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Abstract: Consider a random sample of size n from an absolutely continuous bi-
variate distribution of (X,Y). Let X;.,, denote the ith order statistic of the X
sample values and Y[;.,,] its concomitant, the Y-value associated with X;.,. In this
article we are interested in the asymptotic behavior of some functionals of con-
comitants. Given two increasing integer sequences {r,,n > 1} and {s,,n > 1}
with 1 < 7 < sp < my let Vi, s = max(Ye,in), Yirndiinr - - > Yisnin]) and
Wi s = min(Y ], Yir,+1:m]s - - -5 Y[spin]).  We investigate the limiting distri-
butions of Vi, s..ns Wrnsniny Brnsnm = Vensnn — Wrpsnn, and My, s n =
(Verisnm + Wrsnn)/2 when limpoo(n — 7)) < o0 or limp—eorn/n = p for
0 < p < 1. The statistics Ry, s,,n and My, s,.n can be viewed as range and
midrange, respectively. Our results generalize those obtained in Nagaraja and
David (1994). We also use these results to investigate the problem of locating the
maximum of a nonparametric regression function as discussed in Chen, Huang and
Huang (1996).

Key words and phrases: Concomitants of order statistics, regression model.

1. Introduction

In this work, some problems related to concomitants of order statistics will be
investigated. Let (X;,Y;), i =1,...,n, be a random sample from an absolutely
continuous bivariate distribution of (X,Y) with c.d.f. F(z,y). Let X,., denote
the rth order statistic of the X sample values. The concomitants are obtained
by arranging the data in the second component according to the ordering in the
first component: the pairs are ordered by the X;, and the Y-value associated
with X, is denoted by Y|,.,;. We call YJ,.,; the concomitant of the rth order
statistic.

A systematic study of the concomitants including their ranks, extremes and
partial sums has been undertaken only very recently. Its foundations were laid
down in the papers of David and Galambos (1974) and Bhattacharya (1984), who
used the term induced order statistics. Further works can be found in David,
O’Connell and Yang (1977), Yang (1977) and others. The book by David (1981)
has extensive materials on this subject.

Throughout the article, for any integers 1 < a1 < az < -+ < a < n,
let fq,... a,:n denote the joint p.d.f. of the order statistics Xg,.p,..., Xq,m, and
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fu, Fy represent the p.d.f. and c.d.f. of a random variable U, respectively. Na-
garaja and David (1994) investigated the finite-sample and asymptotic distri-
butions of Vi, when either k is fixed or kK = [np] with 0 < p < 1, where
Vien = max(Yjp 41, - - - » Yjnin))- Their investigation of the distribution of V4 ,,
relied on the following results for the conditional distribution:

£ Ix(@)
fn—k,n—k—i—l,...,n:n(xﬂa ce ,«Tk) = fn_k;n(xg)k!{ H 7)}7
i=1

— Fx(xg

o

PWin <9) = [ [P < yiX > o) fuosonlo)do.
—00

The first identity means that, conditional on X,,_j., = xo, the order statistics

Xn—k+1mn,-- -, Xnm behave as the order statistics of k i.i.d. random variables with

the common p.d.f. fx(-)/[1 — Fx(x0)].

Now we define V,, s, »n = max(Y, .n]s Yr,41:n]s - - 5 Y]snem]), fOr any two in-
teger sequences {r,,n > 1}, {s,,n>1}, 1 < r, < s, < n, rp, S, and s, —
rp + 1 are increasing in n. Note that Vi, is V, s, » with r, =n —k + 1 and
S, = n. Whenr, = n—k—+1and s, = n—k+ ki, we define V,;"khn =
max(yv[n—k—i-l:n}ayv[n—k—&-%n]a"' aYv[n—k—i—klsn])a where 1 < k1 < k < n. To study
Vin.snm, We employ the same idea as in Nagaraja and David (1994) by observing,
for s,, <n—1,

!
frn—l,rn,...,sn—i-l:n(xﬁa <oy Lsp—rp+1s 1‘0)

ot Ix(x;)
{ 11 FX(!B/o)—FX(fBo)}'

= frn—l,sn—i-l:n(xﬂa LUE]) : (Sn —Tn+ 1)' .

i=1

The above result means that, conditional on (X, _1.n, X5, +1:n) = (20, a,{)), X, s

.., Xs,:n behave as the order statistics of s, — r, + 1 ii.d. random variables

with p.d.f. fx(-)/[Fx(zg) — Fx(z0)]. Therefore, the finite-sample and limiting

distributions of V;., . » can be obtained by employing arguments in Nagaraja

and David (1994) when either lim, ,oo(n — 1) < o0 or 0 < limy, o1 /n <

lim,, o0 85, /n < 1. To facilitate the discussion, we will consider lim,, o (n—7,) <

oo and lim,,_,(n — 7,) = 00 separately. For convenience, they will be referred
to as the extreme and quantile cases, respectively.

This article is organized as follows. Sections 2 and 3 are primarily concerned
with the asymptotic distribution of V;., s, ». We attempt to give conditions on Fy
or Fy which guarantee that V,. ,, , has a limiting distribution as the sample size
tends to infinity. We also give a recipe for finding appropriate normalizing con-
stants of V;., s, ». In particular, the extreme case is discussed in Section 2 and the

quantile case is considered in Section 3. In Section 4, we derive asymptotic dis-
—W, nand M, s =

Tn,Sn,

tributions of two summary statistics R, s, n = V;

Tn,Sn,N
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(Vi ssnn Wi sn.n) /2, where Wi o = min(Y,, )y Yir,41im]s - - > Ysnin)- (Again
we define Wy, . = min{Y,_ri1m), Yin—kt2m]s- -+ Vin—k+ky:n)}-)  Note that
R, s..n and M, , , can be viewed as the range and midrange, respectively, of a
random sample. Finally, we discuss possible asymptotic distributions of V;., s, »
in Section 5 when (X,Y") satisfies a measurement error model X =Y + ¢, which
is closely related to the extreme case mentioned earlier. This investigation is mo-
tivated by the problem of locating the maximum of a nonparametric regression
function as found in Chen, Huang and Huang (1996).

Estimation of the maximum of a regression function has been considered
extensively in the literature. A lot of work has been done on stochastic ap-
proximation schemes, which include the Kiefer-Wolfowitz procedure (Kiefer and
Wolfowitz (1952)) and the response surface method (Box and Wilson (1951)).
These methods have been applied extensively to on-line identification and adap-
tive control of stochastic systems. The method discussed in this paper is quite
different in nature from those just mentioned. Literature on non-sequential and
sequential methods can be found in Chen, Huang and Huang (1996).

2. Asymptotic Distribution of V,, ,, , in the Extreme Case

In this section, we first give an expression for the c.d.f. of V;, ;. », and then
we investigate the limiting distribution of V,. ., in the extreme case which is
summarized as Result 1. Since results for W, ., can be obtained easily by
suitably modifying the conditions for V., s, », we will only give detailed results
for V., s,.,n throughout.

To begin with, we need some notation. Let a(F') = inf{x : F(x) > 0} and
w(F) =sup{z : F(x) < 1}. Denote the pth quantile of F' by {z(p). The symbol
— 4 represents convergence in distribution.

We now derive the c.d.f. of V. ... Note that, conditional on the values of
the order statistics, the concomitants are independent (see Bhattacharya (1984)).
We then have

PV snn <y) = P(Y[rn:n} <Y, aY[sn:n] <vy)

’ Sn—rn+1 ’ /
=// {Fz(y\fco,fvo)} + frnt,snt1m (70, Tg)dzodz,. (1)
Ty>T0

Here Fs(ylz,z') = P(Y < ylz < X <z') when 2 < 2'. When X and Y are inde-
pendent, F3(y|zo, o) = Fy(y) and P(Vy, s, n < y) = Fr " T(y). Otherwise,
Vin.snmn Will depend on (X, 1.0, X, +1:n)-

To proceed, we need the definition of domain of attraction. Assume that F
belongs to the domain of (maximum) attraction of G (in short, F' € D(G)(max)),

that is, lim, o F"(ay, + bpz) = G(z) for some normalizing constants a, € R
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and b, > 0. It is well known that G must be one of the three extreme value
cdf’s: Qu(x) = exp(—2x~)I(z > 0), Vo(r) = exp(—(—z) %) I(x < 0), or
A(z) = exp(—e™™), where I(-) is the indicator function. A convenient reference
for the well-known von Mises conditions to guarantee that F' € D(G)(mazx) for
each of the three cases is Resnick (1987, Propositions 1.15-1.17).

If lim,, oo (n—r,) = c where c is a positive integer, we may assume n—r, = ¢
for n > 1 without loss of generality. Also, we assume s, — 1, + 1 = ¢*, where
c* is a positive integer. From Lemma 1 of Nagaraja and David (1994) [also see
Theorem 7 of Falk (1987)], we have the following lemma.

Lemma 1. For a random wvariable X, if the von Mises conditions are satis-
fied (Fx € D(G)(max)), then there exist constants an, b, > 0, such that the
pdf Of ((Xn—rk+1+1:n - an)/bna (Xn—rk—i-l:n - an)/bna (Xn—rk,l—&-l:n - an)/bna SRR
(Xn—rit1:m — an)/by) converges to gr, |y ry_r,..r1s Where for wp, . < wp <
Wy, <o < Wy,

grk+1,7“k,7“k TyeensT (wTk+1 y Wrpy Wry_q5 -+ - 7w7“1)
=g(w H g(wr,) . (—log G(wrl))rl_l pan, [log G(wijl )—log G(wrj )il
Tk+1 G(wn) (1"1—1)! i (’I"j —Trj—1— 1)'

By Lemma 1 and (1), we can easily get the following result which is an
extension of Result 1 of Nagaraja and David (1994).

Result 1. Suppose the condition of Lemma 1 holds and assume that there exist
constants A,, and B,, > 0 such that

F3(An + Bny‘an + by, an + bnx/) I H(y|x, ."L‘/), (2)

as n — oo, for all z, 2’ and y, where H(y|z,2’) is a c.d.f. Then, as n — oo,
P(V;“n,sn,n < A + Bny B— // |’U ’U ] < gc+2,c_c*+1(u,v)dudv. (3)

Theorem 5(a) in Section 5 is an illustration of Result 1 with B, = b, in
(2). Note that get2,c—cx+1(+,-) is a p.d.f. We will demonstrate how a conditional
probability problem in (3) can be reduced to an unconditional one by setting
proper conditions on H(y|z,z’). Note that as n — oo, a, + bpx — w(Fy)
and ap, + byz" — w(Fx), for all x,2’. Suppose the conditional c.d.f. Fy|x(y|z)
converges to H(y) as x tends to w(Fx). Then (2) holds with H (y|u,v) = H(y),
A, =0, and B,, = 1. This fact is formalized in the following lemma.

Lemma 2. Suppose that lim,_ ) Fy|x (y|r) = H(y) holds for some y. Then

lim F3(y|2',2") = H(y).

' <z'sx!x' —w(Fx)
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If the assumption of Lemma 2 holds and the appropriate von Mises condition
holds for Fy, then P(V,, o n <y) — [H(y)] as n — oo. Thus if H is a c.d.f.,
Vin,snm —d V, i.e., V behaves like the maximum of a random sample of size
¢* from the c.d.f. H. Theorem 5(b) in Section 5 is an illustration of the above

discussions.

3. Asymptotic Distribution of V,, ; , in the Quantile Case

In this section we investigate the limiting behavior of V;., 5, » when lim,,_,o(n
—7,) = oco. In fact, we only consider r,/n = ro 4+ o(n~'/?) and s,/n = s¢ +
o(n™2), where 0 < 19 < 89 < 1. Set x; = &p, (10) and @3 = £y (s0). Hereafter,
let ¢, = s, —r, + 1 and assume fx(z1) > 0 and fx(x2) > 0.

For constants A, and By, > 0 free of =, 2" and for fixed y, define Hy,(y|x,2’)
= [F3(A, +Btny\x,x’)]t". Note that X, ., = 1 + Op(n~'/?) and X, ., =
x5+ Op(n~1/2). As long as the limit of H,(y|z1 4 u1/+/n, T2 + ua/\/n) remains
unchanged as u; and wug vary, it is expected that P(V,, s.n < A, + B, y)
will converge to the limit of H,(y|z1,x2). Again as in Section 2, we reduce a
conditional probability problem in (3) to an unconditional one. The following
result makes the above heuristic argument precise. Its proof can be obtained
easily by employing the same argument used in establishing Result 2 of Nagaraja
and David (1994).

Result 2. Assume that as n — oo, for u, us € R,

H, (y

U1 U2
xr1 + —n,xQ +—

NN

where H (y|z1,x2) is a c.d.f. Then

) — Hylor, ), (4)

PV,

Tn,Sn,M

< Ay, + By) — H(ylz1, 22). (5)

Remark 1. When n — s, tends to a constant as n — oo (hence n — s, equals
that constant when n is large enough), P(V;., s..n < At + By, y) — H(y|z1).
Hence, our Result 2 is indeed an extension of Result 2 of Nagaraja and David
(1994).

Suppose that t,, = ¢; where ¢q is a positive integer. Then 1 = xo. For this
case, we expect that the asymptotic distribution of V;. s, can be viewed as the
maximum of a sample of size c; with c.d.f. Fyx(y[z1) if Fy|x(y|z) is continuous
at x1.

Result 3. Assume c¢; = lim, .o t, and Fy x(y|z) is continuous at z1. Then
PV sum <y) — [Fyx(ylz1)].
This can be established easily by the continuity of Fy|x(y|z) at z1 and

identifying H(y|x1,21) = [Fy|x (y|z1)]** in Result 2.
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When t,, — oo, we will give sufficient conditions along the lines of Nagaraja
and David (1994) to guarantee that V,. s, n(appropriately normalized) has the
same limiting distribution as that of the maximum of a random sample of size
t, from the c.d.f. F3(y|z1,x2). Note that the derivation of the extreme value
distributions lies in finding a good approximation to the product of tail proba-
bilities. Hence, the above claim can be established easily if 1 — Fy (y) is of the
same magnitude as 1 — F3(y|z,2’) as y — w(Fy), i.e., F3(y|z,2’) and Fy (y) are
tail equivalent. Note that F3(y|z,z’) and Fy (y) are said to be tail equivalent if
there exists a finite positive function ¢(+,-) such that for any (z,2’) in S,

1— I
lim v (y)

— % = c(x,2)). 6
y—w(Fy) 1 — F3(y|z, 2) ) )

If (6) holds, Fy € D(G) with normalizing constants A; and By, , and ¢, — oo,
then by Resnick (1987, p.67, Proposition 1.19), H,(y|z,z') — H(y|z,2’), with
H(y|lz,2") = G(A(z,2") + B(z,2")y). Furthermore,

A(x,2") = 0 and BY(z,2") = c(z,2), if G = ®y;
A(z,2') =0 and B~ %(z,2') = c(z,2"), if G=T,; (7)
A(z,2") =logc(z,2') and B(z,2") =1, if G=A.

Since G is a continuous c.d.f., if ¢(x, 2’) is continuous in a set S, then from (7) it
is clear that H (y|z, ) is also continuous in S. We then conclude that (4) holds.
Combining the above discussion, we have the following result.

Result 4. Suppose Fy € D(G), that is, there exist constants A; and By, > 0
such that P(Yy, ., < A, + B, y) — G(y), for all real y. Also assume there
exist neighborhoods I; and I3 of z1 and x3, respectively, such that (6) holds with
¢(z,2’) being continuous at (z,2’) = (x1,x2). Then P(V,, s,.n < At, + B, y) —
G(A(z1,z2) + B(x1,22)y) as t, — oo. The functions A(-,-) and B(-,-) depend
on ¢(x1,x2) and the form of G as at (7).

Convenient choices for A;, and B, can be found in Galambos (1987, pp.53-
54).

4. Asymptotic Distributions of Range and Midrange

As mentioned in Section 2, it is not difficult to modify the conditions and give
the corresponding results for W, . . In this section we will study the limiting
distributions of the range R, ., and midrange M, s, , of concomitants. We
will discuss the extreme and quantile cases separately in Sections 4.1 and 4.2.
Also we denote by F' € D(L)(min) if lim,, o[l — F'(¢,, + dpx)]” = 1 — L(z) holds,
where d,, > 0.
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4.1. Extreme case
We first state the following theorem.

Theorem 1. Suppose the conditions of Result 1 for both mazimum and minimum
versions hold and assume that there exist A,, B, > 0, C, and D,, > 0, such that

F3(A4+Byvlan+bnx, an+b,x' -F3(Cyp+Dywlan+bpx, an+bya’) — H (v, wlx, x'),

as n — oo, for all (x,2') and (v,w). Then, as n — oo,

PW,, snm < Ch -l—an Vinisnin < An + Bpv)
— // (v|z,z") — HS (v, w|z, 2’ )] Get2,c—cr+1 (@, 2’ )dzda’.

Proof. Observe that
P(W, >Ch+ Dyw,V, s n<A,+ Bpo)

Tn,Sn, — ’ 3Sn,N —

:// [F3(A, + Bpolz,2') — F5(Cy, + Dywlz, :c')]c* frn—1.sp+1:m (@, 2" )dzdz’

r<x’

:// [Fg(An+an|an+bna:,an—i—bnx’)—F3(Cn+an\an+bna:,an+bnm’)]c*
r<x’

’ {Sifrn—l,sn—i-l:n(an + bnxa a’n + bnx,)} d(L’d:E/.
By a similar argument as in Result 1, we conclude that
P(Wrn7sn7n 2 Cn + an, ‘/:I" S A’n + an)

:// {H(’U’w‘x’x,)}c* gc+2,c—c*+1(l’,l‘,)dl‘dl‘/.
<z’

n,Sn,MN

This completes the proof of Theorem 1.
As an extension of Lemma 2, it can be shown similarly that if for some y
and 1/,
lim  Fy|x(ylr) = H(y) and lim  Fyx(y'|lz) = H(y'), (8)
z—w(Fx) z—w(Fx)
then limy<mgr o u(py) F3(yla', 2") — F3(y'|a’, 2") = H(y) — H(y'). So we can
conclude that if (8) holds and the appropriate von Mises condition holds for Fx,
then as n — 00, PW,, son < w, Vi, 5.0 < v) — H (v) — [H(v) — H(w)]® .

From this we can obtain the asymptotic distributions of R, , » and M,

n,Sn,M*

2. Quantile case

First we determine the asymptotic joint distribution of (W;, s, ns Vrn.sn.n)
for lim,, .o t, = oo. The method developed here is inspired by Section 2.9 of
Galambos (1987).
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Theorem 2. Assume Fy € D(H)(maz), Fy € D(L)(min), and that Fy (y) and
Fs5(y|z, 2') are tail equivalent. In particular,

1— F
lim v (y)

F
———————~ =c(z,2') and lim v (v)
y—w(Fy) 1 = Fy(y|z, 2')

——2 = d(z,2)),
y—a(Fy) F3(y|z, x") ( )

where c(x,x’) and d(z,z") are continuous at (x,x') = (x1,22), and there exist
constants Ay, , By, >0, Cy, and Dy, > 0 such that

Jim [F5(Ae, + By, yl, zo)]" = H(A(z1,22) + B(z1, 32)y), (9)
tr}iﬁﬂoo[l — F3(Cy,, + Dy, ylar, w2)]' = 1= L(C (a1, 22) + D(w1,22)y).  (10)
Then
Jim P(Wy s < Co + Doy, Vi < Ay, + Biy0)

= L(C(z1,22) + D(z1,x2)w) - H(A(21,22) + B(21,22)0).

Theorem 2 points out that if, after suitable normalization, the asymptotic
distribution of (Wy., s, n, Vi...s,,n) €xists, then the normalized W, s, nand V. 5. n
are asymptotically independent. The normalizing constants in Theorem 2, Ay, ,
By, Cy, and Dy, depend only on the c.d.f. Fy (see Galambos (1987), pp.58-59)
and can be obtained easily. Also the functions C(-,-), D(-,-) are given as follows
(see Resnick (1987), p.67):

C(z1,22) =0 and D*(x1,22) = d(z1,22), if L(z) =1— @,(—2x);
C(z1,22) =0 and D™ *(x1,x2) = d(z1,22), if L(x) =1—V,(—x);
C(x1,x9) =logd(z1,22) and D(x1,22) =1, if L(z) =1— A(—x).

Proof of Theorem 2. First we give the joint distribution of W, . , and

V

Tn,Sn,M*

nySn,

> W, Vi spn S0) = P(w <Y ) S0, w S Vg S 0)

TTL75TL7TL

_// [F3(v|z,2') — F3(w|z,x )] " frn—1.sn+1:n (T, 2" )drd'.

We now study the limiting behavior of [Fy(v|z, ') — Fz(w|z,2')]™, as n — oo.
As in the proof of Result 2 of Nagaraja and David (1994), we only need to
show that, with proper normalization, [F3(v|z,z’) — Fg(w\x,x’)]t" converges to
a proper limit.

Substitute v and w with A, + B;,v and C, + Dy, w. For v > «a(H) and
w < w(L), we have

tlim F3(Ay, + By, v|z,2") =1, tlim F3(Cy, + Dy, wlx,z") = 0. (11)
n—00 n—00
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Note that logs = —(1 — s) + 0o(1), as s — 1. We have

[F3(A, + By,v|z,2') — F5(Ch, + Dy, wlz, :c’)]t"
= exp{—tn[l — F3(Ay, + By, vz, 2")] — t, F3(Cy, + D, wlz, ') +0(1)}, (12)

as t, — 00, where a(L) < w < w(L) and a(H) < v < w(H). Then by (9), (10)
and (11), as t,, — oo,
tlim tn[l — F3(A, + By, |z, 2')] = —log[H (A(z,2') + B(z,2')v)],
ltlim tnF5(Cy, + Dy, w|z,2') = —log[l — L(C(x,2") + D(x, 2" )w).

We thus conclude that the right side of (12) tends to [H (A(z,z")+ B(x, 2 )v)][1—
L(C(z,2") + D(z,2")w)]. On the other hand, if w > w(L) or v < «(H), the limit
is evidently zero. Finally, for w < a(L) or v > w(H), the limit is H(A(x,2’) +
B(z,2")v) or 1 — L(C(z,2") + D(z,2")w), respectively. In all of these cases, the
limit can be written in the form of [H(A(z,2") + B(x,2")v)|[1 — L(C(z,2") +
D(z,2")w)]. This completes the proof.

For finding the limiting behavior of R,, s, and M,
lowing lemma (see Section 2.9 of Galambos (1987)).

n, we need the fol-

n,Sn,

Lemma 3. Assume that the distribution function of the vector (Yy,,U,) converges
weakly to T'(y)S(u), where T'(y) and S(u) are continuous distribution functions.
Then, as n — o0,

n—oo

lim P(Y,+U, <zx)= /_OO S(z —y)dT (y).

Now we can state and prove the main result.

Theorem 3. If Dy, = By, and the conditions in Theorem 2 hold, then, as
t, — 00,

lim P(R

tn—00

_ / [l — L(C(21, 29) + D(@1,29)(y — )| dH (A(z1, 29) + B(x1, 22)y),
lim P(2Mrn,sn,n < Atn + Ctn + Btnl‘)

tn—00

— /OO L(C(a1,22) + D(x1,22) (& — y))dH (A1, 32) + Bla1, 22)y)-

o0

n < Atn — Ctn -+ Btnx)

Tn,Sn,

Proof. By Theorem 2, the random variables Y;, = (V. s,.n — At,)/B:, and
Ui, = (W,

rnysnm — Ctn)/ B, are asymptotically independent. Hence Lemma 3 is
applicable to both (Y3, ,—U,,) and (Y3, , Uy, ), from which Theorem 3 follows.
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By a similar argument as in the proof of Result 2 and Lemma 3, we obtain
the following result for lim,, .o t, = c1.

Theorem 4. If the conditions of Result 3 for both maximum and minimum
versions hold, then as n — oo,

P(W,

Tn,8n,M

c1
S W, Vi spn S 0) — Fy(v]an) — {FY|X(U|x1) - Fy\x(w\ﬂfl)] :

where ¢1 = lim,,_,o0 &

5. Locating the Maximizer of a Regression Function

Now we apply the results of Section 2 to derive the limiting distribution of
Vikyn — w(Fy) when k and ky are fixed. The basic setup that we will consider
is as follows. Suppose that {(X;,Y;), i = 1,...,n}, is a random sample from
(X,Y) where X =Y +¢, Y and € are independent, Fe = 0, and w(Fy) < oc.
We further assume that only the X;’s are observed.

The above setting is partly motivated by the problem of locating the max-
imizer of a nonlinear regression functions 6, i.e. X = 0(Z) + €, as considered
in Chen, Huang and Huang (1996). When Z falls in a compact set and 6(-) is
continuous, ¢(Z) is bounded (i.e., w(Fy) < oo). Note that Vi'y , = Y} g i1
and Wy = min{Yj, py1m)s- o Y b I Wip,, — w(Fy) = op(1), then any
of {Zjn—g+1m]s -+ Zjnn)} 18 @ consistent estimate of the maximizer of 6(-). This
result suggests the following algorithm to locate the maximizer of 6(-). We first
apply a clustering algorithm to {Z,,_p41:m]s -+ s Zjn:n)} to identify a region of Z
which contains zp, the maximizer of (-), and then do a local modeling on that
region to get an estimate of zg. This algorithm is attractive when a global mod-
eling for 6(-) is not feasible (i.e., the dimensionality of Z is high). A theoretical
study of this algorithm will be reported elsewhere.

The algorithm just described is a modification of the best-r-points-average
method for locating zp, based on n samples (71, X1),...,(Z,, X,,) under the as-
sumption that Z1, ..., Z, are over a bounded interval C in R according to a cer-
tain distribution. The best-r-points-average method estimates zg by the average
of those Z;’s corresponding to the r largest order statistics X;’s. Denote this esti-
mate by Z,,. The utility of the best-r-points-average method depends on whether
the unobservable regression function value () corresponding to the extreme or-
der statistics Xy —yi1m,- -+, Xnm is close to the maximum of {6(Z),...,0(Z,)}.
Chen, Huang and Huang (1996) derived the convergence rates of 2., — zp.

5.1. Main results and discussions

First we describe conditions on the distributions of Y and e. For simplicity,
for a random variable U we write w(Fy) and a(Fy) as wy and g, respectively.
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Condition 1. wy < oo and fy is positive on (u,wy) where u < wy. Also,
(wy — u) fu(u)/[1 — Fy(u)] tends to a positive limit as u — wy.

Remark 2. Suppose that X = §(Z) + € where Z takes values in a bounded
interval C'. Let zp denote the unique global maximizer of §(Z) over Z. When
0'(2) =0, 0" () < 0, and the p.d.f. of Z is bounded away from zero and infinity
on C, Y = 0(Z) satisfies Condition 1 with limit 2. Refer to Chen, Huang and
Huang (1996) for the motivation of Condition 1.

Suppose Y satisfies Condition 1 with limit 3, which guarantees that Fy €
D(¥g)(maz). We assume that e satisfies either Condition 1 or the following
condition.

Condition 2. w, = oo and f, satisfies f. ~ ABvz~%t""lexp (—Bav), as z — oo,
where v > 1, u > 0, and A, B are positive constants. (Here “g(x) ~ h(x) as
x — 00” means lim,_,o, g(z)/h(z) = 1.)

If € satisfies Condition 2, then F, € D(A)(max).
Now we state the main theorem on Vk”j keyn Similar results can be obtained
for W,;"’ kv

Theorem 5.
(a) Suppose Y and € satisfy Condition 1 with limits 3 and «, respectively. Then
X € D(Voqp)(maz), wy —Viy, = O,(n=Y@+0)) and

P(c)—(l/(a+ﬁ)n1/(a+ﬂ)(V]:kl’n —wy) < y)
= // [H(y‘xaﬂf,)]kl Gt 1 f—ky (@, 2 )dzda!
x>z

as n — oo, where

! “1lo ' k—k1—1 o 2 — lo " k1
hsnio(o12) = G+ G ot RS,

/

with z,2' € R, G(z) = Yoyp(—2x), g=G , and

B( > )_B( ’ /) -
H(ylz,2') = % 5 ife>x >y >0,
Y|z, B(?Jyl‘) fo>y2x’2()

Here v = a + 3, B(y,z) = z7 fyl/x t3=1(1 — t)*dt/Beta(B,a + 1), and cx =
limy ., [1 — Fx(wx — 17)]/770‘+ﬁ. Note that wx = wy + we.

(b) When'Y satisfies Condition 1 with limit 8 and € satisfies Condition 2, wy —
Vikym = Op((log n)~W=D/Y) and the limiting c.d.f. of (BYVvlogn)®=1/v(wy —
Vk”jkhn) is the distribution of mazimum of a random sample of size k1 from the
gamma distribution with parameter (3.
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Remark 3. Chen, Huang and Huang (1996) discusses the convergence rate of
wy — Yy (i-e., wy = 6(20)), which can be translated to the rate of convergence
of zp — 215, if the shape of 0(-) near z( is known. Theorem 5 confirms the validity
of the best-r-points-average method for locating the maximizer for a certain type
of error distributions and also provides results on the asymptotic distribution of
wy — V%, .- It even improves the convergence rates derived in Chen, Huang and
Huang (1996). It is possible to use Theorem 5 to find the asymptotic distribution
of zg — Z,. However, such a result depends critically on the shape of 6(-) near

2o such as whether () is symmetric at zp. We will report this result elsewhere.

When e is normally distributed, Theorem 5(b) states that V;*,  converges
to wy at a logarithmic rate. This is much slower than that of the curve fitting
approach considered in Miiller (1989). But the proposed estimate is much simpler
and easily understood so that it can be implemented in practical applications
easily. Refer to Remarks 1 and 2, and Section 4 of Chen, Huang and Huang
(1996) for related discussions.

5.2. Examples

In this subsection, we will present a key lemma used in proving Theorem 5
and give two examples to illustrate Theorem 5. Note that when k and k; are
fixed, an expression for the limiting c.d.f. of appropriately normalized Vk*, feyn 18
given in Result 1. The following lemma, based on Propositions 1.15-1.17 and
the representation (1.3) in Resnick (1987), gives a prescription for the choice of
normalizing constants {a,} and {b,} that appear in Result 1.

Lemma 4. Assume that f. is positive on (t.,w.) where t. < w,.

(a) If we = 00, and limy_ tfe(t)/[l — Fc(t)] = a for some o > 0, then there
are constants a, and b, > 0 such that the distribution of (€n.n, — an)/bn
converges to ®,. Moreover, the constants can be chosen as a, = 0 and
b, = F-1(1—1/n).

(b) If we < 00, and limy_, (we —t) fe(t)/[1 — Fe(t)] = a, then there are constants
ap, and by, > 0 such that the distribution of (€n.n — an) /by converges to V.
Moreover, the constants can be chosen as a, = we and b, = w.—F_ Y (1—1/n).

(c) If [“ (1 — Fu(t))dt < oo and limy_,, fe(t)[1 — Fe(t)]72 [l — Fe(u)ldu =
1, then there are constants a, and b, > 0 such that the distribution of
(énn — an) /by converges to A. Moreover, the constants can be chosen as
an = F-Y(1—1/n) and b, = [1 — F.(an)]/f(an).

Example 1. Suppose that Y ~ U|0, 1] and € ~ U[—1, 1]. We now apply Lemma

4 and Theorem 5 to derive the asymptotic distribution of B, 1(Y[n_k+1m] —Ap)

with proper normalizing constants A, and B,. Note that X is the sum of two
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uniformly distributed variables. Hence, X has a triangular density concentrated
on [—1,2]. By Lemma 4, Fx € D(¥3) and we can choose a, = 2 and b, =
2 Fyl(1—n=") =2n"Y2. Also, Fy, F. € D(¥;). Hence Y satisfies Condition
1 with wy = 1 and limit 1, e satisfies Condition 1 with limit 1, and X satisfies
Condition 1 with wx = 2 and limit 2.

It can be shown that P(Y < A,, + Bpyla, +byx < X < ay, + byx’) converges
to a conditional distribution function H(y|z,z’) with A, =1 and B, = 2n~/2,

where
1, if0>y,
+2' =2y)/(z+2), fx>a">y>0
H / — (.T 9 )
W T) =Y @i =), itz>yza >0,
0, ify>x>a2">0.

Obviously the above conditional probability is continuous everywhere.

Recall that X satisfies Condition 1 with limit 2. By Lemma 4, the limiting
p-d.f. of (X[ — wx)/2n~Y? is —22ze~*" with 2 < 0. Then by Theorem 5 for
y >0, as n — o0,

1 — Yn—k+l:n
P<W < y) - //x,>x H(ylz,z") g 1,51 (2, 2" )dzda’,

(22 — 22)/(k — 2)I.

Example 2. Suppose that Y satisfies Condition 1 with limit 1 and € ~ N(0,1).
Then Fy € D(¥;)(max) with a, = 1 and b, = n~!, and € satisfies Condition 2
with v =1 and v = 2.

Note that P(Y < 1—b,yla,—bpr < X < a,—bpa’) = exp(—y) if b, ! >y > 0,
=0if y > b,!, = 1if 0 > y. By Lemma 4(c), the limiting c.d.f. of (Xpm) —
an) /by is exp(—e™*). It follows from Theorem 5(b) that, as n — oo, for y > 0,
P<b;1(wy - Yp[n—k-i-lzn}) < y) I ffx’>x H(y|x,:c’)gkﬂ,k_l(a:,a:’)da:dx’, where

Gk+1,k—1(z,2") is the p.d.f. of the form exp(—x’)% exp(—x) exp(—e™ %)

where gg115—1(z,2") = 42k . o

[exp(—2') — exp(—x)]. Hence, P(b, (wy — Yjp_pi1:n)) < y) — exp(—y). We
conclude that (2log n)'/?(wy —Y}p—j+1:m)) converges in distribution to a standard
exponential distribution.

5.3. Proof of Theorem 5

Proof of Theorem 5(a)

Recall that X =Y + ¢, Fy € D(Vg)(max), and F. € D(¥,)(max). The
proof will proceed in two steps. First, we show that Fx € D(¥,)(max) with
7 = a+ 3. Second, we derive the limiting distributions of Y}, _j.1.,) and Vk*,kl,n'
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Step 1: Observe that

1-Fx(wx — 77)2/:”_77 fy([1 = Fe(wx —n —y)]dy
_ [ 1-F(wx—n—-y) 1 o
- wy_n(ner)fy(y)[(Hy) XD fox =)y
[ e ox 0 =)y,

and fx(wx —1n) = f‘:’:_n fy(y)fe(wx —n — y)dy. Note that both € and Y
satisfy the von Mises conditions, i.e., limy_, (we — ) fe(t)/[1 — Fc(t)] = o and
limy_,, (wy — ) fy (t)/[1 — Fy (t)] = 8. Roughly speaking, as n — 0, we have

1- FE(We - 77) ~ C€77aa f&(wﬁ - 77) ~ acéna_la

1— Fy(wy —n) ~eyn®, fy(wy —n) ~ Beyn® L.

Observe that

wy

1 - Fy(wx — 1) ~ ceey 8 / (wy — )% (0 +y — wy)dy

wy —1n
1
— ceoy B t? /0 P71 - 5)%ds = ceey B P Beta(,a + 1),

wy
[x(wx —n) ~ceeyaf (wy =)t +y —wy)* dz

wy —n

= 060yaﬂna+ﬁ_lBeta(ﬂ, ).

Hence limy_,,, (wx — 1) fx(t)/[1 — Fx(t)] = a+ = 7. By Lemma 1 of Nagaraja
and David (1994) and Lemma 4, we have Fx € D(V,)(max), a, = wx = wy +Wwe,
and b, = c}l/yn_lm where cx = ccey BBeta(f,a + 1).

Step 2: Now we derive the limiting distribution of Y}, 1., By Result 1,
we will show that P(Y < A, — Bpylan, — bpx < X < a, — byx’) converges
to a nondegenerate conditional distribution function H(y|x,z’) with A, = wy,
B, =b,, a, = wx and b, = c;(l/vn_l/”. Since X =Y + ¢ and wxy = wy + w,,
we have P(Y < wy — byylwx — bpr < X < wx —bya’) = 1 for y < 0, and
PY <wy —bpylwx —bpx < X <wx —bya’) =0 for y >z > 2’ > 0. Note that
X € D(V,)(max) and for § > 0,

P(Xp < wx —cx a7 VOH)) o (1= p /00 g,
Then we only need to consider the case that x > 2’ > 0 and wx—b,z > w x —bpndo
for some dg > 0. For x > y > 0, we have
wy —bny

P(Y < wy —bpy, X > wx — by) — / Fr(D[1 = Fu(wx — boz — D)]dt

wy —bpx
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48 [" 1 1 z? s
~ BeycbS /5_ l‘—SadSZTL_—/ tPTH (1 —t)dt.
e y ( ) Beta(f,a+1) Jy/a ( )
Observe that

P(Y <wy —bpy,wx —bpz < X <wx — bp')
=P(Y <wy —byy, X >wyx —bpyz) — P(Y <wy —byy, X > wyx — bp)

-1 1 1
aﬂ/ tﬁ—l(l—t)“dt—(x’)v/ tﬁ_l(l—t)o‘dt], if 2>’ >y>0.
y/x Yy

n
NBeta(ﬂ, a+l1) Ja!

P(Y <wy—byy,wx —bpz <X <wx—bpz')=P(Y <wy —bpy, X >wx —b,1)

1 z7 /1 B—1
~nT —————————— t dt, if x >y >a2 >0.
Beta(f,a+1) Jy/a (1=#)7 v=

Write B(y,x) = z7 fyl/x t8=1(1 — t)*dt/Beta(B,« + 1). Note that
Plwx — bz < X <wy — bp2) ~ ex(bpz)” — cx (bpa’)? = n Ha? — (27)7].

Hence P(Y < wy — bpylwx —bpz < X < wx — bpa’) — H(y|z,2'), where
H(y|z, ') is defined as in Theorem 5(a). It can be seen that the above conditional
probability is continuous everywhere. By Lemma 4(b), the limiting c.d.f. of
(Wx = Xpnin))/bn 18 exp(—27) with > 0. Then, from Result 1, for y > 0, as
n — 0o,

P

wy — Yi—ka1n
(=t <) — [ [ HGle )i (@0 doda,

where gy i1 -1(z, ') = (") (k = 2)1] 7 27 a7 — (27)] exp(—27). Also

w %
P( — b e // (ylz, 2)] 19k+1,k—k1(x,x’)d:cdx’.

This completes the proof of Theorem 5(a).

Proof of Theorem 5(b)

Now we consider the case that F, € D(A)(max) with we = 0o, and Y satisfies
Condition 1 with limit 8, 5 > 1. Then for this ¢, we have F, € D(A)(max) with
an = (B 'logn)/v — vzgiifgf};;;(ﬁfﬁ)ﬂv and b, ~ (Bv)~tal™?. Without loss of
generality, we further assume that wy = 0. Note that Fy € D(Vg)(max) with
6>1, a, =wy, and b, = c;l/ﬁn_l/ﬁ. Then by Corollary 1.14 and Proposition
1.16(c) in Resnick (1987), we have 1 — Fy (y) ~ cy(—y)? as y — 07, where cy is
a constant. The proof of Theorem 5(b) will proceed in two steps. We first show

that Fx € D(A)(max) and give the normalizing constants for X,,.,. Then we
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derive the limiting distribution.
Step 1: We show that the following lemma holds.

Lemma 5.

(a) 1— Fx (@) ~ A% (8 + 1y bH0-D9 exp(=By") as y — oc.

(b) Fx € D(A)(max) with

log v? B~ (#=B)/v _log[AcyT(8 + 1)] + M log log n
vBYv(logn)l=1/v

asn — oo and b, = [nfx(ay)]~t ~ (Bv)"tal™.

Proof.

(a) We proceed by studying the behavior of fx(z), 1—Fx (z), and [°[1—Fx (t)]dt
as x tends to infinity. Since E|Y| and Ele| are finite and X =Y + ¢, we have
20 1 = Fx(2)]dz < oo.

Note that 1 — F,(z) ~ Az~ " exp(—Bz") as * — oo, by Lemma 5(a) in Chen,

Huang and Huang (1996). For n = —B~182!"Vlog x, we have

an = (B logn)'/v —

" e )Ae — ) exp(~Blx —y)")dy
< A(z —n) " exp[—B(z — )] = o(a~ MDAl B"y
and

J4J/°_12£Ql_e—30v—wvdy::J4J/_"_£Z£:£le—fxx+wvdy
n (z—y)¥ o (z+)"

~ Afcyz e B /
0
~ A(Bv) By T (B + 1)z~ [t =18l = Ba?

B~ 1821V logzx
_ _ v—1
tﬁ 16 Buvx tdt

by Condition 1, the Mean-Value Theorem, and lim, . [y Blogz 1b—le—tg —
I'(B+1). Hence

T—ay —t A
A/x % exp(—Bt")dt ~ WCYF(ﬂ—i—l)x_[uH”_l)m exp (—Bz").
(13)
We conclude that, as z — oo,
ACY —[u+(v— —Bzv
1—&@%7EWHWHM[“1W63- (14)

(b) Recall that fx(z) = ABv fgy fy () (x —y)~u " Lexp(—Bz¥)dy. Hence

ACY

Wr(ﬁ + 1)1,—[’11,-"-(’[)—1)(,3—1)} exp (—Bflfv) (15)
v

fx(x) ~
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as © — 00, by the same argument used in deriving (13). Then by (14), we have

i [°[L — Fx (0]
im —
w20 ZOGT (3 + 1) [et =D+ D] exp(—Ba)
—[1-Fx ()] _
_:tl—>oo Acy ut(v=1)(f+1) 1)(B+1)+1 1 =1
~Bo)? DB+ g g [t (o= D3+ D+ Y g~ [wt (- DBl exp(—Bav)
It follows that
00 ACY _ _ v
1_-F L Ay 1)~ [t @=1)(B+1)] ,—Bz? 1
= Fx(Oldt ~ a3 4 1) ‘ (16)
By (14), (15) and (16), we conclude that

iy % /;0[1 — Fx(t)]dt = 1.

This means that Fy € D(A)(maz) by Lemma 4(c).

It remains to find acceptable choices of normalizing constants a,, and b,,. By

(14), Lemma 4( ), and taking logarithm of both sides of (ACY L(B+1)an RO

exp(—Bal) =n"!, we get
—log[AcyT'(B + 1)] + Blog(Bv) + [u + (v — 1)5]log a,, + Ba,, =logn. (17)

Hence a,, — oo and a, ~ (B~ !logn)'/? by dividing both sides of (17) by a’. It
follows from b, = [1 — Fx(ay)]/fx(an), (14), and (15) that an acceptable choice
for b, is (Bv)_la}l_“. This tells us that in an expansion of a,, we may neglect
terms which are o((logn)'/*~1).

Next, write a, = (B !log n)l/ Y + r, where r, is a remainder which is
o((logn)'/?). Substituting this into (17), we find
-1
o(1) + Blog(Bv) — log[Acy (B + 1)] + W(— log B + loglogn)

vlogn B
(B~llogn)l/v

Hence we conclude

+7n

log[v? B~ (#=P)/v] —log[Acy (8 + 1)] + u+(v DB 1og logn
vBY/v(logn)l-1/v

an = (B logn)'/v —
Step 2: Now we derive the limiting distribution of b, '(wy — Yin—kt1m))- The
proof will proceed by first showing that the following hold:

P(X > ap + by) ~ n—le—ase—[u—i—(v—l)ﬁ]m/logn7 (18)

1 [
P(b,y <Y <0,X > a, +byz) ~ n_le_”—/ sPle % ds. (19)
['(B) Jo
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Proof of (18). Recall that b, ~ (Bv) 'a}™ by Lemma 5(b). We have

x _
log(an + bnx) ~ log a,, + Buat and (an + bnx)” ~ az + B Le.

By (14) and (17), we have

log P(X > ap + byx)
~ —(Blog Bv + log[Acy I'(B 4+ 1)] — [u + (v — 1)5]log(ay, + bpz) — B(ay + bypx)”
u+ (v— 1)ﬂx

~—1 ——
ogn —x Bay

Proof of (19). When y > 0, we have P(Y < by, X > a, +bpz) = P(X > a, +
bpz), and when ay < b,y <0, P(bpy <Y <0,X > a, + byx) = fb(iy fr()[1 —
F.(an+byx —t)|dt. By Lemma 5, alt DB B~ lut(w=181/v(1og p) ~lut(w=1)8/v,
and

1/ log VP B==B)/" _log[AcyT(8 + 1)]+ =8 o5 log n

vBYv(logn)l=1/v
u+(v—1)8
v

Ba!=B{(B !logn)

~logn — {logv?B~=A)/v _ log[AeyT'(B+1)] + loglogn}.

Then (19) follows.

Now we show that P(Y < A, + Bpyla, + bpz < X < a, + bya’) converges
to a nondegenerate conditional distribution function H (y|z,z") with A,, = 0 and
By, = by, where a,, and b,, are as described in Lemma 5(b). By (18) and (19), we
have

P(ay, + bz < X < ap, +by2’) ~ nlexp(—z) — n~exp(—2'),

Pb,y<Y,a, +bpx< X <ap + byz')=P(ap, + bpr <X <a, +b,a'), if y >0

P,y <Y, X > an +bpx) — Plbyy <Y, X > a, + b,2')

/ 1 -y
~(nTte Tt —nTle ) o P=lemsds, if 0>y > b, ay.

<ne ne)r(ﬂ)/os e ®ds, 1 y > b tay
Hence P(Y <buylan+bpz <X < ap+byz’) — H(y|z,2")=[(3)]~! 12 sPle=%ds
if 0 >y > b lay, =0if blay >y, = 1if y > 0. Note that H(y|z,2') does
not depend on z and 2’. By Lemma 4(c), the limiting c.d.f. of (X[, — an)/bn
is exp(—e™") with € R. Then, from Result 1, for y < 0, as n — oo,

Y bt ton] —
P( [ k+l1). — = y) - // H(y|z,2")gpt1.5-1(z, 2" )dzda’,
n 1'/>.Z’
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—az'\k—2 —_z
where g1 —1(z,2") = e‘x,(e(kT),e_”je_e (e=* — e~*) by Lemma 1. Hence

Wy Yv[n—k—i—l:n} 1 Y B—-1_—t
< >
P( b, _y>—> (ﬁ)/o t7 et dtI (y > 0),

and

wy = Vikin LY 51 4 h

This completes the proof.
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