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Abstract: Driven by a wide range of applications in high-dimensional data analy-
sis, there has been significant recent interest in the estimation of large covariance
matrices. In this paper, we consider optimal estimation of a covariance matrix as
well as its inverse over several commonly used parameter spaces under the matrix
{1 norm. Both minimax lower and upper bounds are derived.

The lower bounds are established by using hypothesis testing arguments, where
at the core are a novel construction of collections of least favorable multivariate nor-
mal distributions and the bounding of the affinities between mixture distributions.
The lower bound analysis also provides insight into where the difficulties of the
covariance matrix estimation problem arise. A specific thresholding estimator and
tapering estimator are constructed and shown to be minimax rate optimal. The
optimal rates of convergence established in the paper can serve as a benchmark for
the performance of covariance matrix estimation methods.

Key words and phrases: Covariance matrix, £1 norm, minimax lower bound, oper-
ator norm, optimal rate of convergence, tapering, thresholding.

1. Introduction

Estimating covariance matrices is essential for a wide range of statistical
applications. With high-dimensional data becoming readily available, one is fre-
quently faced with the problem of estimating large covariance matrices. It is now
well understood that in such a setting the standard sample covariance matrix does
not provide satisfactory performance and regularization is needed. Many regu-
larization methods, including banding, tapering, thresholding and penalization,
have been proposed. See, for example, Wi and Pourahmadi (2003), Zou, Hastiel
and Tibshirani ('2(](]6)7 Bickel and Levina ('2(]083,?)), FI Karomi ('2[)(]8)7 Lam and
Fan (2009), Hohnstone and Tai (2009), Cai, Zhang and Zhou (2010), and Cai
and Lid (2007). However, the fundamental properties of the covariance matrix
estimation problems are still largely unknown.

The minimax risk, which quantifies the difficulty of an estimation problem,
is one of the most commonly used benchmark. It is often used as the basis for the
evaluation of performance of an estimation method. Cal, Zhang and Zhou (2010)
were the first to derive the minimax rates of convergence for estimating a class
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of large covariance matrices under the spectral norm and the Frobenius norm.
Rate-sharp minimax lower bounds were derived and specific tapering estimators
were constructed and shown to achieve the optimal rates of convergence. It was
noted that the minimax behavior of the estimation problem critically depends
on the norm under which the estimation error is measured.

It is of significant interest to understand how well covariance matrices can
be estimated under different settings. Suppose we observe independent and iden-
tically distributed p-variate random variables Xj,...,X,, and wish to estimate
their unknown covariance matrix ¥,y, based on the sample {X;}. For a given
collection B of distributions of X1 with a certain class of covariance matrices, the
minimax risk of estimating 3 over B under a given matrix norm || - || is defined
as

R(B) = inf sup E|| — ||,
X B

In the present paper, we establish the optimal rates of convergence for estimating
the covariance matrix ¥ = (0y;), ., j<p B8 well as its inverse over several commonly
used parameter spaces under the matrix ¢; norm. For a matrix A = (a;;), its £1

norm is the maximum absolute column sum, ||Alj; = max; >, |a; ;|-

In the high-dimensional setting, structural assumptions are needed in order
to estimate the covariance matrix consistently. One widely used assumption is
that the covariance matrix is sparse, i.e., most of the entries in each row/column
are zero or negligible. Another common assumption used in the literature is
that the variables exhibit a certain ordering structure, which is often the case
for time series data. Under this assumption, the magnitude of the elements in
the covariance matrix decays as they move away from the diagonal. We consider
both cases in the present paper and study three different types of parameter
spaces.

The first class of parameter spaces models sparse covariance matrices in
which each column (or row) (o), is assumed to be in a sparse weak £, ball,
as used in many applications including gene expression array analysis. More
specifically, denote by ‘O'[k]j‘ the k-th largest element in magnitude of the jth
column (Jij)lggp. For 0 < ¢ < 1, define

Gqa(p, Cnp) = {E:(Uij)lgihjgp : 1@?§p{‘a[k]j~|q} < Cz’p, Vk, and max (o) Sp} .
(1.1)
In the special case ¢ = 0, a matrix in Gy(p, ¢y p) has at most ¢, , nonzero elements
in each column without loss a of generality, we shall assume ¢, ;, > 1. The weak
{4 ball has been used in Abramovich ef all (2006) for the sparse normal means
problem. The parameter space G, contains the uniformity class of covariance
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matrices in Bickel'and Levina (008K, p.5) as a special case. The second class of
parameter spaces under study is

Fa (p,M):{Z : max2|aij| {i:|i—j]>k}<ME™% Vk, and max (0;) < p o,
J y 7

(1.2)
where a > 0, M > 0, and p > 0. The parameter « in (), which essentially
specifies the rate of decay for the covariances o;; as they move away from the
diagonal, can be viewed as an analog of the smoothness parameter in nonpara-
metric spectral density estimation. This class of covariance matrices is motivated
by time series analysis for applications such as on-line modeling and forecasting.
Note that the smallest eigenvalue of a covariance matrix in the parameter space
Fo is allowed to be 0, which is more general than the assumption at (5) of Bickel
and Levina (2008a). The third parameter space is a subclass of Fy:

Holp, M) = {2 ol < M i —§|7@*Y for i # 5 and max (03) < p}. (1.3)

This parameter space has been considered in Rickel and Levina (2008a) and Cail
Zhang and Zhou (2010).

We assume that the distribution of the X;’s is subgaussian in the sense that,
for all ¢ > 0 and all v € RP with ||v]j2 = 1,

P{|v' (X1 — EXy)| > t} < e /20, (1.4)

Let P (Gq4(p, cnp)) denote the set of distributions of X satisfying (I) and (I4).
The distribution classes P (Fo(p, M)) and P (Ha(p, M)) are defined similarly.
Our analysis establishes the minimax rates of convergence for estimating the co-
variance matrices over the three distribution classes P (Gq(p, cnyp)), P (Falp, M)),
and P (Ha(p, M)). By combining the minimax lower and upper bounds devel-
oped in later sections, the main results on the optimal rates of convergence for
estimating the covariance matrix under the ¢; norm can be summarized as fol-
lows.

Theorem 1. The minimax risk of estimating the covariance matriz 3 over the
distribution class P (Gq(p, cnp)) satisfies

o2 logp) '™
- o2
z—zﬂlﬁcm)( = > (1.5)

inf sup E
2 P(Gq(pien.p))

under assumptions (Z0) and (232), and the minimaz risks of estimating the
covariance matriz X over the distribution classes P (Fa(p, M)) and P (Ha(p, M))
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satisfy
) 5 1 20/(20+1) 2
infsupIEHE—EH xmin{n—a/(a“) n (ng> A )
S A 1 n n

where A =P (Fo(p, M)) or P (Ha(p, M)).

A key step in obtaining the optimal rates of convergence is the derivation
of sharp minimax lower bounds. As noted in [Cai, Zhang and Zhou (2010),
the lower bound analysis for covariance matrix estimation under operator norm
losses has quite distinct features from those used in the more conventional func-
tion/sequence estimation problems. We establish the lower bounds by using
several different hypothesis testing arguments including Le Cam’s method, As-
souad’s Lemma, and a version of Fano’s Lemma, where at the core are a novel
construction of collections of least favorable multivariate normal distributions
and the bounding of the affinities between mixture distributions. An important
technical step is to bound the affinity between pairs of probability measures in
the collection; this is quite involved in matrix estimation problems. We shall
see that, although the general principles remain the same, the specific technical
analysis used to obtain the lower bounds under the ¢; norm loss is rather different
from those used in the cases of the spectral norm and Frobenius norm losses.

We then show that the minimax lower bounds are rate optimal by con-
structing explicit estimators that attain the same rates of convergence as those
of the minimax lower bounds. In the sparse case, it is shown that a threshold-
ing estimator attains the optimal rate of convergence over the distribution class
P (Gq(p, cnp)) under the £; norm. The thresholding estimator was originally in-

under the spectral norm; here we show that the estimator is rate-optimal over
the distribution class P (Gy4(p, cnp)) under the matrix ¢; norm. For the other
two distribution classes P (Fq(p, M)) and P (Ha(p, M)), we construct a taper-
ing estimator that is closely related to the recent work in [Cai, Zhang and Zhou
(2010), though the choice of the optimal tapering parameter is quite different.
This phenomenon is important in practical tuning parameter selection. For co-

suggested selecting the tuning parameter by cross-validation and minimizing ¢;
norm loss for convenience. However, even if the cross-validation method selects
the ideal tuning parameter for optimal estimation under the ¢; norm, the result-
ing banding estimator can be far from optimal for estimation under the spectral
norm.

The rest of the paper is organized as follows. Section 2 focuses on minimax
lower bounds for covariance matrix estimation under the ¢; norm. We then
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establish the minimax rates of convergence by showing that the lower bounds are
in fact rate sharp. This is accomplished in Section 3 by constructing thresholding
and tapering estimators and proving that they attain the same convergence rates
as those given in the lower bounds. Section 4 considers optimal estimation of the
inverse covariance matrices under the /1 norm. Section 5 discusses connections
and differences of the results with other related work. The proofs of the technical
lemmas that are used to prove the main results are given in Section 6.

2. Minimax Lower Bounds under the ¢/; Norm

A key step in establishing the optimal rate of convergence is the derivation
of the minimax lower bounds. In this section, we consider the minimax lower
bounds for the three distribution classes given earlier. The upper bounds derived
in Section 3 show that these lower bounds are minimax rate optimal.

We work with various matrix operator norms. For 1 < r < oo, the matrix £,
norm of a matrix A is defined as

[Az],
[A[l- =

ax = max |Az|,.

w0 lzllr Jall=1

The spectral norm is the matrix £o norm; the #; norm is the “maximum absolute
column sum”, i.e., for a matrix A = (a;;), ||Al[1 = max; >, |a;;|; the matrix fo
norm is the “maximum absolute row sum”, [|Aflc = max;}_; [a;;|. Note that
for covariance matrices the £1 norm coincides with the £, norm and the spectral
norm is the maximum eigenvalue.

Since every Gaussian random variable is subgaussian, it is sufficient to de-
rive minimax lower bounds under the Gaussian assumption. In this section,
we consider independent and identically distributed p-variate Gaussian random
variables X1, ..., X, and wish to estimate their unknown covariance matrix ¥,
under the ¢; norm based on the sample {X;}.

Throughout the paper we denote by C, ¢, Ci, ¢, Co, co,... etc. generic
constants, not depending on n or p, which may vary from place to place.

2.1. Minimax lower bound over P (G,(p, cnp))

We begin by considering the parameter space G, = G4(p, ¢np) at (). The
goal is to derive a good lower bound for the minimax risk over G,(p, cnp). We
focus on the high-dimensional case where

p>n" withv > 1, (2.1)

log p < n and assume that

1/2—q/2
n ) (2.2)

<M
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for 0 < ¢ < 1 and some M > 0. Theorem 2 below implies that the assumption
ng,p (logp/ n)l_q — 0 is necessary to obtain a consistent estimator. See Remark
1 for more details.

Our strategy for deriving the minimax lower bound is to carefully construct
a finite collection of multivariate normal distributions and to calculate the total
variation affinity between pairs of probability measures in the collection. The
construction is as follows. Let |z] denote the largest integer less than or equal x.

Set k = {Cmp (n/log p)q/ 2J. We construct matrices whose off-diagonal elements

are equal to 0 except the first row/column. Denote by H the collection of all
p X p symmetric matrices with exactly k£ off-diagonal elements equal to 1 on the
first row and the rest all zeros. (The first column of a matrix in # is obtained
by reflecting the first row.) Define

Go={X:X=1I,0or ¥=1I,+aH, for some H € H}, (2.3)

where a = /7 logp/n for some constant 7. Without loss of generality we
assume that p > 1 in (D). It is easy to see that Gy C G,4(p, ¢np) when 7y is small.
We pick the constant 71 such that 0 < 71 < min {1, (v — 1) /4v,1/(2M?)}. It is
straightforward to check that with such a choice of 71, Go C G4(p, cnp)-

We use Le Cam’s method to establish the lower bound by showing that there
exists some constant C7 > 0 such that for any estimator f],

logp)'™?
supEHE EH > Cicl, <ng> ; (2.4)
n

which leads immediately to the following result.

Theorem 2. Suppose we observe independent and identically distributed p-variate
Gaussian random variables X1, . .., X, with covariance matriz Xpxp € Gg(p, cnp)-
Under assumptions (Z) and (22), the minimax risk of estimating the covari-
ance matriz X,x, satisfies

logp)'™?
inf sup E HE EH > C1c? Crp < ng) ) (2.5)
b Gq(pscn,p) n

where Cy is a positive constant.

Remark 1. In Theorem 2, ¢, ), is assumed to satisfy ¢, , < M (n/logp)*/?~9/?
for some constant M > 0. This assumption is necessary to obtain a consistent
estimator. If ¢, , > M (n/log p)"/*~ %2, we have

. 2
inf  sup IEHE EH >1nf sup IEH272H1 > C1M?,

b gq(Pvcnp o(p ( n >1/2*Q/2)
log p
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where the last inequality follows from (278). Furthermore by a similar argument
as above, we need the condition c%yp (logp/n)' ™9 — 0 to estimate X consistently
under the ¢; norm.

Results in Section 3 show that the lower bound given in (273) is minimax rate
optimal. A threshold estimator is shown to attain the convergence rate given in

Before we prove the theorem, we need to introduce some notation. Denote by
m., the number of non-identity covariance matrices in Gy. Then m, = Card (Gy) —
1= (pgl). Let ¥,,,1 < m < m,, denote a non-identity covariance matrix in
Go, and let Yo be the identity matrix I,. We denote the joint distribution and
density of X1, Xa,...,X,, with X; ~ N (0,%,,) by Py, and f,,, respectively, and
take P = (1/m.) > =, Py, .

For two probability measures P and Q with density p and ¢ with respect to
any common dominating measure p, write the total variation affinity ||P A Q|| =
J pAgdp. A major tool for the proof of Theorem 2 is the following lemma which
is a direct consequence of Le Cam’s lemma (cf., Le_Cam (I973), Y (I997)).

Lemma 1. Let 3 be any estimator of ¥, based on an observation from a dis-

tribution in the collection {Py, ,m =0,1,...,my}, then

~ 1 _
sup E[S— | =3 Poy AB|- _inf S — ol -

0<m<m, - 1<m<m.

Proof of Theorem 2. It is easy to see that

. logp 1=q
2 2 2 2
1§'r1n<fm* H m OHI ka” 2 CzC"”’( n >

for some Cs > 0. To prove the theorem, it thus suffices to show that there is a
constant C3 > 0 such that
|Psy AP|| > Cs. (2.6)

That immediately implies

. 2 . 2 1 1 l—q
ap efi-nz o (@ls-n]) 2], (22) e
0<m<m. 17 0<m<m. 1 4 A on
which matches the lower bound in (Z5) up to a constant factor.

Now we establish the lower bound (23) for the total variation affinity. Since
the affinity [go Aqidp =1—(1/2) [ |go — 1] dp for any two densities go and g1,

Jensen’s Inequality implies
2 2 2
qod,u> S/(QO q) du:/<ql— )dM
q0 qo0

[fm-miar] - (f

qo — q1
qo
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Hence [qo A qidp > 1—(1/2) [[ (¢}/q0 — 1) dy] Y2 To establish (ZM), it thus
suffices to show that

s [ R ()

The following lemma is used to calculate the term [ (fm fi/fo — 1) in A.
Lemma 2. Let g5 be the density function of N (0,%s), s =0,m,l. Then
/gZLOgl - [det (I - (Zm - Ip) (El - Ip))]ilp-
Lemma 2 implies

M_ Jmt ”_ e — _ _ —n/2
fo ‘(/ go> = [det (1 = (B = Ip) (B = L))"

Let J(m,1) be the number of overlapping nonzero off-diagonal elements between
Y and ¥ in the first row. Elementary calculations yield that ||, — %[, =
2(k — J)a and

[det (I — (S — L) (S — L)Y = 1 — Ja?,
which is 1 when J = 0. It is easy to see that the total number of pairs (X,,, %)

such that J(m,1) = jis (¥}, 1) (];) (p;:k). Hence,

_ 1 fmfl > B a -n
s /< *0<]Z;kj(mzl: [1 ! 1]

my 0<]<k J(m,l)=

& 3 OO0 e &

*1<j<k

Note that '
(1- ja2)7n (1+ 2ja ) < exp (n2ja ) = p?T
where the first inequality follows from the fact that ja? < ka®? < 1 M? < 1/2.

Hence,
A< Z (j)((: 1)3) 2m<2 Z <k;2 271) |

1<j<k k 1<j<k

Recall that k = |cy,p (n/logp)q/2j and ¢, < M (n/logp)/?>~9. So we have
k2 p < 02 n I . pQTl
p—Fk = " \logp) p—k

< n 1—q n q p2n
- logp logp) p—k

2
< oM <1”> T oaza 02,
ogp p




MINIMAX ESTIMATION OF LARGE COVARIANCE MATRICES 1327

where the last step follows from the fact that 71 < (v —1)/(4r). Thus A <
Cn(1=")/2 5 0, which immediately implies (Z8).

2.2. Minimax lower bounds over P (F,(p, M)) and P (Ha(p, M))

We now consider minimax lower bounds for the parameter spaces F,(p, M)
and Hq(p, M). We show that the minimax rates of convergence over these two pa-
rameter spaces are the same under the ¢1 norm. Since H,(p, M) C Fo(p,2M /),
it thus suffices to establish the minimax lower bound for H,(p, M).

As in Section 2.1, the basic strategy remains to carefully construct a finite
collection of multivariate normal distributions such that the covariance matrices
are “far apart” in £; norm and yet it is still “sufficiently difficult” to test between
them based on the observed sample. However, the specific construction and the
technical tools used in the analysis are quite different from those in Section 2.1.
Here we mainly rely on Assouad’s Lemma and a version of Fano’s Lemma given
in [I'sybakoy| (2009) to obtain the desired lower bound.

We define the parameter spaces that are appropriate for the minimax lower

2042) The case p < nl/(20+2)

bound argument. In this section we assume p > n!/(
is similar and slightly easier. Both lower bound and upper bound for this case
will be discussed in Section 3.2.1.

We construct parameter spaces separately for the cases p < exp (nl/ (20‘+2))
and p > exp (nl/(2a+2)). For p < exp (nl/(2a+2)), set k = Lnl/(zo‘”)f Without
loss of generality let p > 1. Let 7 be a small constant to be specified later.
Take the parameter space Fi; of 28~ covariance matrices to consist of all p x p
symmetric matrices with diagonal elements 1 and the first (k — 1) off-diagonal
elements in the first row (and first column by symmetry) equal to either 0 or

—-1/2

Ton , with all other elements 0. Formally,

k . .
— . _ rom~1/2 (I{i=1,7=s}),x
i {2(0) O =l ZSZQ sl i tfi=sj= 1})ZXZ] ’

0 = (0,) € {0,1}*1 } (2.8)

where I, is the p x p identity matrix.
We pick 1 such that 0 < 79 < min {M, M?, 1/16}. It is then easy to see
that for any ¥ = (0 ;) € Fi1,

o1 < o V2 < k() < (et

for all 2 < j < k, and consequently |o; ;| < M]|i —j\_(O‘H) forall 1 <i#j <p.
In addition, we have max; (0;;) = 1 < p. Hence, the collection F11 C Ha(p, M).
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For p > exp (nY/(2+2) | we set k = |(n/log p)Y/?V) | Define the p x p
matrix By, = (bij)pxp by

bij=I{i=mand m+1<j<m+k—1,orj=mandm+1<i<m+k—1}.
In addition to JFi; we take
Fia = {zm:2m=1p+bm3m, 1gm§m*}, (2.9)
where b = (nk:)_l/2 and my = |p/k| — 1. It is easy to see that
(bk)*logp = SIng <k

which implies
by/malogp < ME~1

as long as 7o < M2, and sup, (03;) = 1 < p. Then the collection Fio C Ha(p, M).
Let Fp = F11 U Fia. It is clear that Fo C Ha(p, M). It will be shown below
separately that for some constant Cy > 0,

. 2
infsupE HE - EH > Cyn~o/(+D) (2.10)
S Fn 1
R 9 1 2a/(2a+1)
ir}fsupIEHE—EH > Cy < ng) . (2.11)
Y Fi2 1 n
Equations (Z10) and (Z11) together imply

X 9 1 2a/(2a+1)

infsup E HE - EH > Ca noo/(e+1) 4 (%D> , (2.12)

S Ko 1 2 n

which yields the follow result.

Theorem 3. Suppose we observe independent and identically distributed p-variate
Gaussian random variables X1, ..., X, with covariance matriz Xpx, € Fo(p, M)
or Hao(p, M). The minimaz risks of estimating the covariance matriz ¥ satisfy,
for some C >0,

. 2
infsupEHZ—ZH >C
$ TeA 1

B log p\ 2/ 2a+1)
n~o/letl) 4 <> : (2.13)

n

where A = fa(p, M) or Ha(pa M)
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It is shown in Section 3 that the rate of convergence given in the lower
bound (EI3) is optimal. A specific tapering estimator is constructed and shown
to attain the minimax rate of convergence n~®/(@*+1) 1 (logp/n)2e/(atl),

We establish the lower bound (E10) by using Assouad’s Lemma and the lower

bound (Z10) by using a version of Fano’s Lemma given in [I'sybakov (2009).

2.2.1. Proof of the lower bound (2-1M)

The key technical tool to establish (2710) is the lemma in Assonad (I983).
It gives a lower bound for the maximum risk over the parameter set © = {0,1}"™
for the problem of estimating an arbitrary quantity  (6) belonging to a metric
space with metric d. Let H(6,60") = > ", |0; — 0] be the Hamming distance on
{0,1}™, which counts the number of positions at which § and ¢’ differ. Assouad’s
Lemma provides a minimax lower bound.

Lemma 3 (Assouad). Let © = {0,1}" and let T be an estimator based on an
observation from a distribution in the collection {Py,0 € ©}. Then for all s >0
d* (¢ (0) v (6")) m

2°Epd® (T > i — Py A Py
%ﬂeag)( od ( 7¢(‘9)) _H(IG}’,IOI’I)IZI H(Q,H’) ) H(mln H o N\ IPo H

Assouad’s Lemma is connected to multiple comparisons. In total there are
m comparisons. The lower bound has three terms. The first term is basically
the loss one would incur for each incorrect comparison, the last term is the
lower bound for the total probability of type one and type two errors for each
comparison, and m/2 is the expected number of mistakes one would make when
Py and Py are not distinguishable from each other when H (6,6') = 1.

We now prove (Z10). Let Xi,...,X, s N (0,2 (0)) with X (0) € Fi1.
Denote the joint distribution by Py. Applying Assouad’s Lemma to the parameter
space F11 with m =k — 1, we have
/
inf max 2 EgHE X (0) H > min [2(6)—% @)l k=1 min ||P9/\Pg/||.
53 6e{0,1}k-1 H(0,0/)>1 H (0,0 2 HO0)=
(2.14)

We state the bounds for the two factors on the right hand of (E14) in two lemmas.

Lemma 4. Let ¥ (0) be defined as in (Z8). Then

12 0) = (@), —1/2
>
H(IGI,I;/I)Izl H (0,0 =en

(2.15)

for some ¢ > 0.

The proof of Lemma 4 is straightforward and is thus omitted here.
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Lemma 5. Let Xy,...,X, o N (0,%(0)) with ¥ (0) € Fi1. Denote the joint
distribution by Py. Then for some constant ¢c; > 0
min HP@/\PQ!H >cq.
H(0,6")=1

The proof of Lemma 5 is deferred to Section 6. It follows from Lemma 5,

using k = n/(22+2) that
~ 2 2

inf sup 22Ey HE -X (0)” > cok? <n71/2) = cok?n ! = con /(D)

X N(0)eFn 1

2.2.2. Proof of the lower bound (Z21T)

Consider the parameter space Fia defined in (229). Denote by ¢ the p x p
identity matrix. Let f,,, 1 < m < m, = |p/k| — 1, be the joint density of
X1, Xo,..., X, with X; ~ N (0,%,,) where ¥,, € Fia. For two probability
measures P and Q with density p and ¢ with respect to a common dominating
measure p, write the Kullback-Leibler divergence as K (P,Q) = [ plog %du.

The following lemma, which can be viewed as a version of Fano’s Lemma,
gives a lower bound for the minimax risk over the parameter set © = {6y, ..., 0, }.

Lemma 6. Let © = {0,, : m = 0,...,m.} be a parameter set satisfying
d(0;,0;) > 2s for all 0 < i # j < m,, where d is a distance over ©. Let
{Py : 6 € O} be a collection of probability measures defined on a common proba-
bility space satisfying

1
— > K(Py,.Ps,) < clogm,

* 1<m<ma.

with 0 < ¢ < 1/8. Let 0 be any estimator based on an observation from a
distribution in the collection {Pp,0 € ©}. Then

A s 3
sup Ed? (0,9) > g2 VM (1 —2e— € > .
0cO 1 + VA L™ IOg =

We refer to [I'sybakovi (2009, Sec. 2.6) for more detailed discussions. Now let
O = Fia, 0, = X, for 0 < m < m,, and let the distance d be the #; norm. It is
easy to see that

1kl

d(6:,6;)=IZs = ] = by/m2log plk—1) >/ 57 %8P for all 0<i#j<ms.
n

(2.16)

The next lemma, proved in Section 6, gives a bound for the Kullback-Leibler
divergence.
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Lemma 7. For all 1 < m < m,, distributions in the collection {Py,0 € O}
satisfy
K (Pgm,]}bgo) S 27’2 logp.
By taking the constant 75 sufficiently small, Lemma 7 yields that

1

Z K (Pg,,,Pg,) < clogms

* 1<m<ms

for some positive constant 0 < ¢ < 1/8. Then the lower bound (211) follows
immediately from Lemma 6 and (EZ18),

) 9 1 20/ (2041)
inf sup EHE—EmH ZC( ng)
S EeFi2 1 n

for some constant C' > 0.

3. Optimal Estimation under the /; Norm

In this section we consider the upper bounds for the minimax risk and con-
struct specific rate optimal estimators for estimation over the three distribution
classes. These upper bounds show that the rates of convergence given in the
lower bounds established in Section 2 are sharp. More specifically, we show that
a thresholding estimator attains the optimal rate of convergence over the distri-
bution class P (G4(p, ¢np)) and a tapering estimator is minimax rate optimal over
the distribution classes P (Fo(p, M)) and P (Hq(p, M)). The two estimators are
introduced and analyzed separately in Sections 3.1 and 3.2.

Given a random sample {Xy,...,X,} from a population with covariance
matrix ¥ = ¥,,, the sample covariance matrix is

n

> (X -X) (X -x)",

=1

1

n—1

which is an unbiased estimate of ¥, and the maximum likelihood estimator of 3
is N
1 S T
2= (ohsigs = o > (X —-X) (X - X) (3.1)
=1
when the X;’s are normally distributed. The two estimators are close to each
other for large n. We construct thresholding and tapering estimators of the
covariance matrix Y based on the maximum likelihood estimator >*.
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3.1. Optimal estimation over P (G,(p, cnp))

Theorem 2 shows that the minimax risk of estimating the covariance ma-
trix X, over the distribution class P (Gq4(p, cnp)) has a lower bound of order
C%,p (log p/n) 9. We now prove that this rate is optimal by constructing a thresh-
olding estimator and by showing that this estimator attains the rate given in the
lower bound.

*

Z7j

average of n random variables with a finite exponential moment, so o j satisfies
9

the large deviation result that there exist constants C7 > 0 and « > 0 such that

Under the subgaussian assumption (I[), the sample covariance o} . is an

P (‘O‘;} — Uij} > v) < Cyexp <—’Y82m)2> (3.2)

for |v| < 6, where Cj, v and § are constants that depend only on p. See, for
example, Sanlis_and Sfafulevicing (1991) and Rickel and Tevina (2008a). The
inequality (B72) implies that o}; behaves like a subgaussian random variable. In

particular for v = v4/log p/n we have
P (|J;<j — Jz'j‘ > ’U) < Clp_s. (3.3)

We define a thresholding estimator as

R » « log p
oij =055 -1 <’Uz’j’ > ) (3.4)

n

and set 3 = (Gij) pp-
The following theorem shows that the thresholding estimator at (83) is rate
optimal over the distribution class P (G4(p, cnp))-

Theorem 4. The thresholding estimator N satisfies

logp)'™?
n )

sup EHi—EH2SCC2 < (3.5)
) 1o

P(gq (p’cn,p

for some constant C' > 0. Consequently, the minimaz risk of estimating the
covariance matriz ¥ the distribution classes P (Gq(p,cnp)) satisfies

i—ﬂﬁxé C%pyﬂ. (3.6)

n?p n

inf sup E
2 P(Gq(pien,p))

A main technical tool for the proof of Theorem 4 is the next lemma, which
is proved in Section 6.
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Lemma 8. Define the event A;j by Ai; = {|64j—04j| < 4min{|oy;|, v+/logp/n}}.
Then

P (AZ]) 2 1-— 201])79/2.

Lemma 8 will be applied to show that the thresholding estimator defined in
(B3) is rate optimal over the distribution class P (Gy4(p, cnp))-

Proof of Theorem 4. Let D = (dij),; ;, With dij = (i — 0i;) I(Af;). Then

~ 2 ~ 2
E Hz - EH <9E Hz T DH1 +9E | D||?
1
2

<92E +2E|D|?

sup Y _ (645 — 45| I(Aij)
Iy

1
<32 [supZmin{]Uij\fY\/@}
i 5 "

We will see that the first term in (B7) is dominating and bounded by
ek, (logp/n)' ™4, while the second term, E ||D||%, is negligible.

Pick a k* such that (c,, /k*)l/q > logp/n > [enp/ (K* +1)]"9, which
implies k* (logp/n)?? = (14 0(1)) Cn,p- Then we have

. logp
E min < o],y
- n

< (343 ) min{loal.

2
+2E|D|F.  (3.7)

=)

i<k* i>k*
I 1/q
< Cshy |22 %P LY (C’;—p)
i>k*

<Cs

Lo\ (1-0)/2
k*,/—losp + el (k)Y k| < Creny ( Off) ,

which gives (B3) if E HDH% = O (1/n); this can be shown as follows. Note that

E|D|? < pZEd pZE{ AG N {645 =03 }) + dT(AS; N {65 = 0} }

—pZE{ — o3y) I(Agj)} +p Y EoBI(AG 0 {6y =0} = Ry + Ra,
ij
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where

Ry = pZE{ —0y)'1 }<p2[ —05j) }1/31[132/3(14%)

_ Cg
<Cgp-p* - —-pi=—"

1
n o on’
since P (A%) < 2C1p~ 92 from Lemma 8, and

Ry :pZEU?jI (Afj N{6i; = 0})
ij

log p " log p

:pZEJ?jIﬂUiﬂ 247\/7)—7(’0@' <7 n )
]

log p log p

<pZUUEI |02j| > 4’7\/7) ﬂalj‘ - ‘ Tij 0-”‘ <7 n )

(]

log p N 3
<p) oyEI(|oy| > = M (|of; — oij| > L

(]

p 9 /logp
< . Znagjcl exp <_272n0i2j) I(|oij| > 4y - )
ij
p 2 1 2 4 9 log p
== Z noj; - Cpexp _Wnaij - exp —?naij I(|osj] > 4y - )
]

D _ Cy
<Cy=—-p* p ¥ < =
n n

3.2. Optimal estimation over P (F,(p, M)) and P (Ha(p, M))

We now turn to optimal estimation over the distribution classes P (Fq(p, M))
and P (Ha(p, M)). We construct estimators of the covariance matrix ¥ by ta-
pering the maximum likelihood estimator ¥*. For a given even integer k with
1 < k < p, we define a tapering estimator as

3= Ek—(w” }) (3.8)

pxp’

where o7; are the entries in the maximum likelihood estimator X* and the weights
are

wij = ky, {(k = |i = j1)+ — (kn — |i — j])+} (3.9)
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0 n k

Figure 1. The weights as a function of |i — j|.

with k, = k/2. Without loss of generality we assume that k is even. Note that
the weights w;; can be rewritten as

1 when |7 — j| < ky,
wij = 2_‘211:;:' when kp, < |1 — j| <k,
0 otherwise.

See Figure 1 for a plot of the weights w;; as a function of i — j|.

This class of tapering estimators was introduced in [Cai, Zhang and Zhou
(2010) for covariance matrix estimation over the distribution class P (F4(p, M)),
and was shown to be minimax rate optimal under the spectral norm and Frobe-
nius norm with appropriately chosen tapering parameter k. The optimal choice
of k critically depends on the norm under which the estimation error is measured.
We shall see that the optimal choice of the tuning parameter under the ¢; norm
loss is different from that under either the spectral norm or the Frobenius norm.
The tapering estimator defined in (B8 )has an important property: it can be
rewritten as a sum of many small block matrices along the diagonal. This special
property is useful for our technical arguments. Define the block matrices

Ul*(m) = (o5 I{l<i<i+ml<j<l —f—m})pxp

and set

P
S*(m): Z Ul*(m)
I=1-m

for all integers 1 —m <[ <pand m > 1.

Lemma 9. The tapering estimator i?k given in (BR) can be written as

S = k! (s*(@ - S*(kh)> . (3.10)
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We now consider the performance of the tapering estimator under the
/1 norm and establish the minimax upper bounds for the parameter spaces
P (Falp, M)) and P (Ha(p, M)). We will show that the minimax rates of con-
vergence over these two parameter spaces are the same under the #; norm. Since
P (Ha(p, M)) C P (Falp,2M/c)), it thus suffices to establish the minimax upper
bound for P (Fu(p, M)).

We focus on the case p > n'/(22+2) The case p < nt/(22+2)_ to be discussed
in Section 3.2.1, is similar and slightly easier.

1/(2042)

Theorem 5. Suppose p > n The tapering estimator ik at (BOM) satis-

fies
. 2 k2 + k1
supE 8 - 5 <X FE08P | pp2a (3.11)
A n

for k=o(n), logp = o(n), and some constant C' > 0, where A =P (Fa(p, M))
or P (Halp, M)). In particular, the estimator ¥ = X, with

o\ /(2a+])
k = min { n!/(20+2), <> (3.12)
log p

2a/(2a+1)
n—o/(at1) | <1°gp> i ] (3.13)
n

satisfies

. 2
supIEHE—EH <C
A 1

where A =P (Folp, M)) and P (Ha(p, M)).

Together with Theorem 3, Theorem 5 shows that the tapering estimator
with the optimal choice of the tapering parameter k given in (BI2) attains the
optimal rate of convergence over both P (Fu(p, M)) and P (Ha(p, M)).

Proof of Theorem 5. It is easy to see that the minimum of (k? + klogp)/n +
k2 is attained at k =< nY/(**t2) with the minimum value of order n~°/(e+1)
when p < exp (nl/@o‘”)). For p > exp (nl/(2a+2)), the minimum is attained at
k = (n/log )"tV and the minimum value is of order (logp/n)?*/ o+,
Note that ¥* is translation invariant and so is 3. We assume EX; =0
hereafter. Write
* 1 7 \T 1 ¢ T ~xxT
= EZ(XZ—X) (X; - X) :EZXZXZ - XX,
=1 =1
where XX' is a higher order term. Denote xx* by G = (gi;). Since Eg;; < C/n,
it is easy to see that

<C

‘2 k?logp klogp

<C

5 for k <n.
1 n n

E H(wz‘jgzj)px,}
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In what follows we ignore this negligible term and focus on the dominating term

(1/n) X XuX{ Set ¥ = (1/n) Y11 XiX{ and write ¥ = (545),<, <, Let
Y= (wija'ij)lg@jgp (3.14)

with w;; given in (89). To prove Theorem 5, it suffices to show

) 200/ (20+1)

e
a(p,M) 7

(3.15)

Let X; = (X}, X5, ... ,X;)T. We then write 6;; = (1/n) Y, X[ X! Tt is easy
to see

Edij = oij, (3.16)
C
Var(G;5) < ?1, (3.17)

for some C7 > 0.
It is easy to bound the bias part,

2

. 2

HEE - EH < | max Z loij|| < MPE2. (3.18)
1 i=1,....p
J:li—j|>k
We show that the variance
g 112 k2 + k1
E|S-ES| <o Roep (3.19)
n

It then follows immediately that
y 2 5 12 g 2 k2 + k1
E|$-z| <2 |S-ES| +2|ES - 3| <20, (+ng + k2°‘> .
n

This proves (8T3) and (BIX) then follows. Since p > n'/(2*+2) we can set

nl/(2a+2)J , for p < exp (nl/(2a+2))
= 1/(2a+1 '
: {(107;;)) )J , otherwise (3.20)

and the estimator ¥ with k given in (B=20) satisfies

20/ (204+1)
pal/(t1) | (logp> ] '

~ 2
sfs -5} <

n

Theorem 5 is then proved.
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It remains to show (BI9). The key idea in the proof is to write the whole
matrix as an average of a large number of small block matrices, and for each small
block matrix the classical random matrix theory can be applied. The following
lemma shows that the £, norm of the random matrix ¥ — EY is controlled by the
maximum of p number of the /1 norms of k X k random matrices.

The next lemmas are proved in Section 6. Define

Ul(m):(&Z-jf{l§i<l+m,l§j<l+m})pxp (3.21)
for all integers 1 —m <[ <pand m > 1.
Lemma 10. Let 3 be defined as in (BI0). Then
[5-E8|| <3 _max U -EUP| .
1 1<I<p—k+1 1
Lemma 11. There exists a constant cg > 0 such that
2 2
(R T e R S R

forallz >0 and 1 <1 <p.

It follows from Lemmas 10 and 11 that
. 112 k2 + k1
Mb-Eﬂ‘g@<+%w>+@kh
1 n

by plugging 22 = Cy max {m, log p} into (B22), for some C; > 0.

The lower bound given in Theorem 3 and the upper bound given in Theorem
5 together show that the minimax risks over the distribution classes P (Fo(p, M))
and P (Ha(p, M)) when p > n!/(o+2) satisfy

~ 2 ~ 2
inf  sup EHE—EH =inf  sup IEHZ—EH
S P(Falp,M)) L3 P(Ha(p,M)) !

= pmo/letl) 4 <1ng (3.23)

n

) 2a/(2a+1)

3.2.1. Optimal estimation over P (F,(p, M)) and P (Ha(p, M)): the case
of p < nl/(20+2)

For estimation over the distribution classes P (Fo(p, M)) and P (Ha(p, M)),
for both the minimax lower and upper bounds, we have so far focused on the

high dimensional case with p > n!'/(2¢+2)_ In this section we consider the case
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p < n/(22+2) and show that the minimax risk of estimating the covariance matrix
Y over the distribution classes P (Fo(p, M)) and P (Ha(p, M)) satisfies

. - 2 _p?
infsupE HE — EH = —,
3 A 1 n
where A = P (Fu(p, M)) and P (Ha(p, M)), when p < nl/(a+2),
This case is relatively easy. The upper bound can be attained by the sample
covariance matrix 3. By (BT9) with & = p we have,

2

2 1
P tplogp _,-p* (3.24)
n

R 2
inf  sup IEHE—EH <C
) 1 n

S P(Falp,M)

The lower bound can also be obtained by the application of Assouad’s Lemma
and by using the same parameter space Fi11 with k = p, i.e.,

(I {Z =1,7= S})po
+{I{i=s]= 1})p><p ’

0= (0,) € {0,1}"* }

p
Fii = {2 (0):2(0) =T, + 7an 2> 0,
5=2

as in Section 2.2, where 79 satisfies 0 < 7o < min{M, 1/16} such that the collec-
tion F11 C Ha(p, M). We obtain, as at (214) in Section 2.2.1,

. - =@ -2@),p-1 .
£ EHZ—EH > 1 Py A Py
inf sup R X =2 (T R R LR
2 2
> -1/2\" 5 . P 3.25
>e(pn?) =l (3.25)

Inequalities (B224) and (B7Z3) together yield the minimax rate of convergence
1/(2a-+2)

for the case p <n ,
v’
o

~ 2 ~ 2
inf  sup EHE—ZH =inf  sup EHE—ZH = (3.26)
) ! M) !

S P(Falp,M) S P(Ha(p,

Combining (B=23) with (B=28), the optimal rate of convergence over two distribu-
tion classes P (Fuo(p, M)) and P (Ha(p, M)) can be summarized as

. 2
inf sup E HE — EH =<inf sup E
S P(Falp,M)) LS P(Ha(p,M))

2a/(204+1) 2
= in {n_a/mn N <10gp> 7 p} '
n n

R 2
szH
1
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4. Estimation of the Inverse Covariance Matrix

In addition to the covariance matrix, the inverse covariance matrix 27! is
also of significant interest in many applications. The technical analysis given in
the previous sections can be applied to obtain the minimax rate for estimating
¥~ under the ¢; norm.

For estimating the inverse covariance matrix X! it is necessary to require
the ¢; norm of ¥~! to be bounded. For a positive constant M; > 0, set

gq(l)a Cn,paMl) = gq(/% Cn,p) N {Z : Hz_lnl S Ml} ’ (41)
Falp, M, My) = Folp, M) {S: ||=71|, < My}, (4.2)
Halp, M, My) = Ho(p, M) N {S: ||=7Y|, < My}, (4.3)

and define P (G, (p, cnp, M1)) to be the set of distributions of X; that satisfy both
() and (B01). The parameter spaces P (Fo(p, M, M;)) and P (Ha(p, M, My))
are defined similarly.

Assume that

n7p n ’ :
which is necessary to obtain a consistent estimator of 3 under ¢; norm.
The following theorem gives the minimax rates of convergence for estimating

Y1 over the three parameter spaces.

Theorem 6. The minimaz risk of estimating the inverse covariance matric X!
over the distribution class P (Gq(p, cnp, M1)) satisfies

: A —1|? o (logp t

inf sup EHQ—Z H ch,p< ) (4.5)
@ P(Gq(p,cn,p,M1)) 1 n

under assumptions (E) and (B4), and the minimaz risks of estimating

the covariance matriz ¥ over the distribution classes P (Fo(p, M, M;)) and

P (Ha(p, M, M) satisfy

R 9 1 20/(204+1) 2
pspz 57 o faeen (52
O A 1 n n

where A is P (Fa(p, M, M7)) or P (Ha(p, M, My)).

Remark 2. For estimating the inverse covariance matrix =1, we have assumed
the ¢; norm of £7! to be uniformly bounded. This condition is satisfied if the
variances o;; on the diagonal of ¥ are bounded from below by some constant
co > 0 and the correlation matrix is diagonally dominant in the sense that

max oyl <l-¢ (4.7)

I<isp £ /0307

D)7
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for some € > 0. This can be seen as follows. Define Wy, = diag (o11,...,0pp),
and write

Sr=W-W-=-x)t=w 21 -v)y w2

where V' = W~Y/2 (W — £) W~/2. The assumption (E=7) implies that ||V, <
1—¢,50

(I-v)"t=>"Vv
=0
which implies
2 .
l== < w2 =] = @t DIV < o)
1=0

Proof of Theorem 6. The proof is similar to those for estimating the covariance
matrix 3. We only sketch the main steps below.

(I). Upper bounds. Let

A )V Y exists, and Hf]_lHl <n
I otherwise '

Define the event Ay = {f]_l exists, and Hf)_l Hl < n} On the event Ay we write

X
|
"
!

51 (2 _ 2) y-1

so that

- -
1

e e S e e N
1 1 1

Note that
R . 1 o
o), <+ (- 2) =) 7 el < et Xl
k=1
where H = (f] — Z) Y1, Define

e (o2l =
for some 0 < e < 1/(2My). It is easy to show that

P (AS) < Cpn™P (4.9)
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for every D > 0, using (82), (822), and (E4). On A3 we see that

- _ _ 1
1l = [[(E-=) =7 <ell= ), < 5

Since HE_1H1 < M, which implies Hfl_lHl < 2M; on As by (ER), we have

A 2 ~ 2 A 2
LN R R ]
1 1

1

on As N As. It is actually easy to see A3 C Ay and
~ 1]|? 2
sz

Let B be one of the three parameter spaces P (G4(p, cnp, M1)), P (Falp, M, My)),
and P (Hqo(p, M, My)). We have

N 2 N 2 N 2
supEHQ—E_lu :supE{Hz—l—z—lH I(Ag)}+supE{“Q—Z_1" I(Ag)}
B 1 B 1 B 1

. 2 . 2
SC’supEHE—EH +C’n2supIP>(A§)§CsupIEHE—E‘ ,
B 1 B B 1

where the last step follows from (279).

(IT). Lower bounds. We use an elementary and unified argument to derive the
lower bounds for estimating the inverse covariance matrices for all three parame-
ter spaces. The basic strategy is to directly carry over the minimax lower bounds
for estimating ¥ to the ones for estimating X~!. The following is a simple but
very useful observation. Note that

11 = ally = |21 (B0 =251 o, < ISl |20 = 2271, (1221
which implies
1= =S5y = I 22l 15— Sl -
If ||21]|, < C and ||£a]|, < C for some C > 0, we have
=0t =231, = C7? 21 — Sall; - (4.10)

Equation (E1M) shows that a lower bound for estimating ¥ yields one for esti-
mating X! over the same parameter space.

We first consider the lower bounds for P (H.(p, M, M1)). Set Fo= F11UF12,
where F11 and Fi9 are defined in (228) and (29), respectively. Over the parameter
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space F11 the proof is almost identical to the proof of the lower bound (2710) in
Section 2.2 except that here we need to show

in =1 (0) -2~ ()] .
H(0,0)>1 H(0,0) -

instead of (21d), for some ¢ > 0. Actually the inequality follows from (EIH)
together with (210), since ||X (0)]|, and ||X (6')]|, are bounded above by a finite
constant. For Fi9 the lower bound argument is almost identical to the proof of
the lower bound (EZIT) by using a version of Fano’s Lemma, except that we need

klogp

-1 ~1
[pa - 1 =1/c n
for some ¢ > 0 and all 0 < i # j < m, instead of (ZI8). The inequality follows
from (E18) and (E10).

The proof for the lower bound for the parameter space P (Gq(p, cnp, M1)) is
almost identical to that of Theorem 2. The only different argument in the proof
is that

- _ _ lo 1-q
inf [P > 1Hf > Cecp ( 5}9)

for some C' > 0; this is true since ||X,,[|; is uniformly bounded from above by a
fixed constant.

5. Discussions

In this paper we have established the optimal rates of convergence for esti-
mating the covariance matrices over the three commonly used parameter spaces
under the matrix #; norm. Deriving the minimax lower bounds requires a careful
construction of collections of least favorable multivariate normal distributions
and the application of different lower bound techniques in various settings. The
lower bound arguments also provide insight into where the difficulties of the
covariance matrix estimation problem arise.

It is shown that the thresholding estimator originally introduced in Bickel
and Levina (20080) for estimating sparse covariance matrices under the spec-
tral norm attains the optimal rate of convergence over the parameter space
P (Gq(p, cn,p)) under the matrix ¢; norm. For minimax estimation over the other
two parameter spaces P (Fo(p, M)) and P (Ha(p, M)), a tapering estimator is
constructed and shown to be rate optimal. For estimation over these two pa-
rameter spaces, compared to the optimal tapering estimators under the spectral
and Frobenius norms given in [Cai, Zhang and Zhou (2010), the best choice of
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the tapering parameter is different under the ¢; norm. Consider the case p > n.
The optimal choice of k under the ¢; norm is

W\ U/(2a+1)
k1 = min pt/@e+2) [ .
" \logp

In contrast, the best choice of k£ under the spectral norm is ko = nt/(2e+1) which
is always larger than k;. For estimation under the Frobenius norm, the optimal
choice of k over P (Ha(p, M)) is kp = n'/(22+2)| This coincides with k; when
logp < n/(et2) and kp > ki when logp > nl/(2at2),

For estimation over the parameter spaces P (Fq(p, M)) and P (Ha(p, M)),
it is also interesting to compare with the banding estimator introduced in [Bickel
and Levina (20082). They considered the estimator

Sp = (o5 {li —jl < k})

and proposed the banding parameter

k::( n
log p

Although this estimator was originally introduced for estimation under the spec-

) 1/(20+2)

tral norm, it is still interesting to consider its performance under the matrix
¢, norm. The estimator achieves the rate of convergence (logp/n)® @Y un-
der the matrix /1 norm, which is inferior to the optimal rate min{n‘a/ (1) 4
(log p/n)*/ 21 2 /n} given at (ITH). Take for example o = 1/2 and p = V™.
In this case (logp/n)a/(aH) — n~ Y6, while the optimal rate is n=/4. On the
other hand, it can be shown by using (822) that the banding estimator with the
same optimal k for the tapering estimator described at (BI2) of Section 3.2 is
also rate optimal. In this sense there is no fundamental differences between the
tapering and banding estimators for estimation over these two parameter spaces.
We leave the detailed technical argument to the readers.

Our technical analysis also shows that covariance matrix estimation has quite
different characteristics from those in the classical Gaussian sequence estimation
problems. [Johnsfond (POI1) gives a comprehensive treatment of minimax and
adaptive estimation under the Gaussian sequence models. See also [Cai, Liu and
Zhou (201T) for Gaussian sequence estimation in the context of wavelet thresh-
olding. In the matrix estimation problems, with the exception of the squared
Frobenius norm loss, the loss functions are typically not separable as in the se-

quence estimation problems. For example, in this paper the loss function is not
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the usual squared vector £ norm or vector £; norm, which are sums of element-
wise losses, but is the matrix ¢; norm,

L (2,2) = Il’lZaXZ |&Z] — Uij| .
J

This loss can be viewed as the maximum of p number of ¢; losses for vectors
and it cannot be decomposed as a sum of elementwise losses. Similarly the
spectral norm loss is also not separable. This makes the theoretical analysis of
the matrix estimation problems more involved. In addition, each element o7; of
the sample covariance matrix is asymptotically normal with the mean o;; and
the standard deviation of order 1/4/n, but the o;;’s are neither exactly normal
nor homoskedastic as in the classical Gaussian sequence estimation problems. In
addition, the U;‘j ’s are dependent. These create additional technical complications
and more care is thus needed.

In Cai"andZhoul (2017) and [Cai, Liu and Zhou (2011), we considered the
problems of optimal estimation of sparse covariance and sparse precision matrices
under the spectral norm. The spectral norm is bounded from above by the matrix
/1 norm, but is often much smaller than the matrix ¢; norm. The lower bounds
in this paper are not sufficient for optimal estimation in those settings. New
and much more involved lower bounds arguments are developed in Caiand Zhou
(2017) and [Cai, Liu and Zhou (2011) to overcome the technical difficulties there.

6. Proofs of Technical Lemmas

We prove the technical lemmas that are used in the proofs of the main results
in the previous sections.

Proof of Lemma 5. When H (0,6) = 1, Pinsker’s Inequality (see, e.g., Csiszar
(T967)) implies

Py —Pg||> < 2K (Py|Po)=n [tr (z ap (9)—1) —log det (z (@) (9)—1) —p} .
For a matrix A = (ai;), let ||A|lp = m It is easy to see that
tr (2 ap (9)—1) ~logdet (2 (@)% (9)—1) —p<|2@) - O)|> (111
when || X (0) — I|l, <1/4 and || X (0') — I]|, < 1/4, and
)~ Il < I5(0) ~ I, < mokn™ /2 <72 < ¢ (112)
for 5 < 1/16. Inequalities (1) and (ET2) imply

Py —Po|l? < n|[E(¢) —S(8)|5 =n-273 (nfl/2>2 _or2 <1,
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and the lemma follows immediately.

Proof of Lemma 7. When 7 < 1/16,

k1
12 0) ~ 1, < I2(8)) ~ 1], < v/rlogphb = | 222

log p\ ~®/2a+D)
—f( )

| =

Inequality (B-10) gives

K (Pyg;,Pg,) <n|X(0;) — % (QO)H% < n-2mkb*logp < 27 log p.

Proof of Lemma 8. Let 4A; = { logp}. From the definition of &

we have
6ij — 0ij| = |oij| - 1(A1) + |og; — 045 - T(AT).

It is easy to see

lo lo
AlZ{\Ufj—Uz‘frUz‘j\Z’Y eF } { —oij| 2 7y Sp—lazjl},

lo
} { UZJ‘ > |oyj| — Sp}

by the triangle inequality. Note that (B23) implies

1
P (A1) <P <|0'2} — o] > 347\/@> < Cip~®?, when |oy| < J/"EL,
n
1
P (Af) <P <|Ufj — oy > 7@) <G, when [oj;| > 27,/ &L,

and Ai = {‘O';kj —O'ij—i-O'ij‘ <7y

Thus
|07 joij| < T/ 122,
Gij — oijl = § |07 — oij| or |oi] \/@ < o] < 294/ 22,
1
ol — Oij |ois] > 274/ 222,

with a probability of at least 1 — Cy1p~9/2 for all settings. Since

. [logp _
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it then is easy to see that for each of the three settings above we have

) _ logp
|o'ij—az'j|§4mln{0ij|’7 g }

n

with a probability of at least 1 — 2C,p~%/2.
Proof of Lemma 9. It is easy to see
kwij=#{l:(,7) C{l,.... 0 +2k=1}} —#{l: (i,5) C{l,...., 1+ k—1}}
=2k —li—=jD+ — (k=i —=jD+,
which takes value in [0, k]. Clearly from the above, kw;; = k for |i — j| < k.
Proof of Lemma 10. Set S(™) = Zle_m Ul(m). Without loss of generality we
assume that p can be divided by m. Set 5l(m) = l(m) - EU, m, By (81D)

jp-esel 5| £ g
1

=11l —1<j < p/m

(4.13)

Since the 6™ are diagonal blocks of their sum over —1 < j < p/m, we have

Jjm—+l
(m)
Z 5jm+l
0<j < p/m 1

This and (Bd) imply the conclusion, since 5l(k) and 5l(2k) are all sub-blocks of a

certain matrix 6l(2k) with 1 <[l <p-—-2k+1.

HS(m) —ES(m)H < m max

<m max Hél(m)H
1 1<i<m 1

2-m<I<p

Proof of Lemma 11. A key technical tool for the extension is the following
lemma which was established in Section 7 of Cal, Zhang and Zhou (2010).

Lemma 12. There is a constant p1 > 0 such that
IP{ Ul(m) - EUl(m)H > a:} < 5™ exp (—nx2p1)

forallO<xz <prandl—m<I[<p.

Set cg = 2/p1. From the fact ||Apxml? < m||Amxml|® for any symmetric
matrix A,,xm and Lemma [, we have

]P{HU/”) —EU,(’”)H2 > ¢ (mz +x2m>}
1 n n

S B S )

< 5™exp (—co (m+ 2%) p1)

_ (;)mexp (~22%) < exp (~22)
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COMMENT

Lingzhou Xue and Hui Zou

University of Minnesota

We would like to first congratulate Professors Cai and Zhou for their path-
breaking contributions to high-dimensional covariance matrix estimation. Their
work greatly deepens our understandings about the nature of large covariance
matrix estimation. The technical ideas developed in their work are very useful
for studying many high-dimensional learning problems.

1. Geometric Decay Spaces

Throughout this discussion we assume log(p) < n < p and the loss function
is the matrix ¢; norm. In their paper, Caiand Zhou (2012) have shown that
thresholding is minimax optimal for estimating ¥ over the weak ¢, ball

Gy(pscnp) ={X: max |op;|? < cn’pk_l, V k, and maxo;; < p, 0<q <1},
1<5<p i
and that tapering/banding is minimax optimal for estimating ¥ over
Holp, M) = {2 : |oyj| < M]i — j|7@HD for i # j and maxoy; < p}.
(2

Beyond the polynomial decay space, it is natural to consider covariance ma-
trices with a geometric decay rate. We introduce the parameter spaces

An(p, M) = {3 : |oj] < Mpl'"! for i # j and max oy < p},
(]

By(p, M) ={X: max |op;| < MnP Yk and maxoy; < P},
1<i<p (


tcai@wharton.upenn.edu
huibin.zhou@yale.edu
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Figure A.1. A slow geometric decay curve versus a slow polynomial decay
curve.

where 0 < 17 < 1. The popular autoregressive matrices belong to geometric decay
spaces such as A, (p, M) and B, (p, M). Figure A.1 compares a slow geometric
decay curve (with 7 = 0.9) and a slow polynomial decay curve (with a =
0.1). It is interesting to see that the geometric decay curve is well above the
polynomial curve. The reason is that in the polynomial decay case the constant
M should be less than 0.705 in order to keep the covariance matrix positive
definite. This example suggests that the geometric decay space deserves some
special consideration. An important technical contribution in Caiand Zhoi
(2012) is their carefully designed least favorable distributions for establishing the
minimax lower bounds. We follow their idea and give minimax rates under the
£ norm for geometric decay spaces.

Theorem 1. Thresholding attains the minimaz risk of estimating X under the
matriz {1-norm over By(p, M), with minimax rate

n

inf sup EHfl — EH? = logp -log?(

. Al1l
S Bylp,M) n 10g10) ( )

Tapering and banding both attain the minimaz risk of estimating X under the
l1-norm over A, (p, M), with minimax rate

inf sup EHi—EH?XIOﬂ-IOg( i ).

S Ay (p,M) n logp

(A.1.2)

Theorem 1 also indicates that thresholding is nearly minimax optimal for
estimating ¥ over A, (p, M). To see that, for 3 € A, (p, M) we have

1 min ool < min Moli=il < Ak — ao sk
o[k @1&\0[@]]! < @I%Mn < Mn M/,
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which immediately implies that A;(p, M) C B z(p, M). By Theorem 1 we know
that the thresholding estimator achieves a rate of convergence of (logp/n) -
log?(n/logp) over A,(p, M). This rate of convergence differs from the exact
minimax lower bound by the factor log(n/logp).

The above nearly minimax result is not true in the polynomial decay spaces.
Note that He(p, M) C G1/(at1) (P 2M V(@41 If we apply the thresholding esti-
mator to estimate X over Hq(p, M), the rate of convergence is (log p/n)®/ (1),
Comparing it to the minimax rate over Ho(p, M) given in Theorem 1 of Cai
and Zhou (P017), we see that tapering/banding is fundamentally better than
thresholding for estimating bandable matrices over a polynomial decay space.

2. Double Thresholding?

Thresholding estimator is permutation-invariant, whereas banding/tapering
estimator requires a natural ordering among variables. It is of interest to combine
the strengths of banding and thresholding. This motivates us to consider the
double thresholding estimator idouble = (&fljouble)pxp by performing the entry-
wise double thresholding rule

Gt = GhOR L 1(|67°M] > M), (A.2.1)
where
5'§’Jl,ock = Gij 'I( max "&st‘ > )\1).

(8,t):s—t=1—j

We conducted a small simulation study to compare five regularized covari-
ance matrix estimators (banding, tapering, simple thresholding, block thresh-
olding, and double thresholding). In the simulation study, we considered four
covariance models.

e Model 1: 045 = (1 — |i — j|/v)+ for v = 0.05p.

e Model 2: Oi5 = Sij (SiiSjj)_l/Q, where S = (Ipxp + U)T(Ipxp+ U) = (Sij)pxp
with U being a sparse matrix with exactly « nonzero entries equal to +1 or
—1 with equal probability for x = p.

e Model 3: 0y = Ij—jy + a;i(1 + e)_1/2 - Itizjy, where a;; is equal to 0 or
0.6-|i — j|~'3 with equal probability, and e is chosen to be the absolute value
of the minimal eigenvalue of (I{;—j} + @ij - I{i%j})pxp Plus 0.01.

o Model 4: 03j = Ijmjy + (1+€)7Y2 - (bij - Locimjiz0.59) + Cij * Ljimji>0.5p});
where b;; or ¢;; equals 0 with probability 0.7 and equals 0.7/l or 0.711—3—0-57|
with probability 0.3, and € is chosen to be the absolute value of the minimal
eigenvalue of (I{i:j} + bij - I{O<|z’—j\20.5p} + Ci5 - I{|i—j\>0.5p})p><p plus 0.01.
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Table A.1. Comparison of banding, tapering, simple thresholding, block
thresholding and double thresholding estimators. The standard errors are
also shown in the bracket.

Model 1  Model 2 Model 3 Model 4
Bandin 5.59 4.60 1.98 2.15
& (0.08)  (0.00)  (0.01)  (0.01)
Taperin 5.66 4.60 1.98 2.19
Perng (0.10)  (0.00)  (0.01)  (0.01)
. . 10.61 3.38 2.19 2.40
Simple Thresholding (0.19) (0.03) (0.02) (0.02)
. 5.66 4.60 191 1.97
Block Thresholding (0.08) (0.00) (0.01) (0.01)
. 5.68 3.38 1.87 1.82
Double Thresholding (0.08) (0.03) (0.01) (0.02)

For each model we generated a training data set with n = 100 and p = 500 to
construct the five estimators, and we also generated an independent validations
set of size 100 to tune each estimator. The procedure was repeated 100 times.
The estimation accuracy was measured by the matrix ¢; norm averaged over
100 replications. The simulation results are summarized in Table A.1. Model 1
is designed for banding/tapering, and simple thresholding fails miserably there,
while blockwise thresholding works as well as tapering. Model 2 is designed for
thresholding, and it has a total of 1546 nonzero off-diagonal entries. Banding
and tapering fail, as does blockwise thresholding. Model 3 and Model 4 are more
interesting examples, because neither banding/tapering nor simple thresholding
can give the best estimation. Blockwise thresholding does better than band-
ing/tapering and simple thresholding. However, the best results are given by
double thresholding: it significantly outperforms the other four estimators. This
simulation study suggests that the double thresholding estimator deserves a more
thorough theoretical investigation.

Appendix
For the sake of completeness we give the proof of Theorem 1.

Proof of Theorem 1. We first establish the upper bounds. Recall the thresh-

*

olding estimator as defined in Cai-and Zhoi (2012), 655 = o7 -I{‘U* |>7+/log /)
i<

where 7 is chosen such that Pr(|o}; — 0ij| > v+/logp/n) < C1p~8. There exists
some integer k* such that Mn*" > vy/logp/n > Mn*"+1. Then we have

. logp ¥ logp i logp n
me{|a,-j|m/ = }gk = +M> n<C - 1og(10gp).

i>k*
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Applying (88) and E||D|? = O(1/n) as in Caiand Zhou (2012) yields

n 1 logp n

A 1
sup B[S -3} < 0 |22 log? () + | < €22 - log?(;
By(p,M) n ogp” n n ogp

).

For the tapering estimator, we can use the steps for proving Theorem 5 in
Caiand Zhou (2012) to obtain
- k? + klo k
sup B[Sy —z|f <ot R8P Lo M
An(p,M) n (1 —mn)

Therefore the tapering estimator with k& = log(n/logp)/log(1/n) can have the
rate of convergence

1

~ 2 n
sup E[|Z, —-3|; <C )
'A"I(va) ng
We now prove the lower bounds. Let H = {Hi y, Hop, -, Hm, 1} be the
collection of symmetric matrices with exactly k£ elements equal to 1 in the first
row/column and the rest zeros. To show (BATT) we consider

Bo={¥0=p-Iyand Xy, =p - Iy, +a-Hpp:1<m<m,},

where k = |log(n/logp)/2log(1/n)] and a = /7 logp/n for some small constant
7. Since a < n* still holds, By is a subclass of B,(p, M). Note that By is similar

to the space defined in (Z2) in Caiand Zhou (2012) but with a differen & value.
Then by Le Cam’s lemma and arguments in Section 2.1 of Caiand Zhou (2012),
we can show that

T
n

o 1 = log p n
E|S =32 > ZIPo APl - inf |3, — Doll? > - log? )
ogffgm* | mlthH o AP ot 13 = Xollf > ¢ o (logp)

Thus the lower bound in (ATT) is proved.
To show (ATTH) we consider

Agz{zm:p-1p+a-3m,k;ogmgm*: L%J—l},

where k = log(n/logp)/2log(1/n), a = +/logp/16nk, and By, = (bij)1<ij<p
with
bij = Ifimm and k+1<j<m+k—1} T L{j=m and k+1<i<m+k—1}-

Since a? < logp/n = n**, a < n* obviously holds. Then it is easy to show that
Ap is a subclass of A,(p, M). Note that Ag is similar to the space defined in
(ER) in Caiand Zhou (P012), but with a differen k value. Then by Fano’s lemma
and the arguments in Section 2.2, we can have

inf sup EHE — EH? >c- logp - log( n ).

S Ao(k,a) n log p

Thus the lower bound in (A7) is proved.
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COMMENT

Tingni Sun and Cun-Hui Zhang

Rutgers University

The estimation of covariance matrices and their inverses is a problem of great
practical value and theoretical interest. We congratulate the authors for making
an important contribution to it by finding the rate of minimax risk with the ¢,
operator norm as the loss function.

A natural question arising from this interesting paper is the minimax rate
when the loss is the £,, operator norm || M ||, =max |, =1 [|Mullw. For Gy(p, cnp),
the minimax rate has already been established in Cai_and Zhou (2017). For
A= Fuo(p, M) or A=Hy(p, M), the upper bound for w € [1,2],

2a/(2a+2/w—1) p2/w
logp) /( / )’p }’ (B.1)

inf supEH/Z\J — EHi < min {n—Zoc/(QoH-Z/w) + (
xy A n

n
follows from the || - |2 bound on the variance term of the tapering estimator and
the || - |1 bound on the bias term, since || M|],, < min (||M||1,k1/w_1/2|\M||2) for
symmetric M € R¥**, Since ¥ is symmetric, (B) is also valid with w replaced
by w/(w — 1) € [2,00]. For w = 1, this gives the minimax rate of the authors.
However, it is unclear if the lower bound argument works for w € (1,2).

Recent advances in high-dimensional data have been focused on the esti-
mation of high-dimensional objects. However, the estimation of low-dimensional
functionals of high-dimensional objects is also of interest. A rate minimax estima-
tor of a high-dimensional parameter does not automatically yield rate minimax
estimates of its low-dimensional functionals. For example, instead of the entire


lzxue@stat.umn.edu
zouxx019@umn.edu
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covariance matrix or its inverse, one might be more interested in the relation-
ship between individual pairs of variables. In what follows, we consider efficient
estimation of partial correlation with high-dimensional Gaussian data.

The partial correlation is of primary interest in Gaussian-Markov graphical
models. Let X = (Xi,...,X,)" be a N(0,%) random vector. The partial corre-
lation between X; and Xy, say 7, is their conditional correlation given all other
variables. It can be also written as the error correlation in the linear regression
of Xy;r) against Xy;pye. In general, for any proper subset A C {1,...,p}, a
multivariate linear regression model can be written as

XA:XACﬂAC,A+5A- (B.Q)

For A = {j,k}, the partial correlation rj; is the correlation between the two
entries of €4. Throughout the sequel, we consider sets A of bounded size.
It is well known that the conditional distribution of X4 given X 4c is

XA|XAC ~ N(XACEZ;ACEAC,A, YA — EA,ACEch7AcEAC,A)'

Thus, the coefficient matrix in (B2) is S4c a4 = ZZCI’ACEAgA and the residual
g4 follows the multivariate normal distribution N(0,X4 — X4, ACE;’ AeDACA)-
Let © = X! be the precision matrix. It follows easily from the block inver-
sion formula that the covariance matrix for the residual €4 is @;11 = YA —
Sa,485¢ 4 Dae.a. Thus,

O

= B.3
T]k (@]]@kk)l/z ( )

We consider the slightly more general problem of estimating a smooth function
of 04!, say 7 = 7(01).
Suppose we have a data matrix X € R™*P with iid rows from N(0,%). An

oracle expert observing both X and €4 = X4 — X 4cf4¢,4 can estimate 7 by the

oracle MLE
-
= T(sAEA) (B.4)
n

due to the sufficiency of €4 for © 4. Our idea is to find an estimator close to
the oracle 7*. For |A| = 1, this was done in Sun and Zhang (2011), where the
scaled Lasso is used to jointly estimate the coefficient vector and the noise level
in univariate linear regression. This noise level estimator was proven to be within
o(n_l/ 2) of the oracle 7* under certain “large-p-smaller-n” settings. We extend
their results to |A| > 1 as follows.
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Let X; € R™ be the j-th column of X. For each j € A, we apply the scaled
Lasso to the univariate linear regression of X; against X 4 as follows:
1X; — Xacbac|* o 123

Bac, 6} = argmi AN Xl ) (B
(Baegs 37} = angmin { F24— TP+ D D WXl gf (B5)

Let B\Ac’j,j € A, be the columns of BAC,A and z4 = X4 — XACBAC,A. Define

?:T(J“) (B.6)

n

as the scaled Lasso estimator of 7'(@21). The following theorem gives an error
bound for the estimator 7 in (Bf) by comparing it with the oracle MLE.

Theorem 1. Suppose 7 : RA*4 5 R is a unit Lipschitz function in a neighbor-

hood {M : |M —© |2 < no}. Let 7 be given by (BB) with A\ = {3(logp)/n}'/?
in (BH). Let s4 = maxjea Y e ae min(l, |©;x|/X). Suppose that for a fized My,
IOz + |X]l2 < My. Then there exist constants ag > 0 and Cy < oo, both
depending on {ng, Mo} only, such that for sy < agn/logp,

{ -] > Coalogpl) o,
n

where 7% is the oracle MLE (B4A). In particular, if sa(logp)/\/n = o(1), then

VnE (7 — 1) - N(0,1),
where F. is the minimum Fisher information for the estimation of T.

The proof of Theorem 1 and additional related results will be presented in
a forthcoming paper. Since the oracle MLE 7* in (Bd) is based on an |A|-
dimensional regular multivariate normal model, £4 ~ N(0,0%'), and |A| is
bounded, 7* is efficient. This gives the efficiency of 7.

Now consider the estimation of the partial correlation (B33). With A = {j, k}
in (B3), the oracle and scaled Lasso estimators are

T T
g, €L zZ; ZL
p=——— " = (B.7)
o lesllzllerllz)™ 7" dlzillzlizkll2)

Corollary 1. Let rj, and Tjk be given by (BZ). Suppose the conditions of
Theorem 1 hold with A = {j,k} and s = sa. Then, T, —rf = Op(s(logp)/n).
Consequently, if s(logp)/y/n — 0, then

Vn(Tje —rjk) D
44z15§i§i3147-——>JV(0,1y
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Table B.1. Mean and standard error of the scaled Lasso estimator for the
partial correlation and the ratio of the simulated and theoretical MSEs,
k =MSE/{(1 — r?k)Q/n}

Example 1: five-diagonal precision matrix
T12 = —0.6 r13 = —0.1 14 = 0
D Mean+SE(T) K Mean+SE(T) K Mean+SE(7) K
200 -0.626 £ 0.055 0.894 -0.042 + 0.083 1.037 -0.010 4+ 0.097 0.937
1000 -0.643 £ 0.056 1.214 -0.043 + 0.088 1.104 -0.007 + 0.089 0.797
Example 2: exponential decay precision matrix
r12 = —0.6 T13 = —0.36 T14 = —0.216
D Mean+SE(T) K Mean+SE(T) K Mean+SE(T) K
200 -0.551 £ 0.064 1.602 -0.236 + 0.079 2.846 -0.042 £+ 0.100 4.412
1000 -0.539 £ 0.079 2.425 -0.224 + 0.089 3.475 -0.029 £ 0.101 4.962

Since 77 is the (oracle) MLE of the correlation based on iid bivariate normal
observations, \/n(r}, — rji) converges to N (0, (1 — r]zk)Q) in distribution. Thus,
Corollary 1 directly follows from Theorem 1.

A major difference between our theory and existing work based on variable
selection is that © is allowed to have many elements of small and moderate
magnitude in Theorem 1 and Corollary 1. This is similar to Zhang and Zhang
(P01T) where statistical inference of regression coefficients is considered.

We present some simulation results to demonstrate the performance of the
scaled Lasso for partial correlation. Two examples are considered. The first
example is a five-diagonal precision matrix with ©;; =1, ©,_1; = ©;;_1 = 0.6,
and ©;_5; = ©; ;o = 0.1. In the second example, we set @5, = 0.6/ 7%l (no entry
of the precision matrix is exactly zero). The partial correlations are computed
by 7 = —ij/(ijQkk)l/Q. We generated a random sample of size n = 100
from N(0,X) with ¥ = ©~!. The scaled Lasso estimator was computed with
A = {(logp)/n}/2. For each example, we took p = 200 and p = 1, 000.

Table B.1 shows the scaled Lasso estimates for r12, r13, and 714 based on
100 replications. In Example 1, 7, is quite accurate, as the condition of small
sa(logp)/y/n holds well with values 0.8, 1.3, and 1.5 for the estimation of ri2,
r13, and r14 when p = 200, and with values 1.0, 1.6, and 1.9 when p = 1,000.
In Example 2, the scaled Lasso deteriorates as the condition s4(logp)/+/n starts
to fail, with values 2.3, 2.8, and 3.4 for the estimation of 712, 713, and r14 when
p = 200, and with values 2.8, 3.5, and 4.2 when p = 1, 000.
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COMMENT

Philippe Rigollet and Alexandre B. Tsybakov

Princeton University and CREST-ENSAE

1. Introduction

Estimation of covariance matrices in various norms is an issue that finds
applications in a wide range of statistical problems and especially in principal
component analysis. It is well known that, without further assumptions, the
empirical covariance matrix >* is the best possible estimator in many ways, and
in particular in a minimax sense. However, it is also well known that >* is not
an accurate estimator when the dimension p of the observations is high. The
minimax analysis carried out by Tony Cai and Harry Zhou (Caiand Zhou (2017)
in what follows) guarantees that for several classes of matrices with reasonable
structure (sparse or banded matrices), the fully data-driven thresholding estima-
tor achieves the best possible rates when p is much larger than the sample size n.
This is done, in particular, by proving minimax lower bounds that ensure that
no estimator can perform better than the hard thresholding estimator, uniformly
over the sparsity classes G, for each 0 < ¢ < 1. This result has a flavor of uni-
versality in the sense that one and the same estimator is minimax optimal for
several classes of matrices.

Our comments focus on the sparsity classes of matrices.
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(a) Optimal rates. Optimal rates are obtained in Caiand Zhou (2012) under the
assumption that the dimension is very high: p > n”, v > 1. Thus, the case of
dimensions smaller than n, or even p =~ n, is excluded. This seems to be due to
the technique employed to prove the lower bound (Theorem 2 in Caiand Zhou
(2012)). Indeed, by a different technique, we show that the lower bound holds
without this assumption, cf. Theorem 1 below. Furthermore, in general, our
lower rate ¢(1) is different from that obtained in Caiand Zhou (2012) and
has ingredients similar to the optimal rate for the Gaussian sequence model.
We conjecture that it is optimal for all admissible configurations of n, p, and
sparsity parameters.

(b) Frobenius norm and global sparsity. We argue that the Frobenius norm is
naturally adapted to the structure of the problem, at least for Gaussian
observations, and we derive optimal rates under the Frobenius risk and global
sparsity assumption.

(c) Approximate sparsity. Again under the Frobenius risk, one can obtain not
only the minimax results but also oracle inequalities. We demonstrate it for
the soft-thresholding estimator. This allows us to deal with a more general
setup where the covariance matrix is not necessarily sparse but can be well
approximated by a sparse matrix.

Below we denote by ||A|| the Frobenius norm of a matrix A:

JAJ2 = tr(AAT) = 3 a2
4,J

where tr(B) stands for the trace of square matrix B. Moreover, for ¢ > 0, we
denote by |v|, the £,norm of a vector v and by |A|, the ¢, norm of the off-
diagonal entries of A. We set [Alp = >, I(a;; # 0) (the number of non-zero
off-diagonal entries of A). The operator ¢, — £, norm of A is denoted by ||Al|,.

2. Frobenius Norm and Sparsity

The cone of positive semi-definite (PSD) matrices can be equipped with a
variety of norms, even more so than a vector space. Caiand Zhou (2017) choose
the || - ||1 norm and consider classes of matrices that are essentially adapted to
this metric. For example, the class G, defined in (1) controls the largest ¢, norm
of the columns of the covariance matrix ¥ with 0 < ¢ < 1 while the || - ||; norm
measures the largest #1 norm of the columns of 31— 3. Theorem 1 below indicates
that for ¢ = 1 consistent estimators do not exist.

One may wonder whether faster rates can be obtained if, for example, 3 has
one row/column with large ¢, norm and all other rows/columns have small ¢,
norm. It is quite clear that the || - || norm fails to capture such a behavior and
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we need to resort to other norms. As we see below, this is achievable when the
Frobenius norm is used.

The Frobenius norm is a rather weak norm on the PSD cone. Indeed, it is
very much a vector norm unlike the || - [[; norm used by Cai_and Zhou (2012)
or the spectral norm, that are both operator norms. However, the choice of a
norm is rather subjective but some general guidelines exist in a given statistical
setup. It can be motivated by the idea of minimizing the Kullback-Leibler diver-
gence between the true distribution and its estimator (see, e.g., Rigollet| (2017)).
This principle naturally gives rise to the use of the Frobenius norm in Gaussian
covariance matrix estimation, as indicated by the following lemma.

Lemma 1. Let I, be the p X p identity matriz and A be a symmetric p x p matriz
such that I,+ A is PSD. Denote by Ps, the distribution of N,(0,%) (a zero-mean
normal random variable in RP with covariance matriz ¥ > 0). Then, for any
0 <e <1, the Kullback-Leibler divergence between Pr,y.a and P, satisfies

—
KL(Py 2en. 1) < S a2

where log(1 )

e —log(l+e¢

g(e) = 2
Moreover if ||All2 < 1, we have
1 — log2)e?
KL(P4ea, Pr,) > (f)ym\\?. (C.2.1)

Proof. Take ¥ = I, + ¢A and observe that
KL(Ps,Pr ) =EIl —(X) | = =EIl -EX X-X'¥Y'X

where X ~ N,(0,%). Let A,...,\, denote the eigenvalues of A and recall that
det(X) = [[;(1 4+ €A;). Moreover,

EX'X - XS X] =tr(EXX|-SEXX ) =tx(S-L,) = Y _e);.

J
Therefore,

p p
KL(Ps, Pp) = % Z[exj —log(1 +e\j)] < % Zg(aAj)A§ :
J=1 J=1
Note now that since I, + A is PSD, then A\; > —1 for all j = 1,...,p. Therefore,
since g is monotone decreasing on (—1,00), it yields g(e\;) < g(—¢). The second
statement of the lemma follows by observing that if ||Alls <1, then el; <e <1
forall j=1,...,p.
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3. Minimax Lower Bounds over Classes of Sparse Matrices

We denote by o;; the elements of ¥ and by ;) the jth column of ¥ with
its jth component replaced by 0. For any ¢ > 0, R > 0, we define the following
classes of matrices:

g(EO)(R) = {E € C>0 : ‘2|g < R7 O3 = 17V7’} )

1 _ . — ;
GV (R) = {2 € Coo + max logylf < R. o5 = 1.Yi}.

where C~q is the set of all (poswlve deﬁmte symmetric p X p matrices. For ¢ =
0, we define the classes G and go ( ) analogously, with the respective
constraints |X|p < R and maxlgjgp loylo < R. Here R is an integer for the class
g(()l)(R), and an even integer for géo)(R) in view of the symmetry. We assume
that R = 2k < p(p — 1) for G\”(R) and R =k < p — 1 for G{"(R), where k is an
integer. Set

1 con? 1/2—q/4 1 c (1-q)/2
0)_pl/2 (= 0P W_p(l 0p
WO =R (nlog <1+an/2)> 0 R(nlog (1+an/2)) ,

for some positive constant ¢y that does not depend on the parameters p,n, R.
The following minimax lower bounds hold.

Theorem 1. Fix R > 0,0 < ¢ <2, Cy > 0, and integersn > 1, p > 2. Consider
the conditions

1—q/2 (1-q)/2 q/2
R (k’gp) <C,, R (10517) <Cy, R <l°gp> < Cp.
n

n

(C.3.1)
Let X1,..., Xy be i.i.d. N(0,%) random vectors, and let w : [0,00) — [0,00) be
a monotone non-decreasing function such that w(0) =0 and w # 0. Then there

exist constants cg > 0,c¢1 > 0,¢ > 0, depending only on Cy such that, under the
first and third conditions in (CZ3T),

- 1= -3
f E > C.3.2
Hz}: zez;l))(R) Zw( 1@ > © ( )

and under the second and third conditions in (CZ3T),
: 1% - H1
inf sup Exw >c, V0<qg<l1, (C.3.3)
£ vegV(r) crip()

where Ey, denotes the expectation with respect to the joint distribution of X1, ...,
X, and the infimum is taken over all estimators based on X1, ..., X,.
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Proof. We first prove (C2333) with ¢ = 0 and R = 2k. Assume first that
k < p?/16. We use Theorem 2.7 in [I'sybakov (2009). It is enough to check that
there exists a finite subset A of Q(()O)(2k) such that, for some constant C' > 0 and
some ¢ > Ch0) | we have

() 15— 22w, VE£T e NU{L),
(ii) nKL(Pg, Pr,) < 2 *log(card V), V £ € NV

We show that these conditions hold for

oo (s (14 220)) .

Let B be the family of all p X p symmetric binary matrices, banded such that
for all B € B, bj; = 0 if |i — j| > vk, with 0 on the diagonal and exactly &
nonzero over-diagonal entries equal to 1. Let M be the number of elements in
the over-diagonal band where the entry 1 can only appear. For k < p?/4 we
have M > pvk — k > pVk/2. Therefore for, k < pv/k/4, Lemma A.3 in Rigollet
and Tsybakov (2011) implies that there exists a subset By of B such that for any
B,B' € By, B # B', we have |B — B'||> > (k +1)/4, and

ep
log(card By) > Ciklog | 1+ ) C.34
g 0) = Cy g< NG (C.34)
for some absolute constant C; > 0. Consider the family of matrices N' = {X =
I, +§B: B € By} where

1 ep 1/2
oo )

for some ag > 0. All matrices in N have at most 2v/k nonzero elements equal
to a in each row. Therefore, the first inequality in (CZ3) guarantees that for ag
small enough, matrices I,,+aB with B € By and, a fortiori, ¥ € A are diagonally

dominant and hence PSD. Thus, N' C g(()o)(Qk) for sufficiently small ag > 0. Also,
for any ¥,% € N, ¥ # ¥/, we have

|2 — %)% > Coa’k

for some absolute constant Cy > 0. It is easy to see that this inequality also
holds with a different Cy if ¥ or ¥’ is equal to I,. The above display implies (7).
To check (i), observe first that since I, + aB is PSD, we can apply Lemma 1
with A =aB, e =1/2, to get

na’g(—1/2)

nKL(Pg, Pr,) < 5

|B||? < a*kn, VI eN.
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To prove (ii), it suffices to take a3 < 274Cy, and to use (C=3d). This proves
(C332) with ¢ = 0 under the assumption k < p?/16. The case ¢ = 0, k > p*/16
corresponds to a rate (9 of order \/1)/7 and is easily treated via the Varshamov-
Gilbert argument (we omit the details).

Next, observe that (C=33), for 0 < ¢ < 2, follows from the case ¢ = 0. Indeed,
let £ be the maximal integer such that 2ka? < R (we assume ag small enough
to have k > 1, cf. the third inequality in (CZ3T)). Hence, |X|¢ = 2ka? < R for
any ¥ € N. Also, avk < RY?a'~%/2/1/2 and thus the first inequality in (C30)
ensures the positive definiteness of all ¥ € A for small ag. For this choice of k,
we have k +1 > Ra7/2 and k < C5Rn?/? with some constant Cs > 0. It can
be easily shown that (i) holds with

1 €p2 1—q/2 1 COp2 1—q/2
2 - -
Yv° > CR <nlog <1+Raq>> >CR nlog 1+an/2 .

The proof of (C=33) is quite analogous, with the only difference that B is now
defined as the set of all symmetric binary matrices with exactly k off-diagonal
entries equal to 1 in the first row and in the first column, and all other entries
0. Then, for k < (p—1)/2, Lemma A.3 in Rigollet and Tsybakov (2011) implies
that there exists a subset By of B such that for any two distinct B, B’ € By, we
have |bg) — b’(l)h > (k+1)/4 (consequently, |B — B'||1 > (k+1)/4) and

—1
log(card By) > Ciklog <1 + e(pk)> . (C.3.5)

Here, b(y), b/(1) are the first columns of B, B’ with their first components replaced
by 0. Thus, for any two distinct matrices ¥ and ¥’ belonging to the family
N'={S=1,+%B: Be B}, we have | — ¥'||} > C4a*k? for some constant
Cy > 0. Here, N C g(()l)(k) thanks to the second inequality in (C=3). Also, by
Lemma 1, KL(Ps, P;,) < a?k for all ¥ € N”’. These remarks and (CZ33) imply
the suitably modified (i) and (i7) for the choice

o= (Lrog (12 0))

with ag small enough. The rest of the proof follows the same lines as the proof
of (C3373).

The lower bound (CZ33) and Theorem 4 in Caiand Zhou (2012) imply
that the rate R((logp)/n)(1=9/2 is optimal on the class gél)(R) under the || - |1

norm if Rn%? < p® with some o < 1. In particular, for ¢ = 0 this optimality
holds under the quite natural condition k& = O(p®), and no lower bound on p
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in terms of n is required. Clearly, this is also true when we drop the condition
> > 0 in the definition of Qc(ll)(R) and consider a weak ¢, constraint as in (Cai
and Zhon ('ZDI‘)).

Note that the rate (%) is very similar to the optimal rate in the Gaussian
sequence model, cf. Section 11.5 in Tohnstond (2011). This is due to the similarity
between the vector ¢5 norm and the Frobenius norm. The rate ¢(!) is different
but nevertheless has analogous ingredients. Observe also that, in contrast to the
remark after Theorem 1 in Cai"and Zhou (2012), we prove the Frobenius and
the || - ||1-norm lower bounds (CZ3™) and (CZ333) by exactly the same technique.
The key point is the use of the “k-selection lemma” (Lemma A.3 in Rigollet and
I'sybakov (2011)). The lower bound (C=333) improves upon Theorem 2 in Cai
and Zhou (2012) in two aspects. First, it does not need the assumption p > n”,

v > 1, and provides insight on the presumed optimal rate for any configuration of
n,p, R. Second, it is established for general loss functions w, in particular for the
“in probability” loss that we consider below. The technique used in Theorem 2
of Cai"and Zhou (2012) is not adapted for this purpose as it applies to special
losses derived from w(t) = ¢.

4. Approximate Sparsity and Optimal Rates

Along with the hard thresholding estimator considered by Cai_and Zhou
(2012), one can use the soft thresholding estimator ¥ defined as the matrix with

off-diagonal elements

Gij = sign(oj;) (o] — 7).,
where o, are the elements of the sample covariance matrix ¥*, 7 > 0 is a
threshold, and (-)+ denotes the positive part. The diagonal elements of ¥ are all
set to 1 since we consider the classes Q(gj )(R), 7 =0,1. Then > = »+ Yo where

Yo admits the representation (the minimum is taken over all p X p matrices S
with zero diagonal):

Sof = argmin {IS — =*3 + 27|51}
S: diag(S)=0

Take the threshold
1
T= Ay o8P ) (C4.1)

where A > 1 and 7 is the constant in the inequality (B™) in Caiand Zhoui (2012).

Theorem 2. Let X1,..., X, be i.i.d. random vectors in RP with covariance ma-
trix ¥ such that (B2) in Caiand Zhow (2002) holds. Assume that p,n, and A are
such that T < &, where § is the constant introduced after (B2) in Caiand Zho
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(2012). Then there exists Cy > 0 such that, with probability at least l—C*p2*2A2,

- . (C4.2)

2
|£ - 2]* < min ||Szu2+<”2ﬁ) pz215lologp

where ming denotes the minimum over all p X p matrices.
Proof. Write J%kj = 045 + &; where the §; = U;‘j
variables, i # j. Thus, considering o;; as observations, we have a sequence model
in dimension p(p—1). It is easy to see that it is a special case of the trace regres-
sion model studied in Koltchinskii, Lounici, and T'sybakov (Z011) where 4y is a
diagonal matrix with the p(p—1) off-diagonal entries of ¥ on the diagonal. In the
notation of Koltchinskii, Lounici, and T'sybakov (2011), the corresponding matri-
ces X; are diagonalizations of canonical basis vectors, the norm ||| 1, coincides
with the norm |- |2, and rank(B) is equal to the number of non-zero entries of
diagonal matrix B. Thus, Assumption 1 in Koltchinskii, Lounici, and Tsybakov

— 0yj are zero-mean random

(2011) is satisfied with p = 1, and we can apply Theorem 1 in [Koltchinskiil
Lounici, and Tsybakov (2011). It yields a deterministic statement:

1 ¢§2
£~ %[, < min \S—z|%+< - ) 7[S]o

2

provided 7 > 2max;; |o}; — 0i;|. From (B2) in Cai-andZhou (2012) and a
union bound, we obtain that, for 7 defined in (CZ), this inequality holds with
probability greater than 1 — C*p2_2A2.

Corollary 2. Under the assumptions of Theorem 2, for any 0 < q < 2, there
exist constants C',Cy > 0 such that with probability at least 1 — C’*p2*2A2,

~ 1 1—q/2
Hz—zw<ny{ws_mp+dwg<f?> }. (C.4.3)

Proof. Let |sy|, I = 1,...,p(p—1), denote the absolute values of the off-diagonal
elements of S ordered in a decreasing order. Note that for any p x p matrix S
and any 0 < ¢ < 2 we have |sj|? < |S|§/l. Fix an integer k& < p(p — 1). Taking

si; = sij if [sij| > |spy| and s}; = 0 otherwise, we get that for any S there exists

’
]

a p X p matrix S’ with |S’|o = k such that

52K/

S-S =3 ey <ISE < SR
1>k >k 9
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Together with Theorem 2, this implies that for any integer k& < p(p — 1) we have

2
1—}—\@) 5 oklogp
ATy ——=—
2 n

S w2 o | |SIgk! 2/
|272’2§m§n 218 - X5+ 3/q—1 +

Optimizing the right hand side over k£ completes the proof.

Note that the oracle inequalities (C42) and (C43) are satisfied for any
covariance matrix Y, not necessarily for sparse Y. They quantify a trade-off
between the approximation and sparisty terms. Their right-hand sides are small
if 3 is well approximated by a matrix S with a small number of entries or with
small £, norm of the off-diagonal elements. If the matrix 3 is sparse, 3 € géo) (R),
the oracle inequalities (C22) and (CZ23) imply that

1/2—q/4
sup PE Hi . EH > C//R1/2 (bgp> < C*p272A2
2es” (R) " -

for some constant C” > 0. This also holds when we drop the condition ¥ > 0 in
the definition of g§0>(R). Combining this with Theorem 1, we find that the rate
RY2 ((logp)/n)"/?>~9* is optimal on the class ggo) (R) under the Frobenius norm
if Rn%/? < p?* with some a < 1. In particular, for ¢ = 0 this optimality holds
under the condition k < p?* with some o < 1.
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COMMENT

Peter J. Bickel', Elizaveta Levina?, Adam J. Rothman?® and Ji Zhu?

L University of California, Berkeley, ? University of Michigan
and 3 University of Minnesota

The authors offer insightful results on minimax rates for large covariance
matrix estimation under the matrix ¢;-norm that add to the previously known
results on the matrix fo-norm. Incidentally, we expect that some version of
the results on the ¢; and /5 norms in this context can also be developed for
the Wiener norm (see Bickeland Lindner (P011) for more details), defined by
| Xlw = maxy, > {|o;| : |¢ — j| = k}, particularly in the time series domain for
which it was introduced by Wiener.

Minimax risk is often used as a benchmark for the evaluation of an estimation
method, and having optimal tuning parameter rates is helpful for understanding
the behavior of various methods. However, there is also the issue of selecting
the tuning parameter in practice, mentioned in the paper as well, which cannot
be done using the theoretical bounds of this kind and requires cross-validation.
Since this paper studies the convergence in the matrix #;-norm, and most of the
previous literature focuses on convergence in the matrix fo-norm, we decided
to investigate the effect of using various norms for tuning parameter selection
via cross-validation, focusing on the thresholding estimator and the parameter
space P(Gq(p, cnp)). Our expectation was that the empirical risk calculated via a
particular norm would be minimized by the tuning parameter selected by cross-
validation using the same norm, but this turned out not to be the case.

Specifically, we evaluated the performance of the random splitting method
for tuning parameter selection described in Bickel_and Tevina (2008a,H). The
n observations are randomly partitioned M times into a validation set of size
Nva = n/logn and a training set of size ny, = n — ny,. Define the ¢1-norm
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empirical risk Ry, fo-norm empirical risk Ry, and Frobenius norm empirical risk
Ry as follows:

M

Z ||Eg\rm) E(Vam)H
M

» 1 1 (tr,m cv(va,m

Ro(N) =47 > I — stam,,

M
- 1 S (tr,m S (va.m
Re(N) = 37 D7 557 = 5o 3,

where Z(tr ™) s the sample covariance computed from the training set of the

m-th spht and thresholded at A, and S (vam) ig the sample covariance computed
from the validation set of the m-th split.

We generated an i.i.d. sample of size n from N,(0,%), where ¥ has entries
oij = 0.4-I(|i—j| = 1)+1(i = j). Then we selected the tuning parameters A, Ao,
and Ap by minimizing the empirical risks R;(\), Ra(A), Rr()), respectively. For
each norm, we also computed the “oracle” tuning parameter 5\0 = arg miny Hi A—
Y||. The performance of each of the tuning parameters was evaluated using the
squared Lp risk, the squared Lo risk and the squared Frobenius risk, defined
respectively as

E|25 - 2|3, ElIZ; -3, and E|Z5 - X(Ep~,

where E is the average over simulation replications.

We considered two scenarios, n < p and n > p. In the n < p scenario, we set
n = p/2, where p=30, 50, 100, 200 and 500. We used M=10 random splits to
estimate the empirical risk and a 200 point resolution for A\. We performed 500
independent replications for p < 50 and 100 independent replications for p > 100.
In the n > p scenario, everything was the same, except for n=60, 100, 200, 500,
1,000 and p = n/4.

In Figures D.1 (for n < p) and D.2 (for n > p) we plot the estimated em-
pirical risks. Each plot corresponds to one evaluation criterion, and the curves
on each plot correspond to different methods of selecting the tuning parameter.
Surprisingly, the Frobenius norm tuning is always the closest to the oracle, re-
gardless of the evaluation criterion. This is quite counter-intuitive as one would
expect, and as was also argued in the paper, that for different evaluation criteria
the optimal threshold should be different. Interestingly, however, the Frobenius
norm cross-validation tuning is the only one that was analyzed theoretically, in
Bickel"and Tevina (2008H). We may be observing a finite sample phenomenon,
but it would be interesting to connect this practical observation to the authors’
results on optimal thresholds.
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Figure D.1.  The n < p scenario. Simulated risk for hard thresholding of
the sample covariance matrix with the threshold parameter Ay (solid), Ay
(dots), Ay (dash-dot), and Ap (dashes).
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Figure D.2.  The n > p scenario. Simulated risk for hard thresholding of
the sample covariance matrix with the threshold parameter Ag (solid), A\;
(dots), Ay (dash-dot), and Az (dashes).
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COMMENT

Wei Biao Wu

University of Chicago

I congratulate Professor Cai and Professor Zhou for their timely and im-
portant contribution of sharp minimax convergence rates for estimating large
covariance matrices. The argument for proving the lower bound is quite sophis-
ticated and is of independent interest. As a useful property, for a class of sparse
covariance matrices (cf G4(p, ¢) in their (ITT)), the well-known thresholded covari-
ance matrix estimate of Bickel'and Levina (20085) can achieve the minimax rate,
while for a class of covariance matrices with weakly correlations (cf Fy(p, M) in
(I2) and Hq(p, M) in (I33)), a tapered estimate can also have the minimax rate.
The paper provides, in the minimax sense, a rigorous justification of the use of
the thresholded and the tapered covariance matrix estimates.

My primary concern is the time series application of the large-p-small-n
results from the multivariate setting of independent and identically distributed
p-variate random vectors. In many time series applications, one has only one real-
ization, n = 1. This covariance matrix estimation problem has been discussed by
Wirand Pourahmadi (2009), McMurry and Politid (2010), Bickel and Gel (2001),
and Xiao_and Wil (2002). With n = 1, structural assumptions such as station-
arity are needed so that the covariance matrix is estimable. Here we propose a
possible link between these two settings via block sampling ([Politis, Romano, and
Wolf (1999)). With observations X7, ..., X, from a stationary process (X;)icz,
we can consider the [ = |p/b] blocks X; = (X1,...,Xp), Xo = (Xpi1,.-., X))/,
oo Xy = (X(—1)p415 - - - » X)), with b the block size. Consider the estimation of
3, the b x b covariance matrix of X;. Assuming weak dependence, one would
expect that results similar to (IZH) in their paper can hold.
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As an alternative way to deal with stationary processes, one can use the
sample auto-covariance function 4, = p~! Y (X — X)Xk —X),0< k<
p— 1, where X = p~! P_, X;. Using the operator or spectral norm, Xiao and
Wi (P012) obtained a sharp convergence rate for banded and tapered sample
covariance matrix estimators. That result parallels the optimal minimax rate
derived in Cai, Zhang, and Zhou (2010), though the settings are different.

If one indeed has n i.i.d. realizations of (X;)?_;, and '3/7(79 is the lag-m sample
auto-covariance from the Ith realization (Xj;)?_;, 1 <1 < n, then it is expected
that the rates (Id) and (IH) can be substantially improved if one uses the aver-

aged sample auto-covariances

n
Ym = nil Z’A}/r(rlz)
=1

Specifically, assume that F(X;) = 0 and that (X;);ez is short-memory in the
sense that its 4th order functional dependence measures d4(i) (Wi (2005)) are

summable. For '%(,lz) =p! €:1+m X1i X1 i—m, following Lemma 1 in Wi and
Pourahmadi (2009), we have
o0
(30 — BAD)Y] < 4p7 k2, where k= [E(XH]A S 64 (B)
1=0

Since fyﬁ,ll), l=1,...,n, are i.i.d., (EO) implies

112
E[(Ym — EAm)?] < ip. (E.2)

Consider the tapered covariance matrix estimate ¥ = (w;;%i—;)1<i j<p, Where
w;j = w;—j are weights which can be chosen as are those in (84). Then

p
¥ — EX|1 = Iyggzl |wi—j¥i—j — Vi—jl
‘7:

p—1 p—1
<2) fwiyy — wiB| + 2 lwiEY; — -
J=0 =0

If one uses the weights in (B), by (I=2), the stochastic part here satisfies

p—1 2

E[j; jwis — wiBBl| = 0,5,
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where we assume that k := | (np)"/(2+2%) | = o(p), allowing the high-dimensional
setting with n = o(p). Under the classes Fy(p, M) in (I2), or Ha(p, M) in (I3)
in Cai and Zhou’s paper, the bias

p—1
ZWJE'YJ %l _Z‘E7] Vil + Z lw; B —
Jj=0 j=1+k

'—Oé

k
_ZO jh/]|)_|_0 ZO (kfa)'
7=0 p 7j=1

Hence E(| £~ ES|2)=O((np)~*/(0+) if a # 1 and E(||2—E2H%>=0<<np>—1/2
+p 2 log? p) if @ = 1. It is not clear whether the above bound is optimal. A
minimax theory is needed and would be useful.

My other concern is the authors’ assumption that X; is sub-gaussian in the
sense of (I4). How do the minimax rates (IC3) and (@) change if one as-
sumes that X; has only exponential or polynomial decaying tails? For the latter

ance matrix estimates. In the setting of estimating auto-covariance matrices of
stationary processes, Xiao and Wi (P012) showed that optimal convergence rates
can be reached under the milder polynomial moment conditions.
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COMMENT

Ming Yuan

Georgia Institute of Technology

Professors Cai and Zhou are to be congratulated for making yet another
important contribution to the development of theory and methodology for high-
dimensional covariance matrix estimation. In this article, hereafter referred to as
CZ, they considered large covariance matrix estimation under the matrix ¢; loss
for both sparse and bandable covariance matrices. As is common in the current
literature, the results from CZ are derived under the subgaussian assumption as
characterized by their (). Thus far, it remains unknown how essential this
assumption is. To partially address this intriguing question, I shall illustrate
through a simple example that subgaussianity may not play a fundamental role
in determining the difficulty of estimating a large covariance matrix.

Consider here the problem of estimating a large scale matrix for elliptically
contoured distributions, a more general problem than estimating the covariance
matrix for multiavariate normal distributions. Let X € RP have an elliptically
contoured distribution in that there exist parameters y € RP and ¥ € RP*P such
that

X =4 pu+rAU,

where r > 0 is a random variable, U is uniformly distributed over the unit sphere
in R™ and is independent of r, and A € RP*P is a constant matrix such that
AA7T = ¥, In particular when r has a density, the density of X is

F) = Z72g((x = )T (x = ), xERP,

where g is the so-called kernel function uniquely determined by the distribution
of r. Notable examples of elliptically contoured distribution are the multivariate
normal, t, and the stable distributions. Note that many elliptically contoured
distributions are not subgaussian and some do not even have finite second mo-
ments. For brevity, we assume that © = 0 and that X is a correlation-like matrix
with ones on its diagonal. Our goal is to estimate Y given a sample X1,..., X,
consisting of independent copies of X. To fix ideas, wel focus on estimating
sparse matrices. Write

Gq(p: cnp) ={X € Gg(p, cnp) : Tz =1 Vi}.

Denote by E(G4(p,cnp)) the collection of centered elliptically contoured distri-
butions with ¥ € G4(p, ¢np). By the argument of CZ and Caiand Zhoul (2011),
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. 1 1=q
inf sup Hz—mﬁzim(%p) | (F.1)
X L(X)EE(Gq(pienp) "

where || - || is the matrix ¢, norm with any o > 1. The question of interest here is
whether or not this lower bound remains tight despite the lack of subgaussianity
for many distributions from £ (g~q(p, cnp)- Interestingly, the answer is affirmative.

To this end, we need to construct a rate optimal estimator. We appeal to a
useful property of elliptically contoured distributions. Let Y = (Y1, Y5)” 7 follow
an elliptically contoured distribution with

- ()

Let 7 =P{(Y1 = Y}*) (Yo = Y5) > 0} — P{(Y1 — Y7)(Y2 — Y5") < 0} be the popu-
lation version of Kendall’s 7 statistic, where Y* = (Y7, YQ*)J: T is an independent
copy of Y. Then (see, e.g., Fang, Fang, and Kot7 (2002))

T= arcsin(o).
Using this fact, we can estimate X in three steps.
(1) Estimate 7(X;, X;) by the sample Kendall’s 7, denoted by 7;;.
(2) Estimate ¥;; by
5 = sin (gq) . V]

(3) Let X5 = 1 and apply thresholding to (f]ij):

> ¢ 10gp>
n

S =Sl <‘zij
for some numerical constant ¢ > 0.

We argue that the resulting estimate ¥ is indeed rate optimal. A careful
examination of the proof of CZ reveals that it suffices to establish bounds for
%; — Xij| similar to their (82). This, as shown in Liuef all (201%), can be
achieved using Hoeffding’s inequality for U-statistics. More specifically, we have

= nt?
P(‘EU — E”| Z t) S €Xp _W .

Using this in place of (82) of CZ, it can then be shown that

o o logp\ ' ¢
wp JE-sPs s [E-mpse, (L) @y
L(X)€E(Gq(pscn.p) L(X)eE(Gq(p,cn,p)
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Combining (E-T) and (E=2), we can conclude that

. ] 1=q
inf sup 12— 3% < cim ( ng) .
2 L(X)€E(Gq(prcnp) n

In this particular exercise, the subgaussian assumption is irrelevant. Of
course, it is also a very specific example. The exact role of subgaussianity in
high-dimensional covariance matrix estimation remains to be seen.
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REJOINDER

T. Tony Cai and Harrison H. Zhou

University of Pennsylvania and Yale University

We deeply appreciate the many thoughtful and constructive remarks and
suggestions made by the discussants of this paper. The discussants raise a num-
ber of specific points including selection of the tuning parameters (Bickel, Levina,
Rothman and Zhu), estimation under different norms (Bickel, Levina, Rothman
and Zhu, Sun and Zhang, and Rigollet and Tsybakov), covariance matrix estima-
tion for time series (Wu), subgaussian condition (Wu, and Yuan), and estimation
of covariance matrices with geometrically decaying entries (Xue and Zou). The
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discussion suggests that much work is still needed to gain deeper understand-
ing of various aspects of the covariance matrix estimation problems in the high
dimensional setting.

Professors Bickel, Levina, Rothman and Zhu raise the important issue of
tuning parameter selection. This issue arises in many statistical problems and
and is particularly relevant for estimating bandable covariance matrices where the
cutoff for the optimal tapering/banding estimators under the Frobenius norm,
matrix £1 norm, and spectral norm are quite different. It is of significant interest
to see if cross-validation or other methods can lead to a theoretically justified
optimal choice of the tuning parameters under the ¢; norm or spectral norm
losses. An example is given in their discussion which shows that for estimating
a sparse covariance matrix using element-wise thresholding, the optimal choices
of the threshold for estimation under the Frobenius norm, matrix ¢; norm, and
spectral norm, are not significantly different from each other. This phenomenon is
in fact to be expected from the theory for estimating sparse covariance matrices.
It has been shown in Cai_and Zhou (2012) and the present paper that a single
entrywise thresholding estimator is rate-optimal for estimating sparse covariance
matrices in G4(p, ¢,p) under a wide range of losses, including the matrix ¢,, norm
for all 1 < w < oo, which contain the /1 norm and the spectral norm as special
cases, and a class of the Bregman divergence losses, which include as special cases
the squared Frobenius norm, Stein’s loss, and von Neumann divergence. In other
words, for estimating a sparse covariance matrix, a single thresholding estimator
can achieve the optimal rates convergence under a wide range of losses. The
optimal choice of the threshold is however not specified. In a recent paper, Cai
and Lid (2007) introduced a fully data driven adaptive thresholding estimator,
without the need of choosing a tuning parameter, that achieves the optimal rate
of convergence over a larger class of sparse covariance matrices.

Professor Wu raises an interesting question on estimating covariance matrices
for stationary time series. This is indeed an important problem. The setting and
the techniques used in the analysis are quite different from the problem considered
in the present paper. See, for example, Cai, Ren, and Zhou (201%2), where optimal
estimation of Toeplitz covariance matrices is considered. In the case of observing
n i.i.d. realizations of a stationary time series, Professor Wu suggests to construct
an estimator by tapering the average of the n auto-covariance matrices. An upper
bound of order (np)~®*/(1+%) (for a # 1) is obtained under the squared matrix ¢,
norm. This bound can indeed be shown to be rate optimal. A matching lower
bound can be obtained by applying Assouad’s Lemma to a suitably constructed
subset of the parameter space. We shall report the technical details elsewhere.

Estimation under a variety of other norms including the Frobenius norm, ma-
trix £,, operator norm, and Wiener norm, is raised by several discussants. This
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is an interesting question. Among these norms, estimation under the squared
Frobenius norm is perhaps technically the easiest in typical settings as the prob-
lem is very similar to the usual Gaussian sequence estimation problems. This
is true both for the construction of the optimal procedures and for the lower
bound techniques. What sets matrix estimation apart from the usual vector es-
timation is the problem of estimating under the matrix operator norm losses,
especially under the spectral norm loss which is highly non-additive in terms
of the entrywise errors. For estimation under the matrix ¢, operator norm for
1 < w < oo, Cai-and Zhou (2017) considered this class of losses for estimating
sparse covariance matrices and established the minimax rate of convergence for
all 1 <w < o0.

The difficult and intriguing case is that of estimating bandable covariance
matrices under the matrix ¢, norm for 1 < w < co. The minimax rate is still
unknown in this case, except for w = 1,2 and co. The major technical difficulties
appear to be in the derivation of a rate-sharp minimax lower bound. An upper
bound can be easily obtained by applying the Riesz-Thorin Interpolation The-
orem to the variance part together with the known results for w = 1,2 and oo.
Whether this upper bound is optimal remains an interesting open problem. We
believe that the upper bound is rate optimal under the £,, operator norm loss for
1 < w < 00, but are so far not able to establish the matching lower bound for a
general value of w.

In many statistical applications, the object of direct interest is often a low-
dimensional functional of the covariance matrix instead of the whole matrix itself.
As in many nonparametric function estimation problems, it is true that a rate-
optimal estimate of a large covariance matrix does not automatically yield rate-
optimal estimates of its low-dimensional functionals. Sun and Zhang consider
estimation of a regular Lipschitz functional 7 which includes the partial corre-
lation as an example. In particular, asymptotic normality of the scale LASSO
estimator is established. This is an interesting result. The optimal rate of con-
vergence for estimating these regular functionals is the usual parametric rate \/n.
It is of significant interest to consider estimation of other functionals which has
a nonparametric minimax rate.

The subgaussianity condition used in the paper is for technical convenience.
Professor Yuan considers estimation of a covariance matrix for elliptically con-
toured distributions and shows that the same results hold for this more general
class of distributions. Professor Wu asks if the same results continue to hold un-
der weaker conditions on the tails of the distributions. The same lower bounds
clearly hold for the larger class of distributions. The question is whether the
upper bounds continue to hold. In many cases this is indeed true. It is interest-
ing to characterize the precise conditions under which the same upper bounds
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remain valid. When the upper bound fails, it is important to establish the new
minimax rate of convergence for the class of distributions with heavy tails.

In addition to the three parameter spaces considered in the present paper,
other classes of matrices can be studied as well. Xue and Zou obtain the optimal
rate of convergence for a class of covariance matrices with geometrically decaying
entries. In this case the minimax rate is within a log factor of the parametric
rate as the rate of decay of the entries is much faster than the polynomial rate of
decay considered in our paper. As observed by Xue and Zou the “effective” model
size for the geometric decay case is of order logn while for the polynomial rate
of decay the “effective” model size is a power of the sample size n. The double
thresholding procedure is intrinsically connected to a different class of matrices.
It is not clear to us for what class of matrices the double thresholding estimator
can be justified theoretically better than both simple entrywise thresholding and
tapering/banding estimators.

When the covariance matrix is in the sparse class Go(p, k), we are pleased
to see that Professors Rigollet and Tsybakov extend our results by relaxing our
assumption p > n' to p > kY for some v > 1. An alternative way to relax
the assumption is to use the new lower bound argument developed in Caiand
Zhou (2012, Lemma 3). One can use a subset of the parameter space defined by
Equation (2.3) in Section 2.1 by dividing the first row of H into k blocks with
the size of order p/k, then an application of Corollary 3 of Caiand Zhou (2017)
leads to the desired lower bound. The proof is not very much involved due to
the simplicity of the construction.

Finally, we would like to thank the discussants again for a constructive and
engaging discussion of a number of important issues on covariance matrix esti-
mation. We are grateful for the opportunity to have learned so much from these
distinguished colleagues.
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