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Abstract: For multivariate functional data, it is quite challenging to model the cross-
covariance structure which consists of dual aspects of multivariate and functional
features. To simplify the cross-covariance analysis, the assumption of partial sepa-
rability is widely used to decompose the data into an additive form of multivariate
random variables and functional components. In this article, we propose hypothesis
testing procedures to examine the validity of partial separability. We study the
asymptotic properties of the [? and I°° norm of the test statistic, resulting in
a chi-square type mixture test and a high-dimensional test that are suitable to
finite- or high-dimensional multivariate functional data with diverse multivariate
dependence. We assess the empirical performance of the proposed tests through
two simulation studies for multivariate functional data and graphical functional
data, followed by two corresponding real examples: multichannel tonnage data and
electroencephalography data.

Key words and phrases: Functional graphical model, high-dimensional test, multi-
variate functional data, partial separability.

1. Introduction

The knowledge of the covariance structure plays an important role in func-
tional data analysis (FDA). To characterize the variation of random curves,
nonparametric methods are widely used, often coupled with dimension reduction
tools such as functional principal component analysis (FPCA), which provides a
flexible approach to depict the temporal dependence. Due to rapid developments
in data collection techniques, multivariate functional data (MFD) that comprise
simultaneous recordings across multiple processes are becoming increasingly
available. Typical examples include daily traffic measurements (Chiou, Chen
and Yang, [2014), temperature recordings (Berrendero, Justel and Svarc, 2011)),
multichannel profile data (Paynabar, Zou and Qiu, [2016)) and neuroimaging data
(Happ and Greven, 2018; Qiao, Guo and James, 2019). Advanced modeling
techniques on the cross-covariance function/kernel /operator, which jointly depict
the functional features across time and multivariate dependence across processes,
are consequently attracting growing attention.
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The analysis of cross-covariance structure has been extensively studied in
various fields. For example, the modeling of spatio-temporal covariance plays a
prominent part in traditional spatio-temporal statistics, and is highly relevant
to a set of spatio-temporal problems such as assessment of stationarity or
isotropy, prediction or kriging, resampling methods, and Bayesian inference,
see monographs such as [Sherman| (2011)); Wikle, Zammit-Mangion and Cressie
(2019). To ease the complexity of the covariance structure, a heavily used
assumption is separability, which assumes the full covariance is a product of
a purely spatial covariance and a purely temporal covariance. Hypothesis tests
of the spatio-temporal separability have been studied in a number of articles
(Fuentes| [2006; Li, Genton and Sherman, 2007; Simpson et al., 2014), where
restrictions on covariance structure are typically imposed by some parametric
forms or stationarity. In these years, some nonparametric tests have been
proposed under the functional data setup (Aston et al., [2017; [Bagchi et al., [2020;
Constantinou, Kokoszka and Reimherr, 2017)), shedding new light on the cross-
covariance analysis from the perspective of FDA.

Recently some new notions which relax the separability assumption have
been developed, including variants of weak separability for two-way functional
data (Lynch and Chenl |2018]) and spatio-temporal fields (Liang et al.,2022), and
partial separability for multivariate functional data (Zapata, Oh and Petersen,
2022). Although introduced for distinct data formats, these definitions are
closely interconnected, as discussed in Liang et al| (2022) and |Zapata, Oh
and Petersen| (2022). As the concern of this paper is multivariate functional
data, we focus on partial separability. We highlight that, as shown in Section
2.1, the partial separability assumption simplifies the full cross-covariance by
an eigen-decomposition consisting of a series of functional bases {p;(t) : t €
T }i=12,.., i.e., the functional principal components (FPC) which represent the
functional variation, and a series of p x p covariance matrices {¥;},—1 > . which
reflect the multivariate dependence. Here 7 is the functional domain, and p
is the multivariate dimension which may be possibly infinite. By a projection
onto {¢;(t)}, the multivariate functional process X (¢t) € RP can be further
expressed using a sequence of uncorrelated FPC scores {0, }, each of which is a p-
variate random vector and can thus be modeled using techniques in conventional
multivariate or high-dimensional statistical analysis.

Due to its flexibility and parsimonious reduction, partial separability has
been exploited or implicitly assumed in a large number of literatures. [Payn-
abar, Zou and Qiu/ (2016) utilized the partial separability representation to
simplify the change-point model for multichannel functional profiles. [Zapata, Oh
and Petersen| (2022) proposed the partial separability structure to incorporate
the partial correlation for functional graphical models, which overcomes the
noninvertibility of the covariance operator for infinite-dimensional functional
data. For spatially correlated functional data, partial separability, or the
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equivalent concept called weak separability in [Liang et al. (2022), is widely
employed to simplify the modeling of space-time interaction, and is frequently
coupled with concepts like stationarity or isotropy (Liu, Ray and Hooker, 2017;
Zhang and Li, 2021). Note that partial separability is also mixed with the
concept of multi-dimensional FPCA (Paynabar, Zou and Qiu, 2016)), or FPCA in
literature on multilevel functional data (Di et al., 2009) and functional point
processes (Li and Guan, [2014; Xu et al., [2020), which facilitates substantial
model/computational reduction for functional data with complex structures.
Despite its versatility to diverse covariance structures, we stress that the partial
separability, distinct from univariate or multivariate FPCA based on Karhunen—
Loeve (KL) or multivariate KL Theorem (Hsing and Eubank, |2015)), may not hold
simultaneously in multivariate and functional aspects, thus its validity should be
rigorously examined. Take the example of electroencephalography (EEG) signals
in Section 5.2, where one particular interest is to identify the graphical network
within the multivariate functional process. However, the separable structure
is demonstrably violated in this dataset (Masak, Sarkar and Panaretos, 2023),
indicating the need for more flexible dimension reduction approaches like partial
separability to simplify the cross-covariance structure effectively. Conducting the
proposed statistical tests can offer insights into the appropriateness of adopting
partial separability, and the test result can significantly impact subsequent
model specifications, including the functional graphical model (Zapata, Oh and
Petersen), 2022) discussed in Section 2.3.

In this article, we develop statistical tests to formally justify the rationality
of assuming partial separability for finite- and high-dimensional multivariate
functional data. The test statistics are formulated based on the estimated FPC
scores resulting from the marginal covariance kernel. To address the challenge
that the test statistic using estimated scores has a different distribution from
the counterpart using true scores, we carefully derive the null distribution and
demonstrate the theoretical gaps in theorems. In particular, we highlight the
importance of constructing different tests for typical multivariate functional data
or high-dimensional functional data with diverse dependence structures (e.g.,
the graphical model). Correspondingly, a x? type mixture test is developed for
multivariate functional data with fixed p, in terms of the asymptotic distribution
and properly estimated asymptotic covariance. To adapt to potential high dimen-
sional p and sparse covariance structures, we also propose a high-dimensional
test based on the infinite norm of statistics and its Gaussian approximation.
Thanks to available replicated observations, the proposed tests do not require
other structural assumptions, such as stationarity for spatial functional data
(Liang et al., 2022)). Also, no Gaussian assumption is required. Our numerical
studies suggest that the proposed x? type mixture test or high-dimensional test
shows better performance respectively for multivariate functional data or (high-
dimensional) graphical functional data.
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The remainder of this article is organized as follows. We introduce the
notion of partial separability in Section 2 and present its application in several
research problems. In Section 3, we propose the testing approaches, involving
a x? type mixture test in Section 3.1 and a high-dimensional mean test in
Section 3.2. We illustrate the empirical performance of the proposed tests by
two simulation studies for multivariate functional data and graphical functional
data in Section 4, followed by two application examples on multichannel tonnage
data and electroencephalography (EEG) data in Section 5. More technical details
and numerical results are provided in the Supplementary Material.

2. Multivariate Functional Data and Partial Separability

Let L*(T) be the space of square—integrable functions on 7 = [0, 1], equipped
with inner product ( = [; f(t)g(t)dt and the corresponding norm || - || =
(-, >1/ 2 Let {L%( )}p be the space of p d1mens1onal functions with inner product
(£,9)p = 20— [ fi(t)g;(t)dt and norm |||, = (-,-),/*. Suppose the multivariate
functlonal data (MFD) are X(t) = {Xy(t),...,X,(t)}* € {L*(T)}*, where
each X;(t) € L*(T). We assume that X (¢) has a continuous mean function
p(t) = {m(t),...,u,(t)}T and a continuous covariance function G(s,t) =
{Gjr(s,t)} € RP*? /1 < 4k < p, following the common approach in FDA
(Hsing and Eubank, [2015; Lynch and Chen, 2018)), where p;(t) = E{X,(¢)},
Gou(,) = cov{X,(s), Xe(t)} = E{X,(5) — () HXe(t) — ju(t)}. Note that
G(s,t) and G (s, t) can also be regarded as the kernel of the covariance operator
G of X and the cross-covariance operator G;;, of X; and X, (Hsing and Eubank|
2015)); see more details in the Supplementary Material.

2.1. The concept of partial separability

According to the above definition of (cross) covariance function, G(s,t)
consists of a collection of p x p matrices across s,t € T, say {G;x(s,t)}, which
is generally complicated due to the dual aspects of multivariate dependence
and infinite-dimensional nature of functional data. Following [Zapata, Oh and
Petersen| (2022), we state the definition of partial separability as follows in terms
of the cross-covariance kernel.

Definition 1. A cross-covariance G(s,t) = {Gx(s,t)}; k=1
arable if there exist some orthonormal basis {p;(+)}7°, of L?*(T) and a sequence
of p x p positive-definite matrices {2, = (o,(J, k))j7k:1
jak: L...,p,

» is partially sep-

.....

) such that for any

,,,,,

Gr(s,t) Zal J. k ©i(t). (2.1)

Based on Definition 1 and snmlarly to the Karhunen-Loéve (KL) Theorem,
we have the following equivalent definition of partial separability for the random
process X (t).
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Definition 1. A multivariate functional process X (t) is partially separable if
there exist an orthonormal basis {p(-)}72, of L*(T), such that

X(t) = u(t) + 3 00 ot (22)

holds almost surely in {L*(T)}Y, where 8, = (X1 — p1, @1} -+ (Xp — i, 00)) "
is a p-variate random vector, and cov(6,,0;) =0 for 1 #1', i.e., the scores {6,}
are mutually uncorrelated.

The equivalence of Definitions 1 and 1T is apparent by noticing that the
expansion has no cross-terms across different [ due to the uncorrelatedness
of FPC scores 8;. And it can be easily observed that the matrix ¥; in Definition
1 corresponds to the covariance matrix of ;. See Theorem 1 of |Zapata, Oh and
Petersen| (2022)) for more equivalent definitions. In what follows we mix up the
partial separability of X or G without confusion, and the expansions in and
(2.2) are ordered in terms of the decreasing value of tr(X;) for clarity. We also
assume that EX (¢) = 0 without loss of generality.

According to equation (2.2)), the orthonormal basis {¢;(¢)} in consists
of the eigenfunction of Gjx(s,t) for any j,k. Besides, as stated by Lynch and
Chen (2018) and Zapata, Oh and Petersen (2022), {¢,;(¢)} is unique up to a sign,
and ¢;(t) = ¢;(t), where {¢;(t)} are the eigenfunctions of the marginal kernel

H(s,t) =Y Gyls,t). (2.3)

Jj=1

Zapata, Oh and Petersen (2022) show that the eigenbasis of H(s,t) is optimal
in the sense that it retains the largest amount of total variability among vectors
of the form ((Xi1,¢;), ..., (X, (,Z?l))T for any orthonormal {¢;}. If X is partially
separable, the unique basis {,;} corresponds to this optimal basis, and

H(s,t) = Z/\l ei(s)pi(t), (2.4)

where \; = tr (X;). Equation (2.4) is useful to construct the estimator of ¢; in
Section 3.

2.2. Properties of partial separability

For a more comprehensive understanding, we elucidate the relationship
between partial separability and some other concepts, including separability,
univariate and multivariate FPCA.

Partial separability and separability. According to|Zapata, Oh and Petersen
(2022)), a multivariate functional process X (t) with the cross-covariance G(s,t) =
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{Gr(s,t)}jk=1,.p is separable if there exist a p x p covariance matrix ¥ =
(0(4, %)), 4=1..., and a covariance function C(s,?) with s,¢ € T such that for
a'nyj7k:17"'7p7

ij(S,t) = U(j7 k) C(‘S?t) (25)

As shown by , the separability assumption allows the full cross-covariance
function G to be factorized as a product of a (multivariate) covariance ¥ and a
(functional) covariance C'(s,t). By contrast, a partial separable cross-covariance
is characterized by a sequence of covariance matrices ¥;, yielding a more
flexible yet parsimonious representation. A more comprehensive result for the
relationship between separability and partial separability is given in the following
Proposition 1, which is a similar result to Propositions 1 and 2 in |Liang et al.
(2022).

Proposition 1.
(a) A separable process X (t) is partially separable.

(b) A partially separable X (t) satisfying (2.1) is separable if and only if (i.f.f)
there exist a nonnegative decreasing series of w; satisfying Zfil w; < 00 and
a function 6(j,k) such that 0,(j, k) = w,6(j, k) for any j,k=1,...,p.

Partial Separability and FPCA. We clarify the difference between partial sep-
arability and univariate or multivariate FPCA. The univariate FPCA represents
each component of X (t), say X;(¢), in terms of a KL expansion, by

i X, d15) du5(t), (2.6)

=1

where the FPC scores &;; = (X, ¢;) are uncorrelated across different [, {¢;; } are
the eigenfunctions of covariance kernel Gj;(s,t) and vary across different j. In
contrast, partial separability assumes a common eigenbasis {; } for different
elements of X (t), which is valid when multiple curves exhibit similar patterns
and is useful to integrate the information across multiple components.

On the other hand, (Chiou, Chen and Yang (2014) proposed the following
multivariate FPCA representation:

0= (X9, ilt) (27)

based on a multivariate KL expansion. Here ;(t) = (¢ll(t),...,wlp(t))T

(L*(T))? is the eigenfunction of covariance G(s,t), and (¥(t),w (1)), = du,
where 0;; = 1 if [ =1’ and 0 otherwise. Despite the parsimony of decomposition
, the FPC scores (X, ), are scalar and cannot be directly modeled
using approaches in multivariate statistical analysis. By contrast, the partial
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separability model combines the strengths of and through a sequence
of FPCs that depict the common functional variation among all components, and
a series of scores that account for the diversity of multivariate dependence.

For a more thorough overview, we list some other concepts of FPCA or
separability in existing literatures. |Jiang and Wang| (2010) developed a covariate-
adjusted FPCA by adjusting the mean and/or covariance function through some
covariates that are not available for the considered multivariate functional data.
The common functional principal component model in [Benko, Hardle and Kneip
(2009) aimed at identifying common FPCs from two populations, whereas the
proposed partial separability accounts for the cross-covariance among p different
elements/populations where p may tend to infinity. Recently, Masak, Sarkar
and Panaretos (2023) defined a novel “R-separable” structure based on the
partial inner product that generalizes the notion of separability. Unlike partial
separability that yields a straightforward representation for the multivariate
functional process, “R-separability” only focuses on simplifying the covariance
kernel and is therefore less efficient in producing powerful modeling schemes,
such as the functional graphical model discussed in Section 2.3. There is also a
notable connection between partial separability and the weak separability for two-
way functional data proposed by Lynch and Chen| (2018). Recall the expansion
and suppose that the multivariate functional process X (t) be regarded as
a two-way functional process X € L?*(S x T), where S = 1,...,p. For each
vector 6;, one may further consider a projection 6, = Y »_, ry4y, onto the p-
variate basis {¢; }r=1.. , based on the conventional multivariate PCA. If {4} is
independent of [, i.e., each of {0;} has the same eigen basis {1} }, then the partial
separablity model would become X (t) = p(t)+> 2 Dopey Tie¥rpr(t), which
corresponds to the weak separability in |[Lynch and Chen| (2018) that is a special
case of our definition.

2.3. Application of partial separability

To illustrate the advantage of partial separability, we give a brief review of
its application in two typical research topics.

Change-point detection for multichannel profiles. In statistical process
control, change-point detection remains a challenging problem for multi-stream
profile monitoring. Paynabar, Zou and Qiu| (2016|) represents these multichannel
profiles through a set of vector-valued functional data {X;(t),i = 1,...,n},
where X;(t) = (X;1(¢),...,X;,p(¢))" is the vector of observed profiles measured
at t € T. As the multiple profile curves demonstrate similar patterns, the partial
separability model is assumed, yielding common FPCs for different profiles.
Following a multidimensional FPCA procedure, a sequence of projected vectors
1., € R? are estimated based on the estimated FPC scores él € RP as well as the
classical binary segmentation approach, where [ is the component index and 7 is
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the potential change-point. Utilizing the estimator f)l for 3J; € RP*? that is the
asymptotic covariance of 7),;, and the mutual uncorrelatedness among 7, due
to partial separability, an additive form of Wald statistic is proposed by

Zml Y, (2.8)

of which the maximum value across 1 < 7 < n can be used to detect the change
point.

Functional graphical models. The traditional Gaussian graphical models have
been extended to multivariate functional objects in some recent research (Qiao,
Guo and James, 2019; Zapata, Oh and Petersen, |2022). Consider a multivariate
process X (t) € (L*(T))? with an undirected graph (V, E), where V = {1,...,p}
is the node set and E C V? is the edge set. Let X\ ;6 denote the sub-
vector of X (-) obtained by removing X;(-) and Xx(-). A functional Gaussian
graphical model represents the conditional dependency of X (¢) by the conditional
covariance kernels

Cjk<3,t) = COV {Xj(s)ka(t)|XV\{j,k}} s ],k‘ S V,] 7& ]{?,

which is related to the graph of V' by that (j,k) € E i.ff. Cjr(s,t) = 0 for all
s,t € T. |Zapata, Oh and Petersen (2022) state that, under a partially separable
structure or with the covariance ¥, the conditional covariance Cj (s, t)
yields the following decomposition:

Cik(s, 1) ch (s)pu(t), (2.9)

where ¢(j,k) = (4, k) — [Biln g { B gmangae} T Bdvige e Here
[-]v,.v, denotes the operation to extract subsets V; and V5 of rows and columns
of a matrix. Let €, = ;' be the precision matrix of 6;, with each element
being w;(j,k), j,k = 1,...,p. It can be shown that ¢;(j,k) = 0 i.f.f. w;(j, k) = 0,
thus (j, k) ¢ E i.ff ¢(j, k) = wi(j, k) = 0 for all I. We highlight that noticing
the similarity between and , the conditional dependency can also be
characterized by a sequence of precision matrices {€2;} owing to the partial
separability, which is useful to overcome the problem of noninvertibility of the
covariance operator when X is infinite-dimensional. It should also be noted that
this functional graphical model is applicable when p is infinite, and the estimation
procedure can be embedded with some high-dimensional statistical tools such as
the graphical lasso (Danaher, Wang and Witten, 2014]).

It is common knowledge that the graph structure in functional graphical
models may be sparse, and it is of great interest when the dimension p is large.
This motivates us to develop a substantially different test procedure (a high-
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dimensional test in Sec. 3.2) from the traditional multivariate analysis (a x? type
mixture test in Sec. 3.1). One may also consider other types of multivariate
functional data with specific covariance structures, e.g., the spatial correlation
that is usually smaller for stations at a closer distance. Correspondingly, the
partially separable covariance structure, also called weak separability (Liang
et al., [2022) or coregionalization model (Zhang and Li, |2021), is widely employed
in semiparametric modeling of spatial functional data. We also apply the
proposed tests for spatially correlated functional data, and collect relevant results
in the Supplementary Material for space economy.

3. Tests of Partial Separability

According to Section 2.1, a p-variate process X (t) can be projected onto a
unique orthonormal basis ¢;(-) consisting of the eigen-system of the marginal
covariance H(s,t), which results in a series of vectors 8, € RP. Let 0, =
(Oy...,0,,)T and X, = cov(0;,0;). By Definition 17, testing the partial
separability of X (¢) is the same as testing the covariance ¥;, = 0 for [ # ',
or equivalently,

Hp : cov(y;,01) =0 foralll #1" and j,k=1,...,p. (3.1)

If one truncates X (¢) in with L components, the partial separability test is
also to examine if the covariance matrix of (07,...,07)T is block diagonal; see
Figure 1 of Zapata, Oh and Petersen (2022) for a graphical illustration.

Suppose we observe X;(t) = (X;1(t),..., X, ()", ¢ = 1,...,n, which are
i.i.d. copies of X (t). Since the sample values of {6;} cannot be directly observed,
we first estimate the scores by

0,0 = Oir,- ., 0,)" = (X — fur, @1) s o (Xip — fips 1)) (3.2)

based on the conventional projection approach. Here fi;(t) = n=tY " | X;:(¢) is
the sample mean function, {¢;(¢)} are eigenfunctions of the estimated marginal
covariance

p
t) = Z ij(S, t)u (33)
j=1
where the cross-covariance G (s, t) is obtained by
Cinls.t) Z {XG5(s) = 5 ()} {X(8) — ()} (3.4)

for each j,k =1,...,p. It can be easily observed that @jk(s, t), H(s,t), ¢;(t) and
0, are consistent to their population counterparts. In practice, if the functional
data are sparsely observed with measurement errors, we can also estimate G
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through the smoothing procedure on pooled data (Yao, Miiller and Wangj, [2005;
Chiou, Chen and Yang), 2014]).

As a common practice in FDA, we consider a truncated process X (t) = p(t)+
Zfz"l 0, p,(t) with a suitable chosen L,,, of which the practical selection is usually
tricky and depends on the subsequent analysis. Provided with the eigenvalues
{5\l} of the marginal covariance H, one may determine L, according to the
fraction of variance explained (FVE), define as FVE(L,) = (X1 M)/ (3202, A,
which can be practically chosen as 80%, 90% or 95% etc. Then, to test the
covariance structure of 8; and 6, for each 1 <[ <[’ < L,,, a reasonable statistic
is

- 1 - -
T.(1,5,U', k) = % Zei,ljei,z/k, (3.5)
i—1

across all j,k = 1,...,p.  Let T = (To(L, 5.l k) :1<j<k<q)T be a
p(p + 1)/2-vector by omitting the duplicate terms for j > k, and T;, be a long
vector by stacking {T\%") : 1 <1 < I’ < L,} with length ¢ = p(p+1)L, (L, —1)/4.
Based on the [?- and [*°- norm of T),, we then develop a x? type mixture test
in Section 3.1, as well as a high-dimensional test in Section 3.2 to cope with the
situation when p or L, is large.

3.1. Test based on x? type mixture

As stated by [Lynch and Chen| (2018) and Liang et al.| (2022), although the
estimate scores {ézl} can be shown to be y/n-consistent, the test statistic (3.5)
has a different distribution from the counterpart using true scores. To provide
the asymptotic result of T;,, we first state two conditions which are necessary for
the main theorem.

Condition 1. E|| X ||} < oc.
Condition 2. The eigenvalues of H(s,t), say {\;}, have multiplicity one.

Condition 1 is a standard moment assumption for the central limit theorem of
(cross) covariance operators in Hilbert-Schmidt spaces (Hsing and Eubank, 2015|

Thm. 8.1.2). Following Theorem 9.1.3 in Hsing and Eubank| (2015), Conditions
1 and 2 ensure the weak convergence of the estimated eigenfunctions.

Theorem 1. Assume Conditions 1 and 2 hold and X is partially separable.
(a) For each1 <l <l <L, and1<j <k <p, we have

Tn(lajv l/’ k) = Z’ﬂ(l’]’ ll’ k) + OP(1)7

where Z,(l,j,U', k) converges weakly to a mean-zero Gaussian random vari-

able.

(b) T, is asymptotically jointly Gaussian with mean zero and covariance struc-
ture ©.
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The explicit expressions of Z,(l,7,U', k) and © are given in the Supplementary
Material.

To perform the test in terms of the asymptotic joint normality in Theorem 1,
a x? test statistic T @ ~'T;, may be considered. However, one could easily observe
a linear relationship among the diagonal elements in T,,, i.e., {T,,(l,5,0',j) : j =
1,...,p}, by noting

p p n
VY T30 5) =) 0
j=1

j*l i=1

=30 10~ Okt [1006) — ()b ()

7j=1 =1

- ;//éjj(57t)95l(8)¢l/(t)dsdt
= //ﬁ(svt)ﬂf?z(s)@y(t)dsdt =0, (3.6)

which implies that @ is singular. Instead, we consider the non-normalized
statistic constructed by summation of the square of T,,(l, j,1’, k), say

Se= > > Tl k> (3.7)

1<I<l'<L, 1<j<k<p

following a similar procedure in Lynch and Chen| (2018). In light of Theorem 1,
one could easily obtain the distribution of S,, under null/alternative hypothesis,
as presented in the following corollary.

Corollary 1. Assume the conditions in Theorem 1 hold.

(a) If X is partially separable, then S, follows a x* type mizture distribution;
more explicitly, S, = >.{_, v:Z2, where {~;} are the eigenvalues of the g X q
matriz O, and {Z;} are i.i.d standard normal random variables.

(b) If X is non-partially separable, then S, — oo in probability.

Based on Corollary 1 we could then perform a x? type mixture test. As
suggested by|Zhang (2013)), the exact distribution of a x? type mixture is generally
not tractable, especially when ¢ is large. Consequently, the Welch-Satterthwaite
approximation is commonly-used and approximates S, ~ Bx2, where 8 and d
are determined by matching the first two moments of S,,. This results in g =
tr(©2%)/tr(®) and d = {tr(©)}?/tr(©?). Similar to Lynch and Chen (2018)
and |Liang et al. (2022), the explicit form of ® depends on the cross fourth-
order moments of the FPC scores, say E(6,;,0,,01;,01k,), which in practice can
be estimated via moment estimation based on the estimated scores BA” Thus a



2086 LUO, ZHANG AND LIANG

plug-in estimator of ® can be used to approximate the p-values for the proposed
X? type mixture test as an upper tail probability of 8x?.

3.2. High-dimensional test

For many problems in multivariate functional data analysis, it would be more
interesting to consider partial separability when the dimension p is high, such
as the functional graphical model in Qiao, Guo and James| (2019) and Zapata,
Oh and Petersen| (2022). In these cases, executing the x? type mixture test in
Section 3.1 on T, may lead to bad performance due to the curse of dimensionality.
For this consideration, we propose a high-dimensional test for partial separability
motivated by the distribution and correlation-free test of high-dimensional means
proposed in Xue and Yao (2020)).

Recall the definition of T}, and consider the counterpart of T(') based on
the true scores, say

Y(l’l/) = (91101/1, e Gllﬁl/p, e Glpﬁl/p)T s

similarly let Y be a long vector by stacking {Y ") : | < I’}. Denote puy = EY,
we can reformulate the test (3.1]) as

Hy:py =0 vss. Hy:py #0.

For a large p, this is actually a high-dimensional one-sample mean test with the
dimension of Y being ¢ = p(p + 1)L,(L, — 1)/4, identical to that of T,,. For
an infinite-dimensional functional process X (t), the truncation L, may also be
allowed to diverge, which possibly makes the dimension g even larger. Let SY =
n~Y/23" | 'Y;, and denote the g-dimensional vector SY as {SY,:d =1,...,¢}.
As the usual approach in high-dimensional statistics, we consider the [*°-norm
statistic

IS = max |7, (3.9
Then the test rejects the null hypothesis at a certain significant level acif || SY || >
¢(a) for some critical value c(a).

To obtain a proper critical value, Xue and Yao| (2020) applied a multiplier
bootstrap method for a high-dimensional two-sample test problem, based on the
high-dimensional central limit theorem (Chernozhukov, Chetverikov and Kato,
2017). Following their procedure, we define S¢¥ = n=1/2%"" ¢, (Y; — jiy), where
{e;};_, is a set of i.i.d. standard normal random variables independent of the
data and iy = n~' > | Y; denotes the sample mean. This multiplier bootstrap
procedure is useful to generate resamples of Gaussian approximations to SY . To
quantify the error of approximation between ||SY || and [|S¢¥ ||, we require the
following condition.
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Condition 3. Denote Y; = (Y;1,...,Y:,)", SY = (SY

n,lr: -

)
(a) There exists a universal constant by > 0 s.t. min,<4<, E{(S; Y2} > b

(b) There exists a sequence of constants B, > 1 such that

E(]Y; ; — EY; 4° E(]Y; ; — EY; 4"
max (¥ ) < B,, max (¥ al ) < B2
1<d<q n 1<d<q n

(¢) The sequence of constants B, in (b) also satisfies

max max E < exp Lﬁ’d‘ <2
1<i<n 1<d<gq B -7

n

(d) B2 {log(qn)}" /n — 0 as n — occ.

Conditions 3(a) and (b) correspond to the moment properties of the coor-
dinates, while Condition 3(c) is associated with the tail properties. No other
restriction on the distribution or correlation of those random vectors is required.
More explanations about these conditions can be seen in |Xue and Yao, (2020). In
particular, Condition 3(d) indicates that the dimension ¢ can grow exponentially
in n, provided that B,, is of some appropriate order.

Theorem 2. Assume Condition 3 holds and X (t) is partially separable. Then
with probability one, the Kolmogorov distance between the distributions of [|SY |
and ||SSY || satisfies

B21og"(qn) )’
igg|@(||55||mSt)—Pe(||S;Y||OO§t)}5{nog(q”)} ,

n

where a,, < b, means a,, < Cb,, up to a universal constant C' > 0 for two sequence

of constants a,, and b, P.(-) denotes the probability with respect to {e;}"_, only.
Consequently,

1/6
B? log7(qn) /
n bl

sup |IP){HSYH < CB(Q)} —(1- O‘)| S {

a€(0,1)

where cg(o) =inf {t e R: P, (||S¥ |, <t)>1—a}.

This theorem provides a simpler result on the one-sample mean test than the
two-sample test result in Theorem 3 of Xue and Yao (2020), and could also be
straightforwardly implied by the one-sample CLT in |Chernozhukov, Chetverikov
and Kato| (2017), so we omit its proof. To 1mp1ement the test procedure based
on Theorem 2, we first obtain the estlmate K and SY through the consistently
estimated scores 0271 defined in , and then perform the multiplier bootstrap
based on the estimate of Sff’. The detailed algorithm is displayed in Algorithm 1.
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Algorithm 1 Algorithm for High-dimensional Test.

1: Fori=1...,ndo
2:  Compute Y; by stacking {Yi(l’l )1 <l<l <L}, where Yé(l’l ) —
Oiaabivr, -, Ouipbiry) ™, e, Yy = ()T ()T
(?(Ln_len))T}T
i N . =R N
Compute SY =n"1/23"" | 'Y;. Note from (3.5) that S¥ =T,.
Forb=1,...,Bdo
Generate n samples eq, ..., en from standard normal distribution.
Compute statistics S¢ = ||S¢Y ||, while keeping Y = {Y7,...,Y,}
fixed, where S¢¥ =n=1/23""  e,(Y; — fig) and fip is the sample

mean of Y.
7: Obtain the approximated critical value ég(a) by the 100(1 — «)-th quantile of
{SeL,...,8¢BY with o € (0,1).
8: Reject Hy if ||SY || > é5(a).

4. Simulation Studies

We conduct numerical experiments to investigate the test performance for
typical multivariate functional data and graphical functional data with potential
high dimension. For both simulation studies, we set the mean function as 0 and
the time domain as [0, 1] with 30 equally spaced grids. The fraction of variance
explained (FVE) is set to be 80% or 90%. The empirical size or power is evaluated
via 1,000 or 200 runs respectively, at the 0.05 significant value.

4.1. Multivariate functional data

Following the expansion (2.2]), for ¢ = 1,...,n we generate a mean-zero
random vector 0; = (8},,...,0} )" € RP" with 6;; = (0;41,...,0:4,)" € R?, and
then the multivariate functional data X;(t) by

X;(t) = Z 0, @i(t), (4.1)

where {¢;(t)} are the first four non-constant Fourier basis functions. We let
p =4, L =4 and n = 200. The covariance matrix 3 € RPEXPL of 0, is determined

according to the following cases:

(i) Partially separable case: X, = diag(Xy,..., %) with X, = (0,(j, k)) €
RP*? and o0,(j,k) = cov{b;;,0ix} = 1727~ (Paynabar, Zou and Qiu,
2016).

(ii) Non-partially separable case: X,,s with the diagonal block being 3, ;, = 3,
in (i) and the non-zero off-diagonal blocks ¥ » = 351 = p(27 + 33) where
3 =3, —diag(X%;) and p > 0, which means that the covariance of 8, ; and
0, > is non-zero.
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Table 1. Empirical rejection rates(%) of x? type mixture test (x?) and high-dimensional
test (HD) for typical multivariate functional data.

p =0 (Hp) p=0.3 p=0.5 p=0.7
r FVE 2 HD x? HD X2 HD X2 HD
Normal

0.2 80% 4.5 3.8 150 105 51.0 38.5 85.5 78.0
90% 5.2 3.8 145 105 48.5  37.5 82.5 78.0

0.3 80% 4.4 4.1 425 26.0 89.5 83.5 100 100
90% 4.9 4.1 375 26.0 90.0 83.5 100 100

0.4 80% 4.8 3.7 70.0 525 100 99.0 100 100
90% 4.6 3.7 675 525 100 99.0 100 100

Multivariate ¢

0.2 80% 4.5 2.4 10.5 7.0 38.5 225 72.0 54.5
90% 4.3 2.4 125 6.5 36.0 22.0 72.0 53.5

0.3 80% 4.6 2.5  33.0 205 79.0 64.5 98.5 92.5
90% 4.3 2.4  30.0 195 76.0 64.0 99.0 92.0

04 80% 4.6 2.5 56.5 35.0 98.0 90.5 100 100
90% 4.0 2.2 53,5 34.0 98.0 90.0 100 100

One can see that the constructed X,,,5 is positive-definite and would be equal
to ¥,s when p = 0, yielding the null hypothesis. In addition, the parameter
r quantifies the correlation between multivariate objects. The departure from
partial separability would be stronger, i.e., the non-zero elements in 3; » would
be larger as p or r increases. Provided with the covariance 3, the vector 0; is
simulated from N(0,X) or the multivariate ¢ distribution. For the latter case,
we first generate a vector x from N(0,X) and a x? random variable u with a
degree of freedom v that is independent of @. Following |Lynch and Chen/ (2018)),
we use x/{u/(v — 2)}'/? as our multivariate ¢ vector such that its covariance
is 3, and take v = 6 in our simulations. Besides the partial separability test,
it is noteworthy that the covariance in case (i) is also separable according to
Proposition 1. Therefore, it would be interesting to conduct the separability test
on the simulated data; the corresponding results are included in Section S4 of the
Supplementary Material.

Table 1 displays the empirical rejection rate results with varying p and r
under the scenario of normal or multivariate ¢ distribution. We can see that the
x? type mixture test is able to control type I error well under different cases, while
the high-dimensional test tends to be undersized especially for the multivariate ¢
case. Besides, the empirical power rises rapidly as p grows from 0.3 to 0.7 or r
from 0.2 to 0.4, and the x? test performs uniformly more powerful than the high-
dimensional test, indicating the superiority of x? type mixture test for typical
multivariate functional data. Table 1 also shows that the tests achieve stable
Type I errors under different FVE, and perform slightly more powerful when
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Table 2. Empirical rejection rates(%) of x? type mixture test (x?) and high-dimensional
test (HD) for graphical functional data.

m=0.05 7=0.1 7=0.2 m=0.3
P FVE x? HD x? HD x? HD X2 HD
Size (p = 0)

25 80% 5.0 4.1 5.7 4.4 4.8 4.6 4.6 4.4
90% 5.5 4.1 5.6 4.4 5.0 4.6 4.8 4.4
50  80% 5.9 5.2 4.4 4.3 4.8 4.1 3.8 5.3
90% 6.1 5.2 4.9 4.3 5.3 4.1 4.2 5.3
100  80% 4.1 3.9 4.4 4.0 4.5 3.9 4.5 4.2
90% 4.4 3.9 4.5 4.0 5.4 3.9 4.6 4.2
Power (p =0.3)
25 8% 30.0 580 30.0 555 185 25.0 12.0 16.5
90% 455 970 520 980 685 985 87.0 100
50  80% 16.5 83.0 24.0 715 30.0 66.5 42.0 63.0
90% 185 95.0 32.0 98.5 445 99.5 65.0 99.5
100 80% 125 92.0 21.0 945 32,5 945 435 89.5
90% 140 950 225 985 345 995 435 100

FVE= 80%. Note that the selected L, has an average of 2 or 3 respectively for
FVE= 80% or 90% in 200 trials. As the non-separable components occur in the
off-diagonal block X, , for ¥,,,,, the power is reasonably better when L,, = 2 is
mostly chosen, i.e., FVE= 80%. Our additional result indicates that the proposed
FVE criterion is adaptive to different decay rates and effectively determines the
value of L, ; see Section S3.2 of the Supplementary Material.

4.2. Graphical functional data

We start with the multivariate functional model with L = 11 and then
add the graph structure on 8;; by the following procedure. Given the node set
V ={1,...,p} and a sparsity parameter 7, we first randomly generate an edge
between any two nodes with probability 27 /(p — 1) so that there are 7p edges
on average. Based on such a graph G = (V, E), we then generate a sequence of
edge sets {E;},—1,. 1 so that E = UlelEl, and a sequence of precision matrices
{}i=1,.. 1 for each Ej; for brevity we omit the details of the generating algorithm
which can be found in|Zapata, Oh and Petersen|(2022). Then we generate a mean-
zero pL-variate Gaussian vector ; with the covariance matrix 3 as follows:

(i) 2,, = diag(X4,...,X.) with X, = 3172Q; ' € RP*?,

(ii") X,,s with the diagonal block ¥, in (i) and the off-diagonal blocks X, 3 =
331 = p(X5 + 33), where 37 = X, — diag(X;) and p = 0.3.

To study the test power under a different alternative case, in scenario (iif)
we impose the signal at the 1st and 3rd components, which generalizes the non-
partially separable case (ii) in Section 4.1. Besides the correlation parameter p,
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the violation of partial separability is also influenced by the sparsity level m, that
is, the number of nonzero elements in €2; and €2, := E;pls would grow when 7
becomes larger.

As suggested by Table 2, both tests control the type I error well, whereas
the high-dimensional test performs uniformly more powerful than the x? type
mixture test, especially when 7 is small (e.g., 7 = 0.05) which corresponds to
a rather sparse graph. Moreover, as p increases the high-dimensional test has a
stable power, by contrast with x? type mixture which becomes less powerful for
larger p (especially for FVE=90%). These results demonstrate the superiority of
high-dimensional test for graphical functional data. In addition, we can observe
an obvious improvement of power from FVE= 80% to 90%. Since the non-
separable components in (ii) occur in X, 3, and the selected L,, is 2.6 or 4 on
average respectively for FVE= 80% or 90%. As expected, the tests behave more
powerful when L,, > 3 is mostly chosen, i.e., FVE= 90%. This also indicates that
the claim of partial separability should be a comprehensive conclusion across
different FVE or L,. In addition, we investigate a more complex simulation
setting that mimics the graph structure in the real application (see S3.1 of the
Supplementary Material), and the obtained results are consistent with the above
findings.

5. Real Data Examples
5.1. Multichannel tonnage profiles

The multichannel tonnage profile data were previously studied for Phase-I
monitoring change detection (Lei, Zhang and Jin), 2010; |Paynabar, Zou and Qiu,
2016). This dataset contains a collection of four-channel tonnage profile curves,
each of which is recorded by a strain gauge sensor mounted on one column of the
forging machine. The data sample used in the analysis includes 151 in-control(IC)
profiles under the normal condition, followed by one of five out-of-control (OC)
groups with 69 profiles, resulting in n = 220 subjects. Following [Paynabar, Zou
and Qiu| (2016]), we consider the data of Fault 4 group, which contains the most
similar profile curves to the normal condition and thus is difficult to separate.
To reduce the measurement noises, we use B-spline functions with 30 bases to
smooth each curve, reducing each profile function to 200 equally spaced time
points.

To account for the multivariate dependence within multiple profile curves,
Paynabar, Zou and Qiul (2016) propose a change point model which embeds
multidimensional FPCA into the binary segmentation procedure. As pointed
out in Section 2.3, partial separability is assumed to borrow information from
all channels, and plays a central role in the construction of change detection
statistics. It is thus necessary to examine the validity of the assumed partial
separability structure. Since the multivariate data contains p = 4 channel profiles
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Table 3. The p-values of partial separability tests based on x? type mixture with different
truncation levels for multichannel tonnage data.

Channels L, 2 5 8 11 14
(1,2,34) FVE 52.1% 76.2% 83.9% 89.0% 93.1%
p-value < 0.001 <0.001 <0.001 <0.001 <0.001
(2,3,4) FVE 58.2% 76.5% 85.1% 90.2% 93.7%
p-value  0.380 < 0.001 <0.001 <0.001 <0.001
(3,4) FVE 57.0% 76.8% 85.8% 91.0% 94.2%
p-value  0.800 0.378 0.366 0.356 0.351

and exhibit typical multivariate functional data patterns, we perform the test
based on x? type mixture as suggested in Section 4.1. As the mean function of
IC and OC groups are different, the IC and OC profile data are firstly centralized
separately by subtracting the corresponding sample mean.

Table 3 displays the test results with different truncation levels and different
subgroups of channels. As shown by the first row, the hypothesis of partial
separability is rejected for the whole dataset with all 4 channels across all
levels of truncation. This suggests that it may not be appropriate to assume
a partial separability structure directly on the 4-variate profile curves. To give
a more comprehensive analysis, we also conduct the x? type mixture test on
the subgroups of channels (2,3,4) and (3,4). It can be seen that for channels
(2,3,4), the p-values are less than 0.001 when L,, > 2, i.e., the FVE is larger than
60%); while the null hypothesis is not rejected for channels (3,4) across different
truncation levels, which supports the validity of partial separability assumption
on this subset of 2-variate functional data.

To give some illustration of the partial separability structure, we compare the
eigenfunctions resulting from the marginal covariance H(s,t) = 1 CA’jj(s,t)
defined by with the univariate FPCs of each channel, as shown in Figure
1. The univariate FPCs are matched in order by minimizing the integrated
square errors with the eigenfunctions of H. Tt can be observed that, despite an
overall common pattern for the first eigenfunctions, the disparity becomes evident
from the second column of eigenfunctions for channels (1,2,3,4). Specifically,
the second eigenfunction of channel 1 (black dashed line) has an obvious drift
compared to other channels, and the difference becomes more significant for the
third eigenfunction. This illustrates the violation of partial separability which
assumes all profile channels have common eigenfunctions. As for the middle row
of channels (2,3,4), the inconsistent variation emerges at the third eigenfunctions,
which supports our findings of the non-partial separability when L, > 2. By
contrast for channels (3,4), the first three univariate FPCs and eigenfunctions of
H all exhibit a similar pattern, which provides evidence for the partially separable
assumption on this subgroup.
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Figure 1. Estimated eigenfunctions of the marginal covariance H and univariate FPCs
of each channel for tonnage data.

5.2. EEG dataset

To investigate the performance of our method for graphical functional data,
we apply the proposed partial separability test to the EEG dataset from an
alcoholism study (Zhang et al.. [1995]). This study consists of n = 122 subjects
with 77 in the alcoholic group and 45 in the control group. For each subject,
voltage values are measured from p = 64 electrodes, which are recorded at
T = 256 time points for one second. Hu and Yao (2022) propose a sparse high-
dimensional FPCA approach to extract the dynamic features of EEG signals.
Qiao, Guo and James (2019) apply a functional graphical model to identify
the connectivity between different brain regions of interest. The functional
graphical model is further developed by |Zapata, Oh and Petersen|(2022) under the
partial separability assumption, as discussed in Section 2.3, which theoretically
overcomes the noninvertibility of infinite-dimensional covariance operator and
is demonstrated to perform better for functional data with higher variance
explained.

We conduct the same data preprocessing as Qiao, Guo and James (2019)
using an « band filtering and consider the average signal of all trials under
the single stimulus condition. Then the eigendecomposition is performed on
the marginal covariance H , which shows that the FVEs for L, = 3,6,9 are
respectively 58.9%,81.5%,93.7%. As suggested by the simulation results in
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Table 4. The p-values of the partial separability test (PS-T) and the separability test
(Sep-T) of |Aston et al.| (2017) with different L,, for EEG data.

L, 3 6 9
PS-T 0.135 0.121 0.110
Sep-T < 0.001 <0.001 <0.001

Section 4.2, we apply the high-dimensional test for the partial separability under
these L, ’s, resulting in the corresponding p-values as displayed in the first row
(PS-T) of Table 4. These results indicate that assuming partial separability with
an adequate truncation level could be a justifiable approach for a subsequent
functional graphical model in |Zapata, Oh and Petersen (2022). We also notice
that the p-value for the y? type mixture test is less than 0.05 when L,, is larger
than 6, which may be due to a relatively small sample size (n = 122), compared
with the length of T}, being ¢ = 31200 when L, = 6.

One intriguing finding is that the separability assumption is demonstrably
inappropriate by the separability test proposed by |Aston et al. (2017). The
corresponding p-values are shown in the second row of Table 4, while additional
details are provided in Section S4.2 of the Supplementary Material. This
result provides additional evidence that partial separability is more flexible than
separability in accommodating the cross-covariance structure of the multivariate
functional data.

6. Discussion

The proposed tests of partial separability can significantly influence the
subsequent analysis of specific problems. Our further studies on the multichannel
tonnage data in Section 5.1 reveal that misuse of the partial separability assump-
tion can potentially lead to incorrect change-point detection; additional results
are included in the Supplementary Material. When dealing with sparsely observed
functional data, our test may be extended by utilizing smoothed covariance
estimators based on pooled data (Yao, Miller and Wangj, 2005). However, the
distribution of the test statistic may be affected by inflated estimation errors,
which require further investigation. Another theoretical challenge arises when the
truncation level is allowed to diverge to infinity, which reflects the nonparametric
nature of functional data. This would lead to more complicated convergence
results for the FPC according to the perturbation theory (Hsing and Eubank,
2015)), necessitating more involved technical developments for the corresponding
test.
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Supplementary Material

The Supplementary Material contains the proofs of Theorem 1 and Corollary
1, additional numerical results for spatially correlated functional data, high
dimensional functional data, decay rates of eigenvalues and the relationship
between partial separability and separability, as well as subsequent analysis for
partial separability and separability tests on the specific applications.
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