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NONPARAMETRIC TESTS FOR THE MULTIVARIATE
MULTI-SAMPLE LOCATION PROBLEM
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Sungkyul University and University of Florida

Abstract: Nonparametric tests for the multi-sample multivariate location problem
are proposed which extend the two-sample multivariate rank tests by Randles and
Peters (1990) to the multi-sample setting. The asymptotic distributions of the pro-
posed statistics under the null hypothesis and under certain contiguous alternatives
are obtained for a class of elliptically symmetric distributions. Comparisons are
made between the proposed statistics and several competitors via Pitman asymp-
totic relative efficiencies and Monte Carlo results. The tests proposed perform
better than the Lawley-Hotelling generalized T2 for heavy-tailed distributions. For
normal to light-tailed distributions, the proposed statistics also perform better than
other nonparametric competitors and the proposed analog of the signed-rank test
performs better than the Lawley-Hotelling generalized T2 for light-tailed distribu-
tions.
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ate, nonparametric.

1. Introduction

Consider tests for the multivariate multi-sample location problem. Assume
that Xz(a) = (Xi(f“), . ,Xi(;))’,i = 1,...,nq, denotes a random sample of size
ng from a p-variate continuous population with density function f(X — 6,) and

p-dimensional location parameter 6,. Here o = 1,...,c indexes samples from ¢
different populations. These samples are assumed to be mutually independent.
We are interested in testing Hy : 81 = - -- = 6. = 0 against the general alternative

that 84, ..., 8, are not all equal.

A normal theory test for this problem can be based on the likelihood ratio
criterion. Assume that the underlying distributions are all p-variate normal with
common unknown covariance matrix 3 and mean vectors possibly different from
each other. The Lawley-Hotelling generalized T? (Lawley (1938) and Hotelling
(1951)) is defined as

72 =3 no (X - Xys /(X - X),
a=1
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where

- X)X - Xy,

alzl

with X = Lyo {0 X = Ly 370 X% and N = ny+ng+- - +ne.
The Lawley—Hotelhng generahzed T? statistic is afﬁne invariant. Thus if the data
are transformed to form Yl(- @) _ DXZ(-Q) +d fori=1,...,nqand a=1,...,¢,
where D is a p x p nonsingular matrix of constants and d* is p x 1 vector of
constants, then T2 computed on the Yz(-a)’s would be identical to T? computed
on the original Xz(a)’
of T? is consistent over changes in the matrix 3 and in the direction of shift.
We also note that the asymptotic null distribution of Hotelling’s T2 is chi-square
with p(c — 1) degrees of freedom.

Puri and Sen (1971) proposed a nonparametric approach to this problem

s. This property insures, for example, that the performance

based on a component-wise ranking. Let R(q) denote the rank of Xz(ja ) among

the NN observations X§j), ce XT(“)J, . XS), ce ,Xffc)j for each component j =
1,...,p. Let J(-) denote a score functlon defined on (0,1) that is nondecreasing

and nonconstant, and satisfies fol J(u)du = 0 plus fol J?(u)du < oo. Define
Ez(ja) = J((N + 1)_1R§;-1)) for j = 1,...,p and El(-a) = (El(l),.. E(a)) for

i=1,...,npand a =1,...,c. In addition, form the p x N matrix of scores:
1
BB )
E =

EY . EY,- B,

The test statistic is analogous to the Lawley-Hotelling generalized T2 computed
on the scores of the componentwise ranks. It rejects Hy for large values of

C
Ly =Y no(E® - EYVY(E" - B),

a=1

where the elements of V' = {V;} are given by
1 / 1
— —(EWEN _ 1M
Vi = (BBl - — (1Bl (1'BY),

where EFFl(EM) is the sth (tth) row of E and 1 is a N x 1 vector of ones. Under
the null hypothesis, L,, has a limiting chi-square distribution with p(c—1) degrees
of freedom. However, unlike 72, L,, is not affine invariant. Thus its performance
will depend on the form of the covariance matrix and the direction of shift.

An affine-invariant nonparametric test procedure was recently proposed by
Hettmansperger and Oja (1994). Their test rejects Hy for large values of H =
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Yo—1(1 —ng/n)H,, where H, is a two-sample difference in location statistic
used to measure the difference in location between the ath sample and all the
other samples combined. To describe the component statistics, consider H; and
let @ denote the Oja median (Oja (1983)) of all ¢ samples combined. Align the
data points to form Zgl) = Xl(-l) —0 fori = 1,...,n1, and ZZ@) = ng) — 0 for
i=1,...,N—nq, where ¢* and « delineate all the data points except those in the
first sample. The statistic H; is then the Hettmansperger, Nyblom, Oja (1994)
sign test statistic based on Zz-(l) fori=1,...,n1 and —ZZ(Q) fori=1,...,N —nq
combined into a sample of size N. The test statistic H is affine invariant and has
a limiting chi-square distribution with p(c — 1) degrees of freedom under Hj.

An alternative class of affine-invariant, nonparametric test statistics for this
problem, based on interdirections, is described in Section 2. Section 3 shows
their limiting null distribution and develops some Pitman efficiencies relative to
Lawley-Hotelling generalized T2. In Section 4 these tests are compared to those
described in the current section via Monte Carlo results. A data set is also
used to show comparative results. Key steps to proofs required in Section 3 are
contained in the appendix.

2. The Proposed Class of Statistics

Parametric multivariate tests perform poorly when the underlying distribu-
tion is heavy-tailed. They are particularly vulnerable to outliers. Moreover,
outliers are quite difficult to identify in multivariate settings. Thus nonparamet-
ric tests are particularly important. The family of statistics proposed in this
paper is built on the class of multivariate affine-invariant statistics, denoted by
ZN,¢, proposed by Randles and Peters (1990) for testing the difference in location
between two elliptically symmetric populations. The extension to the c-sample
setting is made by summing all possible pairs of two-sample statistics. Thus the
class of statistics proposed is given by

c—1 c
Whe=1 > Zi§

a—lﬂ—a+1
nang 1N Rei. , Raj
Z > g 2 2 cos (1hali, 5; 0)) () ()
oalﬁoa—&—ljij(Zs {ai].]l N N
A Rgi. . Rg;
o 33 cos (miglis 45 0))0( "o (T )
B i=1j=1

2 o Rai., Rsj
— 33 cos (mhas(i: 5 0) SO |

Nallg ;= 1j5=1
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where ZR‘,@ compares the ath and Sth samples’ locations. Here 0 denotes an
affine equivariant estimator of the common location parameter @ when Hj is true
and is based on all N observations. Randles and Peters (1990) used the sample
mean of the N observations for 6. For our case we use another affine equivariant
estimator, the Oja median (Oja (1983)). In the above expression, R, ; denotes the
rank of distance D, ; among all N distances D1 1,...,D1n,...,Dc1,...,Den,,
where

(X1 - )

and

(A more robust estimator of the variance-covariance matrix could be used in
place of i‘, but the performance is virtually the same.) The term pq (i, j;é)
is the samFle proportion of hyperplanes formed by 6 and p — 1 of the obser-
vations Xl-,a)(i’ =1,...,nq4, but @ # i’ # j) such that Xl(-a) and XS-O‘) are on

A~

opposite sides of the hyperplane formed. The term pg(i, ;@) is similarly de-
fined. Here XZ(O‘) (Xl(-m) is the ith observation from the ath (8th) sample. The

term pq (4, 5;0) represents the sample proportion of hyperplanes formed by 0
and p — 1 of the n, + ng — 2 observations (Xz(-,a),i’ =1,...,n, with ¢/ # 1,
and X;,ﬁ),j’ = 1,...,ng with j* # j) such that Xz(-a) (coming from the ath

sample) and X§-’6 ) (coming from the Fth sample) are on opposite sides of the

hyperplane formed. The score function ¢ is nondecreasing on (0,1) and satisfies
E(¢?) = [ ¢*(t)dt < co. In particular, ¢1(u) = 1 and ¢o(u) = u are emphasized.

3. Pitman Asymptotic Relative Efficiencies

This section establishes the asymptotic null distribution of Wy 4 under the
class of elliptically symmetric distributions and displays some Pitman asymptotic
relative efficiencies. Proofs of the results are sketched in the appendix. Let
Xga),i =1,...,no and a = 1,...,c be independent random samples from the
same elliptically symmetric distribution with dispersion matrix 3 and a location
parameter 8. We assume that both 3 — % = O,(N~'/2) and 6—0= O,(N~1/2)
and that imy_o0(na/N) = Aq with 0 < Ay < 1, and Aj+Aa+- -+ Ac = 1. Because
the statistics Zﬁi are all affine invariant, we assume without loss of generality

that 3 = I(pxp) and that 0 is the origin. Under Hy, we let XZ(O‘) = (Qa,i)l/QUga)
where the U l(-a) are all i.i.d. uniformly distributed on the p-dimensional unit

sphere, the Qq,;’s are all i.i.d. positive R.V.’s and independent of the UZ(O‘) ’s. We
use an approximating statistic which has the same asymptotic null distribution
as WN,(i)-
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Randles and Peters (1990) showed that an approximating quantity for ZR‘,@
in the two sample case is:

Na Na

2N = N - lel (7pa i, 7:0))6(H (Qui)) (H (Qa )
n% 2121 (7pp(i, 13 0))6(H(Qs,) 6 (H(Qs,7))
i=1j

25" cos (nps . O)0LH (Qu))OLH Q1)) .

nanﬁz 1j5=1

where Qq,; = Xl(-a)/Xga), 8i = Xl(ﬂ)/Xgﬁ)7 H is the distribution function of Q. ;
(and Qg,;) under Hy, and p, (7, j; @) is the angle in radians between Xl(-a) -0 and

Xg-a) - 0 (similarly for pg(i, j;0) and pa g(i,7;0)). Therefore our approximating

quantity for Wy 4 is given by:
WK{@ _ Z*,l,Q + Z;si;lqg?) 4t Z;;qu 1c'

Since fo,fS - Z;,o(;’g = 0p(1) under Hy (Randles and Peters (1990)), Wy, ¢ and
Wj(, ® have the same asymptotic null distribution. The following theorem results
from this asymptotic approximation. Its proof is sketched in the appendix.

Theorem 1. Under HO,WN¢_> ple—1)

Establishing Pitman efficiencies requires the asymptotic distribution of the
test statistics under a sequence of alternatives approaching the null hypothesis.
Assume Xga), . ,XSLO;) are iid from f(z — dn/vV/N) where do = (dat, - - -, dap)’
satisfies > ¢_; Aada = 0. The class of multivariate distributions used for this
comparison is the exponential power family, with density function f(x) = ko
exp{—[(x—0)Z" x—0)/cy]"}, where v > 0,co = [pI'(p/2v)/T((p+2)/2v)] and
ko = vI'(p/2)/[T(p/2v)(mco)P/?]. Because both tests are affine invariant we again
assume, without loss of generality, that 3 = I and @ = 0. The rationale of Hajek
and Sidak ((1967), pp. 208-213) shows that the alternatives are contiguous to the
null hypothesis. The proof of the following theorem is sketched in the Appendix.

Theorem 2. Under the sequences of alternatives,

d
WN,QS _ X;Q;(c—l) (5)7

where
4%

= s E PHQD@u) ™) 3 ddo/d
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Pitman asymptotic relative efficiency will be used to make a comparison
between Wy 4 and the Lawley-Hotelling generalized T?. The asymptotic distri-
bution of the generalized T2 under the same sequence of contiguous alternatives
described above is chi-square with noncentrality parameter .¢_; Ao d. d, (Puri
and Sen (1971), p. 212). Thus

- 412

peg E(¢?)
Using the score functions ¢;(u) = 1 and ¢a(u) = u, the asymptotic relative
efficiencies are identical to the one-sample asymptotic relative efficiencies of the
sign and signed-rank tests, respectively reported in Randles (1989) and in Peters
and Randles(1990). So that, after evaluating the expectation, we have

ARE(WN,¢,T2) E? (Cb(H(Ql,i))(Ql,i)V_l/Q).

WA ()

T3 (L) ’

ARE(Wy 4,,T?) =

and

2 2p+2v—1 2p+2v—1
120%T (552 T2 (5= ) (55 45 50 —)

PIAE) |

1

where 3(3;a;b) = & 2711 — 2)°"Ydz,a,b > 0. It is of interest to note that
lim, oo ARE (W4, T?) = 725 (< 1) and lim, ., ARE (W4, T%) = 255(> 1)
for fixed p. Thus we expect that for light-tailed distributions Wy 4, will perform
better than both Wy 4, and the Lawley-Hotelling generalized T when p > 1.
Table 1 displays the Pitman asymptotic relative efficiencies of Wy 4 relative to
the Lawley-Hotelling generalized T? for these two score functions and for selected
values of v and p.

ARE(Wy 4,,T?) =

Table 1. ARE(Wy.4,,T?) and ARE (W 4, T?)

1%
0.1 0.5 1.0 2.0 5.0

o1 ¢2 o1 G2 1 ¢2 o1 ¢2 1 ¢2
252252 | 739 | 2.00 | 1.50 | .637 | .954 | .411 873 | .347 907
367 25 |1 1.50 | 1.13 | .785 | .985 | .590 | 1.051 | .519 | 1.221
54.8 | 7.40 | 1.33 | 1.00 | .849 | .975 | .688 | 1.099 | .620 | 1.346
21.0 | 3.93 | 1.25 | 0.94 | .884 | .961 | .749 | 1.109 | .687 | 1.395
11.7 | 2.67 | 1.20 | 0.90 | .905 | .949 | .790 | 1.106 | .734 | 1.412

CU s W N~

As can be seen, Wy 4, is more efficient than Wy 4, and T 2 for light-tailed
distributions (v = 2 and 5) when p> 1. Even under the multivariate normal
distribution and other distributions close to the normal, Wy 4, continues to be
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efficient relative to T2. For heavy-tailed distributions (v = 0.1 and 0.5), W 41
is superior to both Wy 4, and T2.

4. Monte Carlo Study and Example

In this section we display results from a Monte Carlo study in which the
number of samples is ¢ = 3, the dimension is p = 3, and each sample size is nq
= 15, a = 1,2,3. The five statistics Wi ¢,, Wn,¢,, Lawley-Hotelling general-
ized T2, and the statistics Ly and H were compared using samples from three
distributions which span the spectrum of tailweights among elliptically symmet-
ric distributions. Specifically, the distributions considered are a very light-tailed
member of the exponential power family with v = 25, the multiviariate normal
(exponential power with ¥ = 1) and the multiviariate Cauchy distribution with
density function f(x) = ki (1 + 2'z)~P+t)/2 where k; = 7~ ®+D/2D((p 4 1)/2).
Here we also use 8 = 0 and X = I, except in the multiviariate normal case, where
the individual components of X have mean 0 and variance 1, but each pair of
components are highly correlated with p = .90. The latter is chosen to illustrate
how its lack of affine invariance can cause Ly to perform poorly. The distri-
butions were chosen to illustrate performance extremes from very light-tailed to
very heavy-tailed cases.

The number of repetitions at each case was 1000. In each Monte Carlo sim-
ulation, the proportion of times out of 1000 in which each test statistic exceeded
its critical value is reported. The asymptotic null distribution x2 is used to deter-
mine the critical value for tests Wy 4,, Wi ¢,, Ly and H. For Lawley-Hotelling
generalized T2, the test rejects Hy if T? exceeds %F@;gg where F,, ,, denotes the
upper 5th percentile of an F distribution with v and vy degrees of freedom.

In Table 2 we present the results of the Monte Carlo study for various values
of the locations 61, 85 and 03. The first sample was selected in each case from
the indicated population centered at the origin. The second and third samples
were selected from the same population but centered at shifted values @5 and
03 respectively, as indicated in Table 2. The locations for the second and third
populations were selected so that the results would represent a reasonable range
of powers under the alternative hypotheses. The directions of shift are fairly
irrelevant to the performances of the affine invariant procedures, but not so to
Ly.

In general, the tests Wiy 4, and H perform similarly, with Wy 4, performing
slightly better in this study due to the fact that its levels are closer to the
target o = .05 using the asymptotic cutoff. All of the tests could be conducted
using permutation cutoffs which would equate their null levels, but would greatly
increase the computational difficulty in a simulation such as this. Both Wy 4, and
H are superior to Wy ¢,, T 2 and Ly when the distribution is the multivariate
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Cauchy. When the underlying distribution is multivariate normal, T2 is best,
but Wy 4,, H and especially Wy 4, are very competitive in this case. Here the
performance of L is poor due to its lack of affine-invariance. For the light-tailed
(v = 25) case, W4, is best with 72 the only legitimate competitor.

We make another comparison among those five statistics using the example
Hettmansperger and Oja (1994) took from Seber (1984). The data contains z1,
the amount of phospate (mg/ml) and x5, the amount of calcium (mg/ml) in urine
samples from 36 men in three different weight groups, with n; = 10, ne = 12 and
n3 = 14. The result of the analysis are given in Table 3. Here the approximate
distribution of Lawley-Hotelling generalized T2 is Fj 62 and the others have an
approximate Xi distribution. All five statistics indicate that these three weight
groups do differ in urine phosphate and calcium levels. The asymptotic p-values
associated with Wy 4, and Wy 4, are the smallest among the nonparametric
tests.

Table 2. Monte Carlo results with n = 15, reps = 1000

Statistics
6, 0, 03 Wng  Wn.s T? Ly H
Cauchy
(0,0,0) (0,0,0) (0,0,0) .058 .059 .012 .045 .038
(0,0,0) (4,4,.4) (0,—.4,0) .264 .199 .035 199 213
(0,0,0) (.6,.6,.6) (0,—.6,0) 463 .299 .075 349 417
(0,0,0) (.8,.8,.8) (0,—.8,0) .688 .405 .097 .566  .660
normal, correlations = 0.9
(0,0,0) (0,0,0) (0,0,0) .062 .063 .049 .030 .037
(0,0,0) (-.1,—.1,0) (.1,.1,0) 139 152 141 .054 105
(0,0,0) (-.2,—.2,0) (.2,.2,0) 430 .459 .505 100 .386
(0,0,0) (-.3,—.3,00 (.3,.3,0) .808 .840 .897 203 .780
exp. power v = 25
(0,0,0) (0,0,0) (0,0,0) .065 .071 .048 042 .038
(0,0,0) (.2,.2,.2) (0,—.2,0) 162 174 150 123 126
(0,0,0) (4,4,4) (0,—.4,0) 207 .367 278 130 172
(0,0,0) (.6,.6,.6) (0,—.6,0) .396 .730 .620 261 .352
Table 3. Statistical analysis of urine data
Statistics
W, ¢ WK, s T2 Ly H
Value | 13.8931 | 15.0518 | 6.262 | 12.2479 | 12.511
p-value | 0.0076 | 0.0046 | 0.0003 | 0.0156 | 0.0139
Appendix

Proof of Theorem 1. Noting that cos(mp.(i,J,0)) = U(a)/U(-a), etc. we can

3 (2
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1 *7a7/8 — a7ﬁ/ OC,IB
write ZN,(b = SN7¢ SN7¢, where

Na 1 TLB

af _ VMaltgD 1 (o) Mo L © ,
SN,qb_ \/W{na ;Ul ¢(H(Qa,z)) nﬁ;Uj ¢(H(Q3J))}

Let B = (B’ 5, By3,...,B. 1 .) where B, are arbitrary nonzero p x 1 fixed
vectors. Then

B/SW - 2SN¢+B/ 3SN¢ +-+ B 165?{;’0
g Z{ > J% §a’¢<H<Qa,i>>},
e
where we set B, 3 = —Bg, when § < o. Here we see that the summands

in each term are i.i.d. random variables so that we can establish an asymptotic
normal distribution for each term by the Central Limit Theorem. The ath term

converges to N 25 1 VBl Eg 1 V/AsB], g)'), where limy o0 5 = A,

a=1,...,c and A1+ )\2 4+ 4 )\ = 1. Also since the terms are independent of
one another, we obtain the asymptotic normality of B'Sy 4 via a multi-sample

version of the Central Limit Theorem. Then B'Sy 4N (0,V), where ¥ =

B’A’AB and

Val, A1, --- 0,

—vAl, 0, - 0,
0, —VMI, - 0,

VA,
vV )\c—le epx (6*21)617

where 0, denotes a p x p matrix of zeros. Therefore, S N’¢gN (0,V) where

V=AAisa (6_21)67’ X (6_21 )P ariance-covaiance matrix.

In general, A = A; ® I, where A; is a ¢ X (;) matrix of constants and I,
is a p x p identity matrix. Let a) denote the ith row of A;, 1 < i < ¢, and b,
denote the jth column of A1, 1 < j < c¢(c—1)/2. We see that A; satisfies: (1)
aa,=(1-X)fora=1,...,¢, (2)aag=— A dgforalll <a< g <e¢ (3)
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¢ . VAqal, = 0, and (4) if the jth column of A; corresponds to B, g, then
Za 1 « ) J p B
bib; = Ao+ Agforall j =1,...,¢(c—1)/2. Letting V' =V ® I, we note that

(Z“a ) (3 asa))

f=1
:g )al, +azlﬁzlaa<—\/7>a’3
a#p

S, - @ Vicaa) (32 )

1

aaa; = All : A1 = Vl.

I
AR

Q
Il
—_

Since V=V @I, and V.-V =(V®I,)(Viol,)=Vi-Vi)® I, I, =
Vi®I, =V, we see that V is idempotent. Therefore the asymptotic null
distribution of WY ; is a chi-square distribution with degrees of freedom tr(V')
(see Searle (1971)), where
tr(V) = (A +X)p+ (M +A3)p+ -+ (Aem1 + Ae)p
=(c=1)pM+r+-+A)=(c—1)p.

This completes the proof.

Proof of Theorem 2. Under continguous alternatives, an asymptotic approxi-
mation to the log-likelihood function is:

(01))

Lt )

a=1i=1 3
{izd /X(a )X(a))u 1}
a=11i=1

{;;d (Qai)~ 1/2U(a}

Let a = (a1,a3) be an arbitrary fixed vector of constants in which both compo-
nents are not zero. We first find the joint limiting distribution of T3, and S}, =
B,SN ¢

a <S{,Y> = (Ils}k\[ + (IQT:;
TN

—ZZ[ 202 (i) Pl + ard(H(Qu))( S LB U,

a=1i=1 CO B=1
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Since Ep,[Sx] and Eg, [T are zero, Ep,[a’ (S}, Tx)'] = 0. Also,
Vi, [a'(Sx, TR)'] = En,[(a’ (S, Tx)')?).
Using Eg, (Uga)) = p~11I,, the variance of S%; is:
1 C
U%,N N [Z Z VnsBe, /( Z \/nﬁB/a,,G)}
a=1 = B=1

57504 B#a
—- B'A’/AB=B'VB as N — .

Also, as N — oo, the variance of T, goes to

Q“2u1(z)\ d.d )

Finally, as N — oo, the covariance of S, and Ty, goes to

2
2_4u
0y = —5,—F

c&'p

- % S Q1)) Q1) Y] [Z Aa Z ij 05)7lo]
Ba
— By, [(H(Qu)(@1)" ] BGd,
c§VPE(?)
where d' = (d},...,d.) and
VAT, =V koI, 0, 0p - 0p 0p
VONDYY & 0, —VAAsI, Op - 0p Op

G =

0, 0, 0, 0, VA hep —/ Ao i,

Then by LeCam’s third Lemma, we have, under the sequence of alternatives,

Sk % N(u:, BVB),

where
N 2v

-2 _F
Ha = /B

Therefore, under the contiguous alternatives,

0, [0(H(Q1.0)) (Qu0)" /2] G, V)

H, {¢(H(Ql,i))(Ql,i)y_l/2] B'Gd.

d 2v
Sn = N ("

and
412

rpE Ehe [P Q1))@ | d 6 Ga).

« d
Wy = X%c—l) <

811
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To simplify the form of noncentrality parameter of the chi-square distribution,
we use the fact that ¢ _; Aods = 0. Since

MA =AM, XA, =Ml =M,
IGGd— —Al.AQI,, Ao (1 - o), —AQ'AgI,, 5 —AQ')\CIP p
AT, AT, AL, A (1= M),
=3 Aadida — [(3 Aada) (D Aada)]
a=1 a=1 a=1
= Aad,d,
a=1

and we have the desired result.
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