Statistica Sinica 3(1993), 1-7

A MOMENT INEQUALITY FOR HSU AND
ROBBINS SERIES
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Abstract: The series involved in the Hsu and Robbins complete convergence theorem
(1947) and its extensions by Katz (1963) and others are called Hsu and Robbins series.
If P(|Sx| > 2n) is replaced by nE(|Sa| - n)* in the series, the new one is called the
moment version of Hsu and Robbins series. We establish an inequality for such a
series. Some results of Chow and Lai (1978) and Chow (1988) have been improved.
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1. Introduction .
Let X, X1,X5,... beiid, EX =0and S, = ZXj. Hsu and Robbins (1947)
1

have proved that if EX 2 < 00, then
ZP(IS,,| > n) < oo.
1

Katz (1963) generalized this result as follows: If a > 3, ap>1land E|X|P < oo,
then

inap-%(|sn| > n%) < oo (1)
1

In 1978, Chow and Lai showed that if 1 <r <2, a > f>0,ap>1> pPp and
ar > 1> fBr, there exists an absolute constant C = C(p,, a, 3) such that

oo
ap—2 —Bq. a—f P 2=k
Z1:n P(rjpsaicj S;j=>2n )SC{EX++;1,( 1)}, (2)
where a; = max(a,0) and g = E|X|". The series in (1) and (2) are called Hsu

and Robbins series.
In Chow (1988, Theorem 2.5) a moment version of (1) has been given:
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Ifp>1,a> 3 ap>1and BE{|X|P+|X]|log(1+ |X|)} < co, then

ap—2—a _
Zn E(r]ng.§|5| n)+<oo. (3)
In this paper, we prove the following theorem, which is a moment version of
Inequality (2). A two-sided version of the theoremforg=1,F=0andr=p > 1
improves (3) when ap > 1 and p > 1.

In the following, for ¢ > 0, let

St = S{t], X = Ty, Xo=8S0=0, (4)

S[t] [t]—ﬁ = S;t P = max (0, S1, 2—’352, ceey [t]_'@S[t]),
and similarly for Xt—5.
Theorem 1. Let $>0,p>¢>0,1<r<2,ar>1>pr,ap>1,

o= 22 —1-Bp-Vs o _q 5=

ar — 1 ma'x(ola 92)3 (5)
and o
K= / tap—z—(a—ﬂ)q—(ﬁp—1)+E(St -8B — t—a—ﬂ)q dt. (6)
1 +

Assume that 81 # 05. Then there exist constants C = C(p,q,r,a,8) such that
(i) if Bp # 1 and p > g, then K < C(EX% + E®|X|");
(ii) ifﬁp =1 andp >gq,orif fp#1 and p =g, then K < C(EX¥ log(e + X) +
(ili) if Bp =1 and p = g, then K < C(EXE log?(e + X) +E9|X| ).
The proof of Theorem 1 will be given in Section 3. For 8p > 1, part (i) yields
the following new result, since in the previous works one always assumes that

Bp < 1.

Corollary 1. Let1<r <2, a>0320,0p 21 and ar > 1 > fr. Then there
exist constants C = C(p, q,7,a,B) such that

(i) +f Bp > 1, then
T = Zn"‘p—ﬁp_lP(Snn_ﬁ > 2n°‘ﬂ)
1
< ¢{BX% + (B|X|")(e-Pr/ler-1)}, (7)

(ii) of Bp =1, then

T < C{EX% log(e + X) + (E|X|"){e=Pe/(ar=1)}, (8)
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Proof. (i) Choose g > 0 so small that ¢ < p and
2 = q/r < (e = B)p/(ar —1) = 0;. (9)

By Theorem 1(i),

T

I

S~ por-1—(a—B)a-Fr g (G B — na—bB)?
;np *=F)e pE(Snn n® )+

< C{EXZ + (B|X|)Prller-1]},
Similarly for part (ii).

2. Some Lemmas
Let X, X3, Xo,... beiid, S, = 37 X; and a, = max(a,0).
Lemma l. Leta>B3>0,p>qg>0,6=ap—2—(a—f)g— (Bp—1)+, and

T= [ #B(X,1-P — 128} 4z,
/1 (X ) (10)

Assume that a > 3 when Bp > 1 or 8 =0. Then for some O(1), depending only

on p,q,, B,

G) if Bp#1 and p > g, then T =0O(1) - EXE;

Gi) if Bp#1 and p = q, then T = O(1) - EX% log(1 + X);
(iii) if Bp=1 and p > q, then T = O(1) - EX% log(1 + X);
(iv) if Bp=1 and p = g, then T = O(1) - EX} log?(1 + X).

Proof. Put A; = E(X,t=# —t>F)1.
(a) Let # = 0. Then 4; < tE(X —t*)] and

o0 Xl/a

T< / teP~21p(X —t*)%dt < E{(X - 1)1/ t“”_aq_ldt}. (11)
1 1

If p > g, then

B{(x -1) X*79}

T a(p —q)

= O(1)EXZ,

and if p = ¢, then
Z=0(1)- EXi log(1 + X).

Hence Lemma 1 holds for 8 = 0.
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(b) Let 8 > 0. Then for t > 1 and k = [t],

k 2j
< > E2Py~PX —t27F)L dy.
1 Y2j-1

Hence

2t
4; < E@2PyPX —t*P)L dy
1

2Pt
= 0(1) - tle=Aa-F) ; E(2°X - u)‘iuﬁ_l—l‘q du.
te=

By (10),
oo - 28¢
7= O(l)/ tlep=2)—(a—p)p —(ﬂp—1)+dt./
1 to—8
Hence
0 u1/(ex=B)
T=0(1) / B2PX — w)luf "1 44y / sap—1-/B~(Bp~L)s gy
1 + (2"‘ﬁu)1/a
Since a > 8 when Bp > 1, for u > 1, it follows that
y1/(a=B) oM~ if Bp<1,
/ Bu)t/ tele=f~)=1=(Br-Nvdt = { O(1)logu  if Bp=1,
2—Fy)l/a _
@) O(1)u?~F™" if Bp>1.

By (12) and (13), if Bp # 1, then

7 = oQ) / " BE@PX - u)luP T du
1

= 0(1)E{/123X(2ﬂx - 1)1up-q-1du}

O(1)EXZ, if p> g,
O(1)EX? log(1+ X), if p=gq,
and if 8p = 1, then

28X
I = 0(1)E{f (2ﬂX—1)1uP—9—llogudu}
1

O(1)EX%log(l+ X), if p>gq,
O(1)EXZ log(1 + X), if p=gq.

E@2°X - u)‘iuﬂhl'l"qdu.

(12)

(13)
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The following lemma is due to Chow and Lai (1978, Lemma 5) in a slightly
different form.

Lemma 2. Let 1 <r <2 and1 > Br > 0. There ezists a unwersal constant
C = C(r,B) such that if X, X1, X2, ... are iid with EX =0, then for t,y > 0,

P(5t > 2ky) < P(Xt7P > y) + P*(8t7P > y), (14)

P(S.tF > y) < CeTPyTEIXT (15)

Lemma 3. Let 8>0,p>¢>0,EX=0,6=ap—-2+(Bp—1)4+ — (e~ B)g,
1<r<2,ar>1>pr,ap>1,00={ap—-1-(Bp—1)1}/(ar —1), 02 =¢g/r.
Put § = max(6;,62) and

o0 o0 — )
J =/ t‘sdt/ P*(8,47F > =P +y"/9)dy (16)
1 0

where k > 0 is an integer. If 61 # 03 , then for some O(1) depending only on p,
q’ ’r) a’ 5

J=O()E°|X|". (17)
Proof. Put Q(y,t) = P(S;it—# > t># + y/9) and p = E|X|". By Lemma 2,
Q(y,t) = O (1>7F + y1/9) ™"y, (18)
where O(1) depends only on r, k and 3.
Now by (18),
o He—8)g 00
[ewoa = ([ + [, )etwnay (19)
0 0 t(a—8)q ‘

t{e—B)e

— O(uk){/ t(l-—-a'r)k dy + t(l—ﬂr)ky—kr/q dy} (20)
0 t(e—B)q
— O(ﬂk)t(l—-a'r)k-#(a—ﬁ)q. (21)

On the other hand, for W = (1787 u)9/" by (18),
oo w oo
/0 Q*(y,)dy = 0(1){/0 dy+/W g1k ey =hr/a dy} (22)

= O(W)= O(ILq/r)t(l—ﬁr)q/r_ (23)
By (21), for V = pl/(er=1)

o0 oo oo
no= [T [T Q ey = 0@ [ armenke gy
\% 0 14

= o) /V tap—2—(Bp=1)+~(ar~1)k gy
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Hence
Jy = O(uhyyer =B De=(ar=b = O (uf). (24)

If V < 1, this completes the proof. Otherwise, assume that V > 1 and 6; > 65.
By (23)

1% [os) 1%
/ t8 dt / Q¥ (y,t) dy = 8(ud/") / 8+(1-Br)a/r gy
1 0 1

= 6(pim /V 1op—2=(Bp—1)+—(ar=1)g/ g;
1

Jo

Since 61 > 09,
Jo = O(pd/m)yer—1-(Bp-l—(er=D)a/r — (b)), (25)
From (24) and (25), if 6; > 62 then
J=J1+ Jo=0(u"), (26)
and if 6; < 63 , then by (23)

J = o /ootap—2—(a—ﬂ)q—(ﬂp—1)++q/r—ﬂq it
1
= O(p¥m) /oo gop—2—(ar=1)g/r—(Bp—1)+ g4
1

= O(p¥/") = 0(u®).

3. Proof of Theorem 1
Put M; = S—t—t—zﬁ and m; = m Note that for any positive integer k,
(2k)“1E(Mt - ta‘ﬂ>q = /oo P{Mt > Zk(ta_ﬁ + yl/q> } dy (27)
2k ) 4 0 2k
< °°pm>ta—'6+ 1/qY 4 * pk ta__ﬂ_ 1/q
< [T p(me> S+ vtie)ay+ [T P (0> S wyte)ay o9
by Lemma 2. Put § =ap—2— (e — 8)g— (Bp — 1)+ and k = [6] + 1. Then
e

0 —B\ q ) oo ta—-ﬁ
W)UK < / t5E< _ ) dt / tdt / P’“( 1/q>
(k) = A ™= )T 0 Me> = Ty )dy

= K;+ K. (29)

Assume that 8p = 1 and p > ¢, or that 8p # 1 and p = q. Then for some O(1)
depending only on p,q,7,a, and by Lemma 1,

K1 = O(1)EX? log(e + X), (30)
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and by Lemma 3,
K, =O(1)E°|X|. (31)

Hence for some constant C = C(p,gq,7,a,3)
K < (2k)%(K:1 + K2) < C{EXZ log(e + X) + E°| X[}, (32)
yielding part (ii). Similarly for parts (i) and (iii).
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