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S1 Technical lemmas

Lemma 1. Suppose A is a p X r matrix with rank r and B is a p X p non-
zero positive semi-definite matriz. Denote by A = UpaDaV A the singular
value decomposition of A, where Upx and Vo are p X r and r X r column
orthogonal matrices, respectively, and D4 is a r X r diagonal matriz. Let

Pa = UaU, be the projection matriz onto the column space of A. Then

max a'Ba = A\ (B(I, — Pa)).

aTa=1,aT AATa=0

Proof. Tt can be seen that a' AATa = 0 if and only if a = (I, — Pa)a.
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Then

max a'Ba= max a (I, —PA)B(I, — Pa)a, (S1.1)

aTa=1,aT AATa=0 aTa=1,Ppa=0

which is obviously no greater than A; ((I — Po)B(I —P4)). To prove that
they are equal, without loss of generality, we can assume \; ((I —PA)B(I-
P A)) > (. Let oy be one eigenvector corresponding to the largest eigenvalue
of I—PA)B(I—Pp). Since (I —PA)B(I—-Ps)Pa = (1 —Ps)B(Pa —
Pa) = O,x, and P, is symmetric, the rows of P, are eigenvetors of
(I—PA)B(I—P4) corresponding to eigenvalue 0. It follows that Paa; = 0.
Therefore, «; satisfies the constraint of and thus is no less
than A; ((I — PA)B(I — P4)). The conclusion now follows by noting that
M (I—Pa)B(I-Pa)) =\ (B(I-Pa)).

O

Lemma 2. Let &, ;,i=1,...,n,n=1,2,..., be wtd s-dimensional random
vectors with mean zero, covariance matriz M and finite fourth moment. For

n=12,..., let {a,;}, be real random variables which are independent of

{&n.i}ty and satisfy

2
maxi<i<n an,i P

ST o — 0. (S51.2)

Then

n n

(Z a72m>_1/2 Z n,i&n,i =t N, (05, M).

i=1 i=1
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Proof. First we observe that if {a,;}, are fixed numbers satisfying (S1.2)),

then Lyapunov central limit theorem and continuity theorem imply that for

any t € R?,

E [exp ((é afm)’l/2 i an,iitTfnJ-)] — exp (—%tﬁ\/[t) )

We only need to prove that for every subsequence of {n}, there is a
further subsequence along which the conclusion holds. Let {m(n)} be a
subsequence of {n}. We can find a further subsequence of {m(n)} along
which holds almost surely. Then along this subsequence, our previous
argument implies that for any ¢t € R?,

E [exp ((i ai,i)_l/z i an,z”ifon,i)

i=1 =1

1
A1, - - ,an,n] — exp (—ﬁtTMt>

almost surely. Then by dominated convergence theorem, we have

n n 1
E [exp ((Z aiﬂ_)—l/? Z anﬂ'it—rfnﬂ')] — €Xp <—§tTMt)
i=1 i=1

along this further subsequence. This implies the conclusion holds along this

further subsequence, which completes the proof.

Lemma 3 (Weyl’s inequality). Let A and B be two symmetric n X n ma-



4 Rui Wang AND Xingzhong Xu

trices. If r+s—1<1i<j+k—n, we have
Ni(A)+M(B) < N(A+B) <A (A) + M(B).
See, for example, Horn and Johnson (2012) Theorem 4.5.1.

Lemma 4 (von Neumann’s trace theorem). Let A and B be two m X n
matrices. Let o1(A) > ... > 0,(A) and 01:(B) > --- > 0,(B) denote the

non-increasingly ordered singular values of A and B, respectively. Then

min(m,n)
r(ABT) < )~ 0i(A)oi(B).

i=1

See, for example, Horn and Johnson| (2012) Theorem 7.4.1.1.

Lemma 5. Let {Z;}?, be iid m-dimensional random vectors with com-
mon distribution Ny, (0, Ly,).  Then for any n-dimensional vector w =

(Wi wn) ', we have

= Op(|wlav/m + |wleem),

Zn:wi(z,-zj ~1,)
i=1

where |wly = /Y i w? and |w]e = maxi<j<y, [wil.

Remark 1. Our proof implies that the conclusion is still valid if w is random

and is independent of {Z;}7,.

Proof. Our proof is adapted from the proof of Theorem 5.39 in |Vershynin

(2010). By Lemma 5.2 and Lemma 5.4 of Vershynin| (2010), there exists a
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set C C {x € R™ : |z], = 1} satisfying Card(C) < 9™ such that for any

m X m symmetric matrix A,
Al < Qmacx |z " Azl (51.3)
Te

Then for t > 4,

.

Zn:wi(zizj ~1,)
=1

> 1wl + |w|oom>>

<Pr (2 max Zwi(:cTZiZ;:c — 1) > t(|wlav/m + |w|oom)>
xe
=1
= t mt
<N"p (T ZZ 2 —1)| > 2wlor | L + 2w]e s
<o ([SuteT e ) > s b

<2. 9" exp (_%t> — 2exp ((2log3 — t/4)m)
where the first inequality follows from , the second inequality follows
from the union bound and the third inequality follows Lemma 1 of |[Lau-
rent and Massart| (2000). The upper bound 2exp ((2log3 — t/4)m) can be

arbitrarily small as long as ¢ is large enough. This completes the proof. [J

S2 Proofs of Propositions 1-4

Proof of Proposition [1 We only need to deal with the matrix n™'Z" AZ

since it shares the same non-zero eigenvalues as 3. Write
nZ'AZ =nT'Z A2y 0T 2y AyZs

:n*1Z1TA1Z1 + 77,71 tr(Az)In + nil (ZQTAQZQ - tr(Az)In) .
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Then Weyl’s inequality implies that for i =1,...,r,

})\Z (TL_IZTAZ) — )\z‘(TL_IZIAlzl) — n_l tI‘(AQ)l
(52.1)
<n~'|Zy AsZsy — tr(A5)L, ]|

Using Weyl’s inequality, we can derive the following lower bound for \;(Z{ A1Z,),

N(Z{ A1 Zy) >N(Z] diag(NLi, O iy (r—iy) Z1)
:/\i<)\iZ1TZ1 — NZ] diag(Osxi, IT_Z»)Z1>
>0 (NZZ0) + Ansir (= A2 ding(01,)21)
=AM (Z0Z]).
Similarly, we can derive the following upper bound for \;(Z{ A1Z,), i =
1,...,r.
N(Z{ A Zy)
=\ (ZlT diag(A1, ..., Aic1, Op—it1)yx(r—it+1))Zn
+ Zy diag(Ogi-1yx(i-1): Nis - - - 7Ar)zl>
<i(Z] diag(Ar, . A1, O isnyeri40) %1 )
+ X1 (2] ding(Og 11 Aiv- 5 A)Z )
<Ai(Z] diag(Oi—1)x(i-1)s Ailr—i1)Z1)

<ANMI(Z,Z)).
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The above lower bound and upper bound imply
|)\i(n71Z1TA1Z1) — )\Z‘
<Aimax (A (nT'Z0Z)) — 1] A\ (n7Z0Zy) - 1))

=\i|[n'Z,Z] — 1.

Combining the bounds ([S2.1)) and (S2.2)) gives that for i =1,...,

‘)\i (nflzTAZ) . tr(A2)|
<n||Zg AoZs — tr(AD)L, || + Nl 20 2] — L.

From Lemma [5 we have

"
In'Z,Z] —1,|| = Op (\/g) ,

2
n_l ||Z;—A2Z2 — tr(Ag)InH = Op ( w + >\7~+1) .

This proves the first statement.

Next we prove the second statement. Note that
dNE) =D NlnTt 2TAZ)
i=r+1 i=r+1

=tr(n"'ZTAZ) - > Ni(n' Z'AZ)

i=1

— tr(n" Z] AoZs) — - tr(As)
n

(S2.2)

(52.3)

(S2.4)

— <§ Ni(nT ZTAZ) — tr(nTZ A Zy) — ftr(A2)> :
n
=1
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It follows from inequalities ((S2.1)) and (52.4)) that

S N7t ZTAZ) — te(n 2 AV Zy) — %tr(Ag)

=1

2
s% 125 AsZs — tr(A2)L,|| = Op <r “(22) + mm) .

Thus,

~ s tr(AZ
Z )\1<E) = tI’(TL_IZ;AQZQ) — %tr(Ag) + OP (7’ r(n 2) + T)\T+1) .

i=r+1

It is straightforward to show that

2
Etr(n™'Zy AyZy) = tr(As), Var (tr(n™'Zy AyZs)) = - tr(A3).

:tl“(AQ) + Op < tr(é\%)) — %tr(Ag) + Op (7’ tl"(:l\%) + T)\rJrl)

tr(A3
:tr(Az) — %tr(A2> -+ OP <7" % + TAT+1> .

This completes the proof of the second statement. O

Proof of Proposition [2. The first two statements are direct consequences

of Proposition (1| and the condition r = o(n). Next we prove the third state-

— —

ment. We have tr(A2) =n=23"" A (YTY—tr(A,)L,). Note that Weyl’s

i=r+1""
inequality implies that for i =r+4+1,... n,

— — L —

Ni(Zg AoZo —tr(A)L,) < M(YTY —tr(A)L,) < Ny (Zg AyZy —tr(As)TLL).
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Define

Clz{izlgign, A (z;AQZQ—tr(/E)In> >o},

ng{izr—i—lgign, )\i_T<ZQTA2Z2—tr(/A\2)In) go}.

It can be seen that C; NCy = 0 and Card(C; UCy) > n—r. Fori >r+1

and i € Cy,

N(Z3 AsZo—t1(A)L,) < N(YTY —2(Ag)L,) < N2, (Z] AoZo—tr(Ag)L,);

for i € Cs,

o — — —

N (Zg AsZy—tr(A)L,) < XNA(YTY —tr(Ag)L,) < MA(Zg AoZo—tr(Ay)L,);

fori >r+1and i ¢ CyUCy,

N(YTY — tr(Au)L)

< max (A?fT(Z;Agzg — tr(AD)L,), NA(Z] AsZs — tr(A)T,)
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Therefore,
zn: A2 (YTY - tr/(\Ag)In> —tr(Z] AoZiy — tr(Ag)T,)?
i=r+1
< Y x <YTY (A1 ) SN (ZTAQZQ (AL, )
i>r,1€Cqy 1€Cy
Y N (YTY — (Al ) R (zTAQZ2 — (AL, )
i>r,1€Cs i¢C1

Y X (YTY—tr(/A\Q)In>

i>r,i¢C1UCs

<3723 AaZo — tr(Ag)L, |
<3r (123 Ao — tr(Ao)T, | + [fr(As) — ir(A5)| )
=Op (rntr(A3) + rn°A2,)) .

(S2.5)
where the last equality follows from and the second statement of the
proposition.

Now we deal with tr(Zy AyZy — tr(/A\g)In)Q. Let Zs; be the ith column

of Zo, 1 =1,...,n. Then

n

t1(Zy AsZo—tr(A2)L,)* =Y (2 AoZo;—tr(A2))*+2 > (Z3,M275;)".

i=1 1<i<j<n
For the first term, we have

n

> (2. AosZs;—t1(Ag))? < 22 23 Mo Zo s—tr(As))*+2n(tr(As) —tr(As))2.

=1 =1

Then it follows from the second statement of the proposition and the fact
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EZ?:I(Z;iAZZQJ — tI’(Ag))Z =2n tI'(A%) that

N (23 A2 Zs; — 1(A5)) = Op ((n+72) tr(A3) + rnA2,,) . (S2.6)

i=1
For the second term, it is straightforward to show that E23 7, ;. (Z5;A275 ;) =
n(n — 1) tr(A3). Furthermore, |Chen et al.| (2010), Proposition A.2 implies

that

Var (2 > (ZQTZ.AQZQJ.)z) =0 (n® tr*(A3) + n’ tr(A3))

1<i<j<n
=0 (n® tr*(A3) + ntr(A3)n’AZ,,)
=0 (n*tr*(A3) + n*AL,,) .

Thus,

2 > (Zy;A375;)" = n”tr(A3) + Op (ntr(A3) +n’AZ,,) .

1<i<j<n

Combining the last display and (52.6) yields

—

tr(Zg AsZy—tr(As)L,)? = n? tr(A2)+0p ((n+7%) tr(A3) + (n+r7)nA2,,).
Combine the last display and ([S2.5)), we have

Z A (YTY — tr/(\Ag)In> = Op (rntr(A3) +rn’X2,) .

1=r+1

This completes the proof.
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Proposition 6. Suppose that r = o(n) and r A1/ tr(As) — 0. Then

A (A
||PY71 N P*YJH _ OP ( +1+n I'( 2)) ,

AT + n-1 tr(Ag)
where

L
Py, =U L+Q'Q) " (Ir QT> U’
Q

Proof. The following intermediate matrix

3o =n YU AYPZ,ZT AYPUT 4 0 UL AP 2,20 AU

+ 0 UL AY P ZoZ] AYPUT + 0 ' UAY P25V, Vy, 73 AP UJ

plays a key role in the proof. It can be seen that

Consequently, 3 is a positive semi-definite matrix with rank r, and Py,
is the projection matrix onto the rank r principal subspace of 3.
From |Cai et al.| (2015]), Proposition 1, we have

2||3 — 33|

[Py1— Py, < =
’ Ar(20)

(S2.7)
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We have the following upper bound for || — 3|

A ~

13 — X
—— HUQAg/ 22,2 AY*U] — U,AY?Z,V 5, V] 7] A;/ZU;H

:n_l

AY?Zy(L, — V2,V )73 Ay

<nt||Zy AsZs|| (52.8)
Sn_l ||Z;—A2Z2 - tI’(AQ)InH + n_l tI‘(AQ)

tr (A2
:OP ( ! (n 2> -+ Ar—‘,—l -+ TL_l tr(A2)>

=0p (Ar1 + 0 r(Ag)),

where the second last equality follows from (S2.4) and the last equality

follows from

\/tr(A%)S\/ATHUF(AQ)S

n

(Ar1 + 17 r (Ag))

Now we deal with A,.(2,). We have

M(E0) <A (0 HZZ)) AR, + QT QA (Z,2])1?)

=\ (N2 Z] ) PAN(Z0Z]) Y + 07V, Zg Ay ZyV 7))

It can be seen that ZyVy, is a (p — r) x r random matrix with iid A/(0, 1)
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entries. Then Lemma [f] implies that

"V, Zy AsZo V7, — " tr(As)L ||

=Op (nly/r tr (A3) + rnl)\Hl)

=0p (n_l A1 tr (Ag) + rn_l)\,url)

(52.9)

=op (n” ' tr(Az)),

where the last equality follows from the condition A,/ tr(A2) — 0. Then
it follows from Weyl’s inequality that

A(Zo) = A (RHZIZ])PANZ0Z]) 2 + 0 (AL

<|[n'Vz2, 25 AsZyVz, — n tr(Ag)L ||
=op ("' tr(As)) .
On the other hand, and imply that
A (nHZ 2]V PANZZ) )P + 07 (AT
=\ (n7'Z{ AvZy) + n7t tr(Ay)
=X, +op(A) +n 7t tr(Ay).

Hence we have

A

A (20) = (1 +o0p(1) (A +nHr(Ay)). (S2.10)
Then the conclusion follows from ([S2.7), (S2.8) and (S2.10)). O

Proof of Proposition [3. Note that

HPY,l - P;,l

< ||PY,1 - P*Y,lH + HP§(,1 - Pim
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Under the condition tr(As)/(n\,) — 0, Proposition [f] implies that

[Py~ Py = On ()\r+1 . tr(AQ)) .

A, nA,

So we only need to deal with [Py ; — P;JH. We have

[Py - Pl

<[Py, -u - (L QT)UTH+HU " (IT QT)UT—PQJH
Q Q

" (arera 1) (1 a7) |+ lvearus]
Q

-[(t+Q@) " -1) 1, +Q7qQ) |+ |u.QQ U]|
=2[lQ"qf|-
Note that
1Q7QI = || A A(ZuZ]) 2V 2] AoV, (ZaZ]) A |
N (ZaZ)) 7 [[V2, 22 AsZo Vo, || (S2.11)
tI‘(Ag)
—0,, (HA2)
P( n\, ) ’
where the second last equality follows from the fact [|(Z,Z]) 7] = M\ (Z,Z] ) !

(1S2.3), (S2.9) and Weyl’s inequality. Therefore, we have

e 00 (2).

This completes the proof.
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Proposition 7. Suppose that r = o(n) and nA. 1/ tr(Ag) — 0. Then

, tr(Ag)
|Pya— Pyl = Op <mm ( %1)) .

~ ~ ~ -1 .
where Py, = Uy AY*Z, Vs, (Vglz;FAszzl) VL Z]AY?U].

Proof. We only need to prove that for any subsequence of {n}, there is a
further subsequence along which the conclusion holds. Thus, without loss
of generality, we assume tr(Ag)A;/(nA?) — ¢ € [0,+00]. Since Py, and
P% , are both projection matrices, we have ||PY72 - P§,2H < 2. Therefore,
the conclusion holds if ¢ > 0. In the rest of the proof, we assume ¢ = 0,
that is tr(Az)A;/(nA?) — 0.

Note that Uy » is in fact the leading n—r eigenvectors of (I,—Py 1 )3(I,—

Py 1). Under the condition n\, 1/ tr(Az) — 0, Proposition [3] implies that

— Op (tr(iz)) .

HPY,I - Pi(,l

It can be seen that

H(Ip - PY,I)z(Ip - PY,l) - (Ip - Pi{,l)gap - Pi(,l)

< H(Pir,l — Py1)S(PL, — Py.)

+2||(PL, - Pra)S(T, - PL )
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Under the condition n\, 11/ tr(Ay) — 0, Proposition [1] implies that

A A tr(A A
15 =, [ 14 B \[ o ) Ao
1 A1

=i (1 + op(1)).

Then
~ 2
|®L. = Py)SPL, — Py <IS) [PL, - Pya
$2.12
tI‘ (Az)Al ( )
“Or\ T )
On the other hand, we have
H(P;,l - PY,I)EAJ(IP - Pim)‘
<|[PL, = Py In'uAzZ) ||Zz7 A 20T 1, - P )
~ |11/2
— HPT —Py.| |3 ||zTA U, - P )
tI‘(Ag)
=Op (TQA HZTAI/QUT(I -PL))|
It is straightforward to show that
Z"AVPUT(I, - PL )
(S2.13)

=V, V3. 23 AY?US — 7] AyZ, 2. (Z,Z]) AP
Then

|z7avuT @, - Py )

<23 Moo+ A 12T AsZe || (212 ])

It follows from (S2.4]) and the condition nA, 1/ tr(As) — 0 that

1Zg AsZs|| = (1 + op(1)) tr(Ay). (S2.14)
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Consequently,

|z" AT, - Pl )

=Op (tr'/?(A)) + Op (tr(A2)>

vV,
:Op (trl/Q(A2)> .
Thus,

tr3/2(Ay) A}/
= Op <—n3/2>\7« . (S52.15)

Combine ([52.12)) and (52.15)), we obtain

[Pl —Pvosa, - PL)

| @ =Py, - Pya) - 4, - PL)SE, - PL )

n2A2 n3/2,
Now we deal with (I, — P, )3 (I, — Py ). In view of (S2-13), we have
(L, - PL )3(L, - P )
—n"UAY 25V 2,V Zg Ay °UJ — 07 U,Ay* 2,V 4, V], 7] Ay *QUT
—n T ULQT A2V, Vi 2T AU + 07 ULQTAYPZ,Z) AYPQUY
Then
| =Pl - PL ) —n A 2 Ve, V20 A5 U] |

<n”!

A2V, V2] AY2Q + i || QTAY 22T A Q|
<n 71 Zs AZof|| QT QI + 172 A Zo]|| QT Q|
:OP trg/g(AQ) ’

713/2)\,1«/2

where the last equality follows from (S2.11f) and ((S2.14)).
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Combine the above bounds, we obtain

H (I, — Py1)S(I, — Py.) — n~'U,AL?Z,V,, V] 2] AY?U] ‘

o, (AN tr3/2(Ag) A}/ (52.16)
—r n2A2 n3/2Z\, '

The matrix n*1U2A§/2Z2\~/’Zl\7;I Z;A;NUQT shares the same non-zero eigen-
values as n’l\?ng;AQZQVZI. Note that Z,Vz, is a p X (n — r) random
matrix with iid A(0,1) entries. Then it follows from Lemma [5| and the

condition nA,;1/tr(Az) — 0 that

Hn*(/;z;AQZQVZI (AL,

:Op (n_l/Q\ / tI‘(A%) + Ar—i—l)

(52.17)
:Op <TL_1/2\/ )\,drl tr(Ag) + ATJF]_)
=op (n” ' tr(As)) .
This bound, combined with Weyl’s inequality, leads to
Aner (mlvglz;Angvzl) = (14 op(1))n L tr(A,). (52.18)

It can be seen that the matrix P% , is the projection matrix onto the rank

n—r principal subspace of n_1U2A§/2Z2\~/z1\~/;1Z;Aé/zU;. Therefore, |Cai



|20 Rui Wang AND Xingzhong Xu

(2015)), Proposition 1 implies that

IPye = Py,

2|(L, = Py.) (1, — Pya) — n7'UsAy "2, V5, V1, 2] A)°U]

<

)\nfr <n71U2A$/2Z2VZ1v—Z|—1 Z;—Aé/2U;>

:Op (tr(Ag)Al i tl"(A2)A1>

2 2
nA2 nA2

where the second last equality follows from ([S2.16)) and (S2.18)). This com-

pletes the proof. n

Proof of Proposition [{]. By some algebra, it can be seen that

= (tr(A2))”

B ntr(A2)  nX.
_0P< tr(As) +tr(A2)>

_ n>‘7"+1
_OP < tI‘(Ag)) ’

where the second last equality follows from (52.17)) and the last equality fol-

lows from the fact y/ntr(A3)/tr(As) < +/nX.11/tr(Az) and the condition

V/nAri1/tr(Ay) — 0. Then the conclusion follows from the last display

HP§{,2 - P;,z \7;1 ZQTA2ZZVZl —tr(A9)L,_,

and Proposition [7]
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S3 Proofs of Theorems 1 and 2

It can be seen that XJC is independent of Y. We write XJC = OC +
UA'Y2Z!, where Z' is a p x (k — 1) matrix with iid A(0,1) entries and is
independent of Z. Then
C'J'X(I, - Py)XJC
—ZTAYV?UT (1, — Py)UAY?ZT + CTO'(I, — Py)OC (53.1)
+C'O'(I, — Py)UAY?2ZT + ZITAV?UT(1, - Py)OC.

It can be seen that the first term of (S3.1]) can be written as
ZITAYPUT (1, — Py)UAY?ZT = Z)\ (I, — Py))min,

where 7y, ...,1, are independent Nj_;(0x_1,I;_1) random vectors and are

independent of Py.

Lemma 6. Suppose that nA;/tr(%) — 0. Then

tr (I, — Py)X(I, — Py)) = tr(X) — ”ttrl"((;) ) +Op (n()\l —Ap) t?&%)) ,
tr (I, — Py)X2(I, — PY>>2 = tr(X?) — % + Op(nA1 (A1 — Ap)).

Proof. First we approximate Py by a simple expression. We have
[Py = () VY = VYY) YT — (1) VY|

=(tr(Z) " ||[YTY — tr(Z)L| -
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Then from Lemma [5, we have

[Py — (tx(2) ' YY || =(tx(2)) " ||2T2Z — t2(Z)L, |

B ntr(X2)  nX
=Or tr(X) tr(Z))
0 nAptr(X)  nX (832)
—r tr(2) tr(X)
n)\l
=Or tr(E)) ‘

Now we deal with tr ((I, — Py)X(I, — Py)). It can be seen that

tr ((Ip - PY>E<IP - PY))

=tr (X) — tr (XPy) (S3.3)

s - (2- ) ) - s

For the second term, we have

(o)) e (o)
_ ‘tr ((z - ttrr<g)) Ip) (Py — (tr()) ! YYT)> ’
(=%

<mz- 05,

:OP (n()\l — )\p) %) s

where the last inequality follows from von Neumann’s trace theorem and

the fact Rank (Py — (tr(2)) " YY) < 2n, and the last equality follows

from (S3.2) and the fact tr(X?)/ tr(X) € [A,, A1]. On the other hand, it is
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straightforward to show that

E ((tr(E))l tr ((2 — %Ip) YYT>) =0,

and
Var (<tr<2>>1 tr ((QE - t;g)) Ip) YYT))
“wm (2 )
:tr22 (nz:) z_; A (Ai - ttrr(g)))
21 (A1 — A,)?
tr(X)
Thus,

tr(X?) ni;
> I, Py) = . AL
e (= ) pr) =0 (““l M)
Then the first statement follows from the last display and (S3.3).

Next we deal with tr (I, — Py)3(I, — Py))>. We have
tr (I, — Py)X(I, — Py))* = tr(X?) — 2tr(2*Py) + tr((ZPy)?).

From von Neumann’s trace theorem, the second term satisfies

_ ’tr ((EQ @Ip) Py> ‘ < nAL (AL — Ap),

n tr?(X?) B
tr2(X)

tr(ZPy) - tr*(2)
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and the third term satisfies

tr((EPY)2) —_ =

[ ((=+ ) P (=~ S )|

§27L>\1 ()\1 — >‘p)

This completes the proof of the second statement. O
Proof of Theorem [1] In the current context, Lemma [6] implies that

tr (I, — Py)S(IL, — Py)) = tr(Z) — "ttrr((; ) 4 op(Vir D), ($3.4)

tr (I, — Py)2(I, — Py))”> = (1 + op(1)) tr(X?). (S3.5)

The fact A\ (I, — Pyv)X(I, — Py)) < Ay and (S3.5)) imply that the first
term of (S3.1]) satisfies the Lyapunov condition

M (I, —Py)E(L, —Py)) Al P o,
Vi (@4, = Py)S(I, - Py))?) VI +op(1) (5]

From Lemma 2 we have

ZITAYV2UT (I, — Py)UAY2ZT —tr (I, — Py)S(L, — Py)) Ly ¢
— kal-
Vi (1, = Py)S(1, - Py))*

Then it follows from (53.4)), (S3.5) and Slutsky’s theorem that

ZiTAY2UT (1, — Py)UAY?Z! — (61(S) — 0 tx(E?)/(E) Ly g
tr(X2?)
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Next we consider the second term of (S3.1). Note that

[cTe"(I,-Py)@C-C’O@'eC| =||cCTe'Y(Y'Y)'Y'ecC]|.
We have
[cTOTY(YTY)'YTeC —u(2)"'cTe'YY eC|
<|cTeTyy'ecC| (YY) - tx(Z) 'L
<|z® " cTeTyY ocC| (YY) [YTY — tr(D)L,]|.
From Lemma [5], we have

IYTY — tr(2)L,|| =||ZTAZ — tx(Z)L,||

=0p(/n1(2) + nAy)
=op(tr(X)).
Then ||[(YTY) ™| = A\, (ZTAZ) = (1+ op(1)) tr(X). Therefore,
[cTeTY(Y'Y)'YTeC - u(x) 'cTe'YY OC]|
=op ([[tr(Z)"'CTOTYYTOC|).
Note that the columns of C'®TY = CT@TUAY?Z areiid NV;_,(0;_,,CTOTZOC)
random vectors. Hence we can write CTO®TY = (CT@®"XOC)Y2Z*, where

Z* is a (k — 1) x n random matrix with iid N'(0, 1) entries. Then
n

tr(X)'Cc’eO’'YY'OC — =)

CTGTEG)CH

n

)
—op (tr&) HCT@Tz@CH) ,

<

|CTe's=ecC||n'Z* 2" — 1|
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where the last equality follows from the law of large numbers. Combine the

above arguments, we have

|[CTeT(1, — Py)OC - CTO®'OC| = (1 +0p (1)) % cTeTsec|

<(1+o0p (1)) t?()g) lcTeTec||
=op (\/tr(22)> :
(83.7)

Now we deal with the cross term of (S3.1). Note that

E[|CTO® (1, - Py)UAZT|3[Y]
=(k—1)tr (CTO®'(I, — Py)X(I, — Py)OC)

<(k—1Atr(CTO'OC).

Therefore,

ICTOT (I, — Py)UAY2Z!| =0p <\/)\1 r (CT@T@C))

~or (/ir(5).

(93.8)

where the last equality follows from the conditions A;//tr(%?) — 0 and

tr (CT®TOC) < (k—1)||CTOTOC|| = O(\/tr(2)).
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It follows from (S3.7), (S3.8) and Weyl’s inequality that

IT(X) — (M (ZTTAV2U (I, — Py)UAY?ZT + CT@TOC))|
<||cTe'(1,-Py)®@C-C'®'OC
+ CTO (I, — Py)UA'?ZI + ZTTAV?UT(I, — Py)OC]|
<||cTe'(I, - Py)®C - C'®@'OC| +2||C'O'(I, - Py)UA'?Zi|
—op (VD).
But implies that

To (M (ZTTAY2U (I, - Py)UAY?ZT + CTOTOC)

— (r(2) = ntr(2?) /()

Y (zTTAWUT(I,, — Py)UAY2Z — (t2(8) — ntr(22)/tr()) L,

tr(X?)
c'e’'ec
tr(X?)
c'e’'ec
~A | Wi + ———— 1
(-eee)

This completes the proof.

—

Proof of Corollary [1]. Tt is straightforward to show that E tr(X) = tr(X)

—

and Var <§(§)) = 2n~1tr(X?). Then tr(X) = tr(X) + Op(y/n~ ' tr(X2)).
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Let Zi,...,Z, be the columns of Z. Then we have

t1(22) =n 2 t1(ZTAZ — n~ tr(Z7T AZ)L,)?
=n"?> (Z]AZi—n'Y ZTAZ) +207 D (2] AZ).

i=1 i=1 1<i<j<n

It can beseen that n™2> " (Z AZi—n"' >0 ZTAZ)* = Op(n~' tr(X?)).
On the other hand, we have E237, ;. (2 AZ;)? = n(n—1) tr(X?). Fur-
thermore, Chen et al.| (2010)), Proposition A.2 implies that

Var (2 Z (ZiTAZj)Q) =0 (R*tr*(E%) + n’ (X)) = 0 (n* tr*(£?)) .

1<i<j<n
Hence tr(/2\2) = (1 + Op(n~12)) tr(X2).

Thus, we have

— e

tr(X) — ntr(32)/tr(%)
ntr( %2 (=172
— 12(2) + Op(y/n T te(22)) tr(37)(1 + Op(n_ 7))

tr(X)(1 4+ Op(y/n~ 1 tr(X2)/ tr2(X)))

NI B (R CTREE )

vn ntr(X)
=tr(X) — n;crr((;)) + op(4/tr(X?)).

Therefore,

- T(X) — (tr(X) - ntr(X?)/tr(X%)) )
Q1= ) +op(1).

Then the conclusion follows from Theorem [1l OJ
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Lemma 7. Suppose that r = o(n), tr(Ag)A;/(nA?) — 0, nA, 11/ tr(Az) —

0. Then uniformly fori=1,... r,

Ai (I, — Py)X(I, — Py))

o tr(Az) A nAri1 r
=n"" tr(Ag) <1 +Op <\/ Az + \/tr(A2> + H)) :

Proof. Note that

(Ip_PY)E(Ip_PY> = (Ip_PY,Q)(Ip_PY,l)E(Ip_PY,l)(Ip_PY,2)~ (83'9>

We first deal with (I,—Py ;)3(I,—Pvy ). Under the condition n\, 1/ tr(As) —

0, Proposition [3] implies that

tr(AQ
Vv UL, - Pl = 0p (115,

From the decomposition
(I, = Pv,1)%(I, — Py,)
:(Ip - P;,l)E(Ip - P;,l) + (Pim - PY,I)E(Ip - Pi{;)
+ (Ip - P%(J)E(P{(,l - PY,I) + (Pim - PY,l)Z(Pim - PY,I)a
we have

|, = Py, — Pya) - (4, - PL )=, - PL )

<2 HP{{’1 ~ Py,

|=@, - PL)| + AP, - Pyal®
_0» (tr(Az)) HZ(IP _ PI{I)H +0p (M) '

nA, n2X2
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Note that

|=@, - Pl

=[|U2A,U; — U;A1QTU; — UAQUY ||
<A+ [AQT | + A 1Q]]
A+ || AVAZZ]) VL ZIAS 4 aalQT Q)

1/2

X1 + N |(Z0Z]) 7V ([ V2, 25 AsZo Vg, ||

—0p ( —tr(fw) ,

where the last equality follows from (S2.9)), (S2.11]) and the condition n,;/ tr(As) —

+X41QT Q|2

0. Thus,

|, = Py )=, - Py.) - (1, - PL )=, - PL )|

(A (83.10)
—op (PR ).

From the decomposition

(L, - PL )21, - PL )
=U,QA,Q'U, +UyA, U] — UAQU| —U1QTA U] +UQTA,QUY,
we have
|4, Pl s, - Pl ) - U.QAQTU] |
<A (1+2)1Q7QI 2 +1Q7Q]) (53.11)

:OP (>\r+1) ;
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where the last equality follows from (S2.11). Note that U,QA, QU] =

U2A§/ZZ2V21(Z1ZIT)71V£Z2TA§/2U2T. We have

|U:QAQTU] — 17 UaAY 2V, V5, 2] A U]

< HUQJQ/?ZQVZlVglZ2TA§/2U2T 1(Z,:2])™ —n7'L|

(S3.12)
< V4,23 A2V || (2] | ' 202 1

_0» (r1/2 tr(Ag)) |

n3/2

where the last equality follows from (52.3)) and (S2.9). From (S3.9), (S3.10)),
(S3.11)) and (S3.12), we obtain that

H(Ip - PY)E(IP - PY)

— YT, — Py2)UsAY?Z,Vy, V] 73 AU (I, — Py )
- tl"(Ag))\l TLAT+1 \/? tI‘(AQ)
=Or << nA2 i tr(As) Vo n '

Thus, the last display, together with Weyl’s inequality, implies that

uniformly for i =1,...,r,

Ai (T, — Py)X(I, — Py))

—n1), (Vgl ZIAY U (I - Py ,)UsAY 2ZQVZI>

tr(A2)A;  nAq r\ tr(As)
+OP<< nA2 +tr(Ag)Jr\/%) n >
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Note that

anlvglzp\;/ 2UT(1 - Py2)UsAY?ZoV 4,

— (n_l tl"(AQ)IT — (TL tI'(AQ))il \/——ZI—1 Z;Agzgvzl\?; Z;—AQZQVZ1>

<||n7'VZ2, 2] AsZs Vg, — n (AL |

T IVEZE 8aZa V| [Pra — (06(A2) ™ A2V 5,V 25 AY

. tI‘(Ag)Al n)\T 1 tI‘(Ag)
‘O”w B +\/m«fﬂ) " )

where the last equality follows from (S2.9) and Proposition [l Then it

follows from Weyl’s inequality that uniformly for i =1,... r,

Ai (I, = Py)E(L, — Py))
=n"1tr(Ay)

— (ntr(Ag)) A -(VT AT YA AT AY ) (53:19)
2 r+1—1 Z,1H2 A2H2 V7 V7, Hy LA242V 7,

tI'(Ag)Al n)\T+1 r tI‘(AQ)
*OPW B *Wmﬁﬁ) Z )

Now we deal with the matrix V7, Z] AsZyVz, Vg, ZJ A2ZyVz,. Note that

Z;Vz, and ZyVgz, both have iid A(0,1) entries and they are mutually

independent. Then Lemma [5| implies that

valz;AQngzlvglz; AsZoV g, — t1(AsZ Vg, Vi, Z1 AT,

:OP (\/T’ tr(AQZQ\?Zl\?—Zrl Z;AQ)Q +r HAQZQVZI\?; Z;—AQH) .
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By some algebra, we have

HV;ZJAZZQVZI\N/;z;AQZQVZI — (V. 2] A2Z, V7, )L,

—Op (\/r

+7r

V—Zr1 Z;A%ZQ\Nle

tr(Vg, Zy A3ZsV7z,)

).

Since Etr(Vy, Zy A3ZyV3z,) = (n — 1) tr(A3), we have

V3. Z3y A3ZsV 7,

tr(Vg, Zg A3ZyV7z,) = Op (ntr(A3)) = Op (A4 tr(Az)).
On the other hand, Lemma [5| implies that
||‘~/'ZI'1 Z;A%ZQVZI H = Op (tI’(A%) + n)\fﬂ) = OP ()\7”+1 tl"(AQ)) .

Combine these bounds, we have

valz;AQZQ\?ZIV; 21T AsZoV g, — ntr(A2L,

= Op (VA1 tr(Ag)) -

The last display, combined with Weyl’s inequality, implies that uniformly

fori=1,...,r,
(TL tI‘(Ag))il)\Z’ (\/:Zr1 Z;AQZQVZIVgl Z;AQZQVZ1> = Op()\r+1).

Then (S3.13)) and the last display implies that uniformly for ¢ =1,... 7,

Ai (I, = Py) (I, — Py))

. tr(Ag) Ay nAr41 r\ tr(Asg)
= (Az) + Op ((\/ nA2 * \/tr(Ag) " \/%> n ) '
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This completes the proof.

Lemma 8. Suppose that v = o(n), tr(As)A;/(nA2) — 0, nA41/ tr(Ay) —

0. Then

>~ A (L, Py)S(, - Py))

1=r+1
ntr(A3)
tI‘(AQ)

tr(Az)A A,
+Op (n()\r+1 - ) (\/ r(n;g LA \/Z(AZB) +r)\r+1> :

Proof. Write ¥ = U1A1U1T + UQAQUQT. Note that U1A1U1T is of rank r.

= tI‘(A2) —

Then Weyl’s inequality implies that fort =r 4+ 1,...p,

A (I, = Py)E(L, — Py)) > X (I, — Py)UzA0U; (I, — Py)), (S3.14)
Ai ((Ip - PY)E<IP —Py)) < Air ((Ip - PY)U2A2U2T(IP - PY)) .
(S3.15)

Hence we have

i Ai (I, = Py)X(I, — Py)) — tr (I, — Py)UsA,U, (I, — Py))

i=r+1

<ri (I, - Py)U,A,U, (I, — Py))
<rAii.

(S3.16)
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Write

tr (I, — Py)U2A,U, (I, — Py))
=tr (AU, (I, — Py)U,)
— tr(Ay) — tr (<A2 - EE:;IP> U;PYUQ) - Egﬁii tr (U PyU,) .

(S3.17)

For the third term, note that tr (UjPyUs,) = tr(Py) — tr (PyU ;U7 ).

Since Py is of rank n and Uj is of rank r, we have
[tr (U, PyUy) —n| <. (S3.18)

Next we deal with the second term. We have

(o280 in)
—tr ((A2 - Hgﬁglp_) UJ (Pl +PLy) UQ)

tr(A2)
i ((A2 - mlpr) Ul (PY — Pl - P;Q) UQ) ' .

Since tr(A2)/tr(As) € [Ap, Ari1], we have [[Ay — (tr(A3)/tr(A2)L,_.|| <

Art1 — Ap. Also note that the rank of the matrix Py — Pim - P;z is at
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most 2n. Therefore, von Neumann’s trace theorem implies that

tr(A3)
tr <<A2 - tr(—Az)I”_’”> 58] (PY ~ Pl - P;z) UQ) ‘

)PY - P{(,l - PTY,Q

<2n(Arp1 — Ap)

(S3.19)
o ([P Pl ¢ [P P

o - R+ )

where the last equality follows from Proposition [3] and Proposition @ Note

that

1 ~ tr(A3) -
= tr (V) Z] [ A2 - 222N, ) Z,V
tr(Ag) r ( Z1“2 ( 2 tr(AQ) 2 2V7Z

It is straightforward to show that

~ tr(A2 ~
Etr (V;z; (Ag — trg AZ;AQ) ZQVZ1> =0,

and

Var (tr (\7; Al (Ag — ggﬁ;m) ZQVzl))
—2(n — 1) tr (Ag _ EEgAQ)Q

< tr(A) (A — A

SQTL)\T+1 tI'(Ag)()\rJrl — )\p)Q.
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Thus,

tr(A2)
(v 5 v (raeba) )
n\,
=Op ((}w+1 -\) m> :

The last display, combined with (S3.19)), leads to
tr(A3) T
Ay — —=01, P
tr (( 2 tr(A2> p—T U2 YU2

o (o3 (I [555Y)

It then follows from (S3.17)), (S3.18)) and the last display that

tr (I, — Py)UzA,U, (I, — Py))

ntr(A3)
tr(As)

tr(Ag) A A
+Op (n(Ar-&-l —Ap) (\/ r(niz -+ \/:;(Azl)> +7’/\r+1) .

Then the conclusion follows from ([S3.16]) and the last display. O

= tI‘(AQ) —

Lemma 9. Suppose p > n, we have

Z )‘? ((Ip - PY)E(IP - PY))
ntr?(A3)

=) )

+ OP (nAr_‘_l (Ar—l-l — )\p) + TAerl) .
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Proof. From (S3.14) and ([S3.15)), we have

3 (1, - Py)) - tr (T, - Py)UsAUJ (I, — Py))”

i=r+1

S?")\% ((Ip — Py)UQAQU;—(Ip — Py))
ST}‘EH‘

(S3.20)

It is straightforward to show that

2

tr ((Ip — Py)UQAQU;r(Ip - PY))

=tr(A2) — 2tr(AZU, PyU,) + tr(A, U, Py Uy)2.
For the second term, we have

tr*(A9)
w2(Ay)

A
tr ((Ag ) UTPYUQ)

Sn)\r+1 <)\r+1 - )\p)a

tr(AZU, PyU,) — tr(Uy PyU,)

where the last equality follows from von Neumann’s trace theorem. The

last display, combined with ((S3.18)), implies that

ntr?(A3)

tr(AZU,) PyU,) = 2(Ay)

+ OP (n)\r+1 (Ar—i-l — Ap) + TAiJrl) .
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For the third term, von Neumann’s trace theorem implies that

tr*(A3)

tr(A,U) PyU,)? — 22(Ay) tr(Uj PyU,)?
tr(A3) T tr(A3) T
= Ay — — 20, P Ay + —21, P
tr (( 2 tr(A2> p—r U2 YU2 2 + tr(Ag) p—T U2 YU2

201 (A1 — Ap).
Note that
tr(UJ PyU,)? = tr (Py — PyU,UJ)”
=n — 2tr(PyU U]) + tr(Py U, U] )2
=n+ Op(r).
Therefore, the third term satisfies

ntr?(A3)

tr(AQU;PYUQ)z = W

+ OP (nAr+1 (AT+1 - A ) + TAT+1)

Thus,

tr (T, — Py)UA U] (I, — Py))’

ntr?(A2)
:tI‘(Ag) - W + OP (TLAT+1(AT+1 - A ) + TAT—{-I)
Then the conclusion follows from the last display and ((S3.20)). [

Proof of Theorem [2. We have
ZTTAVPUT(I, - Py)UAY?ZT

—Z)‘ (L, — Py))min| + Z Ai((L, = Py)S(I, — Py))nin;

i=r+1
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From Lemma [7] the first term satisfies

SN~ Py, ~ Pyl = (14 o) () D]

Then

>oig Mil(I, = Py)S(T, — Py))na —rn ' tr(Ag)T
VTl tr(Ay)

5 T (S3.21)
i=1 "M — k-1
= 1).
NG +op(1)
Next we deal with the term Y7 X((I, — Py)X(I, — Py))nin. In

the current context, Lemma [§ and Lemma [9] imply that

1:21;-1 Ai (I, = Py)X(I, — Py)) = tr(Ag) — Tlil(nxz;) +op ( tr(A%)) 7

(S3.22)

i A (I, — Py)S(I, — Py)) = (14 0p(1)) tr(A2). (S3.23)

i=r+1

By Weyl’s inequality, we have
Ar1((IL, = Py)X(L, — Py))
=Ap1 (I, = Py)UiA U (I, = Py) + (I, — Py)UsA0U, (I, — Py))
<A1 ((I, — Py)UsA,U, (I, — Py))
<Arg1

The last display and (S3.22)) imply that

/\7%+1 ((IP - PY>U2A2U;<IP - PY))
Y A ((I, = Py)UsAUJ (I, — Py))

A2+1 P
u — 0.
(1+o0p(1)) tr(A3)

<
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Then Lemma [2] implies that

1
A (I, — Py))min,
\/Zz r+1 z )2<IP_PY)) (z;-i-l

_ i )\z((Ip — Py)Z(Ip — PY))Ik—1> £) Wk—l-

i=r+1

The last display, combined with (S3.22)) and (S3.23]), leads to

( > A )2(L, — Py))nin,

i=r+1

(93.24)
— (tr(Ag) — ntr(A2)/ tr(Ay)) Ikl) 5 Wiy
Note that 7, m;n; is independent of >0 | Ni((I,—Py)X(L,—Py))nin, .

Then(S3.21)) and (S3.24]) implies that

ZITAY2UT (1, — Py)UAY2ZT — (14 7r/n) tr(Ag) — ntr(A3)/tr(A2)) I,
V2 tr?(Ag) + tr(A3)

n~tr(Ay)
\/rn*2 tr2(Ag) + tr(A3)

(Wi —rL)

\/ rn=2tr?(Ag) + tr(A3)
+op(1).
(S3.25)
This completes the proof of the first statement.
Now we prove the second statement. For the second term of , we
have CTOT(I, - Py)OC =C'O®'OC — C'O'PyOC. We need to deal

with CT® TPyOC. Note that Proposition [3{ implies that

[Py = U UT|| < [Py =P, |+ 201Q1 = op(1).
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It follows from the last display and Proposition 4| that

HCT@TPY@C ~c’e'u,ulec - CT@TP;z@CH
<[[cT@Py,;©C-C'O®'U,U;OC|
+||cTepy.0c - cTeP 0c|

<|cTe’ec| (|[Pyi - UiU]|| + |Py: ~ Pl

)

—op (\/rn_2 t12(As) + tr(A3)> .

We have
CTO'PL,0C = (tr(As)) ' CTOTUAY*Z, V4,V Z] A,/*Uj OC.

Note that ZyVz, is a (p—r) x (n—r) matrix with iid A'(0, 1) entries. Then
the columns of CTO T U,A L *Z, V5, are iid Nj,_(0,_1, CTOTU,A, U] ©C)
random vectors. Write CTOTU,AYZ,Vz, = (CTO®TU,A, U] ©C)/2Z*,

where Z* is a (k—1) X (n—r) random matrix with iid (0, 1) entries. Then

TaTpt . n TaT T
HC ®'P,,0C —tr(Az)c 0 'U,A,U; @CH
n — * *
gtr(A2> |CTO®TU,A U, OC|| ||n'2* 2" — 14|

—op (\/rn2 tr2(Ag) + trm%)) ;

where the last equality follows from the law of large numbers, the local
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alternative condition and the condition nA, 1/ tr(As) — 0. But

tr(As)

ni
|[CTeTU,A, U] eC]|| Str(AQQ)

=op (\/rn—2 tr?(Ag) + tr(A%)) :

|cTeTec]||

Hence HCTGTPQQGCH = op <\/rn—2 tr?(Ag) + tr(A%)). Consequently,

|[CT®@"PyOC — CTO'U, U OC|| =0p <\/7‘n—2 tr2(Ag) + tr(A§)>. Thus,
the second term of ([S3.1]) satisfies
|cCTe' (I, - Py)@C - C'®'U,U,; 6C||

—or (\/ rn=? tr3(Aq) + tr(Ag)) , (53.26)

Next we consider the cross term of (S3.1). Note that

E[|CTO(L, - Py)UAY?Z||Z]Y]
=(k —1)tr(C'® (I, — Py)X(I, — Py)OC)
<(k -1\ (I, - Py)E(I, — Py)) tr(C'®'OC)
=0p (n"Mtr(As) [CTOTOC])),

where the last equality follows from Lemmal[7} Under the condition r — oo

or tr(Ay)/(ny/tr(A2)) — 0, we have n™! tr(Ay) = op <\/7"n*2 tr?(Ag) + tr(A%)).

Therefore,

|ICTO™ (I, — Py)UAY2Z| = 0p (\/Tn—2 tr2(Ag) + tr(A%)) .
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It follows from the last display, (S3.26|) and Weyl’s inequality that
IT(X) — M (ZTTAV2UN(I, — Py)UAY?Z + CTOTU,U; ©C)|

=op (\/rn—Q tr?(Az) + tr(Ag)) .

Then the second statement follows from the last display and (S3.25)).

Proof of Corollary[2 From Proposition [2] we have
2 (tr(Ag))? 4+ tr(A3) = (14 0p(1))(rn 2 tr*(Ag) + tr(A3)),

and

o —

(14 7r/n)tr(Az) — ntr(A3)/tr(Az)

=(1+7r/n)tr(Ay) + Op (7“ tr(;&%) + T)\T+1>

ntr(A3) (1+ Op (r/n+ 1A% /tr(A3)))
tr(As) (14 Op (ry/ir(A3) /n 0%(Ag) + P Ars/ tr(As) ))

=(1+7r/n)tr(A2) + Op (r tr(;&%) + T)\r_,_l)

ntr(A3) Tz, tr(A2) A1
i e 72 I | oy Ol
i) PO\ TR T nntay) T Ay

~(1 o/ n(aa) - "8 o (V).

Therefore,

_ T(X) = ((1+7/n)tr(As) — ntr(A3)/ tr(As)) 5
@2 = Vrn—2tr?(Ag) + tr(A3) or(l).
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On the other hand, it is not hard to see that the ratio consistency of tr(Az)

— —

and tr(A3) imply Fy (1 — a;tr(Ay), tr(A32)) = Fy 11— a; tr(Ay), tr(A2)) +
op(1). Then the conclusion follows from Theorem [2{and Slutsky’s theorem.

]

Proof of Proposition [5. Under the conditions of Theorem [I, we have
nAi/tr(2) — 0. From Lemma [5| and Weyl’s inequality, we have
M (2) =n"'M\(ZTAZ)

=n"1tr(2) + Op ( tr(ip) 1 A1>

=(1+op(1))n ttr(XZ).

From the proof of Corollary we have tr(3) = (140p(1)) tr(X). Therefore,

nA (%) P
tr(3) '

This completes the proof of (i).
Now we prove (ii). Under the conditions of Theorem , Proposition

implies that

nA(3) nA ()

o(E) X ANE) + T M)
nAy + tr(As)

=(1+o0p(1)) S A+ tr(Ay)
>(1+ 013(1))71—>‘1 e

TAl + tr(Ag)
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Pr (n)\lgﬁj) < 7') — 0.
tr(32)

Next we consider the consistency of 7. Note that

{T—T}—{M>Ti:1 T—l}ﬂ{M<T}.
Z] i+1 )‘j(z) ) ’ 7 Z?:rﬂ >‘j<2)

But Proposition [l implies that uniformly for ¢ =1,...,r —1

It follows that

n)\z'+1(2)A S nf\z’ﬂ(i) ]
Do N(B) (=) A (X)) + 20 A(D)
—(1 + op(1) nXip1 + tr(As) P

(r = )X + (1 —i/n) tr(Ag)

Thus, we only need to prove that
Pr (M < ’7'> — 1.
21 (X
Weyl’ inequality implies that n)\TH(E) = Na1(Z{ A7y + 7] NyZo) <
A1 (Zg AsZsy). Then using Lemma , we have nA.41(2) < (140p(1)) tr(Ay).

Thus,

This completes the proof.
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