; v € I'}, where I is a
subset of R? with ¢ being a known positive integer, one is interested in testing
Hy : g(t) = g4(t), for some v € I', and for all t € R, versus H; : Hy is not true.
This problem is of interest because knowing ¢ is parametric would lead to more
accurate inference about the underlying parameters.

Lack-of-fit testing in other regression models without measurement errors
has been widely studied in the literature, cf., [Hartl (1997), [Stute, Thies, and
Zhul (1998)), [Stute and Zhu! (2002, 2005), [Zhu and Ng| (2003)), Liang| (2006]), and
Khmaladze and Koull (2004).

In this paper, we provide a test for Hy based on a martingale transform, a
la [Khmaladze! (1979) and [Stute, Thies, and Zhu| (I998) (STZ), of the marked
empirical process of calibrated residuals. A similar idea is used to construct lack-
of-tests in a purely nonparametric regression set-up with Berkson measurement
error in Koul and Song| (2008), but its extension to the above partial linear model
set-up is far from trivial. It is not a priori clear how the presence of linear com-
ponent in the model affects asymptotic properties of the martingale transformed
process. In particular, the key lemma used in the purely nonparametric case
obviously needs to be modified to account for the multidimensional covariates
X, as is done in Lemma 5.2 below. We also have to deal with the additional
difficulty that the linear part has to be estimated before constructing a test.
Moreover, some quantities, such as the conditional variances of the residuals, are
more complicated than in the purely nonparametric set-up.

Upon choosing ¥¢ = 0 and 072] = 0, where 0727 is the variance of 77, we see that
the proposed test is also applicable in the partial linear regression model with
no measurement error. For such a model, [Zhu and Ng (2003) have developed a
procedure to test the hypothesis E(Y|X = z,T = t) = 'z + ¢(t), for some
and g, but if we know X is linearly related to the response, this test will be less
efficient than ours. Moreover, their test is not asymptotically distribution free.
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They propose a variant of wild bootstrap approximation to implement their test.
Liang| (2006) developed two tests based on a residual-marked empirical process
and a linear mixed effect framework for checking linearity of the non-parametric
component. Again, because of the complicated limiting distributions, Liang uses
bootstrap methodology to implement these tests. In contrast, the transformed
marked residual empirical process discussed in this paper converges weakly to a
time transformed Brownian motion in uniform metric. Consequently, any test
based on a continuous functional of this process is asymptotically distribution free
(ADF) and can be implemented at least for moderate to large samples without
resorting to a resampling method.

The rest of the paper is organized as follows. The marked residual empiri-
cal process and its asymptotic null distribution is discussed in Section 2 under
quite broad assumptions. Consistency and asymptotic power against n~/2-local
nonparametric alternatives of the test based on the supremum of this process are
discussed in Section 3. Section 4 contains a simulation study, and a Monte Carlo
power comparison of the proposed test with the two tests of Liang.

All proofs are deferred to Section 5. In the sequel, B denotes standard
Brownian motion on [0, 00), and for any r.v. U, Fy and fy denote its distribution
and density function, respectively.

2. Main Results

The first subsection below discusses a test for a simple hypothesis, while
testing for Hy is discussed in the next subsection.

2.1. Testing for a simple hypothesis

Let go be a known real-valued function with Eg3(T) < oo. Consider the
simple hypothesis

Hyp:g(t) =go(t), VteR, wversus Hyp: Hyp is not true.

The discussion of this simple case sheds some light on the more general hypothesis
Hj to be discussed later.

Let p(s) := E(g(T)|S = s), s € R. Under the model assumptions, E(Y|Z =
2,8=8)=E(BX+g(T)+¢e|Z =25 =3s) =2+ u(s). We are thus led to
the calibrated partial linear regression model Y = 3'Z + u(S) + ¢, where the
error variable ( satisfies F((|Z = 2,5 = s) = 0, and hence is uncorrelated with
(Z,S). This technique of transforming the regression function of ¥ on (X,T)
to the regression function of Y on (Z,5) is known as regression calibration, and
is widely used when dealing with measurement error models, see, e.g., [Carroll,
Ruppert, and Stefanskil (1995).
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Let po(s) :== E(go(T)|S = s), s € R. Since f, is known, po(s) = E(go(S +
m|S =s) = [go(s+v)fy(v)dv is known. Thus, a test of Hyo can be carried out
by testing

Hyo:  p(s) = po(s), VseR, versus Hoy : Hyp is not true.

The two hypotheses Hig and Hsg are not equivalent in general Clearly, Hig
implies Hs. The converse is not true in general, since [ go(v)f,(v — s)dv =
J 91(v) f(v — s)dv need not imply gy = g1, but if the family of densities {f, (- —

s),s € R} is complete, then go = g; almost everywhere.

To proceed further, let 72(s) = E[(go(T) — 10(S5))?|S = s] and o2 := E(c?).

The conditional variance of (, given (Z,S), is

Ug’ﬁ(z, s) = E(C2|Z =2z,8=3)= 03 + ﬂTEEﬁ + Tg(s).

Since U?ﬁ(z,s) does not depend on z, write Jgﬁ(s) for Ugﬂ(z,s). Extend the
definitions of pg, 73 to R := [—00, 0] by assigning the value 0 to these functions
at +oo. This convention will apply also to the analogs of these functions in the
sequel. Note that ogﬁ(s) > g2 >0 for all s € R.

Under Hsg one has the regression model where the ‘response’ variable is
Y — ('Z, the design variable is S, and the error ( is uncorrelated with S and
heteroscedastic with the conditional variance function agﬁ(S). Thus if 5 were
known, one could adapt the STZ testing procedure to this regression set-up. In
the more realistic situation where ( is unknown, this procedure is modified as
follows.

Let Bn be a n'/2-consistent estimator of 8 under Hyg, (; = Y; — ' Z; —po(Si),
and {; = Y; — ﬁnZ MO(S ). Because E(C?) = 02 + f1S¢3 + E7E(S9), consistent
estimators of o2 and o 5( s) are given, respectively, by

R I e s 1
63 = | = 2 & = B — — D m(S)
i=1 i=1
Tests of Hyy can be based on the marked residual process

Cz -
Wan(s) := E S; < s), R.
2 f 02 < S) S €

G3(s) = 63 + Bl Se B + 0(5).

Tests of lack-of-fit based on analogs of this process have a long history beginning
with von Neumann| (1941).See [An and Cheng (1991)), Hart! (1997), STZ, and
Khmaladze and Koull (2004) for more on basing tests of lack-of-fit on these types
of marked empirical processes.

The asymptotic null distribution of the process {Wa,(s),s € R} generally
depends on the estimator 3, and the joint d.f. of (Z, S), and hence is not known.
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We next describe a transform of this process that converges to a time transformed
Brownian motion. Because of the known parametric structure of the error vari-
ance O‘Z 5(3), unlike in STZ, we do not use the split sample technique to construct
a consistent estimator of 03 5(8)-
Let Fz s denote the joint d.f. of (Z,5), and set
i ¢ ZZ'I(S > s)

€= ——"Fav €= —Tav CS:Eiv
o¢,3(5i) o¢,5(5) ¢ 5(5)

Assume Cj is positive definite for all s € R and let

1 VA
() —6 S<S /y<8/0_<6 I(S>y)dFZS(:’U y) C,B(S) :

One can verify that EK(s) =0 and EK(s)K(t) = Fs(s At), s,t € R. Let K;(s)
denote K (s) when ther.v.’s e, Z, and S are replaced by e;, Z; and S;, respectively.
Define Wg 1, 5 (s) = n=1/23" | K,(s). From the classical CLT, we readily obtain
that all finite dimensional distributions of Wg r, 4 converge weakly to those of
B o Fg. But this transform is not useful as it depends on the unknown § and
F Z,8- . .

Let Fz s denote the empirical d.f. of (Z;,5;),1 < i <n, Cy denote the C,
with Fz ¢ and o¢ g replaced by FZ s and J9, and let K denote the transform K
when e, Z, S, Cy and Fyz g are replaced by é; := Q/ag( )y Ziy Si, C’ and FZS,
respectively. Then the transformed process on which the proposed test is based
takes the form Wn(s) =n" 1230 K;(s). Under some regularity conditions, we
can show that W, = B o Fg in D([—o0, s]), for every s < oo, and in uniform
metric. Details of the proof here are similar to those given for the general case
in the next section and hence are omitted. A computational formula for W, (s)

s €R.

is

A 1 & I~ % Zi
= — N ¢ ) IO (85 < ) 5
Was) \/a;el{f(sz <)~ X gy 05 15 <018 g5

lz kIS > S;).
nk

2.2. Tests for Hy

Let piy(s) = E(gy(T)|S = s) = [ g4(s +v) fy(v)dv. Under Hp, by regression
calibration, we obtain the calibrated partial linear regression model Y = 3'Z +
p(S) + ¢, where ( is still used to denote the regression error. Thus to test Hy
vs. Hy, it suffices to test the hypothesis

Hso: p(S) = py(S) for some vy €I, versus Hsy: H3g is not true.



1556 HIRA L. KOUL AND WEIXING SONG

Let Gy denote the true value of 3, 79 denote the true value of v under Hy,
assumed to be in the interior of I', and let 6’ = (53, (). To proceed further, we
need the following additional assumptions.

() Eet + E|¢||* + E| Z]* + Egs, (T) < oo
(g1) For some positive continuous function r(t) with Er(T) < oo,

1951 () = 9 D] < NIy = 22lr (@), Y,z €Tt e R

(g2) For every t € R, g,(t) is differentiable in v in a neighborhood of vy with
the vector of derivatives g,(t), such that E| g, (T)|*> < oo, and for every
0 <k < oo,

sup Vlgy(t) = 970 () = (7 = 70) G0 ()] = o(1).
teER,v/nlly—ol|<k

(g3) Let fiy(s) :== [ gy(s+y)fy(y)dy. For some q X ¢ square matrix ji,,(s) and a
nonnegative function k,(s), both measurable in the s coordinate, the fol-
lowing hold: E i ()% <00, E iy (5) g (S)] < 0, Elljisg(S) 7y ()
< 00,7 =0,1, and for all § > 0, there exists an 77 > 0 such that ||y —~o| <7
implies

[1£7/(8) = fing (8) = fing () (7 = 0) | < 0kro(s)[l7 = 0ll, as. (F).

(m) Elljing (S)|I* < 00, and with £(z, 5) := (2, fi9(5))'/ac.0(s),

My = EUZ,S)(Z,5)'I(S > y) is positive definite for all y € R.

The moment condition (e) is needed to bound some quantities when deriving
their asymptotics. Conditions (g1)—(g3) require certain smoothness of g, as a
function of . These conditions are satisfied if either g, (t), as a function of v, has
bounded second derivative, or the r.v. T has a compact support. Condition (m)
is a technical assumption to ensure that certain matrices used in the martingale
transformation are invertible.

Now let 7',3(8) = E[(g4(T) — uy(9))?|S = s, s € R. The analogs of 72 and
02 5 of the previous sub-section are, respectively, 7'30 and 029(5) =02+ 3} SeBo+

2
T’Yo

under Hy, respectively. Let @ =Y, — BA;ZZ — 5, (S;). Because p., is continuous

(s). To estimate them, let B, Am be any v/n-consistent estimators for 3y, 7o,
in 7 at =, consistent estimators of ag and 02 o(s) are, respectively,

R e~ 5o 1¢ 3 ) L
U?%a = ‘E ZCE - ﬁ;zfﬁn - ﬁ ZT?n(Sl) ’ 0%(5) = U?%s + B;zzﬁﬁn + T:?n (5)
i=1 i=1
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Let Wa,(s) = (1/v/n) Y0, GI(S; < 5)/53(S;). As in the simple hypothesis
case, lack-of-fit tests based on Wiy, are not ADF, but the ones based on its
martingale transform are. To describe this transform, let My denote the estimate
of M, obtained by the plug-in method where all parameters are replaced by their
estimates:

y 27 2l (s) 1 R
%:M%@m®%mﬁﬂyﬂﬁ@“m@$

Under assumptions (e), (g1), (g2) and under Hy, sup, ||My — Myl = op(1).

Consequently, with arbitrarily large probability, M+ will exist for all y < oo

and for all sufficiently large n. Let #(z,s) denote the E(z s) where o and o¢ g
are replaced by 4, and &3, respectively. Define €; := CZ /a3(S;), and

Kifs) =& [1(8i < 5) - / ) / i,y N I(S; > ) dEy (e, y) 62, 53)].

The proposed test is to be based on the process

=1
1 O 1 R
=) g - iz Mg'I > Zi,Si) b
ﬁﬁf{ ng 5 SN (S ns > 8;) U2, 50) }
. A .
MS = - Zlv Zu P 2> .
n;a£W(SHSs)

The following theorem gives the needed weak convergence result.

Theorem 2.1. Suppose, in addition to (1) and Hy, the conditions (e), (gl)—
(g3), and (m) hold, and B, 4y satisfy

Vall B = Boll = 0p(1),  Vnlldn — 20l = Op(1),  (Ho). (2.1)
Then, for every sy < oo, Wy, = B o Fg, in D([—00, so]) and uniform metric.

Although many estimation methods will provide estimators of 3,y satis-
fying (2.1), in the Appendix, we show that, under certain mild conditions, the
least square estimators of [y, yo satisfy (2.]).

Asin STZ, we recommend applying the above result with sy equal to the 99th
percentile of Fg. Consequently, the test that rejects Hy whenever SUPs<sy [Wh(s)
/0.995] > b, is of the asymptotic size o, where by, is such that P(supy<,<; |B(y)]
>by) =
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3. Consistency and Local Power

In this section we show, under some regularity conditions, that the above
test is consistent for certain fixed alternatives, and has non-trivial asymptotic
power against a large class of n~'/2-local nonparametric alternatives.

3.1. Consistency

Let h be a known real-valued function with Fh?(T) < oo and h ¢ {g,;v € '}
Consider the alternative H, : g(t) = h(t), for all ¢ € R. Assume the estimators
On, n used in the test statistic now satisfy

Vi(Bn = Ba) = Op(1),  Vn(An —7a) = Op(1) (3.1)

for some (B, € R?, ~, € RY, under the alternative H,.
One way to obtain these estimators and parameters is to proceed as follows.
Let

n

R 1
(B An) = argming , — > [V; = B'Z; — o (S, (3.2)
=1
(B va)" = argming  E,[Y — 8'Z — p, (). (3.3)

The Appendix provides some sufficient conditions under which the above Bn, Yn,

B, Ya satisfy (EI).

Now, define new random variables

o YO B 7 — s, (Si)
= ;Xi"‘ T) +ei, 68 = n An :
/6 g’Y ( ) 03(57;)

where (3, 4n used in g3(s) are as in (B.2]). Also, let ;= é(Zi,Si), M; = Msi,
1 <i < n, where My is the same as in the previous section with Bn, An, replaced
by the ones defined in ([B2). Then, ¢; = & + [(Yi — Y;*)/53(S;)] and Wy (s) =
WE(s) + R&(s), where

WE(s) = \FZAG{ S<s——Z€' 1IS/\S>S)&'},
—Sg‘{ _725’ 1ISAs>S)lZ}-

Using (B.1)), one can verify that sup,c [63(s) — 02(s)| = op(1), where

725) =

02 + Eo[B0X — BuZ + W(T) = 115, (S)?
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~Ba¥eBa = Ealgy,(T) = 1, (S)P| + B¢ + 75, (5)-

In particular, if X and 7" can be measured without error, then X = Z, T = 5,
and 02(s) = 02 + Eu[(fo — 8a)'X + h(T) — g,(T)]>. We can also show that

sup [63(Si) — 02(S:)| = 0p(1),  (Ha), (3.4)

1<i<n

in a similar fashion as showing (B.3]) in Section 5.
Define

la(2,5) = (%Z( ))01(8) Ay = E((Z, S).(Z, S)I(S > ),

D) E[ A=AV X D — 00D . )
o) i [ o= Ba)X +(f;<):f> 90y, 2,515 = ),

Dy(s) = E e (Z,8) AzLp(8)I(S < s)}

The difference between D; and D, measures the discrepancy between the null
and the alternative hypotheses as is reflected in the following theorem.

Theorem 3.1. Suppose the conditions (e), (gl)—(g3), (m), and B.I)) hold un-
der the alternative hypothesis H,. Also assume the alternative is such that Ag
is positive definite for all s < oo. Then, for every sy < oo, the test that re-

jects Ho whenever supy< Wa(s)/1/ Fs(s0)| > ba is consistent for H,, provided
SUPs<s, |Dy(s) — D2(s)| > 0.

3.2. Local power

Let 6 be a real-valued function with E6%(T) < oo. Here we study the asymp-
totic power of the proposed test against the local alternatives

Hi..: gn(t) = g4 () + n7Y25(t), ViteR. (3.5)

Under H,,., the partial linear regression model becomes Y; = BOX + 9+, (T3) +

n~Y25(T;) +¢€;,i = 1,...,n. Now assume that the estimators B, A used in the

test statistic satisfy (IQ:[I) under the local alternative ([3.5]). This in turn, with a

similar argument as in showing (5.5)), implies sup; <;<,, |63 (S;) —0279(5’2-) = op(1).
By introducing the notation Y;* = 80X, + g+, (T;) + &i,

AL _ YiL - BZZi — 145, (Si)

e, = — y
! a3(5;)

1=1,...,n,
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the standardized residuals e; have the decomposition

T (e 0

[ é 17,
€, = 62 ~
03(51')

:éz_}'i,, 5 'L:].,,n

V/nas(Si)
Then W, (s) = WE(s) + RE(s), where WE(s) has the same form as W2(s) with
é¢ replaced by éX, while RL(s) is obtained by replacing Y; — Y;* by §(T;)/v/n

in R%(s). Using these facts, asymptotic distribution of W,, under H,,. can be
studied by similar arguments as in the case of fixed alternative. Define

5(T) 1 8(T)
PG )]s e = E[Jw o

DL(s) := E[ea(z, SY M3 p(S)I(S < s)]

DL(s) := E[ la(2,9)1(S > y)|,

Since §(t) reflects the deviation of the local alternative from the null hypothesis,
so DI and DI are measures of the difference between these two hypotheses. In
fact, we have the following theorem.

Theorem 3.2. Suppose the local alternatives [B5) and the conditions (e), (m),
(g1)—(g3), @) hold. Then, for every sy < oo,

|B(Fs(s)) + Db (s) — D (s)|

lim P(sup M‘>ba>:P<8up >ba>.
n—o00 s<sp FS(SO) s<so Fs(SQ)

Remark 3.1. Unknown f, and ¥¢. The structure of the null hypothesis on
i and the test statistic assume that the density function f, and the covariance
matrix ¢ are known. The necessity of this assumption is mainly due to the
identifiability issue, but its feasibility comes from the fact that, in some studies,
we do have some prior information on f, and ¥X¢. For example, in the data
example of Delaigle, Hall, and Qiu/ (2006)), the measurement error in the digitized
aerial photography can be reasonably modeled as having a bi-weight density
function.

If no prior knowledge about these entities is available, but there is a suf-
ficiently large validation data set, larger than the main data set, in which the
observations of both the true and the surrogate variables are available, then the
conclusions of Theorems 2.1, 3.1 and 3.2 still hold after replacing f;,, 3¢ in W, by
their consistent estimators obtained from the validation data. Currently nothing
is known about asymptotic null distribution of this modified test when the size
of the validation data set is smaller than or comparable to the size of the main
data set.
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4. Simulation

We first give a computational formula for W, (s) that is used in simulation.
Let Sy, = 1,...,n be the order statistics of S;,i = 1,...,n. Let éy), Z),
G3(i)» f14,(i)» be the sorted sequence of ¢;, Z;, 53(S;), and fi5,,(S;) according to .S,
i=1,...,n. Let 192 )= (Zéi),/lﬁyn(i))/ffg(i). Then, with Sy := —00, S(,41) = 00,

i

l i

1 ) 1~ oy
Wn(S) = %26(2-){1 — EZVEJ)M(j) I/(Z-)}, S(l) <s< S(l+1)7 l=1,---,n,
i=1 j=1
~92 ~2
N — L k= 730 = 73k
i) — n ! n . .y
N Bt O A S NCT N

~2 ~2
o o
k=j 3(k) k=j 3(k)

Let s9 be the 99th percentile of Fig and T, ::= SUPg<s, [Wn(s)/0.995]. For an
0 < a < 1, let by denote (1—a)th percentile of the distribution of supg<,<; |B(u)].
From [Khmaladze and Koul (2004) we have b, = 2.24241, 2.49771, 2.80705, for
a = 0.05,0.025,0.01, respectively. In the following simulation, T,, was computed
1,000 times for every sample size, and empirical size and power were computed
by using #{T,, > bs}/1,000.

Simulation: The data were generated from the following models:

Model 0: Y; = 6X; +~T; + &,
Model 1: Y; = 8X; +~T; + sin(T;) + &4, (4.1)
Model 2: Y; = 8X; +~T; + 0.1(T? — 4.03) + ;.

Here the null hypothesis is Hy : g(t) = ¢, t € R. Data from Model 0 were used
to study the empirical level, while from Models 1 and 2 were used to study the
empirical power of the test. In the simulation, X = Z+¢, T = S+n, e ~ N(0,1),
Z ~ N(1,1), € ~ N(0,0.3%), S ~ N(1,1), n ~ N(0,0.3%) and By = 1,7 = 2.
Under this set up, mg(z,s) = Bz + s, 72(S) = 0.019*. Hence, 53(s) did not
depend on s. Also, in Model 2, T? — 4.03 is orthogonal to 7. The estimators
Bn, 4 were chosen to be the least square estimators based on the new regression
model Y = 3Z + 45 + (. Then G3(s) was simply the mean of squared residuals
Y, — BnZi — 4nS;, not depending on s. Table 1 illustrates the simulation results.
To investigate the effects of the magnitude of measurement errors on level and
power of the proposed test, we also conducted several additional simulations for
different choices of 0727 and O'g. Our results also apply to the case in which Zg =0
and 03] = 0, that is, without measurement errors. Given all other distributional
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Table 1. Simulation WITH measurement error.

a-level  Model\ n 50 100 200 300 500
Model 0 0.041 0.037 0.039 0.046 0.049
0.050 Model 1 0.106 0.182 0.424 0.697 0.973
Model 2 0.210 0.462 0.781 0.915 0.991
Model 0 0.014 0.012 0.019 0.022 0.019
0.025 Model 1 0.073 0.116 0.290 0.535 0.899
Model 2 0.136 0.342 0.684 0.866 0.985
Model 0 0.008 0.002 0.009 0.010 0.009
0.010 Model 1 0.033 0.054 0.168 0.340 0.729
Model 2 0.074 0.201 0.559 0.770 0.968

Table 2. Simulation WITH measurement error, o = 0.3%, 07 = 0.5%.

a-level  Model\ n 0] 100 200 300 500
Model 0 0.045 0.041 0.044 0.045 0.046
0.050 Model 1 0.100 0.173 0.403 0.661 0.956
Model 2 0.200 0.425 0.742 0.886 0.986
Model 0 0.016 0.012 0.021 0.022 0.025
0.025 Model 1 0.069 0.096 0.266 0.486 0.864
Model 2 0.129 0.296 0.628 0.821 0.980
Model 0 0.007 0.003 0.006 0.010 0.009
0.010 Model 1 0.035 0.046 0.149 0.312 0.665
Model 2 0.064 0.179 0.499 0.719 0.949

Table 3. Simulation WITH measurement error, 072] = 0.5, Ug =0.5%

a-level  Model\ n a0 100 200 300 500
Model 0 0.040 0.031 0.041 0.044 0.048
0.050 Model 1~ 0.077 0.098 0.248 0.397 0.719
Model 2 0.162 0.332 0.632 0.804 0.961
Model 0 0.015 0.011 0.016 0.027 0.024
0.025 Model 1 0.049 0.053 0.143 0.256 0.534
Model 2 0.103 0.226 0.514 0.712 0.930
Model 0 0.006 0.003 0.008 0.006 0.012
0.010 Model 1 0.018 0.022 0.081 0.151 0.348
Model 2 0.047 0.128 0.375 0.580 0.871

assumptions unchanged, we also generated the data from the above model by
setting ¢ = 0 and 7 = 0. These simulation results are shown in Tables 2 to 4.
From these tables we see that the level of the proposed test is robust against
the variation in measurement errors, while power gets smaller, though not too
drastically, as variances of measurement errors become larger.

We also conducted a simulation study when X had two dimensions. Similar
results were obtained, hence not reported here.
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Table 4. Simulation WITHOUT measurement error.

a-level Model\ n 50 100 200 300 500
Model 0 0.041 0.040 0.045 0.045 0.049
0.050  Model 1  0.233 0.501 0.825 0.942 0.997
Model 2 0.315 0.608 0.915 0.982 0.999
Model 0 0.017 0.012 0.020 0.025 0.022
0.025  Model 1  0.167 0.387 0.763 0.904 0.993
Model 2 0.218 0.493 0.867 0.971 0.999
Model 0 0.005 0.004 0.005 0.015 0.007
0.010 Model1 0.101 0.278 0.666 0.862 0.982
Model 2 0.123 0.371 0.786 0.936 0.999

To compare the performance of the T,, test with the two tests studied in
Liang| (2006), we generated data from a model without measurement error (also
used in [Liang (2006)), ¥ = 1.3X; + 0.45X5 + 25T + ¢, ¢ ~ N(0,02) with
T ~ Uniform(0,1), and X from one of the following two cases:

Case 1: (X1, X2) ~ N3(0,diag(0.32,0.42)); (X1, X2) and T are independent;
Case 2: X; =0.4T +0.6Uj, j = 1,2, and Uy, Uy, i.i.d. Uniform(0,1).

We also used the same alternatives as in [Liang| (2006]):
g(t) = 2.5t + ¢[4.25 exp(—3.25t) — 4exp(—6.5t) + 3 exp(—9.75¢)],

for ¢ = 0.2,0.4,0.6,0.8 and 1. In the simulation, o. was chosen to be 0.1, 0.25,
and 0.5. The sample size n = 100 and nominal level 0.05 were considered for the
purpose of illustration. Figure 1 presents empirical levels and powers of the three
tests. The top panel is for Case 1 and the bottom panel for Case 2. In each plot,
the solid line is for the T,, test, the dashed line is for Liang’s Cramér-von Mises
type test and the dotted line for Liang’s likelihood ratio test. From the figure,
one sees that the likelihood ratio test is the most conservative while the levels of
the T,, and Cramér-von Mises type tests are both close to the nominal level 0.05.
It is clear that the powers of these three tests increase as the value ¢ becomes
larger. One can also see that the T;, test is comparable to the Cramér-von Mises
type test, and outperforms the likelihood ratio test at all configurations. Finally,
T, test is relatively easy to compute.

Remark 4.1. Robustness of the test. In the Berkson model, it is usually as-
sumed that the Berkson error density and/or variance are known. However, one
may ask that if the test is somewhat robust against error misspecification. A sat-
isfying answer to this question would require some theoretical arguments, such
as finding out the influence function of the test procedure, but we believe this
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Figure 1. Power curves of three testing procedures.

is beyond the scope of the current paper. Instead, some simulation studies were
conducted for the purpose of illustration.

We generated the data from models 0 to 2 in ([4.1]), except now & and n are
independent Uniform(—\/(m ,1/0.27 ) r.v.’s; when computing the test statistic,
we assumed that &, ~ N(0,0.3%). Note that these two distributions have the
same variance. See Table 5 for the simulation results. Table 6 reports another
simulation study in which the data were generated from models 0 to 2 with
measurement errors being double exponential with mean 0, and variance 0.32,
but N(0,0.3?) distribution was used in the test statistic. Again, note that these
distributions have the same variance 0.32.

The simulation results suggest that if the true and the misspecified measure-
ment errors distributions were different but have the same variance, the proposed
test is reasonably robust.

We also conducted some simulations when the distributions of measurement
errors were completely misspecified, and when the distribution type was misspec-
ified but the variance was correctly specified. The results were mixed. At present
it is not clear that the test will work if f, is completely misspecified.
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Table 5. Uniform distribution misspecified as Normal.

a-level Model\ n 50 100 200 300 500
Model 0 0.040 0.042 0.044 0.046 0.040
0.050 Model 1 0.111 0.246 0.503 0.733 0.970
Model 2 0.250 0.535 0.853 0.961 0.999
Model 0 0.017 0.018 0.021 0.023 0.016
0.025 Model 1 0.059 0.154 0.358 0.580 0.904
Model 2 0.156 0.412 0.760 0.932 0.999
Model 0 0.008 0.006 0.007 0.015 0.007
0.010 Model 1 0.028 0.090 0.232 0.409 0.755
Model 2 0.074 0.288 0.661 0.871 0.995

Table 6. Double exponential distribution misspecified as Normal.

a-level  Model\ n 50 100 200 300 500
Model 0 0.027 0.041 0.044 0.042 0.054
0.050 Model 1 0.092 0.250 0.503 0.731 0.972
Model 2 0.269 0.496 0.862 0.967 0.999
Model 0 0.010 0.02 0.025 0.014 0.024
0.025 Model 1 0.062 0.168 0.37 0.574 0.902
Model 2 0.153 0.396 0.771 0.933 0.993
Model 0 0.004 0.007 0.005 0.006 0.011
0.010 Model 1 0.029 0.095 0.231 0.409 0.752
Model 2 0.080 0.292 0.664 0.882 0.988

5. Proofs

Lemma 5.1. Suppose U and V' are random variables with E(U|V) = 0, 0 <
E(U?) < 0o0. Let 0?(v) = E(U?|V =), L(v) = Ec®>(V)I(V < v), v € R. Let
(Ui, Vi), 1 <i < n beii.d. copies of (U, V), and

Un(v) = \}HZUJ(Vi <wv), veR=[-o0,0].
i=1

Assume L to be continuous. Then, U, = Bo L, in D(R) and uniform metric.

The proof of this lemma uses Theorem 12.6 in [Billingsley| (1968]). Details are
similar to those appearing in STZ.

To state the next lemma, let U be a continuous random vector of length p,
V be a continuous r.v. with d.f. G, and let F(u,v) denote their joint d.f. Let
{(u,v) be a vector of ¢ functions with E|¢(U,V)||?> < co. Assume the matrix
Cy := ELU VLU, VYI(V > v) is positive definite for all v € R. For a real-
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valued function ¢ € Lo(R, G), define the transforms

Ty (u,v0) = / ) / B()e(z, y) C; Y dF (2, y) E(u, v),
K, 0) 2= (v) — Ty, v).

The following lemma is an extension of Proposition 4.1 of [Khmaladze and Koul
(2004) and Lemma 9.1 of Koull (2006). Its proof is similar to that of these results,
and hence is not presented.

Lemma 5.2. For the entities defined above,

EK (U, V)(U, VY =0, V 4 € Lo(R, F), (5.1)
EK:¢1 (U, V)IC¢2(U, V) = E¢1(V)’(/)2(V), Y 1!)1, ¢2 S LQ(R, F) (5.2)

Remark 5.2 Let ¢ be a r.v. such that E(¢|U,V) = 0, BE€? < oo, 72(u,v) :=
E(€2|U = u,V =) > 0, for all u,v. Then the covariance function of the process

Wol&, U, V) = [ [ (V) - T(U, V),

U, V)
as a process in ¢ € Lo(R, G), is that of By(G), where By, is a Brownian motion
in 1. Hence, if (&,U;,V;), 1 <i < n, are i.i.d. copies of (£, U, V), then by the
classical CLT, the finite dimensional distributions of n~1/2 Yo W&, Ui, Vi),
as 1 varies, converge weakly to those of By (G).

To prove Theorem 2.1, recall that 6 := (3,7()’, ei = (i/o¢,0(Si), and let
: <
W9 FZS f Zel{ S S)
/ /6 z,y) 1I Si > y)dFy s(x, y)Z(Zi,Si)}.
y<s

Proof of Theorem 2.1. The proof consists of the following two steps.

(a) For every so < 00, Wp,r, ¢ = BoFg, in D([—00, s0]) and in uniform metric.
(b) sups<s, [Wals) = We,r, 5 (s)] = 0p(1),  (Ho).

Proof of Part (a). Applying Lemma 5.2 and Remark[5.2to { = e = (/o¢g, U =
Z,V =8, and to the family of indicator functions ¢(v) = I(v < z), z € R, we
readily obtain that all finite dimensional distributions of Wy r, ; converge weakly
to those of B o Fg. Thus, the claim (a) would follow if we prove the tightness of
Wo.F, s Toward this, let

n

Z ezI(Sz S S),

W (s) := \}ﬁ
=1
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Qn(s) = \FZeZ/ / x,y) 16 (Z;, Si)1(S; > y)dFzs(x,y), seR.
<s

Then we can rewrite Wy r, o(5) := W3n(s) — Qn(s). Lemma 5.1 applied to
U=¢e, V=2, yields the tightness of W3,(s), s € R, in uniform metric.

To prove the tightness of the Q,, process, let ¢(s f <s Sz, y)
dF7 5(z,y),s € R. Note that ¢ is nondecreasing, non- negatlve and because of as-
sumption (m), ¢(s) < oo for all s € R. Moreover, E(e|Z,S) =0, E(e?|Z,8) =1,
and Moo = supser IMs]| < E€(Z,8)|? < oo, imply BlQn(t) — Qu(s)]? <
| M ||so[p(t) — ¢(8)]%,V s < t. This bound, together with Theorem 15.6 of [Billings-
leyl (1968), imply that for every sy < oo, @Qn(s) is tight in uniform metric on
(=00, 50]. This completes the proof of part (a).

Proof of Part (b). Let {; := ((Z;, i), {; := {(Z;, S;), and let

M|

1 1«
Unly) i= — el I(S; >y), Uply) = — e L 1(S; > v).
(y) \/ﬁ; ( ) (y) \/ﬁ; ( )
Then Wi, (s) and Wy F, 4(s) can be written as
Walo) =Wan(s) = [ [ )31 T)abrson),  63)
y<s
Wik o) =Wan(s) = [ [ b My )P asta). ()
y<s

Let b, := ﬁn — Bo. We can rewrite Ws,, as the sum of six terms:

L(s) = in zn; (S < 5), Inls) = b;\/lﬁ z; WZZ 15 <9)
Ls(s) = in 2:; a 771(%2,9_( ; ;O(SZ) 1(S; < s),
Toa(s) Zée@:((ss)) —1)1(5; < 9)

The term I,,; is simply W3,,. We can show that sup g |1n;(s)| = 0p(1), j = 4,5, 6.
Because most of the arguments are similar, for the sake of brevity, we give details
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only for the case j = 4. First we show that

max |53(S;) — a?ﬁe(Si)| = op(1). (5.5)

1<i<n

By definition, 53(S;) — 02,4(Si) = 63, + B,5¢fn + 72, (Si) — 02 — B4S o —

T,%O(Si). Since 63. — 2 = 0,(1), B/Egﬁn — ByX¢fo = op(1), it suffices to show that

max ]7'72”(51) 2 (S;)] = 0p(1). (5.6)

-
1<i<n o

Note that for all s € R,
72,06) = 7,9 < | [l3(s ) = s+ w0}

+H g@n(ser)fn(y)dy}2 - [/gw()(ery)fn(y)dyﬁ
= A,(s) + Bp(s), say.

Let 6, := 4n — 0. By condition (gl), for all s € R,

[ (936500 = 9 (s +0)) o)y < 167 [ 125+ )y )y

The assumption that Er4(T) < oo implies E( [ 7%(S + y) f,(y)dy)? < co. Hence,
maxi<i<n | 72(S; +y) fn(y)dy = op(v/n) and, in view of ([2.1)),

2
max nl/z/ (950 (S +9) = 920 (Si + 1)) Falw)dy = 0p(1).
This fact and a routine argument now shows that maxj<ij<, An(S;) = op(1),
maxi<j<n Bn(Si) = 0p(1), thereby completing the proof of (5.6]), and hence that
of (B.5).

Let D, := 02 — 63. + 458 — 3,5¢Bl,. Then I,4(s) can be written as the
sum of two terms:

=1
L o RS- r(S) |
hao(6) = 36 e )+ mca Gy 5 <

Subtracting and adding 1/ 20? 9(Si), Ina1 can be written as the sum:

n

1 ! 1
VDo 3 e [53(81-)(63(&) +0c0(Si)  202,(S:)

=1

}I(Si < s)
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1 " €;
4Dy =Y — " [(S; < s).
fz 272,50 =

7

By (5.3)), and the fact that O' > o2 >0,

1 1
53(5:)(63(8i) +0¢o(Si) 207 4(Si)

max
1<i<n

By Lemma 5.1, we obtain

These facts, together with /n(c2—63.) = O,(1), \/ﬁ(ﬂéﬁcﬂo—ﬁgﬁcﬁg) = 0,(1),
and Y ", |ei|/n = Op(1), imply that sup,cg Inai(s) = op(1).

Next, we sketch an argument for proving supseR Ina2(s) = op(1). For this
purpose, we need a refined analysis of T%n(S ) — 78(S;). By definition,

72,50 = 350 = [93.(5:+9) = 900 (S + 0 Fa0)y
+2 [ gy (Si-+ )95, (5 + ) = g0y (i + )] o)y
- [ / 95, (Si +Y) — o (Si + y)]fn(y)dy} i
=2 [ g (S o)y [ 93,5+ 9) =905 + D) a(w)dy
Let Ani(y) = 94, (Si+v) — 970 (Si+v) — 9,6+, (Si +y). Subtracting and adding
07,90 (Si + ) to the difference g5, (S; + y) — g1,(S; +y) in the above integrals,

and expanding various quadratics yields that T,%n (S;) — 72(S;) is the sum of ten
terms:

Ay = /A W fy()dy,  Ass =26, /g% (Si + 1) Di () F (),
A=, [ (8 055, (i + )W)y
Aigi=2 / 020 (51 + 1) Boni (9) (),

2
Ai,5 = 267/1/9"{0(52' +y)g"{o(si +y)f77(y)dy7 Ai,G = _[/Am(y)fn(y)dy} y

— / 00 (i + ) o () dly - / Ani(9) F(y)dy,
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Aig =3, / G (Si + )i (y)dy - / & (S5 + 1) o)y 6o,
Aipi==2 [ 0 (Si+ 01wy [ Susl)fy ()
Ajrgi= 8, / 000 (S + y) () ly - / G20 (Si + 1) fo ) dy

From (g2), (g3), (21)), for j =1,...,10, we can obtain that

i‘éﬁ‘fz ST s oca @) 5 <] =)

(5.8)

These imply that sup,cg Ina2(s) = op(1). Here we present the proof of (5.8]) for
7 = 4 only, as the proof for the other cases is similar.
The Lh.s. of (5:8) for j = 4 is bounded above by
n

ei | G0 (Si +y) fo(y)dy
2 sup 2 Au(y)|- = Z - =z ’ :
1<i<n, yeR n = 63(5i)(03(5i) + 0¢,0(S5i))

By (g2) and (1), the first factor of this bound is 0,(1). The square integrability
of e;, g,,(T3), together with (5.7) and the Law of Large Numbers, imply that the
second factor of the above bound is O,(1). Hence (5.8)) holds for j = 4.

In summary, we obtain

. b,

wpmmg—mM@+Eazaw5gﬂ¢ﬂ Mz%uy (5.9)

seR

Next, consider the difference Uy (y) — Un(y). Let o := 4 (S5) =ty (S4)s

and ¢&; = f15, (S;) — fir,(S;). By replacing 1/53(S;) by [049( )/63(S) — 1+

]/o'C ¢(S;), subtracting and adding Gy from B, fino (Si) from gz, (S;), and [, (S;)
), D

from fu5,, (S;), Un(y) — Un(y) can be rewritten as the sum of Dy1(y), Dpa(y) and

a remainder term R, (y), where
Dy (y) = —bl, I(S; > v),
f Z

Ugg
Dua(y) = Z

By conditions (g2), (g3), (m), and (2.1)), one can show sup,cg [Rn(y)| = 0p(1).
Subtract and add 07, (i, (S;) to ps, (S;) —,u%(Si), to rewrite —D,,5 as the sum

EIS >y)
Ugg

an — Mo (S) (%ﬂ’)/o (S) - :u'Yo
GIS; >y Si>y).
Lyl Lyl
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In view of (g2), the first term of this sum is bounded from the above by

Vi max [, (S1) = pag (S1) — G (S ZZMH—%

1<i<n
Hence, with 0, := /n(b],, 0;,)’, sup,<, Un(y) — Un(y) (1), where
1 Z Sk > y ZkZ 1 z": 1(Sk > y) Zyfi'y, (Sk)
"= "= ¢ o(St)

M, =

1 Z Sk > y :U“Yo S )Z]/c l i I(Sk > y)/l'y() (Sk')ﬂfyo (Sk)
Sk:) na Uaa(sk)

By a Glivenko-Cantelli argument, one can show that

sup || My — My || = o0p(1). (5.10)
yeR

This in turn implies that sup, <, Hﬁn(y) — Un(y) + My, || = 0p(1). Routine ar-
guments, together with the conditions (e), (m) and (g3), lead to sup, <, HMJl -
M, || = 0,(1), by the positive definiteness of M, for all y € R.

For convenience, let P, (s) be the the second term on the right hand side of

(53), and Po(s) be the the second term on the right hand side of (5.4]). Note
that

—141]-

/ / x’ u% W (y) + i, (y) 040(3/)
y<5 oco(y) a3(y)

= M+ M- [Unly) = Un(y) + Un(@)ldEz,s(x, y),

which can be written as the sum of

x', il 3 .
/ / ’YO y lUn(y)dFZ,S(:L‘a y)v
y<s a¢, 0

W= / : M”” My Ba) — V)l Fs(, ),
y<s

and a remainder term R, (s), say. In view of (g3), (5.5]), one verifies that
(7', 4, (9))
a¢,6(5)

and sup,<, |Rn(s)| = 0p(1). The claim (a) follows from these results, (5.9), and
the fact that

Wa(5) = Wy, 1z,5(5) = [Wan(s) — Wan(s)] — [Pu(s) — Po(s)].

Bui(s) = Po(s) +up(1), Bua(s) = —E (S < s)}en +up(1).
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Proof of Theorem 3.1. Fix an sy < co. By a similar argument as in the null
hypothesis case, we obtain

Wi(s) = Bo1 in D([—0o0,s0]) and uniform metric, (5.11)

where ¥(s) = E(55(S)I[S < s]/03(s)), and 63(s) = 02 + B,X¢fa + Eal(lgy, (T)

o (S)PIS = 5).
Now, consider R%(s). Write R%(s) = R%,(s) — R%5(s), where

nl

w9 = Ly A “Tllﬁf L CED

1~ By Xi + h(Ty) = BLXi — g7, (T7) [0a(S5)
EZ ; Ua(Sz) : [53(51') _I]I(Sigs)'

A Glivenko-Cantelli type argument, together with (8.4]), implies that

sup‘ “1/2Ra (5) — Dy (s)| = 0,(1). (5.12)
SER
Let
5 1 &Y, —-Y*,
n = - = L Z/“ 7 I >
o) = 5 30 2 U S015: 2 )
Then

n_l/QR%Q(S) = / /é(l‘,y)/My_lvn(y)dFZ,S(x7y)
y<s

Subtracting and adding /i, (S;) from fi5,(S;), replacing 1/ O'C( ;) with (02(S;)
/&gC(Si) —1+41)/02(S;), Vy,(y) can be written as the sum of four terms:

LY - YR o3(S) R
Via(y) = Z:; i [&g(si> — 10z, $)1(5: > y),
Vraly) = izy (SY) (7 S)1(Si > 1),
i = Y 02(S)) 0
=2 @) (5450~ it i) =)
- 0
Z} o2 ( (50 — i (5) 152 90

2
Condition (g3), (84), and the additional assumption FE, [(Y—Y“)/UZ(S)} < 00,

an(y)‘ = 0p(1), for j =1,3,4. As for Vng(y), a Glivenko-Cantelli

imply sup,cg
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type argument yields sup,cp ]Vng(y) — p(y)| = 0p(1). These facts in turn imply

sup [Va(y) = p(y)] = op(1). (5.13)
YyER
Using exactly the same argument as in the null case, one can verify that

under the alternative H,, sup, <, szl - A;l’ = 0,(1). Rewrite n~1/2R%,(s) as

Ua(y)
(M7= AT+ A Va(y) = p(y) + p(y)|dEz,s (2, y)

B /< /WAJIP(y)dﬁz,s(x,y) + Rn(s).

V2R (s) = /y 3 / (', s, () = i, () + i, () o

Under (g3), (8.4), one can show that sup,<, |[Rn(s)| = 0p(1). Using a Glivenko-
Cantelli type argument, one further concludes that

/< /W%lp(y)dﬁzvs(%y) = Da(s) + up(1).

In fact, with h, = E(Z|S = y), we can write

D)= | WA;WMFS@).

So we have shown that

sup |n~1/2R3,(s) —Dg(s)‘ =o0,(1), (Ha). (5.14)
s<sg

Then (5.12) and (5.14) jointly implies
sup [n7V2RE(s) — [D1(s) — Dg(s)]‘ = op(1). (5.15)
s<sp

Finally, the consistency is derived by combining (5.11), (5.15]), the inequality

Wils) + Ri(s)| = sup

s<sgp

Ri ()| — sup

s<sg

WaGs)|

sup
s<sgp

and the condition d = sup,<, |D1(s) — Da(s)| > 0.

Proof of Theorem 3.2. Details of the proof of this theorem are similar to that
of Theorem 3.1, with obvious modifications.
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Appendix: y/n-Consistency of the LSE

The validity of Theorem 2.1, 3.1, and 3.2 require the y/n-consistency of Bn
and %, under all three hypotheses Hy, H, and H,,.. Under some regularity condi-
tions, we can show that the least squares procedure can provide such estimators.

The argument provided below is only for the case of H,, but the adaption
to the Hy and H,,, cases is straightforward.

To be specific, let h(-) and H, be as in Section 3.1, and recall the definition

B2). Assume

Cl: L(B,7) := Eu[Y —3'Z—pu(S)]? exists for all 3, v and takes unique minimum
at (0.,~,)" which is an interior point of O,

C2: ¥ := E(ZZ') is positive definite,

C3: the parameter space I' € RY is convex and compact,

C4: ER*(T) < oo, Esup, |g,(T)[* < oo,

C5: Esup, |§,(T)|* < oo, Esup, |G, (T)|* < co.

Note that the Lipschitz condition (g1) implies E sup., |gy(T')|* < co. Note that
the Lipschitz condition (gl) implies £ sup, | g,(T)|?

The condition (C1) guarantees the validity of the least squares procedures
while (C2) ensures the uniqueness of the least squares estimator for 3, a com-
mon assumption even in simple linear regression models. Conditions (C3)—(C5)
are the usual assumptions needed for proving consistency of the least squares
estimators in nonlinear regression models.

Now, for a fixed v € T, the equation OL(S,7)/08 = —2E.,(Y — 'Z —
p(S))Z = 0, yields

< 00.

BOY) =S EZ(Y — py(s)) = ST EW[Z2Y] = ST E[Zpy(S)]. (A1)

Therefore, L(5(y),7v) < L(53,7), for all 3, ~. Let 7, be a solution of dL(5(~),~)/0v
= 0 or, equivalently, a solution of

Eo[Y =V Z+h()'Z — iy ()] - [M(7)Z — 1, (S5)] = 0, (A.2)
where b = X1E(Y Z), h(vy) = X7 E[Zpu(S)]. Then we must have

L(B(Ya),Ya) < L(B(Y),7) < L(B,7), VB,
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Under (C1), (C2), 4, must be unique and 8, = 5(3a), Ya = Ya-
Now consider the empirical version of L: L, (3,7) = n"tY." | [Yi— 3 Z; —
i (Si)]%. For any fixed v € T, the equation 0L, (8,7)/98 = 0 yields

Bu(7) = S ZY — Zuy (9)], (A.3)
where
1 n
=— Z; 7!, ZY = ZY;, Zup(S) Z;
n Z_Zl 1) Zzl /’L’Y Z :u’Y
Therefore, L, (8n(7),7) < Ln(8,7), for all 8,7 € I'. Let 4,, be a the solution of
the equation 0Ly, (6n(7),7)/0v =0, or

n

1y ()] [Bn(7) Zi = f19(S3)] = 0,

i=1

where 3,(v) = ;' [ZY — Zj,(S)]. Then we must have Ly, (8,(5n), %) <

L, (Bn(7v),v) < L(B,7), V3,7. In other words, [, (), ¥ is a minimizer of the
nonlinear least square solution of (B.3]). Denote these estimators simply by [,

Yn-
A.1. Consistency of Bn, An
Notice that

La(Ba) 1) = = S 1V = 55 H(ZV) — Zin(8)Y Zi — (5]

=1
L(B(7),7) = EalY =" HE(2Y) — B(Zpy(S))Y Z — 1 (S)]7,

as functions of ~, are defined on a compact subset of R?. Then under some
conditions, we can show that

Ln(Bn(7),7) — L(B(7),7) uniformly for v. (A.4)

For this purpose, we need the following lemma.

Lemma A.1. (Jennrich' (1969)) Let g be a function on X x ©, where X is a
Euclidean space and © is a compact subset of a Euclidean space. Let g(x,0) be
a continuous function of 0 for each x and a measurable function of x for each
0. Assume also that g(x,0) < h(x) for all x and 6, where h is integrable with
respect to a probability distribution function F on X. If X1, Xs,... is a random
sample from F then n=1 3" | g(X;,0) — E(9(X,0)), a.s. uniformly for all 0 in
0.
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Expanding L, (8.(7),7), one can see that to show (A4, it suffices to show
that, almost surely,

Yy (S) = Ea(Yy(S)),  Zpy(S) = E(Zpuy(S)),  12(S) — E(12(S)),

uniformly in v € I'. But these can be fulfilled by letting h(-) = sup,, [Y1,(S)],
sup,, | Zpy(S)], and sup, [42(S)], and using (e), (c2), (C3), and Lemma A.1.
Therefore, 4, — 7, almost surely. For if there were a subsequence of 4, say 4, ,
that converged to ; almost surely, then

L(B(m),m) < Ly, (ﬁnk ('Aynk)v:ynk) < L, (ﬁnk (Ya),Ya) = L(B(Va):Va)

and uniqueness of v, imply the desired strong consistency. Finally, Bn — Sa
almost surely follows from the fact 3,(y) — () uniformly for v € T', and the
consistency of 4, to v,.

A.2. Convergence rates of B, An

By Taylor expansion,

OLn(Bn(7),7) _ 0Ln(Bn(7),7) 0% Ln(Bn(7),7) (7 = )
oy oy oyoy! i “r
Y=Ya =y
Evaluate both sides at v = 4, then
. OLn(Bn(7),7) 82[’”(5%(7)77) N
0= —"F = M (9n = Ya) (A.5)
Y=Ya V="

=:dp1 + TnQ(ﬁ/n - ’Ya),

where ) lies between 4, and ~,. The convexity of T’ implies vy € I'. By
subtracting and adding ((7,) and ((v,) from B,(v,) and 5,(7a), respectively,
T,1 can be written as the sum of four terms:
1 « ,
T = D Y= 8'(a) Zi = 1 (S)IB(Va) Zi = fira (S3)],

Ttz = (Bn(1a) — B0 SV — 8 ()i — o (S0

=1

Tuts = (Ba() — B = S 230 Z: — o (51,
=1

Toss = (Bn(10) = B0+ 3 Zilnlra) — H10)) 2
=1
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We first consider the asymptotic behavior of 3, (7,). From (A) and (A3),
we obtain

(o) = Bl0u) = 55 [2Y = 21, (5] = 3 [EL(2Y) = B(Zp ()] (A6)
— (' -2 ZY - Zuv Zi1, ()]
S DY ~ Zjio, (S) — BalZY) + E(Zp1s, (S))]

By the LLN, ZY — Zu,,(S) — Eo(ZY) — E(Z ., (S)). Let
A=FE,2ZY)—E(Zpy,(9)), ZZ' = Bjk)pxp, E(ZZ') = (bjk)pxp:

and B;-‘k be the cofactor of Bj; and b;fk be the cofactor of b;,. Then,

(Bipor _ Giidper ) A

V(s -2 HA = v/n (

zZ'|  |E(ZZ")]
— |27 — / (B;k)PXPA \/H(B}kk_b;k)ppr
= —/n(|ZZ' |E(ZZ)|)|ﬁHE(ZZ,)| Bz A7

where |A| denotes the determinant of the square matrix A. Using the fact that
V(B — b%;.) = Op(1), one can show both terms in (A7) are Op(1). Also, it is
easy to see that the second term in (ALG]) has the same order. This then implies
V1 (Brn(Va) — B(7a)) = Op(1). Therefore,
1~ _
\/ﬁTnliﬁ - g Z[ﬂ(’Ya)Zz - ,UI'Ya (Sz)]Zz/\/ﬁ(ﬁn<7a) - ﬁ(’)/a))
i=1

= E[3(1) 227" = 17, (S) Z'|V1(Bn(7a) = B(7a)) + 0p(1) = Op(1).

Similarly, by considering each row in the matrix £,(7.) — 3(7a), We can show
that, under (C4), v/nTni2 = Oy(1), /nTp1a = op(1). Use that (A.2) implies
EulY = B(30)Z — o0 (S)][B(1)Z — i, (S)] = 0 to show that viTos = Op(1).
Hence, /nTy,1 = Op(1).

Now consider the matrix Ty in (A.5). Manipulating the derivatives of ma-
trix, one obtains

n

T = 5 S (322 — i (S (37) % — o (SO

i=1
1¢ ; )
- Y Yi = Bu (1) Zi = 1y (SN [Bullgxq @ Zi) = fins (S3)],
where B,, = [Bnl('}/:)aBnQ(’Y;): o Brg (V) gxpg> and B (i) is the derivative of

the j-th row of (3,,(y) with respect to 7, then evaluated at v = v, ® denotes the
Kronecker product.
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Since 4, is strongly consistent for v, so is vt. By (e), (C3), (C4), (C5), using
Lemma A.1, we can show that T},2 is IT 4 0,(1) asymptotically, where

= E[B(a)Z = jtra ()][B(Va) Z = fira (9)]
—EY = 8(7a)Z = piy, (SN[B(Igxq ® Z) — fin, (5],

with B = [B1(7a), B2(Va): "+ + Bg(Va)lgxpq: and Bj(7a) is the derivative of the
j-th row of f() with respect to v, then evaluated at v = ~,. Finally, if II is
nonsingular, we can get /n(%, —7a) = Op(1). The claim /n(3,—B.) = Op(1) can
then be obtained by replacing v with 4, in ([A.3]), and using a routine argument.
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