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Supplementary Material

The Supplementary Material includes technical proofs of Propositions 1-3 in the main manuscrip-

t.

The following is proofs of the main results. The notations and def-
initions will be employed in our exposition. Let R™*™ be the set of all
real m x n matrices. The Grassmannian, which consists of the set of all
u-dimensional subspaces of R"(u < r), is denoted by G,,. If M € R™ "
then span(M) C R™ is the subspace spanned by the columns of M. With
A € R and a subspace S C R* AS = {As : s € S§}. If V(0 = )

converges to a normal random vector with mean 0 and covariance matrix
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V', we write its asymptotic covariance matrix as avar(y/nf) = V. We use
Pyvy = A(ATVA)TATV to denote projection onto span(A) with the V
inner product and use P4 to denote projection onto span(A) with the i-
dentity inner product. Let Qany = I — Pyvy. We will use operators vec:
R**> — R which vectorizes an arbitrary matrix by stacking its column-
s, and vech: R*** — R*@+1)/2 which vectorizes a symmetric matrix by
extracting its columns of elements below or on the diagonal. The symbol
bdiag(-) denotes a block diagonal matrix with the diagonal blocks as argu-
ments. Let A® B denote the Kronecker product of matrices A and B, and
let At denote the MoorePenrose inverse of A. We employ é\g to denote an
estimator of § with known true parameter value of &.
Maximum likelihood estimators
The maximum likelihood estimator of « is Y. In that way, with the

dimension of the A~'XA~1-partial envelope of A~!B;, which is fixed at u;,
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the loglikelihood function L, is

nr n 1
Ly = — —log(2m) — §log]2] — 5tr{(U — RSN U - FB))" ),

2
(S0.1)

- %log(%r) - glog]E]
_ %tr S nS e + (B — B FLE(BE - 5D)} (S0.2)

_ %log(%r) — nlog|A| — glog\mrT 4 ToQIT|
1
— 5tr{(UA—l — Fig"TT)(TQr" + ToQely) "(UA™" — Fip"TT)T .

(S0.3)

There are three forms of the likelihood function: , , and
. is a common form, which has the observed data and param-
eters (; and X. substitutes sufficient statistics El and ires for the
observed data in . rewrites in light of the constituent
parameters. has the identical form with the loglikelihood function
from the partial envelope model, except we have the extra term —nlog|A|

and the response is A~'Y. In addition, we maximize over all constituent
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parameters apart from A and I', and obtain the partially maximized form

Ly(A,T) = — %mg(zw) — nlog|A| — glog\rTA—lireSA—lr\
_ glog|F0TA_1ZN]RY‘2A_1FO|,
— %log(%r) — nlog|A| — glog\FTAfliresA’lF\
- 2log]A_liRy2/\_1] — 2log]f‘TAil_%l AT,
2 ! 2 Y2
_ %log(Zw) - glog|iRY|2| - glog|FTA‘1§resA‘1F|

n Trs-1

Proof of Proposition 1.

Proposition 3.1 in Shapiro| (1986)) is employed to prove this proposition,
and we will match our notations with Shapiro’s proving process. We aug-
ment a subscript “s” in Shapiro’s notation to distinguish better. The 6, of
Shapiro’s setting is our ¢ = {)\T,vec(n)T,vec(F)T,Vech(Q)T,vech(Qo)T}T.
Shapiro’s 7, is equivalent to our {Vec(gl)T, VGCh(ires)T}T, and Shapiro’s &

is {vec(81)”, vech(E)T}T in our setting. The discrepancy function Fj is our
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loglikelihood function, except we delete a constant factor n.

Fs :Ll/na
T 1 1
= — Flog(2n) — Slog|S| - st {(U ~ FANSH(U ~ RS/},

1
_ glog(%r) — Slog||

— Str |5 S + By — BO(EL R /) (BT — D)}

When we build F under a normal likelihood function, it meets the con-
ditions 14 in £ 3 of Shapiro (1986)). Shapiro’s A, is the gradient ma-
trix 0€,/00,, and it is identical to H in our setting. Let e = U — Fy 7,
V, = bdiag{(F{'Fi/n) ® ™1, E' (™' ® ©71)E,/2} of Shapiro’s contex-
t is 1/2 times the Hessian matrix 0?F,/0¢,06, which is evaluated at
(&5,€5). When we suppose f:l(ng)i(Rm)iT/n > 0, V, is full rank and
rank(ATVA;) = rank(A,). H_ence, all conditions in Proposition 1 are sat-

isfied, and the maximizers El and ¥ are uniquely defined.

Proof of Proposition 2.
We begin the proof from the asymptotic covariance matrix A,(ATV,A,)1

ATV,TV,A(ATV,A,)TAT

S

which is provided at the end of Proposition 3.
Shaprio’s 'y = V7! is under the additional assumption of normality. Hence,

the asymptotic covariance matrix has the form A (ATV,A,)TAT which is

s
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V = H(HTJH) HT. We employ merely our notation, which contains sim-
plifying V.

We compute straightly

H = 8{vec($)", vech(Z)T}" /ogT,
= {Daho(I,, ® A™Y)L, DAG, },

= (Hlu H2)7

where H; and H, are defined to simplify subsequent formulas. Because V'
is unchanging under full rank linear conversions of the columns of H, below

we convert the columns of H by the nonsingular matrix

I 0
T —

o (H’ZTJHQ)TH2T‘]H1 [r(r+1)/2

Then HT = (QHQ(J)Hl, HQ) and TTHTJHT == bdlag(HfQ7£I2(J)JQH2(J)H1,

G J,G,). Therefore, we have

V=HT(T"H"JHT)'T"HT,

= J\V2pj12 4 D\G,(GYJ,G,)GT DY,

where P is the projection onto the span of J%2Q Ho(s)H1. The second term

on the right of the last equation is identical to V5. The first term can be
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represented as V) by employing the identities

Quy(yH1 = DaQg, 5Dy Hi,
= DAQc, (s hoLAT Y,
= DAAOAII,

where A = diag(Ag, ..., An).

Proof of Proposition 3.

Proposition 2 is a particular case of Proposition 3. When T' is over-
ly parameterized, we use Proposition 4.1 in [Shapiro (1986) to build the
proof. The conditions for Proposition 4.1 are identical to Proposition 3.1 in
Shapiro, except with an additional assumption that n'/?(z, — &) is asymp-
totically normal. When we discussed the proof of our Proposition 1, we
have demonstrated that all the conditions in Shapiro’s Proposition 3.1 are
satisfied. Then, the condition on p;,; ensures that the asymptotic distri-
bution of n!/? {vec(gl)T, Vech(ires)T}T — {vec(B1)T, Vech(Z)T}T is multi-
variate normal, so the additional assumption is also satisfied. Hence, from
Proposition 4.1 of Shapiro| (1986) and employing Shapiro’s notation, the
asymptotic variance has the form A (ATV,A)TATV.I VAL (ATV,A)TAT,
where Shapiro’s T, is the asymptotic variance of {vec(5), Vech(EN]res)T}T.

O
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