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Abstract: The cDNA microarray technology is a tool for monitoring gene expression
levels on a large scale and has benn widely used in functional genomics. A basic
question in analyzing microarray data is proper normalization to ensure meaningful
down-stream analyses. We propose a two-way semilinear model for microarray data
with two important features. First, it does not require pre-selection of constantly
expressed genes or the assumptions that either the percentage of differentially ex-
pressed genes is small or there is symmetry in the expression levels of up- and down-
regulated genes. Second, when used for dection of differentially expressed genes,
it incorporates variations due to normalization in the assessment of uncertainty in
the estimated differences in gene expressions. The proposed model presents novel
and challenging theoretical questions in the area of semiparametric statistics due to
the presence of infinitely many nonparametric components. We provide theoretical
justification that unbiased statistical inference is possible in the two-way semilin-
ear model when self calibration is needed with a large number of parameters. We
also prove that the nonparametric optimal rate of convergence can be achieved in
estimating the normalization curves under appropriate conditions.
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1. Introduction

The ¢cDNA microarray technology is a tool for monitoring gene expression
levels on a large scale and has been widely used in functional genomics (Brown
and Botstein (1999)). A basic question in analyzing microarray data is normal-
ization for the purpose of removing bias in the observed gene expression levels.
Many experimental factors can cause bias in the observed intensity levels, such as
differential efficiency of dye incorporation, differences in concentration of DNA
on arrays, differences in the amount of RNA labeled between the two channels,
uneven hybridizations, differences in the printing pin heads, and so on. Proper
normalization is crucially important in ensuring meaningful down-stream analy-
ses, such as detecting differentially expressed genes, clustering co-regulated genes,
and classifying biosamples using gene expression profiles.
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Normalization is accomplished by establishing a baseline intensity ratio curve
from florescent dyes Cy3 and Cy5 across the whole dynamic range for each ar-
ray. Researchers have considered various normalization methods. For example,
the analysis of variance (ANOVA) method has been used for joint normalization
and detection of differentially expressed genes (Kerr and Churchill (2000)). This
method takes into account the variations due to normalization, but it assumes
that normalization is a linear factor in the overall ANOVA model. Another
method employs local regression (loess, Cleveland (1979, 1986) and Fan and Gi-
jbels (1996)) to first regress the log-intensity ratio on the log-intensity product
using all the genes printed on a slide, and then uses the residuals of the regres-
sion as the normalized data in the subsequent analysis (Yang, Dudoit, Luu and
Speed (2001)). Thus this method takes into account nonlinear normalization
effects. However, because one uses all the genes, including those with differen-
tial expressions, the resulting normalization curves can be biased, and variations
due to normalization are not considered in the subsequent analysis. To allevi-
ate this problem, the loess normalization method requires the assumption that
either the number of differentially expressed genes is relatively small, or there is
symmetry in the expression values of up- and down-regulated genes. If it is ex-
pected that many genes have differential expressions, Yang et al. (2000) suggest
using dye-swap for normalization. This approach makes the assumption that the
normalization curves in the two dye-swapped slides are symmetric. Because of
slide-to-slide variation, this assumption may not be satisfied. Fan, Tam, Woude
and Ren (2004) introduce a Semi-Linear In-slide Model (SLIM) method for nor-
malization, which is expected to work well with balanced replications of genes
within individual arrays (Fan, Peng and Huang (2004)).

By definition, an unbiased normalization curve should be estimated using
genes whose expression levels remain constant and cover the whole range of the
intensity. Thus Tseng, Oh, Rohlin, Liao and Wong (2001) first used a rank-
based procedure to select a set of ‘invariant genes’ that are likely to be non-
differentially expressed, then used these genes in loess normalization. However,
the set of selected non-differentially expressed genes may not cover the whole
dynamic range of the intensity levels. In addition, a threshold value is required
in this rank-based selection procedure. How sensitive the final results are to the
threshold value may need to be evaluated on a case by case basis.

We propose a two-way semilinear model (TW-SLM) for microarray data.
We have introduced the TW-SLM in Huang, Kuo, Koroleva, Zhang, and Soares
(2003) and applied our method to a number of microarray datasets. In this
paper, we further develop TW-SLM and provide theoretical justification of our
method. More experiments with real and simulated data and an alternative
theory is provided in Huang, Wang and Zhang (2004), an updated version of
Huang et al. (2003).
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The TW-SLM grows out of the idea of the loess and ANOVA normalization
methods. In essence, the TW-SLM is a semiparametric analysis of covariance
model that includes nonlinear normalization factors. In addition, as can be seen
below, the loess method can be considered as the first step in an iterative fitting
algorithm in solving the proposed TW-SLM. There are two important features of
the TW-SLM. First, when TW-SLM is used for normalization, it does not require
the assumption that the percentage of differentially expressed genes is small,
nor does it require pre-selection of constantly expressed genes. Second, when
TW-SLM is used for detection of differentially expressed genes, it incorporates
variations due to normalization in the assessment of uncertainty in the estimated
differences in gene expressions.

The TW-SLM presents novel and challenging theoretical questions in the
area of semiparametric statistics. In the TW-SLM, the number of genes J is
always much greater than the number of arrays n. This fits the description of
the well-known “small n, large p” problem (we use p instead of J to be consis-
tent with the phrase used in the literature). In addition, both n and J play the
dual role of sample size and number of parameters. For estimating gene effects
J is the number of parameters and n is the sample size, but for estimating the
normalization curves n is the number of infinite-dimensional parameters and J
is the sample size. On one hand, sufficiently large n is needed for the inference
of gene effects, but a large n makes normalization more difficult since more non-
parametric curves need to be estimated. On the other hand, sufficiently large
J is needed for accurate normalization, but then estimation of 3 becomes more
difficult. Although there has been intensive research in semiparametric statis-
tics (Bickel, Klaassen, Ritov and Wellner (1993)), we are not aware of any other
semiparametric models in which n and J play such dual roles of sample size and
number of parameters. Indeed, here the difference between the sample size and
the number of parameters is no longer as clear as that in a conventional statis-
tical model. This reflects a basic feature of the microarray data in which self
calibration in the data is required when making statistical inference. Our results
in this paper provide theoretical justification that, for large J and n, unbiased
statistical inference is possible when self calibration is needed. An alternative
theory for large J (with large or fixed n > 2) is provided in Huang, Wang and
Zhang (2004) under a different set of regularity conditions.

2. The Two-Way Semiparametric Regression Model

To motivate the model, we first consider the important special case of direct
comparison of two cell populations, in which two cDNA samples from the respec-
tive cell populations are competitively hybridized on the same slide. Suppose
there are J genes and n slides in the study. Let u;; and v;; be the intensity levels
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of gene j in slide ¢ from the type 1 and the type 2 samples, respectively. Let
y;j be the log-intensity ratio of the jth gene in the ith slide, and let z;; be the
corresponding average of the log-intensities. That is,

Yyij = logs f, Tij = §log2(uijv,~j), i=1,...,n, j=1,...,.J. (2.1)
ij

The proposed TW-SLM is
yij:fi(wij)"i_ﬂj"’_aija i:17...,n,j:1,...,J, (22)

where f; is the normalization curve for the ith array, 8; € R is the difference in
the expression levels of gene j after normalization, and €;; is the residual error
term. The function f; is the normalization curve for the ith slide, because it is
the difference in the log intensities of red and green channels in the absence of
gene effects. Therefore, f;’s represent the experimental effects, and should be
removed from the log-intensity ratios. The (3;’s are the biologically meaningful
effects. We note that in (2, it is only made explicit that the normalization
curve f; is slide-dependent. It can also be made dependent upon regions of a
slide to account for spatial effects. For example, it is straightforward to extend
the model with an additional subscript in (y;j, z;;) and f; and make f; also depend
on the printing-pin blocks within a slide.

In general, let z; € R? be a covariate vector associated with the ith slide.
The general form of the TW-SLM is:

Yij = fl(l'w) +Z§ﬁj —1—52-]-,2' =1,...,n,5=1,...,J, (2.3)

where ; € R? is the effect associated with the jth gene, 2z} is the transpose of
z;, and f; and g;; are as in (Z2).

The covariate vectors z; can be used to code various types of designs and
can include other types of covariates. For example, for the two sample direct
comparison design, z; = 1,7 = 1,...,n, which is (Z2). For an indirect comparison
design using a common reference, we can introduce a two-dimensional covariate
vector z; = (21, 22) . Let z; = (1,0) if the ith array is for the type 1 sample
versus the reference, and z; = (0,1)" if the ith array is for the type 2 sample versus
the reference. Now 3; = (81, ;2)" is a two-dimensional vector and 31 — (3;2
represents the difference in the expression levels of gene j after normalization.

We denote the collection of the normalization curves by f = {f1,..., f,} and
the matrix of the gene effects by 3 = (61, ...,3s)". The TW-SLM is an extension
of the semiparametric regression model (SRM) proposed by Engle, Granger, Rice
and Weiss (1986) in a study of relationship between weather and electricity sales,
while adjusting for other factors. Specifically, if f1 =--- = f, = f and J =1,
then the TW-SLM simplifies to the model of Engle et al. (1986), which has one
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infinite-dimensional component and one finite-dimensional regression parameter.
Much work has been done concerning the properties of the semiparametric least
squares estimator (SLSE) in the SRM, see e.g., Heckman (1986), Rice (1986),
Chen (1988) and Hardle, Liang and Gao (2000). For example, it has been shown
that, under appropriate regularity conditions, the SLSE of the finite-dimensional
parameter in the SRM is asymptotically normal, although the rate of convergence
of the estimator of the nonparametric component is slower than n'/2.

We study the computation, the asymptotic properties of the SLSE of 3 as
(n,J) — (00,00), and error bounds for normalization. Our results cover the
important case of n/J — 0 for the analysis of microarray data in which the
number J of genes is always several magnitude greater than the number n of
arrays. Because the cost of making cDNA arrays is getting less and less expensive,
and because many investigators now use adequate replication to ensure that
the analysis results are biologically meaningful, many microarray data sets now
have a respectable number of replicated arrays. Therefore, we consider the case
n/J — 0as (n,J) — (00,00) as an approximation to the finite sample situation.
Our results provide theoretical justifications for the normalization and detection
of differentially expressed genes using microarray data in the framework of the
proposed TW-SLM.

3. Semiparametric Least Squares Estimation and Computation in the
TW-SLM

We assume that the normalization curves can be adequately approximated
by linear combinations of certain basis functions. Specifically. let

be the spaces of all linear combinations of the basis functions 1, k < K;. For
example, these basis functions can be splines, wavelets, trigonometric functions,
or polynomials. We use members of S; to approximate the normalization curves
fi- Let Q‘OIXd be the space of all J x d matrices 3 = (81,...,3) satisfying
Z}-le Bj = 0. It is clear from the definition of the TW-SLM model (EZ2) that 8
is identifiable only up to a member in Q‘OI *d since we may simply replace B; by

B — i1 Br/J and fi(x) by fi(x) + Xi_y 28,/ J in @3). In what follows, we
assume

J
ﬂngXd;{ﬂ:Zﬁjzo}. (3.2)
j=1
Let ;
DX8,8) = Y23 (v — Bz — filawi)) (33)

i=17=1
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We define the SLSE of {83, f} to be the {3, f} € Q7% x [T*, S; that minimizes
DB, f): .
(B,F)=  agmin DB, f). (3.4)
BN [T, Si

For computational reasons, it is helpful to write out the definitions of B and ]Ac
in terms of each other. When 3 is given, the SLSE of f; is

J
~ — 2
fi = arg minz (yij — ﬁ;zl — f(mlj)) ,i=1,...n. (3.5)
fese =1
When the normalization curves ]Ac are given, the explicit form of B is

(z:zZ ) (z;zz(y,j fz xu) Zzzz(yzk fz xzk))) (3.6)

1=

as in standard linear models, provided that > 1" ; z;z} is positive definite. There-
fore the joint SLSE of {3, f} can be computed by iterating (B and (B3]) until
convergence, with a simple initialization such as ﬁ = 0. Since the square function
is strictly convex, the iteration between (Bf) and ([BX]) converges monotonically
to the sum of residual squares.

We now consider orthogonalization of the design vectors in the TW-SLM.
The purpose is to define the observed information matrix for 3 in the presence
of the normalization curves f. In the cases of smaller values of J, if we use
local basis functions for approximating f, the orthogonalization can lead to di-
rect computation of the SLSE of B without resorting to the iterative procedure
described above.

Let ; = (IL‘il, cee ,IL‘Z'J)/, Y, = (yila e ,yiJ)/ and f($2) = (f(l'zl), cee ,f(ZL‘Z‘J))/
for a univariate function f. We write (Z3]) in vector notation as

Y; =Bz + filzi) +e, i=1,....n (3.7)
We orthogonalize the design vectors for the SLSE as follows. Let
Vi={f(z): f € Si} = {vbu(x:) : k < Ki} (3.8)

be the linear spans of the bases in IR’ for approximating vectors fi(x;), where
S; are as in ([B]). Let Q; be the projection matrices from R” to V; with

(I;— Q) f(x:) =0, VfeS;, K = rank(Qi) - dim(m), (3.9)

where I is the J x J identity matrix. We show in the Appendix that in (84,

IJ - Qz)ﬂzz

(3.10)
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For d = 1 (scalar 3;), B is a vector in R’ and (BI0) is explicitly

B=A4; Z — Qi)Y (3.11)

since I; — Q; are projections in IR”, where A Jn is the ‘observed information
matrix’

R n

Ajn =) (17— Q)7 (3.12)

i=1
For d > 1, (BI0) is still given by BII) with

n
A =D (17— Qi) ® 2. (3.13)

i=1
The information operator (BI3]) is a sum of tensor products, i.e., a linear mapping

from Qng to QOJXd defined by Kj’nﬁ =" .1y — Qi)Bzizl.

Here and in the sequel, || - || denotes the Euclidean norm, and A~! denotes
the generalized inverse of matrix A, defined by A~'x = argmin {||b|| : Ab = z}.
If Ais a symmetrlc matrix w1th elgenvalues A; and eigenvectors v, then A=
25N V]V] and A~ =", #0 A7 V]V The generahzed inverse of A Jn is defined

by treating Q‘OI Xd a5 a subspace of the Euclidean vector space R%.

There is a clear interpretation for the above expressions from the semipara-
metric information calculation point of view. The projection @); is from the
sample space of y; to the approximation space S; for f;. It ‘spends’ part of the
information in the data for estimating the unknown normalization curve f;. Thus
the remaining information for estimating 3 is the total information minus the
information spent on f, which is reflected in 1; — @Q; BI3).

Example 1. Polynomial spline SLSE: Let b;,...,bk, be K; B-spline base
functions (Schumaker (1981)). We approximate f; by s;(z) = ai0+2£<:i1 br ()i,
= b;(x) o € S;, where b;j(x) = (1,b1(2),...,bk,(x)), and a; = (0, i1, -,
a;k;) are coefficients to be estimated from the data. Let o = (a1,...,ay). The
LS objective function is

n J
=D My — bilwy) ai — 265 (3.14)

i=1j=1
Let Bij = (1,b1(z4j),...,bx,(zi;))" be the spline basis functions evaluated at
x;5,1 <i<n,1 <j < J. The spline basis matrix for the ith array is

1{1 1 bl(iL'il) bKi(iUil)

> 1 bi(zig) ... br,(xig)
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The projection matrix Q; defined in @) is Q; = B;(B/B;)"'Bl, i =1,...,n.
The iterative algorithm described earlier becomes the following. Set B =o.

Step 1: Compute a'®) by minimizing Dy (e, ﬁ(k)) with respect to a (the explicit
solution is ozgk) = (B!B;) 'Bi(y; — 8™ z), i =1,...,n).

Step 2: For the a® computed above, obtain B%*1) by minimizing Dy (¥ 3)
with respect to a (the explicit solution is given by (B4)).

Iterate between Steps 1 and 2 until the desired convergence criterion is sat-
isfied. Because the objective function is strictly convex, the algorithm converges

to the unique global optimal point. Suppose that the algorithm meets the con-
K

B,

(K)

j =1,...,J, and the estimated normalization curves are f;(z) = bi(z) ;7

vergence criterion at step K. Then the estimated values of 3; are Bj =

1=1,...,n.

Local regression (loess) method: The loess method can also be used to
estimate the TW-SLM. Let Wy be a kernel function with window width A. Let
sp(t;o, ) = ap(z) + aq ()t + - -+ + ap(x)tP be a polynomial in ¢ with order p,
where p = 1 or 2 are common choices. The objective function of the loess method
for the TW-SLM is

n J J
Mp(e,8) =335 Wa(zijo i) (yij — splaams o, i) — 28)% . (3.15)
i=1 j=1k=1

Iiet (a, B) be the value that minimizes Mp,. The loess estimator of f; at z;; is
filwij) = sp(@ij, @, i)

Again, the back-fitting algorithm can be used to compute the loess estima-
tors. We expect that the performance and asymptotic properties of the loess
estimator and the spline estimator in the TW-SLM are similar. However, it
appears to be more difficult to work out the technical details for the loess esti-
mators. It is clear that if we set the initial value 3 = 0, then the values of «
resulting from the first iteration in the back-fitting gives the loess normalization
curves (Yang et al. (2001); Tseng et al. (2001)).

4. Distributional Theory and Normalization Error Bounds

In this section we develop methodologies for statistical inference about (3
based on (B4 and (BI3]), and provide error bounds for normalization. We pro-
vide limiting distributions for certain pivotal quantities involving 3 and individ-
ual 3; and the resulting approximate confidence regions and intervals for large
n and J. Our results allow the nonconventional situation of n/J — 0, which
is especially appropriate for microarray data. We assume throughout the sequel
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that z; are deterministic covariates. The proofs of our results are given in the
Appendix.

4.1. Distributions of pivotal quantities and approximate confidence
intervals

Unless otherwise stated, we assume in this section that €;; are i.i.d. N(0,0?)
variables given all the covariate variables. The normality condition can be weak-
ened, but it is not a main concern in this paper. The unknown error variance o2

can be estimated by the residual mean squares in (B4I):

— (Jn—ﬁ—iﬁ)_lmgngﬁg}yz

1=

_Bu—f)|, @

where f(\z are the dimensions of V; in (BH) and 7 is the rank of the observed
information operator A Jn @s a linear mapping in Qg xd Conditionally on the
covariates, 52 /a2 is the ratio of a non-central chi-square variable and its degrees
of freedom.

Let 8 and Ay, be as in B4) and @IF), or equivalently BI) and BI3).

Define —
. " = _ " (.] — KZ')ZZ'ZZ{
= Z 2, on= Z lal?, Son=) 520 (42)
i1 i=1

with the K; in B3). Let x7_,,, be the (1—a)-quantile of the x*-distribution with
v degrees of freedom. Our confidence regions for 3 are based on the distributional
approximations

PN~ QB - B)zl/6” < Xiop) ~1-a (4.3)

i=1

with 7 being the rank of A J.n, together with

J
P{Y (B = B)SunBy — )5 <X aayn f F1—0a (44
j=1

(S 18) — B1%)/8% — (J — Dtrace(E51) 1
{2 trace(S52) )/ N(0,1). (4.5)

Our inference procedures about individual 3; are based on

(372/5)(B; - ;) = N(0, L). (4.6)
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This should be compared with the case of known f; in which the LSE’s of 3; are
multivariate normal vectors with means 3; and covariance o2y -1 In practice,

max;<, K; < max;<, K; = o(J) so

(14 0(1)E, < Sy min(J — K;)/(J —1) < £, < 5.

i<n

The above approximations are obtained under “smoothness” conditions on
fi of the form

" p? n 112p 42
2 P 9 2icl [ 2] P
Jq/ ; 7 — 0, Jq/ W — 0, as (J’ n) N (00700)7 (47)

where pg,i are the distances between the vectors f;(x;) and the approximating

spaces (BX),
1/2

fi(wij) — f(l‘ij)rH ; (4.8)

1
s = [ i {52
with the S; in (B]). For [@4)), (X)) and (L), we further assume the following.

Condition A. The random vectors x;,1 < n, are pairwise independent and, for
each i, the {x;j,j < J} are exchangeable. Moreover, for each i the space S; in
B) depends on the data only through the covariates {z;,;i < n} and the set
{wij,5 < J}.

Theorem 1. Suppose K; < k*J in BI) for certain fired 0 < k* < 1.

(i) If @) holds for (p,q) = (0,1), then [E3) holds as (J,n) — (00, 00).

(ii) Let ¥, and oy, be as in @2). Suppose Condition A holds and

)‘maX(zn) -2 - 41077
cmacTnl —0(1), o Zz|[*EK; = o(1), 4.9
ey ~ O, a3l 1) (19)

where K; is as in @3). If @) holds with (p,q) = (1,1), then @), @A) and
ER) hold as (J,n) — (00, 00). If (D) holds with (p,q) = (1,0), then (L) holds
uniformly in j:

sup sup sup | PAY(£0/3)(8; ;) <t} ~ PINO.1) <] = o), (410

where b € RY. Moreover, P{D = (J — 1)d} — 1, where U is the rank of A .

Corollary 1. Theorem 1 holds with @) replaced by J9/> ", pZJJ/np/\l =
o(1) and @) replaced by 31| K;/n? — 0, where K; are as in [B1]), provided

that
)\min (zn)

- )>o. (4.11)

lim sup (max ||z2||) < 00, liminf(
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Suppose spline, wavelet or certain other bases are used in (Bl) with a cut-off
K; for functions with smoothness index o > 0, so that with ||Q; |3 = trace(Q.Q;)
and M* depending on («,~, M),

N M*J
max [|Q )3 ~ TV sup max B||(1; — Qi) f (=) < (4.12)

)
fEF, ISP J2v/(2a+1)

for certain (e.g., Lipchitz or Sobolev) classes F., yr with smoothness indices v < .

Corollary 2. Suppose Condition A, the first part of (D), @IT) and EIZ) hold
for certain a > 0 with J/n***1 — 0. If {f;} C Fym for certain v satisfying
a/2+1/4 <y < a, then @), ED) and (X)) hold as (J,n) — (c0,00). If fi are
uniformly continuous with a common compact support, then (EEI0) holds.

Approximate confidence regions and intervals can be easily constructed based
on Theorem 1 and Corollaries 1 and 2. By the Central Limit Theorem applied
to ii.d. x? variables, X%—aﬂ/ can be replaced by v+ x1-24,1V2v for o < 1/2. For

=1, ([EZ) or (E3) give 95% confidence regions ;V\JJWH,E'}—ﬁin/ﬁ2 < J+1.645v2J,
and ([EI0) gives 95% confidence intervals \/i],nﬁj —Bjl/o <1.96. If K; < k*J

and (£9) holds, then all the eigenvalues of ¥, and ) Jn are of the order o,. If
(ETT) holds as in Corollaries 1 and 2, then o, is of the order n.

4.2. Bounds on the normalization error

It is of interest to assess the quality of normalization provided by the TW-
SLM, we turn to that here.

If B were known, we could have used many suitable smoothing method to
estimate f;, cf. Fan and Gijbels (1996), Efromovich (1999) and Hastie, Tibshirani
and Friedman (2001), to generate ideal normalizing curves. Consider linear ideal
normalizing curves of the form

filai) = Qi (y; — Bz), (4.13)

where @) are linear mappings depending on covariates. Since 3 is not available
to us, we could use

fi (@) = Qi (y; — B=) (4.14)

instead of ([EIJ). In this case the normalized data are ¥j; = y;; — f(wij), 1 <
it < n,1 < j < J, while the unobservable ideally normalized data are y;;
yij—fi(:ﬂij), 1 <i<n,1<j<J Theproblem of comparing the normalized data
y;; and the unobservable ideally normalized data y;; becomes that of comparing

fi* and jj Theorem 4 below provides upper bounds for the differences yj; — y;; =

ﬁ(:cw) - ﬁ*(ajw) between the actual and ideal normalized data. We use two norms
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for linear mappings A (including matrices and tensor products): the operator
norm ||A|| = {||Av] : ||[v]| = 1} = Anax(A’A), and the Hilbert-Schmidt norm
|All2 = {trace(A’A)}1/2

Theorem 2. Suppose {e;;} are uncorrelated with Es?j <o
(i) Suppose K; < k*J for certain k* < 1, and that [EQ) and Condition A hold.
Then,

Fr(@) — R < op(®) (142 ZH P+ 1IB) (415

TL

(ii) Suppose Condition A, the first part of (EX), (1) and EIA) hold for certain
& > 0 with J/n®* — 0. Suppose |z [Q11] = Op(1) and |zl2|QLI3 =
Op(J'=2/QatD)y wuniformly in i < n. If {fi} C Fym then, uniformly in
1 <n,

-~

i () — fz’(ﬂ%)

2 _ OP(J_(?Y—H)/(%H_I))' (4.16)

Consequently, uniformly in 1, ﬁ* converges at the optimal rate

- 2

— | F (@) = filas)|| = Op(J~2/C7H1), (4.17)
provided that [EI2) holds with (o, Q;) replaced by (v, QF) and (2 + 1)?
27(2a+1).

Remark. Suppose conditions of Theorem 2 (ii) hold. If (212 holds with (o, Q;)
replaced by (v,Q) and (2y + 1)? > 29(2a + 1), then in the case of 8 = 0, Q}
provides the optimal rate of convergence in mean for f; € F, u:

E||fi(a:) — fils)

2
P %EH(IJ - Q)|+ T Bl
_ O(J_27/(27+1))- (4.18)

Moreover, if J /n(2'7+1)2/ (2v) — 0, then the estimators ﬁ* achieve the optimal
convergence rate in probability for all 8 with K; ~ JY+D and |Qf]3 ~
JY@HD) | where o = (2 + 1)2/(4y) — 1. If @I holds with J/n2*t1 — 0
and {f;} C Fa,m, then ]ﬁ*(l‘w) - ﬁ(:nw)|2 is small, o(1/J) in average, with
large probability, so that Q)7 = @); can be directly used to achieve the optimal
convergence rate

1

fila:) — fi(a) C = Op(J~20/CotD)y, (4.19)
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4.3. Inequalities about the SLSE and the observed information oper-
ator

A crucial step in proving Theorems 1 and 2 is to understand the effects of
approximation errors for the unknown functions f; on the SLSE of 8 in (BI0)
and the distribution of eigenvalues of the observed information operator (BI3).
Here we provide upper bounds for the effects of the approximation errors and
the variance of the observed information operator.

We measure the variance of IAXJm by E’||1AXJn — E/AXJnH%, where || - |2 is
the Hilbert-Schmidt norm. Let (A, B)y = trace(B’A) be the inner product of
matrices A and B of common finite-dimensions, so that the Hilbert-Schmidt
norm of A is |42 = (4, B)§/2. The inner-product (-,-)2 and the Hilbert-
Schmidt norm || - || for tensor products are defined by treating them as linear
mappings. For example, for tensor products A; ® B; of common dimensions,
(A1 ® B1, Ay ® B2>2 = <A1,A2>2<Bl,32>2. Let

Qn = {RsnB: B0} ol (4.20)

be the range of (BI3). Given X = (x1,...,x,), ﬁj,n is a linear space of finite
dimension, thus we can define a standard normal random matrix Z € €, such
that, conditionally on X,

(A, 2)5 ~ N(0,]|A]3), VA€ Q. (4.21)

Theorem 3. Let 3 and KJ’n be as in BI0) and BIF). Set Z,, = IAX;;L/Q N0s
—Qi)eiz}. Then, K?S(B — B) — Z,, is an unobservable matriz-valued function of
covariates X and {z;,i < n} such that

B[R2B-8) -2 <Y 0. (122)
=1

Moreover, if the errors {e;j,i < n,j < J} in @2) are i.i.d. N(0,02) given X,
then Z, /o given X is a standard normal matriz in Q. as in EZI).

Theorem 3 is derived from the standard theory of linear models. Theorem 4
below provides much stronger results under Condition A on the distribution of
covariate vectors ;. This theorem is a key step in establishing Theorem 1 (ii)
and Theorem 2.

Theorem 4. Suppose K; < k*J for certain k* < 1 and @3) and Condition
A hold. Then

~ A_ 2 L
|(B=8) = 83,22.|, < 0p(7/02) 3" l1241%03 (4.23)
=1
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with o, = Y11 ||zl as in @&2). With e; = (0,...,0,1,0...,0),

max Emin {1, |3 ) — (8,°2.) e} < (1) + 00 Zuzm P

1<5<J
(4.24)
s (J,n) — (00,00). Moreover, P{U = d(J — 1)} — 1 with U being the rank of
KJ7n and

~ ~ 2 n —~
B|Rsn — 110 Sanl[, < 3 Il EE; = o(07), (4.25)
i=1
where 150 =1y — J lee withe=(1,...,1)".

5. Concluding Remarks

We have shown that, under appropriate conditions, statistical inference
about @ in the TW-SLM can be carried out in the same order of precision as
in a regular semiparametric model. This suggests that some important inference
tools, such as the bootstrap, can be consistently applied to the TW-SLM.

It was not intuitively clear to us at the outset whether many (3; might be in-
estimable due to the singularities of (BI2) or (BI3) if reasonably rich approxima-
tion spaces S; are used to estimate the f; in (B4]). We were particularly intrigued
by the presence of the large number of nonparametric components f;,i = 1,...,n,
where n is the sample size for estimating 8. Thus, from the asymptotic point of
view, the TW-SLM is an infinite-dimensional semiparametric model. In contrast,
in the standard semiparametric models, such as the semiparametric regression
model and the proportional hazards model, there is only one or a fixed number
of nonparametric components. This appears to be a key distinction between the
TW-SLM and the standard semiparametric models and renders that the existing
theory for semiparametric models (Bickel et al. (1993)) inapplicable here.

There are several interesting and challenging questions that have not been
addressed in this paper. For example, it is of interest to extend our results to
robust estimators (Huber (1981)) of the TW-SLM. Our analysis makes essential
use of the fact that the least squares estimators can be considered as orthogonal
projections. The second extension is to allow heteroscedasticity in the TW-
SLM. For microarray data, this is desirable since the variability of the intensity
ratios usually tend to be higher in the low intensity range than in the high
intensity range. However, both the computation and the theoretical analysis of
a heteroscedasticity TW-SLM will be more complicated. The third question is
how to incorporate correlation into the TW-SLM. This may provide a way of
identifying groups of genes that have differential expressions, instead of a single
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gene at a time. This is useful, because genes tend to express in a coordinated
fashion corresponding to different functional groups. This appears to be a difficult
modeling problem because of the high dimension of any typical gene expression
data set. Integration of known biological functions of the genes under study will
be essential to make such modeling exercises successful.
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Appendix. Proofs

Proof of (BI0). Since Q; in [BH) is a projection to V;, Q;8z; + v € V; for
v € V; and

2 2
}ﬂélgl y; — Bz — f(x;) Z‘I,%ié,l —ﬁzi—VH
- gy~ - @2
{gg - Iy — Qi) ﬂzz v
2
—(IJ—Qi)ﬂzz — [yl + min ||y, — v,
vev;

due to (I — Q;)v =0, Vv € V;. Thus, (B2) and BI0) are equivalent.
Proof of Theorem 3. Let r; = (I; — Q;) fi(x;). As in BI),

B, = arg mini —(I;— Qi) ,Bzz = A7, z": i) (A.1)

BeQ) >4 i=1 i—1

Since (I — Q;) fi(x;) = (I — Q;)r; and B is a LSE of B for €;; = fi(xs5) = 0, by
B10) and BT

Y28, = 525 (1 — Q) il = RY2(B— 8) - (A.2)

1=1

are functions of covariates. Since ||K}/j Bul3 = (Bn,AsnBy)a, it follows from

B13) that

=Y #B(I; - Qi)Bnzi = Z (I — Qi) Bzl

i=1 i=1
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This and the definition of B, in (A) imply that E||/AX1J’/EB,L||% < EY |Ivill?

so that by (ES) E||K1J/jBn||% <JYr, ,032 Thus, [E22) holds in view of ([A2).
Under the i.i.d. normality assumption on €;;, Z, is a linear combination of &;;
standardized by the root of its covariance operator, so that Z,, is a standard
normal matrix. The proof of Theorem 3 is complete.

We need the following proposition for the proof of Theorem 4.
Proposition 1. (i) Let i],n be as in (). Then,

Tin = HXJJL —Ijo® i‘]’"Hz = mcin H[AXJm —Ij0® CHz' (A.3)

(ii) If {xij, 4 < J} is exchangeable for each i and S; depends on data only through
{zi,1 < n} and the set {xi;,j < J} for each i, then

< < " J - EK,
ENjn=150®ES ;n=150®) lezizg. (A.4)
i=1
(iii) If x; are pairwise independent random vectors, then
—~ ~ 2 n —~
E HAJ,n - EAJmHz <3 ||=l*EE;. (A.5)
i=1

Proof. (i) Setting (9/9t)||[A s, — L10® (C +tA)||3 =0 at t = 0, we find

n

(I10:110)2(C, Aya = (R, L1 @ Ay = > (1) — Qi, 110)2 (7%, A)
i=1
by BI3). Since ¥;;(x) =1, e=(1,...,1) is an element of V; in [EH), so that
(Iy —Qi)e =0. Thus, (I; — Qi,I0)2 = trace(l; — Q;) = J — I/(\i, which implies
(J = 1(C, A)z = (150, 110)2(C, A)y = (J = 1)(S s, A)2 by @Z). This proves
([A23)) since A is an arbitrary d x d matrix.

(ii) By the exchangeability, the diagonal elements of E(I;—@);) must all equal
¢1 = Etrace(Iy — Q;)/J = (J — EK;)/J. Similarly, the off-diagonal elements of
E(I — @;) must share a common value cy. Since (I; — Q;)e = 0, the constant ¢y
satisfies J(J — 1)co + Jeg = E€/ (I — Q;)e = 0, which implies ¢ = —¢1/(J — 1).
Thus,

_ EK
E(I; — Q) = (c1 — ¢2)I) + cpee = ijll (1)~ T tee’) = %IJ,O.

This proves (A2 in view of (B13) and ().
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(iii) The pairwise independence of x; implies that of @);. Since the square of
the Hilbert-Schmidt norm of a matrix is just the sum of squares of all its elements
and tensor products are linear mappings, by (BI3)

B[Ry, — BR ZEH ) ® 22 =213

e (O

This implies ([AH) since ||2;213 = ||z:]|* and E||(Q; — EQ; )H2 < EHQZH2 = FK;.
The proof of Proposition 1 is complete.

Proof of Theorem 4. For linear mappings A and B, eg., A = KJ’n, the
following relationships hold with their operator norm ||A| = max{||AB| : ||B] =
1} and the Hilbert-Schmidt norm || A||2:

[l

Al < [|All2, [[ABll2 < [IAllIBll2, A+ B) ™| < — =71
Al < [|All2,  [[ABl2 < [IAIIBl2,  I( )7l T | AT[[B]

(A.6)

since A and B are matrices operating in linear spaces (e.g., Qg Xd). The first
two inequalities follow easily from the fact that |A||3 = 3, |Avi||? for any
orthonormal basis {v}}, while the third follows from [|[A~!||~! = min {|| 43| :
18] = 1,8 € QJ*%). If A is positive-definite, ||[A~!| is simply the reciprocal of
the smallest eigenvalue of A.

Now, since Amax(2n)/Amin(Xrn) = O(1) and d is fixed, all the eigen-values of
¥, are of the order trace(3,) = on = 371 ||2:]|>. The same is true for ¥, as
matrices and I;0® ZJn as operators in %% since (1 —x*)%, < iJm <X, due
to K; < K; < *J. In particular |70 ® S,] = O(c,) and ||(Iy0 ® S1,) Y| =
O(o;b). Tt follows from Proposition 1 and (EEH) that

HKJ,n —I50® i]n”z < HKJ,n - E/A\LnHz =0p(1) i |z ER; = op(a2),
i=1

so that by (A6 and algebra, e.g., A= — B~! = A~1(B — A)B~!, for all integers
k,

IAE = Op(ak), A%, — (I10® Eu0)" |3 = op(a2F). (A7)

It follows from (&), (A2, (A8) and &) that (3 — B) — A,/ *Z, = B, and

2 n 2 21 2
_llr-1 ) A—1 i
HB"H2 - HAJv"Zrlzi 2 < HAJ”H H Zrl'zi 2
i=1 i=1

n

2

< OP(O’EQ)H > riz )
=1

Since r; is a permutation symmetric IR”-valued function of exchange variables
zij,j =1,...,J, its components are also exchangeable. Thus, JEr; = ee’Er; =
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eEe/(I;—Q;)fi(x;) = 0. Since the r; are pairwise independent, E|| Y7, r;z}[|5 =
Sy Bleizl3 = Sy [alPEllesl? = J 0 12125 This and the bound for
| B3 above imply ([BZ3).

Finally, let us prove ([E24)). As in the proof of [#23)) above, we find by

~ /

&) that (3; — B;) — (A ;;/2Z )e; = Bje; = (A;i > rizl) e; are exchange-
able. Thus, by [EZ3), max; £ min (1, anHB;LejH2> = EY;jmin (1,0, B;el*)/J
is bounded by

FE min (1 o‘njzlw) E min (LUnHB;H%)

= F'min (1 Op(o ZHZzH sz)

which, in turn, is bounded by o(1) + O(o,; ') 37, ||z2-||2,oj7i. Therefore, (E24])
holds. Since HK;}L || < oo implies that it is of full rank as an operator in *d with
rank d(J — 1), the first part of (A7) with £ = —1 implies P{v =d(J — 1)} — 1.
Moreover, Proposition 1 implies (E2Z0]) directly. Hence, the proof of Theorem 4
is complete.

Proof of Theorem 1. By (BI3), A Jn is a sum of nonnegative definite tensor
products, so that AJnB = 0iff (I — Q;)Bz = 0 for all . Thus, m =nJ —
V- K; in (T is indeed the residual degrees of freedom, and 52 the mean
residual sum of squares. Furthermore m > J{n(1 —k*) —d} due to v < (J —1)d
and, conditionally on X, the noncentrality parameter, say 6y, of the residual
sum of squares is bounded by Y%, |r;||?/0? with the r; in (AJ)). Thus, since
E|N(6o,0p)| < (/02 + 60 < 0y + 1/2 and Var(x2) = 2k, the first part of (E1)
with ¢ = 1 implies

E‘§—1‘<E‘w‘+E‘ﬁ—l‘
(Sl ()
IOJ,Z 1 _0(1)
50(1){202n+m}_ﬁ. (A.8)
=1

(i) Let B, = B — 8 — A_l/ Zy as in [AJ) and (AZ). By Theorem 3,

(), @) and @) with (p,q) = (0,1), EIRYBo, Z2)oP1X] = A28, =
op(V/J), so that

ZHUJ—QZ)(B B)zill? = IIRY2 (B — B)IE = 1Zal3 + op(VT).  (A9)
=1
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Now, given X, || Z,||3/0? has the chi-square distribution with 7 < d(.J—1) degrees
of freedom, so that ||Z,, ||2 = OP(J ). Moreover, by (B13) the elgenvalues of A Jn 18
no greater than o, = Y1, [|2;]|?, so that 0,0 > trace(AJn) =37 a2 (T-Ky),
which implies 7 > J(1 — £*). Thus, by (AF), (AY) and the Central Limit
Theorem applied to i.i.d. x?-variables,

Ll = Q) (B-B)z>~5%0 _||Za|l3/0*~P
G2\/20 \V2U

Since (XT_qm —M)/V2m = 2, o as m — oo with P(N(0,1) < z,4) = 1 —a, the
left-hand side of (EE3) is approximated by

+op((J/D)/?) 25 N(0,1).

~

2
1Znll5/0% v 1/2y o Xi—ap Y _
P{T—koP((J/V) )§W}HP{N(O,1)§z*7a}—1—a.(A.10)

(ii) First of all P{v =d(J —1)} — 1 by Theorem 4. Since H/AV}HH = Op(ck)
by (B.2), by (A.0), @23) and ET) with (p,q) = (1,1),
AL Ball3 < IASL 1P Ball3 = Op(025)0p(1/o2) Y lIzil1* 5 = 0p (07" 1 V'T)

(A.11)

for all real k. In particular, we have ||A1/2B 12 = 0p(V/J), so that (@) holds as
in the proof of (i) leading to (AI0).

For ([4]) we have, by ([A2),
Z |53 - ol

Since HiJn” ~ o?

(AQ) and ATT), ||B, 21/2\\2 < 0u||Bull3 = op(+v/J). Since Z, is a standard
normal matrix, by [(A8) and (BLI),

1/2 S1/2\2 ~—1/2
E[(B,£Y?2,8Y2)31X] = El(R; )/ BuS . Z,)31X)
=||A;/*B, anHz < 1Sl ||A‘1/ZB 13 = o0p(V7).

- s = 5 S

as in the second paragraph of the proof of Theorem 4, by

Inserting the above approximations into ([AT2)) yields

ZHEW H |A% 2z 21/2H +op(VJ). (A.13)

Since A,/ 22,82 = (Lo © SY2)R;Y?Z, and ||AZ,|3 = (A'AZy, Zy)a, by
D) and (BD)

B[(1852 2,821 ~ 1z3) |x]
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= B[({A5, 2 (Lo @ Sun)A5,0" = 10 © L0} 2y, 203 X |
~—1/2 S v-1/2 2~
=< HAJ,n (Lro ©@Xgn)A " = L0 ® IdH23V
N ~ ~ 2
<RZAIP|| 10 © S = R | {347 = 1)} = 0p(). (A.14)
Note that for a standard normal matrix Z and self-adjoint operator A with eigen-

values A\, k < mo, E(AZ, Z)3 = E(3, )\kxi(k))z <Y AMimoExT = [|A|13(3mo),
where X%, (k) A€ i.i.d. x? variables. This fact is used in the derivation of the first in-

equality in (ATE). It follows from [AT3), (ATd) and ([AR) that Y7, HEl/ *(B;—

B)II?/3% = | Znll5/02 + 0p(V/T), which then implies () via (BI0).
The proof of () is simpler. We obtain from (A22)) and [AIT]) that

J
S 1B = Bill* = 1B+ 85,2 Zull3 = 185, 2013 + 0 (Vi fo),

and then obtain from (A7), as in (AT4),

B (18722003 — (120 © S) 22l X]
— E[<(A},n —I50® i},}@)Zm Z">§‘X]
< |3~ Ino © ST L1370~ 1)} = 0p (T2,

Since ||(I70 ® £7.,) Y2213 = || Zn E_l/ZH the above facts and ([A-8) imply

a—1/22

n TLE
ZHﬁy BilIP = %‘FOP(\/E

oull Za25)?

I3
— +op(VJ). (A.15)
Given X and v =d(J — 1), || Z, E_I/QH /o? is a sum of J —1ii.d. |N(0, EJTL)H2
variables. In addition, E[||N(0, Ejn)H | X] = trace(EJn) and Varl[||N(0, Jn)H |
X] = 2trace(EJ7i). Since trace(EJfL) ~ o, % for integers k and P{p = d(J —

1)} — 1, by ([(AI3),

(2 race(s;2)} " (znﬁ] BIP/5  (J ~ Drace(S31)

1255130 — ~trace(S7)
{2Jtrace(EJ )}1/2

+op(1) = N(0,1).

Finally, let us prove (EI0). By (E24), 1/2{5] —(A iL/QZ Vet =op(1)
uniformly in j. Since Z,, /o is a standard normal matrlx <A BZ w2 = (B'A, Zy,)9
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is a normal variable with mean zero and variance 02| B’A||2 = 0%(A, BB'A)s.
Thus, since e;b’ is a J x d matrix, conditionally on X and v = J(d — 1),

o2 (K),7Z,) )0 = o (et Ky 2 Za)y /o ~ N (0,00leit, A7 (e5),).
Let i‘Jm =(1- 1/J)_12J7n. Since
(et (Lo @ Syn) "t (et)))y = €106, ST b= (1—1/J)W/S71b=bE7Lb
and |le;b'[|3 = |le;||2[|6'[|* = 1, we find by (A7) that, uniformly in j,
o (e A5ty —¥ST20] < 0ullR7E = (Lo © £1) ™)) = 0p(1).

Thus, al/Q(ﬂ — () /o are uniformly within op(1) of some N (0, ani‘j}) vectors.

Since HZJnH = O(ck) for k = £1/2, 21/2(6] ﬂj) are uniformly within op(1)
of some N(0,0%1,) random vectors. Since & = o + op(1) via the inequalities

in (A]) and the first part of condition (X)) with (p,q) = (1,0), (EIO) holds.
Hence, the proof is complete.

Proof of Theorem 2. (i) By the definition of fi and f* in (@I3) and (EI4),
fi(@i) = QF (y; — Bzi) = fZ(a’Z) — Q5 (:3 B)z. Thus, by EZ3)

Fi (@) = fulw)| = HQ:(B - B)z

< Jorsi 7

Qi (% 12
+0p(a L (3 e, )
" k=1
Since E[(Z,, AZ,)2|X] < o%trace(A) for all operators A, by (A8) and (A7),

B|Q:A5 220 X] = B[(Z0. (150 @ %)A5 2@V QAT 2 2,0 X]
< otrace( (Lo ® zi2)A,,/ 2 (Q1)QiA,?) < o |=lPIIA, | Perace (QF)' Q)
< ||5lPOp(a; MIIQ; 13-

(ii) By @I2), maxg<y, P%,k = O(J~2/(2+1)) 50 that @IH) holds after in-

serting o, ~ n, J = o(n?**1), and the rates of ||z |||QF| and |/z||||Q%|2 into

@ETH). Tf (ET2) holds with (o, Qi) replaced by (v,Q;), then || fi(a;) — fi(a:)[| =
Op(J' =27/ 1)) uniformly in 4, so that (EIZ) follows from (EISH), EEIS) and
the condition (2y + 1)2 > 2v(2a + 1).
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