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In this Supplementary Material, we provide the technical proofs for all results presented in the

main body of the paper.

S1 Proof of Theorem 2.1

We first establish two lemmas (cf. Lemma and Lemma [S1.2)) that are

very useful in the proof of Theorem 2.1.

Lemma S1.1. Let Z; = f(e;,6i-1,...), i € Z, be real-valued random vari-
ables, where ¢; are independent random elements. Assume |Z;] < M for
all i. Let £/ be an i.i.d. copy of ¢;. Let T; = 22:1 Z;. For ji,j2 € Z with

J1 = J2, define

Zi,{jl,]é} = f(Ei, <o &G, 5;-1, c. ,8;2, Eja—1y- - ) (Sll)
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For any a > 0, we have

Eexp(aT),) < HEexp(aZi) + aexp(aMn) Z]E|Zz — Zi fi-1,—00}|» (S1.2)

i=1 =2

and

[[Eexp(azi) < Eexp(aT) + aexp(aMn) Y "E|Z; — Zi i1 ooyl (S1.3)

i=1 1=2
Proof of Lemma[S1.1. We can write

n

E exp(aT,) — HEexp(aZi) = Z [Eexp(aT;) — Eexp(al;_1)Eexp(aZ;)]

i=1 1=2

: ﬁ Eexp(aZ;).

j=it1

Observe that Z; ;1 oo} has the same distribution as Z;. Also notice that

Zifi—1,—o0} and Tj_; are independent. We have
E exp(aT,) — HEexp(aZi)
i=1

= ZE[eXp(aTi_l)(exp(aZi)—exp(aZi,{i,L,oo}))} H Eexp(aZ,)

i=2 j=it+1
< Z exp{aM(n — 1)}E|exp(aZ;) — exp(aZ; i-1,—oc})|-
i=2

Hence, (S1.2) follows in view of the fact that
E| exp(aZi) — exp(aZ,-7{i_17_oo})| < €aMCl]E|Z7; — Zi,{i—l,—oo}|-
And (S1.3)) can be derived similarly. O

We embed the process X;, ¢ € Z, into a continuous time process by

defining X; = Xy for ¢ € R. For notational simplicity, we abbreviate
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d; 2 defined in (2.6) when ¢ = 2 to ¢;. Then We also embed the index set
of dependence measure ¢§; defined in (2.6) into continuous time by letting

0y = 0, t € R. For a Borel set K, define

K

Lemma S1.2. For x > 0 and B > 2, let K € (2,2 + B] be a finite union

of intervals. Assume EX; = 0 and |X;| < M for all 4. Let ¢; = (e* —5)/4.

Then for any ¢ > 0 such that tM < 1 A y/log(p~')/(2B), we have

||X-||ZBMt2p(2tM)*1'
p(1 = p)

Proof of Lemma[S1.3. If BMt < 4, then we have tSk, < 4. Notice that

log Eexp(tSk,) < a1 B|| X |[5t* +

the function x — 272(e* — x — 1) is increasing. We can obtain

exp(tSk,) <1+ tSk, + %tQSIQ(B.

Since X; is stationary and EX; = 0, it follows that ESk, = 0 and
ESk, <B Y |Cov(Xo, Xx)|.
k=—00
By (2.11), we have

Eexp(tSk,) < 1+ ‘;—13||X.||gt2. (S1.4)

For BMt > 4, let L = |BMt/2]. Divide the interval (z,z + B] into 2L

consecutive left-open and right-closed intervals of length B/(2L), denoted
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by Il, Ce aIQL- For 1 S] S L, let ZJO = SKBOIQJ'71 and Z]e = SKBﬂlzj' Define

L

L
S°=>"7y and S°= 22;.
e

j=1
By the Cauchy-Schwarz inequality, we have

2log Eexp(tSk,) < logEexp(2tS?) + log E exp(2tS°).

For 1 < j < L, denote 51 = ({9;_1, u2j_1]. Observe that Z3 is measurable

with respect to the o-field of {g; : i < [ug;_1|} and B/(2L) > 1/(Mt) > 1.

By Lemma [ST.1]
L L
E exp(2tS°) HEexp (2tZ3) + 2t exp(BMt) > "E|Z = Z3 (1, 51,0}
j=1 7=2
(S1.5)
where
23 {[uzy g1, —o0} = / Xt {Tuz;s],~oc}dt
KBQIQJ' 1
with Xt7{(u2j73]7,oo} = Xfﬂy”“%’fﬂ»*oo}' FOYj Z 2, we have
127 = Z3 {fug;_g1,—oc} |
< / | Xt — Xt {ug;_s1,—o0}|dt
KBﬁlzj 1
< | X — Xtv{fwjfawuzjfﬂ}’dt
KpNnlzj—1
/ D X sy o1 P a1 my = X Fuay sz s -m—13 |t
KpNlzj-1 m—0

Recall that for t € R, 6; = 0. By the fact that E|X; — X, ;1| < 6,—; and

]E|Xt,{j,j’} — Xt,{j,j/71}| S 5t—j’—|—1 for ¢ eR and j,jl €7 Wlth] Z j/. Then
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we have
E‘ZJQ_ ng{fuzjfﬂy—oo}’
[e.e]
< / 6t—fu2j—31dt +/ Z 5t—fu2j—3w+m+1dt
KBﬂIQj,1 KBﬂ12j71 m=0
N / Zét—f“%—?)“mdt
KBmIQj_l m=0
[uz;—1] ‘ .
< [1X | Z p =l < (1 — p) Y| X ||ppl s 1= Te2i=sT(S1.6)
i:’—@—jfﬂ

Since [€3; ] — [ug;—3] > B/(2L) — 1, by (S1.5) and (S1.6)), it follows that

L
X || BMt*
Eexp(2tS°) < H Eexp(2tZ7) + X\l Bt exp(BMt)pP/ 2P
=1 p(]' - p)
L
X || BMt? -
< JIEexp(2tzg) + IX o BME pA (S1.7)
j=1 p(l - p)

where the last step follows in view of the fact that for 0 < tM < y/log(p~1)/(2B),
exp(BMt)pB/(QL) < exp(BMt)p(Mt)fl < p(QtM)*l.

By applying (S1.3]) in Lemma [S1.1} we can also obtain

L
X ||, BMt? _

HEexp(QtZ]‘-’) < Eexp(2tS°?) + H(H12—)p(2tM) t
p\L—=p

Jj=1

(S1.8)

Since EX; = 0, by Jensen’s inequality, we have Eexp(2tS°) > 1 and
Eexp(2tZ§) > 1 for each j. By the inequality |[logz — logy| < [z — y|

for z,y > 1, (S1.7) and (S1.8), we have

L
log E exp(2t5°) < Zlog]EeXp(ZtZ;-’) +

J=1

||X~||2B]V-’t2p(2u\4)—1
p(1—=p)
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Notice that 2079 < 2tMB/(2L) and L = |[MBt/2|. We have 2tZ? < 4.

Similarly as (S1.4]), we have

L L
> logRexp(2t27) <Y log(1 + ¢1 B X[[3t*/L) < e, B|| X.||3¢*.

P =1
Therefore, we can obtain (S1.2)) by dealing with log E exp(2t5€¢) similarly.

[]

Equipped with Lemma and Lemma Lemma below can

be proved without extra technical difficulties following the proof of Lemma
10 in [Merlevede et al| (2009), which combines the idea of Bernstein big
and small type argument with a twist, diadic recurrence and Cantor set

construction. The proof is thus omitted here.

Lemma S1.3. Assume EX; = 0 and | X;| < M for all i. Let

C

~ log(p™) (log 2)log(p~1)
8 A\/ 4 '

For every A > 4V (log(p~')/2), there exists a subset K4 of (0, A], with
Lebesgue measure larger than A/2 such that for any ¢ > 0 such that tM <

¢/ log A, we have
log Eexp(tSk,) < c1 Al|X.||5t% + 8co|| X |2 A~ ME2. (S1.9)

where ¢; = (e* —5)/4 and ¢ = [p(1 — p)log(p~)]~!. Moreover, for any
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t > 0 such that tM < 1A (log(p™")/2), we have
log Eexp(tS0,41) < c1A|| X |57 + 4ca|| X |2 AME? 4 2M*t* Alog A.

Corollary S1.4. Assume EX; = 0 and | X;| < M for all i. Let ¢, ¢, o be
defined the same as in Lemma and let C' = max{c;, 8¢y }. For every
A > 4V (log(p')/2), there exists a subset K4 of (0, A], with Lebesgue
measure larger than A/2 such that for any ¢ > 0 such that tM < ¢/log A,

we have

< CA(IX [l + VX [l2M/A)?
- 1—tMlogA/c '

log E exp(tSk,)

Moreover, for any ¢ > 0 such that tM < 1 A (log(p~!)/2), we have

C At log A(|| X[z + M)?
L—tM/(1A (log(p~')/2))

Corollary follows directly from Lemma Now we are ready to

log E exp(tS(o,4]) <

prove Theorem 2.1.

Proof of Theorem 2.1. The proof follows the same spirit of the proof of
Theorem 1 inMerlevede et al.| (2009)). Adopting the framework of functional
dependence measure, we shall establish some useful moment inequalities
(cf. Lemma - characterized by the parameter p and dependence
adjusted moment || X.|2. In our proof, we apply the newly established

Lemma [SI.I} Lemma [SI.2] Lemma and Corollary in place of

respectively Lemma 15, Lemma 8, Lemma 10 and Corollary 11 in the paper
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Merlevede et al.| (2009). We omit the complete derivation of the proof, but
point out the main differences on the choices of quantities adapted to our
setting. Using the same notations in the proof of Theorem 1 in their paper,

we take

L=L,=inf{j e N:A; <4V (log(p™)/2)}.

Hence, the inequality (4.21) in that paper becomes

log(n) —log(4 v (log(p~")/2))
log 2

L, <| |+1

As one of the key steps, to apply Lemma 3 in Merlevede et al.| (2011)), for

0<i<L-—1, we take

ki = Mlog(n/?)/c, oi=VC[(n/2)?| X||2 + (n/2) V] X[ M],

where ¢ is defined the same as in Lemma and C' = max{(e*—5)/4, [p(1—

p)log(p~™)]7'}. And we also take
kL =M1V (log(p™")/8)), o =VCOM@AV (log(p™")/2)).

Then it follows that

Z ki < M[iolig; +1V (log(p™) /8)}, (S1.10)

and

L

Y o < VOUIXavn + 21X ]12M + M(4V (log(p™")/2))]

1=0
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< VO 2(n|| X |2 + M). (S1.11)

Using the bounds ((S1.10f) and (S1.11)) in place accordingly, we can obtain

(2.8) without extra technical difficulties. The Bernstein-type inequality

(2.9) follows by the Markov equality

P(S, > z) <

Eexp(tS,) _ {Oﬁ(nHX.II% +M?) m}

exp(tx) 1 — CytM(logn)?

and letting ¢t = x/[2C) (n|| X ||3 + M?) + CoM (log n)*z]. O

S2 Proof of Results in Section 3

Proof of Theorem 3.1. Let S,,;(0) = Y1 wx(xi; — 0) and

n

Roj(0) = Y lpw(xi; — 0) — Ep(xi5 — 0)]. (52.12)

i=1

Denote x;; = x;; — ;. Notice that the function 6 — S,,;(0) is non-increasing

and jif" is the solution to the equation S,;(#) = 0. For A > 0, we have

P’ —p; > A) < P(Spj(p;+A) > 0) = P<Rm pitA) = ZE% Xij
(52.13)

We first consider the term — Y " | Ep,(X;; — A) which can be written as

n

D [Beon(Xij) — Biow(Xis — A) — Bep(%i5)]-

i=1

By elementary manipulation, we can obtain

Ep,(Xij) — Epu(xi; — A)
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— / Ply <xi;; <y+A)dy

—Kk+A
= A-— / P(x;; > y)dy — / P(x;; < y)dy.

—K

Under the condition k™ 'A < 1/2, which will be verified later, we have

K

< /mEl{liwl > y}dy < /OOE(

K/2 K/2

K+A —Kk+A
/ P(x;; > y)dy +/ P(x;; < y)dy
[ |

iij’ 2 _ 9,1 2
dy =2k 05, (S2.14)
Also, we have

Eoe(xij)| < [E[(Xi)1{|%i;] < w}]| + 6[EL{|xi5] > £}
<. 2
< K—lE(|5<ij| [ 2]‘>+ E(!MI)
K

< 2k 'o3. (S2.15)

Then it follows that

=) Beu(Xi; — A) > n(A — 457"03), (52.16)
and by (S2.13),
P(fi;" — pj > A) < P(Roj(p; + A) > n(A — 4r7103)). (S2.17)

Letting 6 = p1;+A, we shall apply Theorem 2.1 to R,,;(6). By the Lipschitz
continuity of the function ¢, and the bound |¢.(z)| < k, we have, for all

0 €R,

llr(xij — ) — @r(Xij 01 — O)ll2 < [1Xi5 — Xij g0y ll2 = dij2- (52.18)



52. PROOF OF RESULTS IN SECTION 3

By Theorem 2.1, for t > 0,

t2
40, (n||x|]2 + k) + 2C3k(log n)2t

P(Ro;(1+A) > ) < exp{ } (92.19)

Let

t = \/Cunllx. |3 log(1/2)+(\/Ci+Ca)r(logn)*log(1/z), where 0 <z < 1/e.

and n(A — 4x7'03) = t. By (S2.17) and (S2.19)), it follows that
P(ift — ;> A) < e Yz

Choosing k as in (3.17), condition (3.18) implies k~*A < 1/2 and we also
have A < A, (z), where A, () = (Cr0*log n+Ca|x.||2)n~1/%/log(1/x). On
the other hand, we can derive P(4f — p; < —A,(z)) < ez similarly.
Then (3.19) follows. And (3.20) is an immediate consequence by letting

x = p~ 7! and using the Bonferroni inequality. O

Proof of Theorem 3.2. We follow the proof of Theorem 3.1. Now we only

assume (14¢€)-th finite moment. The bounds in (S2.14)) and (S2.15|) become
(1+e)

K+A —k+A
/ P(x;; > y)dy + / P(x;; < y)dy

9] ) M o X[\ 1€ B . 2.
< [ Etsdzpavs [ B[ Ja = otz

/2 Y

with k1A < 1/2 and

[Epx(xi)] < [E[(%ij) 1{[%i;] < £} + w[EL{[x;5| > £}



Danna Zhang

H_EE[|5<U| : <|5:j|>5] n ;{EK@)HT

—e __1+e€
< 2Kk ‘o .

IN

Then it follows that
- ZEQ@H(}EU —A) > n[A— (24 2°/e)s o1
The dependence measure in ((S2.18) becomes

lon(xi; — 0) — ou(xijop — D)3 < Emin{|x;; — x5 0], 457}

X;: — 2
= 41@2Emin{ / ,1}
2K
Xij — Xi5,{0} Lte € €
< AR = (20)' T

As a result,

sup p mZH% xij = 0) = ou(Xiiq0p = Oll2 < (28)"7 2[4

m>0
i=m

By Theorem 2.1, for t > 0,

t2
P(R,:(1; +A) > 1) < — ’
(Rnj(nj +4A) 2 1) < exp { AC [n(26)' = ||x* (I3, + K] + 2C3k(log n)%}

Let

t= \/C’ln 2k) 1€ x* |2,  Jog(1/x) + (v/C1 + Ca)k(logn)? log(1/x),

where 0 < 2 < 1/e and let n[A — (2+2°/e)k~“01¢] = t. Choosing  as in

(3.21), kA < 1/2 is ensured by condition (7+ 1)Csn~!(logn)?logp < 1/4
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and we have A < A¥(x) with

Cg(logn)Qlog(l/w)) i _

n

A¥(z) = 2K, (

Hence, it follows that (4 — 1; > A% (z)) < e'/*z. The remaining is the

same to the corresponding part in the proof of Theorem 3.1. O

S3 Proof of Results in Section 4

Proof of Corollary 4.1. Let x = p~"=2. Then

1
An(p77?) = VT +2(Cio" logn + Ca|x.[|2)4/ in.

Notice that (3.18) satisfies with the assumption (4.24). By the Bonferroni

inequality and Theorem 3.1,
P(|a" — ploe = An(p777?)) < 2e Hip~1, (S3.20)

Since

~H ~H o|~H ~H 2
max | — ppte] < 20017 = ploo + 15 = oo,

by (S3.20)), it follows that

P max | Al — il = 208007772 + AZ(pTY)) < 267 ipT
1<j,k<p

(S3.21)
By the Lipschitz continuity of the function ¢, the triangle inequality and

the Holder inequality, we can compute the dependence measure of the pro-
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cess @, (XijXik), 1t € Z, as

4w (xijXir) — %(Xz’j,{O}Xz‘k,{O})Hz
< lxigxie — Xij g0y Xin, oy |2
< Ixijllallxie — Xk oy lla =+ 1%k, oy [lal1%i5 — Xij.01 Ml

= wa(di45+ diak), (S3.22)
which implies

sup 07" > (1w (xi5%ik) — on (X503 Xk, (o) 2 < 2wax .

m>0 .
i=m

Let

~ |
An(p™2) = V7 T 3(Crs" logn + CawaH@W |

Applying Theorem 3.1 on the process (x;;x;;); and by the Bonferroni in-

equality again, we have

IP’( max |fif — pui > An(p*T*Z)) < 2eViApT (S3.23)

1<5,k<p

Then (4.25) follows from ([S3.21)) and (S3.23) in view of p > 3 and
SH ~H o~ H ~H
(8 = Bxloo < max 7 fu — pjpui] + max i — el

1<j,k<p

]

Proof of Corollary 4.2. The key step to compute the dependence measure

of the process ¢, (x;jXyx — 0), i € Z, is shown below. For any 6 € R,

[0 (xi5%ik — 0) — 01 (Xi5 0y Xm0y — 0|13
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< Emin{|x;jXi — Xij {0y Xk, 03| 467}

XijXik — Xij,{0} Xk {0} |1 T€
2K

4K%E

IN

= (2R)" iy — Xij {0y Xm0y 1 -
By the triangle inequality and the Holder inequality,

HXinik - Xij,{O}Xik,{O}HlJre
< ||Xij||2+25||xik - Xik,{O}H2+2e + ||Xik,{0}||4||xij - Xij,{0}||2+25

= wor2e(0i 2425 + Oi242ek)-

We then have

—m —€ 1+¢€)/2 *
SH>I())P Z o (Xi5%ik) — e (Xij, {0y Xin {0} |2 < (2/@)(1 )/2W§++26)/ %14

We can follow the proof of Corollary 4.1 to complete the remaining proof

and thus it is omitted here. O

Proof of Theorem 4.3. The proof of Theorem 4.3 essentially follows from
the error bound of Huber type covariance estimator (4.25) or (4.28) and

the arguments in (Cai et al. (2011)) without extra technical difficulties. [
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