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WAVELET ESTIMATION VIA BLOCK THRESHOLDING:
A MINIMAX STUDY UNDER L7 RISK

Christophe Chesneau
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Abstract: We investigate the asymptotic minimax properties of an adaptive wavelet
block thresholding estimator under the LP risk over Besov balls. It can be viewed
as a LP version of the BlockShrink estimator developed by Cai (1999, 2002). First
we show that it is (near) optimal for numerous statistical models, including certain
inverse problems. In this statistical context, it achieves better rates of convergence
than the hard thresholding estimator introduced by Donoho and Johnstone (1995).
We apply this general result to a deconvolution problem.
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1. Motivations

Wavelet shrinkage methods have been very successful in nonparametric func-
tion estimation. They provide estimators that are spatially adaptive and (near)
optimal over a wide range of function classes. Standard approaches, such as
that the hard and soft thresholding rules introduced by [Donoho and Johnstone
(1995), are based on term-by-term thresholding.

Recent works have shown that block thresholding methods can enjoy better
theoretical (and practical) properties than conventional term-by-term methods.
This is the case for the construction developed by|Hall, Kerkyacharian and Picard
(1999), the BlockShrink algorithm proposed by ICai (1999, 2002), and the block-
wise Stein’s algorithm studied by |(Cavalier and Tsybakow (2001). If we adopt the
minimax point of view, the resulting estimators are optimal under L? risk over
a wide range of Besov balls for various statistical models.

In the present paper, we synthetically analyze the asymptotic performances
of a LP version of the BlockShrink estimator. In a first part, we consider the
estimation of an unknown function f in LP([0,1]) from a general sequence of
models I',. Under very mild assumptions on I'y,, we determine a simple upper
bound for the LP risk

1
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where f'n is a LP version of the BlockShrink estimator and F is the expectation
with respect to the distribution of the observations. Then, we use this result
to isolate the rates of convergence achieved by this estimator when f belongs to
Besov balls. For numerous statistical models (including several inverse problems),
we show that they are (near) minimax. Moreover, the estimator considered is
better in the minimax sense than the hard thresholding estimator.

In a second part, we provide some applications of this general result. After
a brief study of the standard Gaussian white noise model, we focus our attention
on a more delicate problem: the convolution in Gaussian white noise model.

The rest of the paper is organized as follows. Section 2 describes wavelets
and Besov balls. Section 3 introduces the LP version of the BlockShrink estimator
and the key assumptions. Asymptotic properties of this estimator are presented
in Section 4. In Section 5, we apply this result to the Gaussian white noise model
and the convolution in Gaussian white noise model. Section 6 contains proofs of
the main theorems.

2. Wavelets and Besov Balls

We work with a wavelet basis on the interval [0, 1] of the form
¢ ={pri(x), k=0,...,2" —1; ¢jp(2), j=7,...,00, k=0,...,27 —1}.

In general, ¢;i(x) and 1;(x) are “periodic” or “boundary adjusted” dilations
and translations of a “father” wavelet ¢ and a “mother” wavelet ¢, respectively.
We assume that 1 has N vanishing moments and N continuous derivatives. The
factor 7 is a large enough integer. For the sake of simplicity, we set ¢; () =
22¢(2x — k) and 1 (z) = 29/2(2x — k). We assume that the following
geometrical properties are satisfied.

1. Property of concentration. Let p € [1,00) and h € {¢,¢}. For any integer
j > 7 and any sequence v = (uj);k, there exists a constant C' > 0 such

that
27 — 2J

H Z uj, kh]kH <25~ Z Juj [P (2.1)

2. Property of unconditionality. Let p € (1,00). Take ;1 = ¢, . For any
sequence u = (uj )k, We have

|52 S sl =1 S S )|

j=17—1k j=7—1 k=0

(2.2)

(The notation a < b means there exist two constants C' > 0 and ¢ > 0 such
that ¢cb < a < Cb.)
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3. Temlyakov property. Let o € [0,00). Take ._1 1 = ¢, 1. For any subset
AC{r—1,..,00} and any subset Q C {0,...,27 — 1}, we have

[03»> 2ol DI ILLI N (2.3)

JEA keQ JEA keQ

The first property is standard. The others are powerful geometrical properties of
wavelet bases. They are generally not shared by other bases. For instance, the
Fourier basis does not satisfy the property of unconditionality of P for p # 2.
The main advantage of the property of unconditionality and the property of
Temlyakov is simply to transfer the arguments from L? to LP. See Meye (1990)
for further details about wavelets and the concentration property. See [Donohd
(1993, 11996) for the importance of the property of unconditionality in statisti-
cal estimation. See .Johnstone, Kerkyacharian, Picard and Raimondd (2004) for
further details about the Temlyakov property.

For any integer [ > 7, a function f in LP(]0, 1]) can be expanded in a wavelet

series as
2l—1 oo 21—1
f(z) = Z  kPLe(T) + Z Z Bj ki k(),
k=0 j=l k=0

where aj = [ f(£)d;x(t)dt and B = [ f(£);x(t)dt.

A suitable choice of the wavelet basis ( depends on the considered statistical
model. Further details are given in Section 4.

Now, let us define the main function spaces used in our study. Let M €
(0,00), s € (0,N), m € [1,00] and 7 € [1,00]. Take 3,1 = a,;. We say that
a function f belongs to the Besov balls B; .(M) if and only if the associated
wavelet coeflicients satisfy

00 271 1, %
( > [mm%—%)( ) !ﬁm\”) ] > <
j=1—1 k=0
For a particular choice of parameters s, w and r, these sets contain the Holder
and Sobolev balls. See Meyed (1990).

3. Estimator and Assumptions

In the first part of the paper, following the mathematical framework adopted
by IKerkyacharian and Picard (2000), we consider the estimation of an unknown
function f in LP([0,1]). We assume a sequence of models I';, in which we are able
to produce estimates of the wavelet coefficients o, and 3; of f on the basis ¢.
The corresponding estimators will be denoted by &;; and Bjk
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Now, let us explain the role of two factors  and v that will appear in our
mathematical framework. The first is supposed to be a parameter characterizing
the model. It plays a crucial role in the study of some inverse problems; for
the standard models, it is zero. The second has only a technical utility; it may
depend on 6.

We are now in position to describe the main estimator of the study. It is a
LP version of the BlockShrink estimator developed by |(Cai (1999). It was first
defined by [Picard and Tribouley (2000). Let us mention that it does not require
any a priori knowledge on f.

Let p € [2,00), d € (0,00), § € [0,00), and v € (0,(25 + 1)7!]. Let j; and
Jjo be the integers defined by j; = [(p/2)logs(logn)| and jo = |vlogyn| (or,
without loss of generality, jo = |vlogy (n/logn)]). For any j € {j1,...,j2}, let
L = |(logn)P/?], Aj = {1,...,27L7'} and, for any K € A;, consider the set
Uik ={ke{0,...,27—1}; (K—1)L < k < KL—1}. We define the (L version
of the) BlockShrink estimator by

2011

J2

(@)=Y Girdpa@)+ > Y ﬁj?’“l{irK>d26jn*%}¢j’k(x)’ (3.1)
k=0 =i KeA; keUj T

where bj ;¢ = (L™ D kel x 13 1P)1 1.

For the sake of legibility, we set ), = ZKeAj and 3y = Zker,K. We
make the following assumptions.
(H1) Moments inequality We denote by j; — 1 an integer such Bjrl,k = Qj, k-
There exists a constant C' > 0 such that, for any j € {j;1 — 1,...,J2},
k€ {0,...,27 — 1} and n large enough, we have

E(1B — BjxP) < C2%irn P,

(H2) Large deviation inequality There exist two constants p and C' > 0 such that,
for any j € {j1,...,j2}, K € Aj and n large enough, we have

P((L7V 3 1B = Bl 2 27 203 ) < Cn 7.
(K)

For numerous statistical models, we can find &; , ﬁAng, v and p that satisfy the
assumptions (H1) and (H2). Several applications will be considered in Section 5.

4. Optimality Results

Theorem 4.1 below provides an upper bound for the LP risk (with p > 2)
of the block thresholding estimator f, defined by ([B). The function f is only
supposed to belong to LP([0,1]).
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Theorem 4.1. Let p € [2,00) and suppose the assumptions (H1) and (H2)
are satisfied. Consider the estimator fn defined by BI) with the thresholding
constant d = p. Then there exists a constant C > 0 such that, for any o € (0,1)
and n large enough, we have

E(lfn — fIB) < CQi(f) + Qa(f) +n~F),

where
o0 J2
Q=) TmpH > ZZﬁj,kl{b_K<2—1un—%26j2m+1}wj,k‘ "
m=0 j=i1 K (K) R P
co 27-1 »
QN = X X B
j=jat+1 k=0

The quantity b; i is defined by b; i = (L™} 2o (K) |85 k[P)/P.

Such an inequality was proved for the hard thresholding estimator by
Kerkyacharian_and Picard (2000, Thm. 5.1); the geometrical properties of the
basis ¢ under the LP norm are at the heart of the proof.

Theorem 4.2 below is a consequence of Theorem 4.1. We now suppose that f
belongs to Besov ball B; .(M). We investigate the rates of convergence achieved

by the block thresholding estimator f, defined by B1) under the LP risk, p > 2.

Theorem 4.2. Let p € [2,00) and suppose that the assumptions (H1) and (H2)
are satisfied. Consider the estimator fn defined by BI) with the thresholding
constant d = p. Then there exists a constant C' > 0 such that, for any w € [1, 0],
re(l,oo], se(l/m—1/24+1/(2v) — 06, N), and n large enough, we have

sup  E(|fu = fI5) < Con,
feBz (M)

where

n~1P(log n)“PLr>r} when € > 0,

(lo&nmya2p (log )P+ 1e=0)  when € <0,
with ar = 5/(2(s + ) + 1), az = (s = 1/m + 1/p)/(2(s = 1/m + ) + 1) and
e=nms+ (6 +1/2)(m —p).

For numerous statistical models, the rates of convergence exhibited in The-
orem 4.2 are minimax, except for the case € > 0 with p > m, where an additional
logarithmic factor appears. For further details about the minimax rates of con-
vergence under the LP risk over Besov balls, see Delyon_and .Juditsky (1996) and
Hirdle, Kerkyacharian, Picard and Tsybakov (1998).
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Moreover, let us notice that if (H2) is satisfied then there exist two constants
C > 0 and p. > 0 such that, for any j € {j1,...,j52}, k € {0,...,27 — 1} and n
large enough, we have P(|@j7k — Bkl > 27 2% /(logn/n)) < P((X (k) |B]k -
Bj_k|p)1/p > 271,,2% /(logn/n)) < Cn~P. So, by considering a result proved by
Kerkyacharian_and Picard (2000, Thm. 6.1), under the assumptions (H1) and
(H2), the LP version of the BlockShrink estimator achieves better rates of con-
vergence than the hard thresholding estimator. More precisely, it removes the
logarithmic term in the case m > p.

Finally, let us mention that we can prove Theorem 4.2 for p € (1,2) if we
consider the block thresholding estimator (BIl) with L = logn. To obtain this
result, we only need (H1) and (H2), the concentration property of the wavelet
basis, and some [,-norm inequalities.

In the following section, we apply our general results to the standard Gaus-
sian white noise model and a well-known deconvolution problem.

5. Applications

— Gaussian white noise model. We consider the random process {Y (¢); t € [0,1]}
defined by X
dY (t) = f(t)dt +n~3dW (1),

where {W(t); t € [0,1]} is a standard Brownian motion. We wish to estimate
the unknown function f via {Y'(¢); ¢ € [0,1]}.

Here, we work with the compactly supported wavelet basis on the unit in-
terval introduced by |Cohen, Daubechies, Jawerth and Vial (1993). It satisfies
the concentration property, the property of unconditionality, and the Temlyakov
property. See, for instance, [Kerkyacharian and Picard (2000).

Picard and Tribounley (2000) have proved that (H1) and (H2) are satisfied
with Gy = [i o;)dY (1), Bip = [y b)Y (t), § = 0, v = 1, and p large
enough. Therefore, if we define the estimator (BI) with the previous elements,
then we can apply Theorem 4.2. This theorem can be viewed as a LP version of
some results obtained by ICal (2002) under L? risk.

— Conwvolution in Gaussian white noise model. We consider the random process
{Y(t); t € [0,1]} defined by
dY (t) = (f % g)(t)dt + n~3dW (t),

where {W (t); t € [0,1]} is a standard Brownian motion and (fxg)(t) = fol flt—
u)g(u)du. The function f is unknown and the function ¢ is known. We assume
that f and g are periodic on the unit interval and that there exists a real number
§ > 271 satisfying

[Fo)O =7, 1ez". (5.1)
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For any h € L'(]0,1]) and any real number [, F'(h) denotes the Fourier transform
of h defined by F(h)(l) = fol h(z)e~ 2% dx. We wish to recover the unknown
function f via {Y'(¢); ¢t € [0,1]}. This model has been studied in many papers.
See, for instance, ICavalier and Tsybakov (2002) and Johnstone, Kerkyacharian,
Picard and Raimondo (2004).

Here, we adopt the framework of Johnstone, Kerkyacharian, Picard and
Raimondo (2004). We work with a basis constructed from a Meyer-type wavelet
adapted to the interval [0, 1] by periodization. We denote this family by ¢M =
{pM(2), k =0,...,27 = 1; 9N (2); j = 7,...,00, k =0,...,2/ — 1}, where
7 denotes a large integer. The main feature of ¢(M is that F (") and F(¢M)
are compactly supported. Moreover, (M satisfies the property of concentration,
the property of unconditionality, and the Temlyakov property. See, for instance,
Johnstone, Kerkyacharian, Picard and Raimondd (2004).

Proposition 5.1. The assumptions (H1) and (H2) are satisfied by the Johnstone,
Kerkyacharian, Picard and Raimondo (2004) estimates:

= F*YV)OF (@O F)) D, Bix=Y FX)OF@O) " Fp)),

leCj leCj

v=(1+26)"1, and u large enough. Here C; = {l € Z; F(w%)(l) #0}={l e
]l] 6 [27r3 127 873~ 12j]} and, for any integrable process {R(t); t € [0,1]},
f 2Z7rlth

So, if we define the estimator (BJI) with the elements &; g, Bj,ka 0, v and p
presented in Proposition 5.1, then we can apply Theorem 4.2. In particular, if
we consider the minimax point of view under the LP risk for p > 2 over Besov
balls, the considered estimator achieves better rates of convergence than the
hard thresholding estimator developed by Johnstone, Kerkyacharian, Picard and
Raimondo (2004).

6. Proofs

In this section, C represents a constant which may differ from one term to
another. We suppose that n is large enough.

Proof of Theorem 4.1. For the sake of simplicity, we set éng = Bj,k — B k-
Applying the Minkowski inequality and an elementary inequality of convexity,
we have E(|[f, — f|[5) < 47~1(G1 + Gz + Gs + Qa(f)), where

21 —

E( Z &k Oéj1,k)¢j1,kH§)v
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B YN (i weomn 3y Vi 1)

j=n K (K)
Gs=E(|| Z N kl{b >25]/m77}¢] klIp)
j=n K (K)
Let us analyze each term G, G2 and Gg, in turn.

e The upper bound for Gy. It follows from (ZII) and (H1) that

271 -1
Gr < 02 ETD N7 B(|dy, g — gy 4f?) < Cn~ B2t a
k=0
< Cn_g(logn)(%'%)p2 <Cn~ 7. (6.1)

e The upper bound for Go. Applying the Minkowski inequality and an ele-
mentary inequality of convexity, we have Go < 2p*1(G271 + Go2), where

P
Go1= (H Z Zzﬂjk {gj’K<25j,m%}1{1)]-,}(52251%%}%’kup)’

j=i1 K (K)
p
G2 = (“]Zf:;gﬁ]k {bj,K<26f/m_%}1{bf’K>226j“"_%}wj’kul)'

— The upper bound for Gz ;. Using ([22), we find

Go1 < C Z Zzﬁﬂ“ {bs, <225wn*7}w9kup < CQu(f).

Jj=i1 K (K)
— The upper bound for G2 2. Notice that the [, Minkowski inequality yields
. < .
1{bj,K>226jMn7% } 1{bj,K<26jl”l7% } - 1{|bj,K—bj,K‘226j/”l7% }
(6.2)

1 N _ .
= @ S 10;6l0) 2290 )

Using (2), the generalized Minkowski inequality (see, for instance, [Temlyakov
(1993, Eq. (1.10)), (&2), (H2), and again ([Z2), we obtain

)

p

G22<CE(H ZZZWJ’“’ {bxc>2200um= %} {b K <207 pn" 2 }WMP)%

Jj=in K
1p
SCH Zzz|ﬂ]k| {b K>226]Hn 2} {b K<26]MTL 2})] |/lzz)jl€| )2
J=n K (K) »



WAVELET ESTIMATION VIA BLOCK THRESHOLDING 1015

1 1 _1 % P
(ZZZW Zw NODES L Iy
j=i1 K (K) P
oo 21—1 1
_ ,l _ap
<Cn7? (Z Z Wj,k\QWj,k\Q)QH 2 <Cnz.
Jj=7 k=0
It follows from the upper bounds of G2 1 and G2 that
Go < C(Q(f) +n™ 7). (6.3)

e The upper bound for G3. By the Minkowski inequality and an elementary
inequality of convexity, we have Gy < 2P"1(G31 + G3 2), Where

Gs1 = (H ZZZW {bj. =20 m™ 2} {b K<2%92- 1~ Q}Q’Z)ij )’

Jj=n K (K)

L (P3> 0> sL AT LT

Jj=i1 K

— The upper bound for G31. Using the inequality

1. 1 <1
(b re>200m™ 2} {b) <2921 2} = UL T o) 10,00P) P 22092 1 n B Y

the Cauchy-Schwarz inequality, and the assumptions (H1) and (H2), we obtain

j..|P
E(’HJJC‘ 1{8j,K225j/LTL_% }1{bj’K<25j2_1Hn_% })
< E(|0;,P1 .1
(L7 X k) 10,6 1) P 220927 L pn ™ 7)

<0yt [P (2 Sty zz‘sj?‘lun—%ﬂ%SC?‘””n‘p-w.@

Using (Z32), the generalized Minkowski inequality, ([&4)), (Z3]), and the fact that
v € (0,(20 +1)71], we have

Ga1 <CE<H(ZZZ‘HJ’“‘ (b, K>2éjun—%}1{bj’;(<2512 lyn~ 2}’¢3k‘ )

Jj=i1 K

2

2 1
(Z Z Z [ |0j’k|p1{i)j,KZ257un_%}1{bg’,K<25i2*1un_% })} : |¢j’k|2> 2

Jj=n K (K)

p

p
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jo 291 1 jo 291
sCn- H(ZZ22(SJ|¢j )2 <Cn~ pZZQ(S]prijp
j=7 k=0 j=7 k=0
J2
_ Cnfpz 03 (3+3)p < Cn—P272(0+5)p < Cn~PnrP0+3) < On~%.
Jj=T7

— The upper bound for Gso. Using ([Z2), the generalized Minkowski inequality,
(H1) and (Z3)), we obtain
)

Gg,QSCEQ\(ZZZM a1y )

Jj=i1 K (K)
AT |
<ont (z;;) b st 1y T )%:
< On-t z 3 )2l

Using the fact that > [ kllp = L21®/2=1)| 1|, the inequality

1, 1 _ 1
{29921 un" 22m <) e <2092~ 22m 41

; p
< 2700P9P PR 22T (b, i )P1 . .
=~ H ( J7K) {26j27llln_§2m§bj,K<26j271Mn_§2m+l}

< 9=03P9P ,~Py 59— ™MP 1
< mon (b]K {b <2852 lyn~ 22m+1}

the I,-norm inequality 37, a;|? < (33, |ai|?)P/? (since p > 2), and the uncondi-
tional property, we find

0 J2

_b 1 (2 _

GgQSCn 2 1 ) 1 ) 1 26]pL2](2 1)

’ Z ZZ {20921 32m < e <2821~ B2t |
m=0j=j1 K

<cC Z 9-mp Z > (bix) {bijd&jTlW_%Zmﬂ}sz(g—l)

JJ1K

=C Z 9—mp Z Z Z |1Bj kP {bwd&?lun_%wﬂ}zj(g—l)

j=n K
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[ee) 1 J2
<C Z 2_mp/ Z Z Z 18),k[1 {bj K<26j271w—%2m+1} |95 () [P dae
m=0 j=i1 K (K) '
e’} p
Scz2imp (ZZZWJH <26i2=1un 22m+1}|¢jk| )
m=0 =i K (K) p
p
<C Z 2 Z ZZ@ ", iz<<2<5j2—1un‘%2m+1}wj”g < CQu(f).
j=i K ’ p

It follows from the upper bounds of G3 1 and G532 that

Gs < C(Qu(f) +n~ 7). (6.5)
Combining (&1), (E3]) and (&), for any a € (0,1), we have

E(|fo = [I}) < C@Q1() + Qa(f) +n~ 7).
The proof of Theorem 4.1 is complete.

Proof of Theorem 4.2. We investigate separately the case m > p and the case
p>m.

e If m > p. According to Theorem 4.1, it suffices to show that, for any
f € B; (M) , there exists a constant C' > 0 satisfying the inequality Q1(f) V
Q2(f) < Cn=*P where a; = s/(2(s + ) + 1).

e The upper bound for Q1(f). For any integer m, j3 is the integer defined
by jz = |loga (27" (29)nt/R(s+9)+1)) | Using the Minkowski inequality, an el-
ementary inequality of convexity, and [E2), we have Q1(f) < 2P~1(S; + So),
where

Sy = Z 2—mpH Z Z Zﬂ] k {bijgwémn_;}%,kH:,

Jj=i1 K
J2 271

=22 5 ]

Jj=j3+1 k=0
Let us analyze S; and S9, in turn.
— The upper bound for Si. If bj i < 02%2mn =12 then we clearly have (Z(K)
1B k|P)/P < pn~1/29m9% L1/ Tt follows from the Minkowski inequality and

&) that
1
S, <C Z 2—mp[ Z 2J %_%)(ZZ |ﬂj,k|p1{bj K<M26j2mn_%}> p]p
K (K) T

J=n
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3 > ‘(l_l) 5i 11p P > (sl
<cn %Y [Zzﬂ 370 (Card(A;)2 ”’L)p} =Cn8 Y 2ntyr
j m=0

1+26
s+6 +1 E 2= mp( ) < On~ P,

— The upper bound for Sg. The Minkowski inequality, (1), and the inclusion
B: (M) C B} (M) imply that

271 19p o] [ee] NP
Sy < CZ 2—"“9[ Z P75 ( Z 18 k\p)p] <C> 2—’"1?( 3 ws)
Jj=ja+1 m=0 Jj=js+1
sp 0
<C Z Q=MPQ=I3SP < (O 2stor 1 Z 9~ < Cn~p,
m=0 m=0

Putting the upper bounds of S; and S together, we conclude that

Q1(f) < Cn~™P. (6.6)

e The upper bound for Qa(f). Using the Minkowski inequality, (1), the
inclusion B; (M) C B, (M), and the fact that s > 1/(2v) — ¢ — 1/2, we find

[ Z 2 %_1)(2]2_1 ’ﬁj,k’p);}pﬁ(}'( i 2—j5>p§02—jgsp

J=j2+1 k=0 J=j2+1
logn\ " Y
<C < Cn~“p, (6.7)
n

We obtain the desired result by combining (E8) and () and applying
Theorem 4.1 with o = 2.

e If p > m. According to Theorem 4.1, it suffices to show that, for any
f € B; (M), there exists a constant C' > 0 satisfying the inequality Q1(f) V
Qa2(f) < C(logn/n)*? (logn)P~™/M+He=0}  where a, = a1 lies0y + a2lie<oy,
ag =s/2(s+9)+1), a0 = (s—1/m+1/p)/(2(s = 1/ +0) + 1), and € =
ws+ (0 +1/2)(m — p).

e The upper bound for Q1(f). Let j4 be the integer defined by

, Cms on N\ QeHO)FI—(E) <o) !
o= e (% (1) )

The Minkowski inequality and an elementary property of convexity give Q1(f) <
217—1(T1 + TQ), where

p
Ty = ZQ WPHZZZﬂ]k {bj,ngéjWn‘%}%’k‘p

]TK(K

)
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Ty = 22 WPH Z Zzﬁjk {,,j,Kgugajgmn—%}WJ“H:'

m=0 j=ja+1 K (K)

Let us distinguish the case € > 0 with p > 7 and the case € < 0.

o Fore >0 withp > m.
— The upper bound for Ty. If b; x < 12%2mn~1/2 then we clearly have (Z(K)

|8, 1P)Y/P < un=1/22m2% [1/P_ The Minkowski inequality and (I]) imply that

oo Ja 1
T, <C Z 27mP [22](; (ZZ (A {ij<u26j2mn%}> p]
m=0 Jj=T o

K (K)

p

Ja 00

<Cn~ i (ZQJ(%Jr(;))p < Cn=% Z 2]’4(%+5)p

P
2
m=0 j=r1 m=0

sp 0o
log n\ 2G+9)+1 logn\ “**

<C 2-me(*i) < ¢ :

<o(5)7 2 ()

m=0

— The upper bound for Ty. Since L = | (logn)?P/?|, for any k € U, i, we have the
following inclusion

. masi |/ logn
{bj,x < pu2mn 225]}§ {|ﬂj,k|§#2 2% (%)} (6.8)

Since B; (M) C B;;l/ﬂﬂ/p(M) and € > 0 with p > 7, we have

0o J2 17p
T2§022mp[ Z 23(2 E (ZZW]H {bj,K§p25j2mn%}>p]

m=0 j=ja+1 K (K)
2 -1 1
< C(logn) = n7" 22 m”[ Z 93(3=3) 903 _)(Z 185" )p}
J=ja+1
[ee} J2 e\ P
<C(logn) =z n'z 22_”‘”( Z 2_]?)
m=0 Jj=ja+1
<C(logn)z n2" 22*7’”273'46
m=0

€ o
< C(logn) T n'z (logn> e S o hm e TR

n
aip
SC<logn) .
n

m=0
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e Fore<0.

— The upper bound for T7. Proceeding in a similar fashion to the upper bound
of Ty for € > 0, we obtain

oo Ja . ‘ .
Ty < C(logn) = n'z Z 2‘””(22j(%_%)26j(p7)2_j(8+%_%)5)p

m=0 j:T
<C(logn)z n'2" ZQ m”(ZQ_E)
m=0

< C(log n)p_Twan_p Z QMY TI4c

m=0
§C<1°gn)a2pz2 b (2041) T2 gc(l‘)g”>a2p.
n n

— The upper bound for Ty. Using the property of concentration ([II) and the
inclusion BS (M) C B! ™ /P(M), we have

00 00 271
ngczzmﬂ > P (Zw W) ]

m=0 Jj=ja+1

<C io: 27mp2*j4(87%+%)p <C IOgTL ap io: 27%+%(%71)
o a n
m=0

m=0

a2p
SC<logn) .
n

We deduce that

() < C <logn>a2p'

n

e For e = 0. The upper bound obtained previously for the term 75 is always
valid. Thus, it suffices to analyze the upper bound of 7. Proceeding in a similar
fashion to the upper bound of T for € < 0, and using ([ES]), we find

T, <Cn'z (logn) = 22_’””(2/&)

where A; = (2/(s+1/2=1/mm 22] ! 18; k™). Let us investigate separately the
case ™ > rp and the case m < rp.
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— For m > rp. The inclusion By (M) € By _, (M) implies > e, Ay < C and,
a fortiori,
Ty < Cn"T_p(log n)% < C(logn)aw.
n

— For m < rp. Since f € B} (M) C B; (M), we have (3_72, A?T/W)”/T < L.
The Holder inequality yields

S o (S s S SaF) (S
j=

m=0 Jj=J m=0 j=T

<03 I < Cltogmr )
m=0

Hence,

T; < Cllogn)Pn"s" (logm) T < C(*E")™ (tog )05,
n

Combining the previous inequalities, we obtain the desired upper bounds.

e The upper bound for Qa(f). Using the Minkowski inequality, (1), the
inclusion B; (M) C B;;l/ﬂﬂ/p(M), and the fact that s > 1/7+1/(2v)—d6—1/2,
we have

@2(f) SC[ i Qj(é_;)<2jz_l|ﬁj,k|p>;r SC( i 2—j(8—%+%))p
k=0 :

J=j2+1 J=j2+1

< 03 < o p (1B2)Y, 69

We obtain the desired upper bounds according to the sign of e.
The proof of Theorem 4.2 is complete.

Proof of Proposition 5.1.

Lemma 6.1.(Cirelson’s inequality (1976)) Let D be a subset of R and consider
a centered Gaussian process (N)iep. If E(supiep ne) < N and supyep Var(n:) <
V', then for all x > 0, we have

2
P(supnth—i—N) gexp<—x—). (6.10)

teD (2V)

For (H1), we refer the reader to Johnstone, Kerkyacharian, Picard and Rai-
mondo (2004, Thm. 1). Now, let us show that the assumption (H2) is satisfied.

The aim is to apply (GI0).
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Set 05k = Bjk — B =n"2 30, F*W)(O)F(9)(1) " F(34)(1). Consider
the set g defined by Qg = {a = (a;k); > (k) lajkl? < 1}, and the centered
Gaussian process Z(a) = ) ajk0jk. By an argument of duality, we have
SUP.eq, Z(a) = (X(k) |éj,k|p)1/p. Let us analyze the values of N and V' which
appear in (E10).

— Value of N. The Holder inequality and the assumption (H1) imply that

1
E( sup Z(a)) = E(IS 1054717 ) < [ 30 E(0;47)]” < o2 L2,
a€Qy Z ” % !

Hence N = Cn~'/2LY/P2%,

— Value of V. Notice that the assumption (1)) yields |F(g)(1)] ™2 = 229 for
any | € Cj. Using the fact that F*(W)(l) ~ N(0,1), the elementary equality
E(F*(W)(l)F* fl —2im (=t gt — Ly—yy and the Plancherel inequal-
ity, we obtain

sup Var (Z(a)) = sup [E Z Z a]kﬁjka]k/ﬁjk/)}

a€flq a€fdq keU; i K'e€Uj i

:n_lsup[ Z Z ajkajk/zz M)([)

€0 " keU; w KeU; x leC; I'eC;
Fl)T) " F@IL )W) E(F <W><Z>F*<W><z'>>}
—ntsup [ 30 e Y RO F@IHOF@IL)0)]

€0 " keU; w KeU; i leC;
< Cn~ 1220 sup [ Z Z ajkQj k" Z F(y j k; 7, k/)(l)}
W€ el ko kel ko leC;

— On—19200 sup[ Z Z ajkajk// %k wjk;’ ) }

€% " el k kel ko

= Cn~12%7 sup ( Z laj k| ) < C2%ip~1,
@€Q% ke, x

Hence V = C22%p~1. By taking d large enough and z = 4~ *dn~Y/2L1/P2%5
ETT) yields

P((L‘1 Z ]0}7;@\1’); > 25j2_1dn_%> < P( sup Z(a) > x + N)
(K)

a€y
562

(2V)

< exp ( — ) < exp(—CdzL%).
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Since L*/? =< logn, we have (H2) by taking d large enough. The proof of Propo-
sition 5.1 is complete.
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