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S1 Derivation of the Approximated Selection Proba-

bility

In Section 2 of the main paper, we have obtained the following condition

for selecting the covariate X;, j € {1,...,p}:
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We consider the following three formulas respectively,
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Since d” is the (i, s)th element of D*© D*© = (D©)/2 — (D())1/21

x (1TD@1)711TDO® and D is an n x n diagonal matrix with the (,)th

element D” , then by calculation,
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Since (x1,%1),- - -, (Xn, Yn) are independent and identically distributed ran-

dom vectors, D;;(7) is a continuous function of v and the maximum like-
lihood estimator ~(® R ~o under some regularity conditions, then by

the Law of Large Numbers and Continuous Mapping Theorem, we have
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By calculation, (S2) equals
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Because of the same reason as before, " | xikDg))xij/n i E(zix Do ii%i;),
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D i1 sz /” 5 E(xixDojii), D gy Dss'wsj/n — E(Dosszg;) and Y 07, Dy’ /n —
E(Dy ;). By the Central Limit Theorem, \/ﬁ(ﬁ,(f)—ﬁko) B N0, {17 (o) b os1),
where I(vo) = E(X"DX)/n. Then v/a(B” — Byo) = O,(1). Furthermore,
since ﬁ](-o) Lt Bjo and the number of covariates p is finite, then according to

the Slutsky’s Theorem, (S2) is O,(1/y/n).

Based on the oracle properties of B, if By = 0, then P(ﬁlil) =0)— L
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Therefore, similar to the previous proof,
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is the Fisher information matrix knowing (o) = 0 and [I7*{(y0)«}]x,
is an element of the matrix I"'{ (7).} corresponding to Xj. Therefore,
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According to (S4) and (S5), (S3) is also O,(1/+/n).

In summary, the condition for selecting the covariate X; becomes
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Furthermore,

P(BY #0) ~ P ([E(Do,iix?j) - {E(DO—W} (

E(DO,ii)

By the Central Limit Theorem, \/ﬁ(ﬁj@ — Bjo) A N, {T (v0) }j41541)
and I(yy) = E(X"DyX)/n. Therefore, the right hand side of (S6) can be

approximated by
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S2 Additional Detailed Analysis of the Approximated

Selection Probability in Finite Samples

In this selection, we provide an additional detailed analysis of finite-sample
properties of the approximated selection probability Fj; and provide some
plots to illustrate the finite-sample properties of Pj; under three different

kinds of likelihood-based models.
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S2.1 Symmetry of the approximated selection probability

In order to study given any values in Pj; except fBj0, whether Py, is a
symmetric function of 3;y or not, we need to study for any 8;, # 0, whether

Pji(Bjo) is equal to Py ;(—fj). According to (S7),
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Since Doii(BjosYo?) = —0*L{i(Bjo, o ")}/ 0u? with 11:(Bjo,¥o”) = ao +
> ki TikBrot+2ij Bjo, and Do i (—Bjo, ) = =02 i(—Bjo, 7o ?) } /Op? with
wi(—Bjo, *7()_j) =qp+ Zk# TirBro — ijBj0, then one of the sufficient condi-

tions for Py ;(Bj0) = P;;(=8jo) is that the distribution of x;; is symmetric
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about zero and x;; is independent of x;;, for any £ # j. Under this condition,
we have E{Doi(8j0,7% ")} = E{Doi(=Bjo, %)} E{Do.i(Bjo, v )wd} =
E{Doii(—Bjo, ’Yo_j)%zj}a E{Do.ii(Bjo, Yo )wij} = —E{Do.i(—Bjo, Yo )i} and
E{XTDO(ﬁjQ,'yO_j))N(} = E{XTDO(—ﬁjO,'y()_j))z}. Furthermore, P;,j(ﬁjo) =
Py i(=Bjo)-

However, this sufficient condition may not be satisfied in practice and
it is easy to find a case where P;;(8j0) # Py ;(—Bjo). So given any values

in Pj; except Bjo, Pj; is not necessarily a symmetric function of Jjo.

S2.2 Monotonicity of the approximated selection probability

In order to study the monotonicity of the approximated selection probabil-
ity, we need to study the first order derivative of Pj; with respect to ;0.

By calculation,

OP;; 1 (== Bjo .
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and
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To simplify the proof, we first consider the case where (x;,y;) follows a

logistic regression model, that is,

exp(ag + x; Bo)
E(yi|xi) =pi = : .
W) = 2 = T (a0 + %7 Bo)
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By calculation, Dg;; = p;(1—p;) and Do = diag{p1(1—p1), ..., pn(1—pn)}.

Assume p = 2, x;; and x;2 are independent, E(z;;) = 0 and Var(z;;) = 1,

j = 1,2. Denote exp(ag + Ziko) as tg, k # j. It is easy to show that
5(0) =0 and

94 (Bjo)

50 |00

2
A B{stze b B {mn ) - B {den e {%fi;)%)}l e
n
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Therefore,

oP;,
9PBjo

02 P* .
=0 and d.j

> 0.
Bjo=0 85220

Bjo=0

It means that Pj; obtains a minimum value at ;0 = 0. Furthermore,
there exists two positive constant ¢; and ¢, such that §(80) > 0 for any
Bjo € [0,c1] and 6(Bj0) < 0 for any Bjo € [—ca,0]. Thus, OP; /980 > 0 for
any Bjo € [0,¢1] and OF; /080 < 0 for any Sjo € [~cy,0]. In other words,
P} is an increasing function of S0 if 0 < fjo < ¢1 and Pj; is a decreasing
function of Bjy if —cy < Bjo < 0.

Second, we consider the case where (x;,y;) follows a Poisson regression

model, that is,
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where \; = E(y;]x;) = exp(ap+x; Bo). By calculation, Dy ;; = \; and Dy =
diag{\1,...,A\x}. Assume p = 2, x;; and x;» are independent, E(z;;) = 0

and Var(z;;) =1, j = 1,2. Denote exp(ag + i fko) as tx, k # j. Then

oF;; n)\
9B fis ( Vid - @0\/7) OBs0);
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_ Ly - P 9y 28j0mA
6(Bjo) = (\/; 2\/n\ 1, ﬁj()) {exp< \/f—lj> 1}7
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Ofy _ 2AE {exp(@i;8jo) YE{exp(w;Bjo)xi;} E {exp(wi;Bjo)z]; }

B0 E(ty) [E {exp(zBj0)x3; } E{exp(z;6j0)} — [E {exp($ijﬁj0)wij}]2}2
A E {exp(zijBj0) 74 }] + A [E {exp(zi; Bj0) } ]2 E {eXP@z'jﬂjO)l'?j}
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In particular, if x;; follows the standard normal distribution, then

oP;,
866;’; =nEB(t1) exp(B5,/2)¢ [—\/ﬁ — Bjo \/HE(tk) exp(35,/2)

2
1 50

nE(ty) eXp(ﬁ?o/Q) * 24 /nE(ty) eXp(ﬁfo/Q)

X [exp {QBjon\/)\E(tk) exp( ]20/2)} - 1} :

ObViOUSIy, anJ-/aﬁjo > 0 if ﬁjO > O, 8Pj’j/8ﬂj0 = 0 if BjO = 0 and
OF;;/0Bj0 < 0 if Bjo < 0. Thus, Py, is an increasing function of Bjo if

Bjo > 0 and Py is a decreasing function of Sjo if Bjo < 0.

S3 Proof for Theorem 1

According to (2.4) in the main paper, the objective function about 3 for

the one-step adaptive lasso estimator is

1
2n

(,6 IB(O))TXTDT(O)X ;3 ,6 Z ‘ﬁ]

Jj=

Q(B) =
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For f8; ~ Bj(l), Q(B) can be approximated by

1 ) Ly
%<13_13(0))TXTDT(0) Z 0) " {52
j 1 ’6 ||ﬁ |
p 1) P
T D= o G )
o 18 = |8 Hﬂ 4

where L(8) = (8 — 89)TX DIOX(8 — 89)/(2n).
It can be shown easily that there exists a Bg) that is a \/n-consistent

local minimizer of Q{(3.,,0].)"} and satisfies the following condition:

=0 for j=1,...,q,

where & ={j : Bjo#0,j=1,...,ptand &Z°={j: Bjo=0,7=1,...,p}.
Without loss of generality, assume &7 = {1,...,q} and ¢ < p.

Note that ,Bf;) is a consistent estimator, then

OL(B) 1)
+ —o o P
0B, o (8) 8 Hﬁj |
dL(B
_ 82-) N +ngn(5§1))
Ple=(g) 1 (38)

~ OL(Bo) ! L(Bo) (1)
-5 +£Z{ 35,00 +o (1)}(5Z — Bu)
A

A (1)
+ —orsen(Bio) + —5r—q- (B — Bjo) =0.
18] 8088
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Denote XD X as Z(©| then according to (S8),

v 2+ &(ﬂfﬁ%ﬁi&’)}
-1
x [ ) — Bowr + {%ZE? + Ex( i?%ﬁf?)} b(ﬂwﬁi?))] (59)

\/—8[/(50) _ 1

8,6@% \/— @7 (/657{ /Bo,d)y

where X5(85), 8)) = diag{\/ (B 11811), - A/(18:”118:7 D)} and b(Bo.or. B)
= (A X sgn(ﬁlo)/|ﬁ£0)\, A X sgn(ﬁqo)/wéo)\)T. According to the Central
Limit Theorem, /(89 — Bo.s) 2 N(0,{To.5)'}.), where B = {k :
Yo # 0,k =1,...,p+ 1}. Furthermore, according to the Slutsky’s Theo-

rem, the asymptotic bias of BS,) is

-1

bias(8))) = — {%ZO,@% + X (Bo,w 50,@%)} b(Bo,s Bo,r )

where Z, = E(XTD{X). The asymptotic covariance matrix of ﬁi;) is

1
n3

1 —1
cov(ﬂi?) - {EZO,JJ + E,\(ﬁo,mﬁow)} Zo.o{(Xo.2) " YorZo.r

. -1
X {EZW{ + EA(BO,M;ﬁO,M)} '

If A = 0 as n goes to infinity, then bias(,@fz;)) — 0 and nCOV(Bg)) —

{(To.z) ' }or-
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If n is finite, then the bias of ﬁf;) can not be ignored and .7, is not
necessarily equal to «7. Without loss of generality, assume 7, = {j : ﬁ](l) =+
0,j=1,....,p} ={1,...,s}. Then @n:{k:%(cl) £0,k=1,...,p+1} =
{1,...,s+ 1}. Furthermore, the estimators of bias and covariance matrix

of ﬁfz are given by

— 1 !
blasw(&;z):—{ﬁziggmxﬂﬁj, féj)} b(31,).8L)

and

(1 I [1,0 I B 0)\— 0
v (8Y) = = {ﬁzgg 308,85 ZoA5) ) Z0)

1 -1
{229+ me8 )

where £(8), 8)) = diag{\/ (181" 1181"]), ..., M (181187} and b(BY), BY)) =

(A sgn(B7) /18], X x sgn(89) /180T

S4 Implementation Details of Several Methods

In this section, we introduce the implementation details of several methods

mentioned in the main paper.
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S4.1 One-step adaptive lasso estimator

To obtain the one-step adaptive lasso estimator, we use the function glmnet
in R to solve (2.5). The selection of tuning parameter A is important. In
finite samples, if A is too large, the bias of the one-step adaptive lasso esti-
mator will be large and the coverage probability of the confidence interval
constructed based on the asymptotic theory for the one-step adaptive lasso
estimator will be low; if A is too small, the number of false positives will
be large and the width of the confidence interval will also be large. The
Bayesian information criterion (BIC) and cross-validation (CV) method
are two commonly used tuning parameter selection methods. Based on the
simulation results, A\ selected based on the Bayesian information criterion
proposed by Wang and Leng (2007) is much larger than the value of A
selected by the 5-fold cross-validation method. Denote the values of A se-
lected by these two methods as Agic and Acv, respectively. We choose A to

be (Apic + Acv)/2 as a trade-off of these two methods.

S4.2 Estimating equation-based method

In our simulation studies and real-data application, we compare the pro-
posed method with an estimating equation-based method, which is pro-

posed by Neykov et al. (2018) and denoted as “EstEq.” We apply their
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method based on Algorithm 1 in their paper. Using the same notations as

in our paper, the implementation details are as follows:

Step 1: Use the R functions gds and cv_gds to get the generalized Dantzig
selector of the regression coefficient vy = (ap, 3, )" in a logistic regres-
sion model and denote the estimator as 4. That is, solve the following

optimization problem to obtain an estimate 4:

¥ =argmin [v],

ol; (’Y)
oy

<A

o

)

. RS
subject to||t(v)] = H_E Z
i=1

- H—%Z{yi — ) H

o0

where £;(v) is the conditional log-likelihood function of y; given x;
for a logistic regression model and p;(y) = exp(x; v)/{1 +exp(X;/¥)},
1 =1,...,n. The tuning parameter of the generalized Dantzig selector,

A, is selected by the 10-fold cross-validation method.

Step 2: Calculate the inverse of T(¥) = 0t(%)/0vT = X D(4)X/n, where
D(7) = diag{p1(¥)(1 = p1(¥));- - -, Pa(¥)(1 = pu(¥))}. Denote the in-
verse of T(4) as Q. Define the projection direction for the jth element
of Bo, Bjo, as vj = (41, where Q(; 1), is the (j+1)th row element of
Q. Note that in Neykov et al. (2018), the authors used the CLIME es-

timator to estimate the inverse of T(%). However, in our problem, we
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assume n > p and p is fixed, then the inverse of T(¥) can be calculated

directly.

Step 3: Use the R function uniroot to solve the sparse projected test function

and denote the estimated value of 3y as Bj.

Step 4: Construct a two-sided 100(1 — )% confidence interval for ;o as
CL = (B = ®7 (1 = a/2)5;/v/m, B + 071 = a/2)5,/ V) |
where 6% = AJTXTD(S/)X\A/]-/TL.

S4.3 Two types of bootstrap de-biased lasso methods

Motivated by the idea of Dezeure et al. (2017), we establish two xy-paired
bootstrap de-biased lasso methods, which are referred to as “the type-I
bootstrap de-biased lasso method” and “the type-II bootstrap de-biased
lasso method,” respectively. The bootstrap de-biased lasso method is based
on the de-biased lasso method proposed by Zhang and Zhang (2014), Van de
Geer et al. (2014) and Javanmard and Montanari (2014). Following the idea
of Dezeure et al. (2017), the procedure for the type-I bootstrap de-biased

lasso method is as follows:

(i) Based on the original data points (X1,Y7), ..., (X,,Y,), calculate the
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lasso estimator and de-biased lasso estimator of the jth element of 3y,
Bjo. Denote them as Bj and Bj, respectively. Calculate the standard

error of the de-biased lasso estimator, s.é.;.

(ii) Resample (X7, Y7, ..., (X}, Y,) with replacement from (X1, Y1),..., (X, Y,)
for B times. For the kth bootstrap sample, calculate the de-biased

lasso estimator b*,, the standard error for the de-biased lasso esti-

ko
mator s.¢.;, and T = (A;‘k — f;)/se.. Denote the v-quantile of

{11;(17 cee 77-';3} as q;'(;u :
(iii) Construct a two-sided 100(1 — «)% confidence interval for ;o as

CIJ = (b] - q;f;l—a/Qs/'E‘jvbj - q;,a/QS/-é]) :

In addition, the procedure for the type-II bootstrap de-biased lasso

method is as follows:

(i) Resample (X7, Y)), ..., (X%, Y ") with replacement from (Xy,Y7), ..., (X,, Y,)
for B times. For the kth bootstrap sample, calculate the de-biased
lasso estimator of the jth element of By, B0, which is denoted as l;;‘k

~

Denote the v-quantile of {07;,...,bip} as ¢,
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(iii) Construct a two-sided 100(1 — a))% confidence interval for £ as

CL = (€ha/2s Citayz) -

S5 Additional Simulation Results

In this section, we present additional simulation results under the simulation
settings in Section 5. Figures S1 and S2 display the results for different types
of selection probability for X, when p = 0.2 and 0.5, respectively. Figures
S3 and S4 present the empirical probabilities of assigning the covariate
X, to different signal categories as the value of 6 varies when p = 0.2
and 0.5, respectively. Tables S1-S4 show the coverage probabilities and
average widths of the 95% confidence intervals under all simulation settings.
Figures S5-S7 show the simulation results for the proposed method when
the threshold value d; varies. Figures S8-S10 show the simulation results
for the proposed method when the threshold value 7 varies. Figures S11—
S13 show the simulation results for the proposed method when the total

number of weak signals varies.

S6 Additional Information in Real-data Application

Table S5 shows the candidate predictors used in the real-data application.
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Figure S1: Different types of selection probability for X4 when p = 0.2. Pdem: empirical selec-
tion probability, which equals the empirical probability of {6'(1) # 0} based on 500 Monte Carlo
samples; Pdapproxi: approximated selection probability based on (3.1), where the expectations
in (3.1) are calculated by using the function cubintegrate in R; Pdes;: median of estimated
selection probabilities based on (3.3) for 500 Monte Carlo samples.
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Figure S4: Empirical probabilities of assigning the covariate X4 to different signal categories
when p = 0.5.
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Table S1: The coverage probabilities (%) of the 95% confidence intervals when the sample
size is n = 350.

p=25 p=235
0 Method p=0 p=0.2 p=0.5 p=0 p=0.2 p=0.5

Proposed 93.8 94.4 96.2 94.6 92.2 94.8
OldTwostep 75.8 76.7 81.4 77.1 66.9 72.3

Asym 3.6 3.8 12.7 4.3 1.4 4.0

MLE 93.8 94.4 96.2 94.6 92.2 94.8
Perturb 100.0 100.0 100.0 100.0 100.0 100.0

0 EstEq 94.0 94.2 96.6 95.6 92.8 94.8
SdBS 99.8 100.0 99.8 99.8 99.8 99.0
SmBS 100.0 100.0 99.8 100.0 100.0 100.0

DeLasso 95.8 96.0 98.2 96.4 95.2 96.4
BSDel 99.8 100.0 99.8 100.0 100.0 100.0

BSDe2 94.8 94.4 96.2 95.4 91.8 94.4

Proposed 94.6 95.2 92.8 95.2 96.4 94.6
OldTwostep 96.9 96.6 92.0 98.0 96.7 92.4

Asym 75.5 71.6 61.5 65.8 69.6 69.3

MLE 92.2 93.4 92.6 92.4 92.0 93.6

Perturb 57.0 55.0 52.0 38.8 49.0 44.0

0.3 EstEq 92.2 92.6 93.8 92.6 91.6 94.2
SdBS 72.0 69.6 62.8 53.0 61.0 53.4

SmBS 65.2 64.6 59.8 39.8 49.4 47.8

DeLasso 93.8 94.0 92.8 93.0 93.4 95.0

BSDel 52.0 58.0 85.6 48.6 60.6 86.4

BSDe2 94.2 94.6 95.0 96.2 95.0 95.2

Proposed 95.0 93.6 95.0 96.0 93.8 97.2
OldTwostep 95.0 93.6 95.4 96.0 93.8 97.2

Asym 95.0 93.6 91.6 96.0 93.8 92.2

MLE 90.0 91.6 91.2 87.8 87.8 86.8

Perturb 93.2 93.0 97.0 95.4 94.2 96.4

0.95 EstEq 90.6 87.4 92.8 89.8 89.4 89.4
SdBS 93.8 93.8 95.6 93.4 93.4 95.6

SmBS 87.2 87.8 90.2 68.6 69.6 74.8

DeLasso 87.6 87.6 90.4 90.4 84.2 89.6

BSDel 23.0 26.0 34.8 17.8 15.4 26.4

BSDe2 94.8 95.6 97.4 94.4 95.0 95.6

Note: Proposed: the proposed two-step inference method; OldTwostep: the two-step inference
method based on Shi and Qu (2017), which does not construct confidence intervals for identified
noise variables; Asym: the method based on the asymptotic theory using the one-step adaptive lasso
estimator; MLE: the maximum likelihood estimation method; Perturb: the perturbation method;
EstEq: the estimating equation-based method; SdBS: the standard bootstrap method; SmBS: the
smoothed bootstrap method; DeLasso: the de-biased lasso method; BSDel: the type-I bootstrap
de-biased lasso method; BSDe2: the type-II bootstrap de-biased lasso method.
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Table S2: The coverage probabilities (%) of the 95% confidence intervals when the sample
size is n = 550.

p=25 p=235
0 Method p= p=0.2 p=0.5 p=0 p=0.2 p=0.5

Proposed 95.4 94.8 95.4 94.6 94.2 95.8
OldTwostep 81.7 77.6 80.0 75.9 76.4 78.9

Asym 4.2 7.6 7.2 1.4 4.2 7.1

MLE 95.4 94.8 95.4 94.6 94.2 95.8
Perturb 99.8 100.0 100.0 100.0 100.0 100.0

0 EstEq 95.6 93.8 95.6 95.2 95.0 96.8
SdBS 99.8 99.6 99.6 100.0 100.0 100.0
SmBS 99.8 100.0 100.0 100.0 100.0 100.0

DeLasso 96.6 95.4 97.0 96.4 95.8 97.4
BSDel 99.8 100.0 99.8 100.0 100.0 100.0

BSDe2 95.4 94.6 95.6 95.8 94.2 95.6

Proposed 94.4 95.6 95.0 95.4 93.8 95.6
OldTwostep 95.8 96.6 94.8 97.0 95.1 94.7

Asym 69.4 63.8 68.2 72.3 69.9 68.5

MLE 94.4 95.6 94.4 93.8 92.0 95.2

Perturb 57.4 52.8 56.2 54.8 55.2 54.6

0.25 EstEq 93.6 95.0 93.8 93.4 91.4 94.8
SdBS 68.8 65.2 62.8 65.0 66.8 62.0

SmBS 67.8 66.0 63.6 61.6 62.8 64.4

DeLasso 93.0 94.8 94.4 94.0 93.0 95.8

BSDel 52.8 57.2 79.2 49.2 57.4 79.6

BSDe2 94.2 96.4 94.8 95.2 96.0 96.0

Proposed 94.2 94.4 93.8 95.0 95.0 92.2
OldTwostep 94.2 94.4 93.8 95.0 95.0 92.2

Asym 94.2 94.4 90.6 95.0 95.0 89.0

MLE 93.6 94.4 92.6 90.4 89.4 91.2

Perturb 90.2 93.0 97.0 93.8 94.2 95.8

0.8 EstEq 92.4 93.0 90.6 90.4 92.4 91.6
SdBS 91.2 93.8 96.2 91.8 91.6 94.2

SmBS 88.4 93.8 94.4 87.0 86.0 91.2

DeLasso 87.0 90.2 89.4 89.0 87.2 90.4

BSDel 23.0 26.0 41.2 15.8 18.8 33.8

BSDe2 96.4 97.2 94.4 93.8 95.8 95.2

Note: Proposed: the proposed two-step inference method; OldTwostep: the two-step inference
method based on Shi and Qu (2017), which does not construct confidence intervals for identified
noise variables; Asym: the method based on the asymptotic theory using the one-step adaptive lasso
estimator; MLE: the maximum likelihood estimation method; Perturb: the perturbation method;
EstEq: the estimating equation-based method; SdBS: the standard bootstrap method; SmBS: the
smoothed bootstrap method; DeLasso: the de-biased lasso method; BSDel: the type-I bootstrap
de-biased lasso method; BSDe2: the type-II bootstrap de-biased lasso method.
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Table S3: The widths (x100) of the 95% confidence intervals when the sample size is
n = 350

p=25 p=235
0 Method p= p=0.2 p=0.5 p=0 p=0.2 p=0.5
Proposed 55.7 60.0 78.4 58.2 62.7 82.1
OldTwostep 55.9 60.8 79.7 58.6 63.2 82.8
Asym 19.6 21.6 22.3 19.7 18.9 23.3
MLE 55.7 60.0 78.4 58.2 62.8 82.1
Perturb 14.5 14.7 17.6 10.3 11.1 13.9
0 EstEq 50.4 53.9 70.1 51.1 54.7 71.0
SdBS 22.9 23.6 27.9 17.2 17.9 21.7
SmBS 16.6 16.8 19.4 11.4 11.9 14.3
DeLasso 48.7 51.9 66.8 49.4 52.6 67.5
BSDel 49.6 52.8 67.7 50.6 54.0 68.9
BSDe2 58.7 63.2 82.8 63.6 69.0 90.6
Proposed 56.2 60.5 79.5 58.6 63.1 83.8
OldTwostep 56.2 60.6 79.1 58.6 63.0 83.9
Asym 33.5 34.0 35.0 30.2 32.8 35.8
MLE 57.0 61.6 80.7 59.5 64.5 84.9
Perturb 49.6 51.7 55.9 40.5 47.1 50.3
0.3 EstEq 51.0 54.8 71.6 51.6 55.4 72.5
SdBS 51.6 53.4 58.4 41.1 45.8 49.5
SmBS 46.0 474 50.1 34.6 39.1 40.8
DeLasso 49.4 52.9 68.3 49.7 53.2 68.6
BSDel 51.2 54.9 70.3 52.7 56.4 72.5
BSDe2 62.8 67.6 88.0 68.8 74.8 98.5
Proposed 60.9 63.9 73.4 62.0 64.9 75.1
OldTwostep 60.9 63.9 73.3 62.0 64.9 75.1
Asym 60.9 63.8 71.0 62.0 64.8 71.8
MLE 68.6 73.7 93.7 72.9 78.1 100.5
Perturb 67.4 70.4 91.6 71.1 76.1 103.2
0.95 EstEq 57.4 61.6 78.9 57.9 61.6 79.3
SdBS 67.6 70.4 87.4 67.2 70.4 86.4
SmBS 60.8 63.6 79.7 57.9 61.0 75.9
DeLasso 53.5 56.8 72.9 53.6 57.0 73.2
BSDel 56.0 60.2 7.7 58.0 61.8 80.6
BSDe2 84.5 91.8 115.8 100.8 108.1 137.6

Note: Proposed: the proposed two-step inference method; OldTwostep: the two-step inference
method based on Shi and Qu (2017), which does not construct confidence intervals for identified
noise variables; Asym: the method based on the asymptotic theory using the one-step adaptive lasso
estimator; MLE: the maximum likelihood estimation method; Perturb: the perturbation method;
EstEq: the estimating equation-based method; SdBS: the standard bootstrap method; SmBS: the
smoothed bootstrap method; DeLasso: the de-biased lasso method; BSDel: the type-I bootstrap
de-biased lasso method; BSDe2: the type-II bootstrap de-biased lasso method.
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Table S4: The widths (x100) of the 95% confidence intervals when the sample size is
n = 550

p=25 p=235
0 Method p= p=0.2 p=0.5 p= p=0.2 p=0.5
Proposed 42.7 45.9 59.9 43.7 47.0 61.5
OldTwostep 42.8 46.2 60.3 44.0 47.2 61.6
Asym 14.8 15.3 17.0 13.7 14.7 17.0
MLE 42.7 45.9 59.9 43.7 47.0 61.5
Perturb 12.6 13.3 17.1 9.7 10.8 12.7
0 EstEq 39.8 42.7 55.5 40.1 42.8 55.8
SdBS 194 19.9 25.2 16.0 17.3 20.3
SmBS 15.1 15.3 19.4 11.8 12.9 14.7
DeLasso 38.6 41.2 53.2 38.8 41.4 53.5
BSDel 38.8 41.4 53.1 39.1 41.6 53.6
BSDe2 43.0 46.1 60.3 44.6 48.0 62.9
Proposed 42.7 46.2 60.6 43.7 47.2 62.3
OldTwostep 42.7 46.2 60.6 43.7 47.2 62.0
Asym 25.7 25.2 28.9 25.8 26.4 27.5
MLE 43.4 46.7 61.2 44.5 48.0 62.9
Perturb 40.7 41.7 47.7 39.1 41.2 46.2
0.25 EstEq 40.2 43.1 56.3 40.4 43.3 56.7
SdBS 42.4 43.8 49.8 40.0 41.7 47.8
SmBS 40.2 414 46.0 37.3 39.0 43.6
DeLasso 39.0 41.7 54.0 39.2 41.7 54.2
BSDel 39.9 42.7 54.8 40.4 43.5 55.7
BSDe2 45.1 48.3 62.8 47.3 51.0 66.5
Proposed 45.5 47.8 54.9 46.1 48.1 54.8
OldTwostep 45.5 47.8 54.9 46.1 48.1 54.8
Asym 45.5 47.8 53.6 46.1 48.1 53.6
MLE 49.4 53.1 68.0 51.1 54.7 70.2
Perturb 50.5 53.3 69.3 51.5 53.5 70.2
0.8 EstEq 43.9 47.1 60.8 44.2 47.2 60.9
SdBS 49.3 52.0 66.2 48.9 50.9 64.4
SmBS 48.9 51.6 65.8 47.3 49.6 63.2
DeLasso 41.4 44.2 56.8 41.6 43.9 57.2
BSDel 42.9 45.8 59.2 43.3 46.7 60.4
BSDe2 54.6 58.6 74.9 59.0 63.2 81.5

Note: Proposed: the proposed two-step inference method; OldTwostep: the two-step inference
method based on Shi and Qu (2017), which does not construct confidence intervals for identified
noise variables; Asym: the method based on the asymptotic theory using the one-step adaptive lasso
estimator; MLE: the maximum likelihood estimation method; Perturb: the perturbation method;
EstEq: the estimating equation-based method; SdBS: the standard bootstrap method; SmBS: the
smoothed bootstrap method; DeLasso: the de-biased lasso method; BSDel: the type-I bootstrap
de-biased lasso method; BSDe2: the type-II bootstrap de-biased lasso method.
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Figure S5: Empirical probabilities of assigning the covariate X4 to different signal categories
when (n,p, p) = (350,25,0), 7 = 0.1 and the threshold value §; varies.
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Figure S6: Coverage probabilities of the 95% confidence intervals for the proposed two-step
inference method when (n,p, p) = (350,25,0), 7 = 0.1 and the threshold value §; varies.
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Figure S7: Average widths of the 95% confidence intervals for the proposed two-step inference
method when (n,p, p) = (350,25,0), 7 = 0.1 and the threshold value §; varies.
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Figure S8: Empirical probabilities of assigning the covariate X4 to different signal categories
when (n,p, p) = (350,25,0), 1 = 0.99 and the threshold value T varies.
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Figure S9: Coverage probabilities of the 95% confidence intervals for the proposed two-step
inference method when (n,p, p) = (350,25,0), 1 = 0.99 and the threshold value T varies.
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Figure S10: Average widths of the 95% confidence intervals for the proposed two-step inference
method when (n,p, p) = (350,25,0), 1 = 0.99 and the threshold value T varies.
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Figure S11: Empirical probabilities of assigning the covariate X4 to different signal categories
when (n,p, p) = (350,25,0), 1 = 0.99, 7 = 0.1 and the total number of weak signals varies.
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Figure S12: Coverage probabilities of the 95% confidence intervals for the proposed two-step
inference method when (n,p, p) = (350,25,0), 61 = 0.99, 7 = 0.1 and the total number of weak
signals varies.
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Figure S13: Average widths of the 95% confidence intervals for the proposed two-step inference
method when (n,p, p) = (350,25,0), 61 = 0.99, 7 = 0.1 and the total number of weak signals
varies.
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Table S5: The candidate predictors used in the real-data analysis

Category Predictor
year of birth
Basic information gender

Transcript records

Diagnosis information

Medication information

Lab result

Smoking status

3 predictors indicating whether a patient is from California, Texas, New York or other states

range of BMI

the median of weights

the median of heights

the median of systolic blood pressures

the medians of Diastolic blood pressures
the median of respiratory rates

the median of temperatures

4 predictors corresponding to the numbers of transcripts for different physician specialties
number of physicians

number of transcripts with blank visit year
number of visits per weighted year

69 predictors corresponding to the numbers of times being diagnosed with different diagnoses
number of diagnoses per weighted year

number of different 3 digits diagnostics groups in the icd9 table

number of different 3 digits diagnostics groups with medication

23 predictors indicating the dose of active principle
number of prescriptions or the use of different medications
number of medications without prescript

number of active principles

1 binary variable indicating whether a patient has any lab test or not

1 binary variable indicating whether a patient smoked in the past
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