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S1 Proof of Theorem 1.

By [Foldes and Rejto| (1981)), the Kaplan-Meier estimator S¢(t) is uniformly

consistent over [0, to]

sup |Sc(t) — Sc(t)] = O((n/logn) "), a.s.

te(0,to]
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thus,

sup [#(t) — 7(8)] < sup / 180(t) = Se(t)] = O((n/ logn)~3), a.s.

t€[0,to] t€[0,to)

We can have &= < #(Y') < = by condition (C).

Consider the folded concave penalized problem (3.2) in the paper with
P,(-) satisfying (i)-(iv) in condition (E). Under condition (A), applying
theorems 1-2 in [Fan et al.| (2014), we have the convergence of the LLA
solution ,8 initialized by ﬂmmal ,Borad after two iterations with probability

at least 1 — 9y — 01 — 09, where

~ initial

=Pr([B7 = B lmax > a0)),

oracle

51 - PI‘(HVAcgn(B )Hmax > (11>\>,

oracle

02 = Pr(|BL" llmin < ad).

We can derive the explicit upper bounds for §; and d5 , which only depends
on the behavior of the oracle estimator.

Let Hy = W%)N(A()N(iW}N(A) XAW2 Since log T = X% 8% +¢€, by the
estimating equation we have 7 — XABZ = %XT (Dy — DX 48%) = }LXTe.

oracle ~T ~

Since X 4e = 12X DX 4e, 50 Vel (B ) = 2X (W3 (W32j — HAW2j) =
2XLDXW3(1—H)WX"e,
To simplify notation, denote u; = e;fFXTCDXW% (I-H)W2X", where

e; is the unit vector with jth element being 1. Since € = (e, - - , €,) being
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i.i.d. sub-Gaussian(o) for some fixed constant o > 0, by Hoeffding bound,

we have
~oracle T a1n2)\
01 = Pr(||[Vacln (B lmax > a1A) < Y Pr(|ufe| > >
jEAC
a?n*\?
<2 o ().
Z; 802 - u, 2

w12 = el XL DXW3 (1 — H)WXTXW3(I — Hy) WX DX e
< el XL.D(XWX")’DX 4-€;
< (M) €] X5 D(XXT)?DX yee;
= (Al)’el XL D (XOXT)? D X ;.

max

The last equality holds because we swap the row order in D to transform

D:(
0 0
0;

matrix according to D, where Dy = diag(w(y_)), and X%., X? are the sub-
i:6;=1 !

Dy 0
), and re-arrange the same observation order in each other

matrixes formed by the rows in X 4¢, X where T; is being observed, i.e.

0; = 1. Since

XoXoT _ X:J4Xo£ + X?ACXoﬁc < n()\A.A + )\ACAC)I’

max max

then

[uj I3 < MNP (N + Mk )e] XX e,

max max max

< nSMQ()\W )2)\ACAC(>\AA + )\ACAC)Z‘

max max max max



Variable Selection for Length-biased Data

We conclude that

ain\?
o < 2(P+ - 5) exp _802M2(/\W )2)\ACAC()\AA i /\ACAC)Q :

max max max max

~ oracle

Next, we derive the bound 2 = Pr([|B4 |lmn < aX). Note that

~ oracle ~ oracle

Ba = Bu+ ;XWX )X WXe, and then |8 [lmin = [|B87]lmin —

12 (XWX 1)1 X WX €] pna. Thus, we have
LT v 1w lvrxT «
b2 < Pr (- (XWX ) WX e = (1Bl — a )

Denote v7 = e L(X WX ) X, WX" = eI (X,DXIWX'DX ) ' X4DXWX",

then
T2 )\W ’ T T T 1 T Ty 12
ij HQ < (%) Hej (XOADllXOXO D11X?4)_ XOADll(XUXo )“2

)\W ’ M AA AcACN T T T 1 T2
< (5 I Ok 4 A el (KX XX X

)\nwfax ? M cA° o o o o o o -1
<n (W) Nodin—5 (O + Mde] (XUAX9)? + XAX0 X% X%) I3

min

2 W\ 2 AA ACAN2
< l M /\max )\A.A (Amax + )‘max )
“nmt \ A\ e Aéff .

The last inequality holds because (X% X%)? and X° X9.X°%. X 4 are non-

negative definite, and the minimum eigenvalue of their sum is bigger than
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the eigenvalue of individual. Again, by Hoeffding bound, we have
L ST % \—15%7 T *
0p < Pr{ || (XAWXa) " Xy WX €llmax 2 [|Ballinin — ak

<22€Xp( (1B — >) _

207,13
. 1 2 AA4 W\ 2
< 2s exp _TL m (HIB.AHHHH CL)\) )\mln — /\mm )
20°M? MMk + A0a)? \ s
Finally, we derive the bound 55 = Pr(|| ,Blasso — B||max > aoA) using

LASSO as the initial value. By the definition of the LASSO estimator,

~ lasso ~ lasso

[ W2g—W2XB [P Mol B 1 < | W2G—=W2XB |2+ Aasso| 871,

Since § — XB XTe, we have

~ lasso lasso

1 11 .
IWeX(B—B"")+ WZ—XTEHQHMSSOHB < W2 =X el3+Aasol 1Bl

~ lasso lasso

~T ~ A
B -B)X WX(B T -8
2 ~  ~lasso ~ lasso ~ lasso
SEETXWX(B - ﬁ )+ )\lasso<H18AH1 - H/BA Hl) )‘laSSOHBAC Hl

~ lasso laSbO ~ lasso
<||_ETXWX”maX ||ﬁ _6 “1 +/\1a550(||:3,4 H ) AlabﬁOHIBAc |1'

~ ~1 1 “ Al ~ 1
Denote § = 3 — B564=08, — 804 =B, —0=05, , under

the event {||%6TXW)N(||maX < Aassoc} for any ¢ € (0, 1), we have

0 S ST}’ZTWX(% S /\lassoC<H8A||1 + ”8«4C

1) + /\lassoHS.AHl - AlaSSOHS.AC 1

- 1+c
[6.4c]l1 <

—l18alh-
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By the definition of the restricted eigenvalue k, we have

o o AT ~T  ~ A o N o
Kl[0ll3 < KI0]5 <6 X WX < Nassoc(([0allt + 1042 ]11) + Atassol| 0.4l 1

1+c¢ 1+ec A
S Alassol H(S.A”l < )\lasso _ C\/gH(sA||2

Hence,

)\lasso(l + C)\/E
(1-0ok

18.4ll2 <

3 3 A asso 3
Let ¢ = %, since \ > %, it follows

N ~ S 3/\ assoV S
05 = Pr([|0]lmax > aoA) < Pr([|d[l2 > aoh) < Pr([|d]]2 > %ﬁ

2 oy 1 2)\ asso
< Pr([| = XWX |y > §Alasso) = Pr(| XTDXW X ] s > — =)
n
T~T T Y “Masso
<2j§1:Pr ] X"DXIWX" | > =)

4)\12
3202’ X" DXWXT|3 |

<2(p+1)exp (—
Since

e] X' DXWX"XWX"DXe,

SR (XX s < (AL, 2N, (X7}

max max

()\nm{ax) Mg)\g ax{XOXOT} - ( Mg)\g aX{XO XO + XACXOTC}

max)

<n ()\W ) MZ()\A.A )\ACA‘) 7

max max max

thus

n)\IQasso
3202 (NI )2 M2 (AR + AAA)S )

max max

1350 < 2(p+ 1) exp (—
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We then prove the second part of the theorem. By triangle inequality,

~ oracle ~ oracle

Pr(1 ~ B e > €n77) < PR(1B — B s > 56n7)

~ oracle ~ oracle

1
P = B s > 5E07°)

~ oracle

By Theorem 1, we have Pr(3 # 3 ) < 65550 + 81 + 5. We only need to

~ oracle ~ oracle

prove 63 = Pr([|B4  — B4 [lmax > 3&n77) tending to 0, for any £ > 0.

~ oracle

Note that by (2.4), B = (X4DX4) X% Dy, and X%, (Dy — DX43%) =

~ oracle

Xhe then B, = B3 +(X4DX4) "X e. Denote w! = el (X DX 4) 1 XY,

- 1
05 < QZ Pr(|(vjre — WJT€| > één_e)

J=1

—20¢2
< 2sexp ( n ¢ >

8o2|[vi —wil3

—20¢2
< 2sexp (— n_e ) .

1602 (v 13 + 1w 3)

Since
w3 = ef (X4DX ) ' XX A(XLDX 4) ey
11 x4
o
we have

nl=20g2 ooaq2 | M? At M)
03 < 2sexp (—WW m A g T W()\AA + )\ACAC)Z ()\W ) '

max max max max
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S2 Simulation tables for Example 1.

S3 Simulation tables for Example 2.
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Table 1: Average numbers of correct and incorrect non-zero coefficients and average of
mean squared errors from 1000 simulated datasets for Example 1, with their standard
error shown in the parenthesis

LASSO SCAD MS-SCAD
error p  censoring C I MSE C I MSE C I MSE
unif 20 10% 2.00 11.64 0.011  2.00 13.28 0.013 2.00 0.29 0.003

(0)  (2.98) (0.005) (0) (2.07) (0.005) (0) (0.71)  (0.004)

30% 200 1169 0013 200 1328 0015 200 029  0.003

(0)  (3.02) (0.006) (0) (2.07) (0.005) (0) (0.67) (0.004)

60%  2.00 1151  0.021 200 13.14 0023 200 038  0.005

(0.04)  (3.12) (0.011) (0)  (2.2) (0.009) 0) (0.82) (0.007)

100 10% 2,00 28.68 0036 200 3648 0041 200 0.78  0.005
(0.03)  (8.89) (0.015) (0)  (8.96) (0.009) (0)  (1.6) (0.007)

30% 200 2837 0038 200 3635 0045 200 076  0.006

(0.05)  (9.53) (0.016) (0)  (9.41)  (0.01) (0) (1.48) (0.007)

60%  2.00 30.66  0.047 200 3861 0061 200 128  0.013

(0.03) (11.03)  (0.02) (0)  (9.91) (0.014) 0) (229 (0.017)

400 10% 200 5494 0055 200 7206 0056 200 207 0011
(0) (17.96) (0.018)  (0) (15.72) (0.007) 0) (2.97) (0.012)

30% 200 5794 0.053 200 7725  0.061 200 214  0.014

(0) (19.63) (0.018)  (0) (17.22) (0.008) (0) (3.16) (0.015)

60%  2.00 106.30  0.063 2.00 117.13 0072 200 4.00  0.031

(0) (40.09) (0.023) (0) (33.27)  (0.01) (0) (7.24) (0.054)

exp 20 10%  2.00 1068 0005 200 12.02 0005 200 017  0.001
(0)  (2.83) (0.003) (0) (222) (0.002) (0) (0.48) (0.001)

30% 200 1069  0.006 2.00 1211 0006 2.00 0.8  0.001

(0)  (2.87) (0.004) (0) (221) (0.003) (0) (0.55) (0.001)

60% 200 1046  0.010 2.00 1205 0011  2.00 020  0.002

(0)  (29) (0.007) (0) (2.28) (0.005) (0)  (0.6) (0.002)

100 10% 200 2456 0020 2.00 29.66 0019 200 030  0.001
(0) (7.69) (0.01) (0) (9.37) (0.008) (0) (0.89) (0.002)

30% 200 2425 0021 200 3022 0023 200 016  0.001

(0.03)  (8.48) (0.011) (0)  (9.86) (0.009) (0) (0.59) (0.002)

60% 200 2590  0.026 2.00 3402 0035 200 020  0.002

(0) (10) (0.014)  (0) (10.31) (0.012) (0) (0.78) (0.003)

400 10% 200 4090 0030 2.00 57.27  0.033 200 025  0.001
(0) (13.43) (0.013) (0)  (13.9) (0.006) (0) (0.98) (0.002)

30% 200 4233 0.030 200 6234 0037 200 024  0.001

(0) (14.83) (0.014) (0) (15.35) (0.007) (0) (0.86) (0.002)

60% 200 7560  0.034 200 9570  0.050 200 1.02  0.004

(0) (38.1) (0.017) (0) (31.12)  (0.01) (0) (5.13) (0.024)

normal 20 10% 200 1157 0013 2.00 1333 0014 200 020  0.003
(0)  (3.01) (0.006) (0) (2.01) (0.005) (0) (0.56) (0.003)

30% 200 11.84 0015 200 1352 0016 2.00 022  0.003

(0) (297) (0.007) (0) (1.97) (0.006) (0) (0.58) (0.004)

60% 200 1152  0.022 200 1323 0025 2.00 029  0.005

(0) (321) (0.011) (0) (2.18) (0.011) 0) (0.72) (0.007)

100 10% 200 2056  0.038 200 3741  0.043 200 040  0.004
(0.03)  (9.31) (0.016) (0)  (9.25) (0.011) (0) (0.94) (0.005)

30% 200 2941 0.040 2.00 3722  0.048 200 056  0.005

(0)  (9.49) (0.016) (0) (9.21) (0.012) (0) (1.32) (0.007)

60% 200 3150  0.049 200 3928 0065 200 084  0.010

(0) (10.75) (0.021) (0)  (9.93) (0.016) (0) (1.85) (0.016)

400 10% 200 56.87 0058 200 73.03 0.058 200 102  0.007
(0.03) (18.16) (0.019)  (0) (15.66) (0.008) 0) (22) (0.01)

30% 200 5995  0.058 2.00 7839  0.063 200 143  0.010

(0.03) (20.14) (0.019) (0) (17.35) (0.009) 0) (2.93) (0.015)

60% 200 10352  0.069 200 11618 0075 200 3.61  0.026

(0) (38.9) (0.025) (0) (32.38) (0.012) (0.03) (8.56) (0.037)
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Table 2: Estimates of coefficients for Multi-Stage SCAD, their biases, standard errors,
mean of asymptotic standard errors, and coverage probabilities for nominal 95% confi-
dence intervals from 1000 simulated datasets for Example 1

unif exp normal

p censoring Bias SE ASE CP Bias SE ASE CP Bias SE ASE CP
20 10% bl -0.0028 0.0525 0.0507 93.9 -0.0020 0.0311 0.0301 93.9 -0.0006 0.0565 0.0537 93.0
b2 -0.0037 0.0925 0.0871 92.6 0.0003 0.0538 0.0521 94.0 -0.0025 0.0988 0.0924 93.7

30% bl -0.0050 0.0573 0.0545 93.2 -0.0001 0.0350 0.0332 92.5 -0.0031 0.0606 0.0573 93.3

b2 0.0000 0.0960 0.0941 94.4 -0.0036 0.0611 0.0576 93.6 -0.0047 0.1035 0.0981 92.5

60% bl -0.0064 0.0706 0.0653 91.8 0.0011 0.0454 0.0429 93.8 -0.0014 0.0732 0.0686 93.1

b2 -0.0033 0.1190 0.1136 92.9 -0.0043 0.0800 0.0740 92.7 -0.0041 0.1266 0.1182 92.4

100 10% bl -0.0022 0.0534 0.0496 92.3 -0.0016 0.0303 0.0297 93.9 -0.0050 0.0556 0.0531 92.8
b2 -0.0068 0.0947 0.0856 90.4 -0.0009 0.0529 0.0516 94.2 -0.0007 0.0992 0.0911 91.8

30% bl -0.0040 0.0565 0.0532 92.5 -0.0016 0.0349 0.0332 93.7 -0.0047 0.0603 0.0560 91.6

b2 -0.0135 0.0997 0.0913 92.5 -0.0009 0.0593 0.0573 93.7 -0.0111 0.1047 0.0958 92.1

60% bl -0.0059 0.0698 0.0626 90.5 -0.0011 0.0452 0.0430 94.2 -0.0061 0.0738 0.0664 91.8

b2 -0.0197 0.1277 0.1083 88.7 0.0001 0.0755 0.0741 94.0 -0.0137 0.1254 0.1142 91.3

400 10% bl -0.0104 0.0542 0.0470 89.5 -0.0003 0.0312 0.0298 93.9 -0.0075 0.0558 0.0514 91.4
b2 -0.0250 0.0967 0.0808 87.4 -0.0052 0.0544 0.0517 94.5 -0.0136 0.1016 0.0883 89.5

30% bl -0.0124 0.0600 0.0503 87.5 -0.0032 0.0358 0.0331 93.4 -0.0085 0.0576 0.0542 91.8

b2 -0.0226 0.1072 0.0867 85.8 -0.0039 0.0598 0.0574 93.2 -0.0278 0.1055 0.0929 88.8

60% bl -0.0235 0.0762 0.0567 81.0 -0.0038 0.0476 0.0422 91.8 -0.0189 0.0780 0.0609 83.2

b2 -0.0529 0.1575 0.0982 76.1 -0.0101 0.0873 0.0729 90.9 -0.0562 0.1551 0.1054 80.1
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Table 3: Average numbers of correct and incorrect non-zero coefficients and average of
mean squared errors from 1000 simulated datasets for Example 2, with their standard
error shown in the parenthesis; AR(p) is the autoregressive correlation structure for

predictors
LASSO SCAD MS-SCAD
p  censoring C I MSE C I MSE C I MSE
AR(0.5) 20 10%  3.00 14.30 0.006  3.00 14.39 0.007 3.00 0.29 0.002
(0) (2.19) (0.002)  (0) (1.43) (0.002) (0) (0.91) (0.002)
30% 3.00 14.31 0.006  3.00 14.32 0.008 3.00 0.36 0.002
(0) (2.12) (0.002)  (0) (1.49) (0.003) (0) (1)  (0.002)
60% 3.00 14.32 0.011  3.00 14.37 0.014 3.00 0.64 0.004
(0) (2.1) (0.005) (0) (1.45)  (0.005) (0) (1.44)  (0.004)
100 10%  3.00 68.70 0.018 3.00 70.39 0.033 3.00 2.99 0.005
(0) (10.74) (0.005)  (0) (7.51)  (0.009) (0) (6.95) (0.008)
30% 3.00 66.87 0.022  3.00 68.68 0.044 3.00 5.27 0.009
(0) (10.16) (0.007) (0) (7.82) (0.015) (0) (8.82) (0.013)
60% 3.00 65.43 0.036  3.00 68.89 0.131 2.99 7.36 0.023
(0) (8.77) (0.011)  (0) (7.69) (0.065) (0.11) (9.66) (0.029)
400 10% 3.00 230.92 0.030 3.00  263.35 0.437 3.00 3.98 0.006
(0) (29.47) (0.005)  (0) (24.64) (0.096) (0.08) (8.22) (0.011)
30% 3.00 243.69 0.034 3.00 251.83 0.507 2.99 2.65 0.006
(0) (25.98) (0.006) (0) (24.77) (0.1) (0.12) (5.53) (0.011)
60% 3.00 213.96 0.036 3.00 218.36 0.551 291 1.98 0.015
(0) (25.11)  (0.01) (0) (25.66) (0.091) (0.34)  (4.59) (0.051)
AR(0.8) 20 10%  3.00 7.64 0.004 3.00 8.21 0.006 3.00 0.45 0.002
(0) (3) (0.002) (0) (2.98) (0.003) (0) (1.08) (0.002)
30% 3.00 7.55 0.004  3.00 8.36 0.006 3.00 0.37 0.002
(0) (3.01) (0.002) (0) (3) (0.003) (0.03) (0.99) (0.002)
60% 3.00 7.81 0.007  3.00 8.70 0.01 3.00 0.54 0.004
(0)  (3.02) (0.004) (0) (2.86) (0.005) (0)  (1.16) (0.004)
100 10%  3.00 40.19 0.010  3.00 44.45 0.019 3.00 1.80 0.004
(0) (11.61) (0.003) (0) (9.43) (0.005) (0.03) (4.06) (0.005)
30% 3.00 39.78 0.012  3.00 44.58 0.023 3.00 2.15 0.005
(0) (11.59) (0.004)  (0) (9.63) (0.006) (0.03) (4.24)  (0.006)
60% 3.00 43.01 0.020  3.00 47.42 0.042 2.99 4.36 0.014
(0) (10.89) (0.007)  (0) (9.68) (0.016) (0.12) (5.84) (0.017)
400 10% 3.00 154.67 0.022 3.00 190.94 0.14 2.99 6.57 0.010
(0) (30.32) (0.004) (0) (27.58) (0.047) (0.08) (11.15) (0.014)
30% 3.00 169.42 0.026 3.00 211.08 0.218 2.98 3.00 0.007
(0) (32.17) (0.006)  (0) (27.18) (0.072) (0.13) (6.26) (0.011)
60% 3.00 187.90 0.037 3.00 194.92 0.383 2.86 1.80 0.012
(0) (27.73) (0.01) (0) (27.81) (0.134) (0.39) (2.95) (0.017)
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Table 4: Estimates of coefficients for Multi-Stage SCAD, their biases, standard errors,
mean of asymptotic standard errors, and coverage probabilities for nominal 95% confi-
dence intervals from 1000 simulated datasets for Example 2; AR(p) is the autoregressive
correlation structure for predictors

AR(0.5) AR(0.8)
p  censoring Bias SE ASE Cp Bias SE ASE CP
20 10% bl -0.0015 0.0211 0.0199 92.8 -0.0006 0.0336 0.0299 92.0

b2 -0.0001 0.0222 0.0200 91.1 0.0002 0.0353 0.0319 92.1
b5 -0.0005 0.0195 0.0176 93.0 0.0003 0.0263 0.0215 89.5
30% bl -0.0006 0.0239 0.0211 91.5 -0.0018 0.0346 0.0313 92.6
b2 -0.0020 0.0241 0.0213 90.1 -0.0003 0.0390 0.0335 92.0
b5 -0.0006 0.0203 0.0184 92.3 -0.0022 0.0283 0.0225 88.7
60% bl -0.0015 0.0280 0.0259 91.8 -0.0022 0.0431 0.0373 89.8
b2 0.0000 0.0289 0.0262 91.7 -0.0018 0.0478 0.0394 89.8
b5 -0.0004 0.0259 0.0229 91.5 -0.0023 0.0359 0.0266 87.5

100 10% bl -0.0020 0.0211 0.0188 90.7 -0.0019 0.0338 0.0290 90.4
b2 -0.0003 0.0228 0.0191 874 0.0003 0.0370 0.0307 90.6

b5 -0.0017 0.0189 0.0166 89.4 -0.0023 0.0248 0.0203 87.3

30% bl 0.0008 0.0236 0.0196 88.6 0.0001 0.0350 0.0301 90.3

b2 -0.0030 0.0244 0.0197 86.6 -0.0035 0.0373 0.0319 89.9

b5 -0.0022 0.0220 0.0172 86.9 -0.0026 0.0276 0.0216 87.6

60% bl -0.0025 0.0358 0.0222 78.4 0.0012 0.0496 0.0333 84.0

b2 -0.0056 0.0384 0.0224 78.2 -0.0078 0.0574 0.0357 81.8

b5 -0.0062 0.0376 0.0196 75.0 -0.0103 0.0426 0.0249 79.6

400 10% bl  0.0028 0.0242 0.0186 88.5 0.0024 0.0362 0.0268 84.7
b2 -0.0033 0.0278 0.0186 88.6 -0.0028 0.0406 0.0285 85.0

b5 -0.0018 0.0218 0.0163 87.5 -0.0060 0.0301 0.0193 82.7

30% bl -0.0002 0.0247 0.0201 90.0 0.0005 0.0387 0.0293 87.5

b2 -0.0029 0.0303 0.0201 88.9 -0.0004 0.0436 0.0312 87.4

b5 -0.0030 0.0316 0.0174 86.4 -0.0055 0.0409 0.0204 85.5

60% bl -0.0066 0.0580 0.0246 83.7 0.0012 0.0675 0.0353 83.0

b2 -0.0041 0.0568 0.0250 83.3 -0.0064 0.0832 0.0370 82.6

b5 -0.0158 0.0657 0.0208 82.9 -0.0271 0.0861 0.0233 79.5
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