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Abstract: Competing risks data arise when study subjects may experience several
different types of failure. It is common that the cause of failure is missing due to
various reasons. Analysis of competing risks data with missing cause of failure has
received considerable attention recently (Goetghebeur and Ryan (1995), Lu and
Tsiatis (2001), Gao and Tsiatis (2005), among others). In this article, we study
the semiparametric additive hazards model for analysis of competing risk data with
missing cause of failure. Different estimating equation approaches using the inverse
probability weighted and double robust techniques are proposed for estimating the
regression parameters of interest. The resulting estimators have closed forms and
their theoretical properties are established for inference. Simultaneous confidence
bands of survival curves are constructed using a resampling technique. Simulations
and an example show that the proposed approach is appropriate for practical use.

Key words and phrases: Additive hazards model, Competing risks data, Double
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1. Introduction

Competing risks data arise in medical and public health studies when sub-
jects may experience several different types of failure. The data typically include,
for each subject, the failure time, possibly censored, the cause of failure when an
failure is observed, and some covariates. In the literature, cause-specific hazards
have been widely used to assess the covariate effects on the failure times of main
interest (Prentice and Kalbfleisch (1978) and |Cox and Oaked (1984)). In most
applications, the causes of observed failures are assumed to be known.

In practice, however, the cause of failure for some subjects may be missing
or uncertain. For example, documentation containing the information needed for
attributing the cause of failure may be lost or not collected, or the cause of disease
for some patients may be difficult to determine (Andersen, Goetghebeur and Ryan
(1996)). Analysis using only the failures with known causes, i.e., the complete-
case analysis, may lead to substantial bias. A number of statistical methods have
been proposed for analysis of competing risks data with missing cause of failure,
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e.g., Dinsd (1982,11986), Racine-Poon_and Hoel (1984) and IGoetghebenr and Ryan
(1990). More recently, semiparametric survival models have been used to study

the effects of covariates for such data. In particular, (Goetghebeur and Ryan

(1995) and [Lun_and Tsiatid (2001) studied the proportional hazards model, and

Gao_and Tsiatis (2005) considered linear transformation models. In addition,

Crain_and Duchesnd (2004) and |Crain_and Reised (2006) investigated the com-

peting risks model with masked causes of failure.

For survival data, the additive hazards model is another useful framework
for describing the association between risk factors and failure time. Compared
with the proportional hazards model (Cox (1972)), the covariate effects in the
additive hazards model are assumed to be additive instead of multiplicative to
the baseline hazard function. In this article, we study competing risks data with
missing cause of failure under the additive hazards model. Estimating equation
approaches based on the inverse probability weighted (IPW) and double robust
(DR) techniques are proposed for estimating the regression parameters. The
resulting estimators have closed forms and are easy to compute. Their theoretical
properties are derived for inference. The weak convergence properties of the
estimated baseline cumulative hazard function and the corresponding survival
function are established. A resampling technique is proposed for constructing
simultaneous confidence bands for the survival curve of a given subject.

The remainder of the article is organized as follows. The next section briefly
reviews the method proposed by ILin_and Ying (1994) for conventional right-
censored survival data under the additive hazards model. The IPW and DR
estimating equations are developed and the asymptotic properties of the corre-
sponding estimators are established in Section 3. Construction of simultaneous
confidence bands of survival curve is also discussed here. Section 4 is devoted
to numerical studies. Some conclusions and discussions are given in Section 5.
Major technical derivations are contained in the Appendix.

2. Notation and Model Specification

Consider a study involving n independent subjects. Without loss of gener-
ality, we assume that each study subject might experience two types of failure:
types 1 and 2. For subject i, let Z;(-) be a p-dimensional vector of possibly
time-varying covariates, and let T;; and T;2 denote the potential failure times
from types 1 and 2, respectively, ¢ = 1,...,n. Here, instead of observing T;;
and T;5, we observe the minimum of 7T;;, Tj2 and the censoring time Cj, i.e.
Ti = min(Tﬂ,Tig,Ci). Define Az = 1if T; = 1—%17 Az = 2 if T; = 1—;‘2’ and 0
otherwise. Throughout the paper, we assume that Z;(-) is an external covariate
process (Kalbfleish and Prenticd (2002)) and that given Z;(-), C; is independent
of T;1 and Tj. If there were no missing causes of failure, the observed data
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would consist of {T;,A;,Z;(t) : 0 <t < T;}, ¢ = 1,...,n. Suppose that our
interest focuses on assessing the association between the first type of failure and
the covariates. The cause-specific hazard function A\j(¢|Z) of type 1 failure for a
subject with covariate Z is given by

Ni(t2) :}{imohflp(th<t+h,A: T >t,2). (1)
The additive hazards model assumes that
M (t1Z) = () + B Z(¢), (2)

where Ai(t) is the completely unspecified baseline hazard function and 3 a p-
dimensional regression parameter vector. [Lin_and Ying (1994) proposed the fol-
lowing estimating equation for 3:

> [Ttz - 2@ v - vies o o, ®)

where N;(t) = I(A; = 1)I(T; < t) and Y;(t) = I(T; > t) are the usual counting
and at-risk processes. The resulting estimator for 8 can be written as

A n 00 B 1 00 -
) | vz - 2wyl > [Tz - zwyania],

where Z(t) = > i=1 Zi(0)Y;(t)/ 325, Y;(t). Tt was also shown that {3 is consistent
and asymptotically normal.

As discussed before, the cause of failure may not be observed for every sub-
ject, i.e., A; is not always observed. If this is the case, equations (3) cannot be
used directly for parameter estimation. Let R; denote the missing indicator for
the cause of failure, i.e., R; = 1 if the cause of failure for subject ¢ is observed,
and 0 otherwise. Here we define R; = 1 when A; = 0, i.e., the failure time of
subject ¢ is censored. Then the observed data consist of {R;, T;, I(A; = 0),
RiI(A; =1), RiI(A; =2), Gy, Zi(t) : 0 <t <T;}, i =1,...,n, where the G;’s
are some auxiliary covariates collected for every subject.

3. Estimating Equations and Theoretical Results

In this article, we assume that the cause of failure is missing at random
(MAR) (Rubin (1976)). That is, given A; > 0 and X; = (T3, Z;, G;), the prob-
ability that the cause of failure for subject ¢ is missing depends only on the
observed quantities X;, but not on the unobserved A;. In other words,

P(R; = 1|A;, A > 0, X;) = P(R; = 1]A; > 0, X;) = 7(X5). (4)
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The MAR assumption has been widely used for handling missing data problems
in the statistical literature. The collection of auxiliary covariates G;’s is to ensure
the validity of such assumption. When there are only two possible failure causes,
the MAR assumption is equivalent to the symmetry assumption discussed in the
literature (Craiu_and Duchesnd (2004)).

3.1. Inverse probability weighted estimating equations

Following the inverse selection probability idea of [Horvitz and Thompson
(1952), we consider two estimating equations for § and Aj:

- R,

————{dN;(t ()3 Z; —Y;(t)dA =
> i £y (N ~ VOB Zi0d ~ V(b 0} =0, >0, (O
Zn: /OO in(t){d]vi(t) = Yi(t)8'Zi(t)dt — Yi(t)dA1(t)} =0,  (6)
—Jo T(Xi,AnA)
where 7 (X;, Ay, y) = I(A; > 0)m(Xi,v) + I[(A; = 0) with 7(X;,7) being a
parametric model posited for the missing cause probability m(X;). For example,
since R; is binary, logistic regression can be used for 7(Xj;,7). An estimator 4
may be obtained by maximizing the likelihood based on uncensored data, i.e., 4
maximizes

]TI{?T()(Z-7 7)}R¢I(A¢>O){1 _ W(Xi’,y)}(l—Ri)[(Ai>0).

If the parametric model 7(X;,~) is correctly specified, 4 consistently estimates
70, the true value of . As before, the resulting IPW estimator for  has the
closed form

e = Z/ Xz Az ™ (X5, A A) Yi(t){Zi(t) — Z*(t,»})}@dt}_
’ [Z/o e e GO AR O]

wh(e;e Z¥(t,) = 35alRy /(7 (X5, 8, N Z5 ()Y (8)) 305 [By /(0 (X5, A, )]
Y;(#).

2. Double robust estimating equations

The validity of the inverse probability weighted estimator BI pw depends on
the correct specification of the parametric model 7(X;,~). If it is misspecified,
BIPW may be biased. In addition, since the calculation of ﬁjpw only uses the
complete-case data, it may lose efficiency. To improve the robustness as well
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as the efficiency of BIPW, we construct estimating equations based on the dou-
ble robust technique developed by IRobins, Rotnitzky and Zhad (1994). Define
h(Q;) = P(A; = 1|A; > 0, R; = 0, X;), where Q; = (T}, Z;). Under the assump-
tion of missing at random, we have
h(Q:) = P(A; = 1|A; > 0, R; = 0, X;) = P(A; = 1|A; > 0, R; = 1, X;)
=P(A; =1|A; > 0,X;) = P(A; = 1]A; > 0,Q;).

In addition, h(Q) can be determined by the ratio of the cause-specific hazard
functions of 77 and 75, namely,

Q) _ M(T2)
1 h(Q) ~ M(T|Z)

(7)

where \5(T'|Z) is the cause-specific hazard function for type 2 failure (see Dewanji
(1992) and [Lu_and Tsiatid (2001)). Here, instead of directly estimating h based
on (7) which involves the estimation of the two nonparametric cause-specific haz-
ard functions \j (¢|Z) and A\5(¢|Z), we posit a parametric model h(Q, 8) for h(Q).
For example, logistic regression can be used for h(Q, ) for convenience, though
other parametric models can also be accommodated easily. Due to the MAR as-
sumption, the parameters 6 can be estimated by maximizing the complete-case
data likelihood

TTR(Qu )Y A=D1 — (@, 0)) (4=,
=1

Let 6 denote the corresponding maximizer. It is known that when h(Q,0) is
correctly specified, 6 consistently estimates 6, the true value of . The double
robust estimating equations can then be constructed as

S B v B mGA), o g
zzl{W(Xz,’Ay) sz(t) 7T(XZ~ "AY) h(Q“@)dNZ (t)

—Yi()F Zit)dt — Yi(t)dh (1)} =0, t>0, (8)

) m(Xi,7)

—Yi(H) Zi(t)dt - Yi(t)dAs ()} =0, (9)

> [" 2] samt - B D dyan o)
i=1 v

where N/ (t) = I(A; > 0)I(T; < t). From (8) and (9), we also have the closed-
form DR estimator of 3,

Bor = [i | vz - 2wy
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x[i/oof{zi(t)—Z(t)}{ R; dNi(t)_%wh(Qi,é)dNi*(t)H.
i=1

(2

Remark 1. Let +* and 0* denote the limits of 4 and 0, respectively. When
either the parametric model 7(X;,v) or h(Q;,0) is correctly specified, we have,
for any ¢t > 0,

L
(X, 7*)

PR QNI ()~ [ Vi (s - don ()]

b 7(Xi,7*)
=0, (10)

Ni(t)—

where By and Ag; denote the true values of 8 and Aj, respectively.
The proof of (10) can be derive from the representation

R; ‘ _Rz'_ﬂ'(Xia’Y*) PR\ NF () t‘s ! 7.(s)ds s
M)~ TR NQu 0N ()= [ Vi Z s+ dor ()
) - T a1y - Q07N (1),

m(Xi,v*)

where M;(t) = N;(t) — fg%(s){ﬁéZi(s)ds + dAoi(s)} is a martingale process
(Fleming and Harrington (1991)) with E{M;(t)} = 0. For the second term, if
the parametric model 7w(X;,~) is correctly specified (v* = ~g), conditioning on
(Xi, Ay, A; > 0), we have

E(Ri| X, A > 0) — m(X;,7%)
W(lepy*)

{1(Ai =1) = h(Q;,07)} N (t) = 0.

On the other hand, if the parametric model h(Q);,0) is correctly specified (6* =
6o), conditioning on (X;, R;, A; > 0), we have
R; — m(Xy,7")

N7 (t) =0.
Therefore (10) holds.

3.3. Theoretical results

For simplicity, we only develop the asymptotic properties for B pr. The large
sample results for B;pw can be similarly derived and are omitted here. Define

R; R; — m(Xy,7)
m(Xi,7) m(Xi,7)

_/O Yi(s){B'Zi(s)ds + dA1(s)},
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/ (Z:(8) — Z(0)YAM (1, Go, 1", 0", Aoy) — BoI; 'Sy — Byl 'S,

and A = E[[;° Y1(t){Z1(t)—2(t)}®?dt], where z(t) = s (t) /5O (t) with s¥)(¢) =

E{Z1()}vi(t)], k = 0,1, I, and S,; are, respectively, the Fisher information
matrix and score function derived from the parametric model 7(X;,~), and Iy
and Sp; are similarly defined for the parametric model h(Q;, 8). The formulations
of By, I,, Syi, By, Ip and Sp; are given in the Appendix. The following theorem
establish the theoretical properties of BD R.

Theorem 1. Under the regularity conditions given in the Appendiz,
1
n3 (fpp — fo) = A7 (n"3 Z¢1)+op

Based on Theorem 1, when either the parametric model 7(X,~) or h(Q,0)
is correctly specified, n'/ 2(3[) r — Po) is asymptotically a sum of independent
random vectors with zero mean. Thus, by the Central Limit Theorem, it con-
verges in distribution to a normal random vector with zero mean and variance-
covariance matrix A71E(¢p1¢)) (AL . In addition, the variance-covariance ma-
trix can be con51stently estimated by A~'(n=' Y20, ¢¢,)(A™") where A =

(1/n) S0y Jo Vit Zilt) — Z(1)}*%dt and

/ (Z:(t) — Z()}AM (¢, Bpra 3,0, Ay) — Byi180: — Boly S

Here BW, Sw, By, Iy and Sp; are obtained by substituting (ﬁDR,’y, ) for
(Bo,~v*,0%) and replacing the expectation E by its empirical counterpart, and
Ay(t) = A1 (t, Bpr) is the Nelson-Aalen estimator for Ag;(t), where

/tzz A dNy(s) — Bon ) (@, 0)dN; () — 5/ Zi(s)Yi(s)ds}
0 S Yils) |

Furthermore, define

_ ¢ dMi*(uaﬂOa’y*ae*)A()l)
it) = /0 SO ()

where (1) fo w)du, 7y (-,7y) = 0n(-,7)/07, he(-,0) = Oh(-,0)/90 and

Al(tvﬁ) =

— (A g — CL (I, S5 — Cy(t) Iy S,

. t Rl'fr'y(Xla *) w) — * * (44
e=5([ 5 L (M) ~ h(Q.0)aN 3|
Ry — m(X1,7%)

Colt) = E{ he<Q1,e*>de<u>} |

0 m(X1,7*)sO (u)



226 WENBIN LU AND YU LIANG

The following theorem establishes the asymptotic properties for the baseline cu-
mulative hazard estimator Aj(t).

Theorem 2. Under the conditions of Theorem 1,

n

V() = n3 {A(t) — Aot }_nizwz ) + 0p(1

By Theorem 2, when either the parametric model w(X,~) or h(Q,0) is cor-
rectly specified, V (t) converges weakly to a zero-mean Gaussian process. The
asymptotic covariance function of V'(-) at (s,?) is then E{¢1(s)t1(t)}, which can
be consistently estimated by n=! > | ¥i(s)i(t), where

A t dM? (u, Bpr, 4,0, A e e
Yi(t) = /O i’-’_lﬁ(u) T ) — &) AT ¢ — CLOITS, — Ch(t) I, Sy

Here £(t), C ( ), Cy(t) are obtained by substituting (4, 6) for (v*,6*) and replac-
ing the expectation F by its empirical counterpart.

For a subject with the covariate vector zo(t), the cumulative hazard function
can be estimated by Ai(t;20) = A1(t, Bpr) + fg Bszo(u)du, and the survival
function by S (¢; 20) = exp{—fh(t; 20)}. Define Ag; (¢, z9) = A01(t)+f(f Bozo(u)du
and SOl (t, Z()) = exp{—A01 (t, Zo)}

Theorem 3. Under the conditions of Theorem 1,

Vio () = 0 { A (t; 20) — Ao1(t520)} = n 1/2Z¢zo ) +o0p(1),
=1

where °(t) = )+ {fo zo(u)du} A~ ¢;.

The proof of Theorem 3 is omitted since it is similar to that of Theorem 2.
When either the parametric model 7(X,~y) or h(Q, 6) is correctly specified, V,, (t)
converges weakly to a zero-mean Gaussian process and the asymptotic covariance
function of V(- ) at (s t) can be consistently estimated by n iy ¢ (s )1/) 20(t),
where 920 (1) = i (t) + { fo zo(u)du}A~1¢;. By the functional delta method, the
normalized survwal process n'/2{ S (t; z9)—So1(t; 20) } converges weakly to a zero-
mean Gaussian process, and the covariance function at (s,t) can be consistently

estimated by
S1(s520)51 (¢ 20 { Z?/)ZO }

A point-wise confidence interval for the survival function Spi(t;z9) can be
easily constructed using the above result. But construction of simultaneous
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confidence bands for all ¢ involves functionals of the limiting distribution of
V.o (t), which does not have an independent increment structure. We use a
resampling technique of [Lin, Fleming and Wei (1994) to approximate the dis-
tribution of V. (¢). A similar method was also used by [Yin and Cai (2004)
to construct simultaneous confidence bands of survival curves for multivari-
ate survival data under the additive hazards model. To be specific, define
Vio (1) = (1/3/n) S0, 467 ()W, where Wi,i = 1,...,n, are n i.i.d. random vari-
ables from the standard normal distribution and are independent of the observed
data.

Theorem 4. Conditional on the observed data, VZO (t) converges weakly to the
same zero-mean Gaussian process as that of V,,(t) when either the parametric
model m(X,7y) or h(Q,0) is correctly specified.

The proof of Theorem 4 easily follows the conditional multiplier central limit
theorem in lvan_der Vaart and Wellned (1996, Thm. 2.9.6) and the steps given
in Appendix 3 of [Yin and Cai (2004). The simultaneous confidence band for
So1(t; z9) can then be easily constructed based on the perturbed process Vi, (t)
along the lines of [Yin_and Cai (2004).

4. Numerical Studies
4.1. Simulation studies

The properties of our proposed estimators are assessed in a series of simula-
tion studies under practical settings. The additive hazards model (2) is used to
generate failure time T; due to the cause of interest. Two independent covariates
7y and Z, are considered, with Z; following a uniform distribution on (0,1) and
Z5 a Bernoulli distribution with success probability 0.5. The regression parame-
ter 5= (01,02) = (1,—1)" and the baseline hazard function \;(¢) = 1.3. Failure
time T5 from the other cause is generated from a Gompertz distribution with
hazard function A2(t|Z) = exp(a + bt), where a = —1 and b = 1. Censoring time
C' is generated from a uniform distribution on (0, ¢), where ¢ is chosen to yield
a desired censoring level, P(A = 0) is either 15% or 40%. In the above setting,
when the censoring level is 15%, we have, on average, approximately 55% type
1 failures, while when the censoring level is 40%, approximately 42% failures are
of type 1.

The missing cause indicator R for a failure is generated from a logistic
model: 7(X) = P(R = 1|]A > 0,X) = exp(vX)/{1 + exp(7¥/X)}, where
X = (1,T,%21,%Z3), v = (=2.5,2,2,2) and T = min(7y,T5,C). Then, under
the 15% censoring level, nearly 44% of the failures have missing causes, i.e.,
R; = 0, while 50% of the failures have missing causes under the 40% censoring
level.
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Here three different methods are used for estimating the regression param-
eter 3. The first method directly applies ILin_and Ying (1994)’s equation (3)
to complete-case data. Denote the resulting estimator by BCC In the sec-
ond and third methods we consider the inverse probability weighted estimator
ﬂ]PW and the double robust estimator ﬁDR discussed in Sections 3.1 and 3.2,
respectively. To derive the inverse probability weighted and the double robust
estimators, we posit two different parametric models for 7(X): one is the true
logistic model 7(X,~v) = exp(7y'X)/{1 + exp(y'X)}; the other is the misspec-
ified constant model my, where my is a constant between 0 and 1. Further-
more, in the settings we consider above, the true model for hA(X) is given by
hMX)/(1—=h(X)) =(1.34+Z1 — Z3)/exp(—1+T). Since the cause-specific haz-
ard functions for the two types of failure are usually unknown in practice, instead
of estimating h(X) directly from the data, we posit two different parametric mod-
els for h(X): one is the logistic model h(X,6) = exp(6'X)/{1 + exp(6’X)}, and
the other is the constant model kg € (0,1). Both of them are thus misspecified.
500 runs with sample size n = 200 are used under each scenario. All simulations
are done with R codes. Simulation results of the above three estimators are sum-
marized in Table 1 and Table 2, where Table 1 presents the results for the 15%
censoring level and Table 2 does so for the 40% censoring level.

Results from Tables 1 and 2 indicate that the complete-case estimators show
large bias in all the settings, and the inverse probability weighted estimators
are essentially unbiased only when the parametric model for 7(X) is correctly
specified. But when 7(X) is misspecified, they also show large bias. The double

Table 1. Simulation results for the 15% censoring level.

Parameters B1=1 B = —
Estimates Bias SD SE CP Bias SD SE CP
CcC 0.131 0.416 0.391 94.8 | 0.575 0.285 0.274 41.6
IPW;, -0.005 0.657 0.610 94.2 | -0.011 0.396 0.399 95.6
IPW, 0.179 0.447 0.484 96.4 | 0.525 0.306 0.286 51.4
DR; 0.002 0.539 0.513 94.4 | -0.016 0.331 0.321 94.8
DRs 0.007 0.523 0.485 93.4 | -0.014 0.328 0.309 93.0
DR3 0.133 0.447 0.425 93.8 | 0.147 0.268 0.256 89.4
DRy 0.069 0.466 0.438 93.6 | 0.018 0.314 0.293 93.2

t SD, sample standard deviation; SE, mean of estimated standard errors; CP, em-
pirical coverage probability of 95% Wald-type confidence interval; CC, the complete-
case estimator; IPW; and IPWj, the inverse probability weighted estimators when
using the logistic model and the constant model for 7(X), respectively; DRy, DR,
DR3 and DR4, the double robust estimators when using the logistic model and the
constant model, the logistic model and the logistic model, the constant model and
the constant model, the constant model and the logistic model for 7(X) and h(X),
respectively.
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Table 2. Simulation results for the 40% censoring level.

Parameters 01=1 B =—1
Estimates Bias SD SE CP Bias SD SE CP
CcC 0.162 0.415 0.417 95.6 | 0.763 0.276 0.264 20.4

IPW, 0.100 0.689 0.715 96.4 | 0.009 0.428 0471 95.6
IPW, 0.444 0.534 0.573 91.6 | 0.659 0.363 0.332 46.8

DRy 0.040 0.585 0.592 96.2 | -0.027 0.389 0.365 95.2
DRa 0.0561 0.586 0.580 94.8 | -0.021 0.394 0.357 93.8
DRs 0.121 0.513 0.511 94.2 | 0.064 0.333 0.308 93.0
DR4 0.099 0.523 0.526 95.4 | ‘0.005 0.377 0.342 93.8

T The notations are those in Table 1.

robust estimators are essentially unbiased when 7 (X) is correctly specified and
they are more efficient than the corresponding inverse probability weighted es-
timators. Still, when 7(X) is misspecified, since in our simulations the two
parametric models proposed for h(X) are both misspecified, the double robust
estimators are biased. However, the biases are relatively small compared to those
of the complete-case and the inverse probability weighted estimators, especially
when using the logistic models for A(X). Furthermore, the estimated standard
errors (SE) are quite close to the sample standard errors (SD) under each case,
and the 95% confidence intervals have reasonable empirical coverage probabilities
when the estimators are essentially unbiased.

4.2. Example of a breast cancer study

We studied a dataset from clinical trial E1178 (Cummings et all (1993)),
which compared two years of tamoxifen therapy to placebo in 167 breast can-
cer patients with age greater than or equal to 65, and positive axillary nodes.
Endpoints of interest include recurrence of breast cancer and death without re-
currence, which are two competing risks events. In this dataset, the causes of
failures are all known. To illustrate our method, we artificially deleted some fail-
ure causes according to three missing mechanisms: missing completely at random
(MCAR), missing at random (MAR) and not missing at random (NMAR). For
the MCAR, the causes of failures were randomly selected for missing with proba-
bility 0.4; for the MAR, the non-missing probability was chosen as m = exp(1.0 —
0.2%xT+0.5%trt)/(14+exp(1.0—0.2%T +0.5xtrt)), where T denotes the observed
failure or censoring time and trt denotes the treatment indicator (1 = tamoxifen
therapy; 0 = placebo); for the NMAR, 7 = exp(1.0—0.2+T'40.5%trt+0.25%I (A =
1))/(1 +exp(1.0 — 0.2« T 4 0.5 * trt + 0.25 % [(A = 1))), where the failure cause
A = 1 corresponds to the recurrence of breast cancer and A = 2 corresponds
to the death without recurrence. In the MAR, the missing probability is about
45%, while in the NMAR, it is about 40%.
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We apply the proposed estimating equation approach for the additive hazards
model to the above datasets with two covariates: treatment assignment (trt)
and number of positive nodes after log transformation (Inode). Our interest
focused on the type 1 failure. For comparison, three methods were studied: (i)
Lin_and Ying (1994)’s method for the original dataset without missing; (ii) the
complete-case method for the derived datasets with missing; (iii) the proposed
double robust method. For the DR method, two logistic regressions were fitted,
respectively, for the missing probability m and the conditional expectation h
with T, trt and Inode included as covariates. We also present the corresponding
results fitted using the proportional hazards model. For the first two cases, the
maximum partial likelihood estimators were used; while for the third one, the
double robust method of IGao and Tsiatis (2005) was applied. The results are
summarized as follows:

AH PH

Missing  Method trt Inode trt Inode

NONE LY/Cox | -0.066 (0.021) 0.039 (0.011) | -0.67 (0.20) 0.38 (0.11)
MCAR CcC -0.071 (0.022) 0.044 (0.013) | -0.87 (0.25) 0.54 (0.15)
MCAR DR -0.066 (0.026) 0.040 (0.014) | -0.66 (0.21) 0.39 (0.11)
MAR CcC -0.134 (0.036) 0.054 (0.015) | -1.16 (0.27) 0.56 (0.15)
MAR DR -0.085 (0.031) 0.051 (0.016) | -0.86 (0.23) 0.49 (0.11)
NMAR CcC -0.136 (0.037)  0.053 (0.015) | -1.20 (0.26) 0.39 (0.14)
NMAR DR -0.076 (0.031) 0.052 (0.017) | -0.75 (0.22) 0.39 (0.10)

Here AH stands for the additive hazards model, PH stands for the proportional
hazards model and LY /Cox stands for [Lin_and Ying (1994)’s method for the AH
model and Cox’s partial likelihood method for the PH model. The numbers
given in parentheses are the estimated standard errors. From the results, we
can see that treatment and number of positive nodes are significant under both
the AH and PH models. Both CC and DR methods work fine in the MCAR
case compared to the corresponding estimators without missing in the cause of
failure. But for both the MAR and NMAR cases, the CC method has a large bias,
especially for the estimates of treatment effect, while the DR method corrected
such bias sufficiently. In addition, the parameter estimates under the additive
hazards model are much smaller than those fitted using the proportional hazards
model. However, as discussed by [Lin_and Ying (1994), this is not surprising
since the additive hazards model pertain to the hazard difference whereas the
proportional hazards model pertain to the hazard ratio.

5. Concluding Remarks

We have proposed inverse probability weighted and double robust estimators
for competing risks data with missing cause of failure under the additive hazards
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model. The proposed estimators for the regression parameters have closed forms
and are very easy to compute. The theoretical properties of them are also es-
tablished for inference. The resulting asymptotic variance-covariance matrix can
be consistently estimated by the usual plug-in method. The simultaneous confi-
dence bands of survival curves are also constructed via a resampling technique.
The proposed estimating equation methods for competing risks data with miss-
ing cause of failure can be extended to incorporate missing covariates along the
lines of [Robins, Rotnitzky and Zhad (1994) for regression problems with missing
covariates.

In the context of competing risks data, it is common that the cause of failure
may be group masked, i.e., the cause of failure is only known to belong to a certain
subset of all possible failures (Crain_and Duchesnd (2004) and ICraiu_and Reiser
(2006)). For masked failure causes, a second-stage analysis is usually conducted,
in which the true cause can be uniquely determined for a random sample of the
masked failures. The generalization of the proposed double robust methods to
handle competing risks data with masked failure causes needs further investiga-
tion.
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Appendix

In the following, we first give the formulations of B, I, Sy, By, Iy and Sp;.

_ R17T (le ) * *
B, =8 | [0 - sy e a0 - m@uani )]
_ Ry —m(Xy,y ) s
5= | [ (20 - 50y 7L igQuoani )]

g . LA > O){R; — m(Xi, 7))} (X4, 77)
" W(Xivfy*){l - W(Xivfy*)} .7
RiI(Ai > 0){I(A; =1) — h(Qi,0") }ho(Qi, 07)
M@, 0*){1 — h(Qs,0%)} 7
_ r Rl - 7T(X1,’)/*) # *
=B {8y = 11> 0 TR (0107

(Al = 1) (lee*) 7 *
Q.01 = Ql,e*)}heo(Ql’H )}7

Sei =

Ip=F 5915{91 — le(Al > 0)
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where 7. (-,7) = 07, (-,7) /07" and hgg(-,0) = dhg(-,0)/06’.

For some 7 > 0, we assume the following set of regularity conditions through-
out the paper: P{Y;(t) = 1,t € [0,7]} > 0; Agi(7) < oo; the covariate vector
Z;(t) is bounded for ¢t € [0, 7]; and A is positive definite.

1. Proof of Theorem 1. We know that for any given 3, (8) has the following
solution for Aq,

Y s dN () By, )N (5) — B Zu(s)Vil)ds)
A5, 0) ‘/0 > Yi(s) |

Plugging A (t, 3) into (9), we have

; /Ooo{zm)—Z(t)}{w( )}éiﬁ)dNi(t)—Ri;(;—g)) (01 0)INF (1)

—Yi(t)ﬁ’Zi(t)dt} — 0. (11)

Let U(3,4,0) denote the left-hand side of (11). By the Taylor expansion of
U(fo,4,0) around ~* and 6* and some empirical process approximation tech-
niques (Yin_and Cai (2004, Thm. 1), we can show that

U(Bo,4,0) = /{Z (t)}dM (t, Bo,v™, 0%, Ao1) — Bwfilsw—Befg_lsei]
+op

In addition,

L M _ ——Z / Vi(O){Zi(t) — Z()}*?dt = —A + 0,(1).

n

Thus, Theorem 1 holds.
2. Proof of Theorem 2. We have

A () — A (8)} = —= 3

\/ﬁizl
/[ﬂxﬂ)dN()—Wh@u 0)dN; (s)—~Yi(s){BppZi(s)ds+dAoi(s)}]
0 IS Y(s)

dM (u, By, 7*, 0%, A . R
=IZ/ ”) ) _ ¢(t)/a(fnn - fo)



ANALYSIS OF COMPETING RISKS DATA WITH MISSING CAUSE OF FAILURE 233
—CLOVAE = 77) = Cht)v/n(0 — 6%) + 0,(1)
1 - ! sz'*(u’ﬂo”y*’G*’AOl) / -1 ! -1 ! -1
- Z} { /0 s (1) A7 s~ O ()15 — Ch(t) Iy LS

+op(1).

Theorem 2 then follows.
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