Appendix A: Conditions and Proofs of Main Results

Conditions. The following technical conditions are not the weakest possible, but facili-

tate the derivations.

Al. For each i, &;1,...,6;,, are i.i.d. with E(g;1) = 0 and var(e;1) = afﬂ € (0,00).
A2. For each i, €;1,. .., €, are i.i.d. with E(e; 1) = 0 and var(e; 1) = agﬂ- € (0,00).
A3. For each i, (g;1,...,€in,) is independent of (e;1,...,€;n,)-

A4. For each i, E(|e;1]*) < oo and E(|e;1]?) < oo.

A5. Two-sample t-statistics corresponding to true nulls are identically distributed.

A5, Two-sample t-statistics corresponding to true non-nulls are identically distributed.
A6. There are constants ¢; and ¢y satisfying 0 < ¢; < ¢y < 00, such that ¢; < ny/ny < cs.
AT7. Two-sample t-statistics corresponding to true nulls are independent.

AT'. Two-sample t-statistics are independent.

A8. Let Fyr(-;n) and Fir(-;n) denote the C.D.F. of two-sample t-statistics under the

true null and non-null, respectively.

A9. The marginal C.D.F. and p.d.f. of two-sample t-statistics are Fip(;n) = m,Fo.r(-;n) +
(1 —7,)Fi.r(;n) and fr(;n) = Fp(-;n), where fr(t;n) is Lipschitz continuous in ¢

uniformly in n.

A10. The marginal C.D.F. of true p-values { P; } is Fp(-;n) = w,Fo.p(-;n)+(1—m, ) F1.p(+; n),
where Fy.p(-;n) is the C.D.F. of the standard uniform distribution, and Fi.p(-;n) is

the C.D.F. of {P;} under the true non-null. Assume Fy.p(¢;n) is continuous in t.



Note that condition A5 is valid when {¢;; : i € Zy} are identically distributed and {e;; : i €
Ty} are identically distributed. Condition A7 holds if {(&;1,.-.,Ein;€i1s---»€iny) 14 € I}
are independent.

We first present Lemma 1, which will be used in proving Propositions 1, 2, 4 and 5.

Notation. For sequences {a,},>1 and {b,},>1, a, < b, denotes lim a, /b, = 1.
- - n—oo

Lemma 1 Assume model (2.1) and conditions A1-A6, and the general two-sample t-

Tgeneral

iy Yo are used. Assume a € (0,1), my/m — m, € (0,1], m — 00, n — oo,

statistics {

and (m,n) satisfies (3.1).

(i) Ift2.,. is given in (3.2) and (m,n) satisfies (3.1), then

a;m

51;04
MAX iy g (Voim) < ==

{1 + 0(1)}’ and Z Qiing,no (tz;m) - 71-oﬁl;ow (Al)

i€y

where B, = —log(l — a).

(i) If tp. i s given in (3.4) and (m,n) satisfies (3.1), then for k > 2,

Bk’;a

) S 7{1 + 0(1)}7 cmd Z ai%"lﬂlQ (tz;m;k) - 7.‘-O/Blﬁaﬁ (AQ)

i€y

a
max Q. .
icTo z,n1,n2( aym;k

where By solves the equation (3.5).

Proof: We first show part (i). For t7 . given in (3.2) and N(0,1) random variables

{T?}™,, we obtain
0f (thm) = PUTY| > th,) = 2{1 = @(t5,)} = 1= (1 —a)V/™, i=1....m (A3

and as m — oo,

maad(th,,) = 1 (1-0)"" =521 4 o(1)) = (1) (A4)
S adt,) = modl— (1= )"} = {1 + (1)} (A5)



where
Br.a = —log(l — a) € (0,00). (A.6)

For v, ny(t), it can be rewritten as a.p, n, (t) = a2(t) + d;(t), where

a(t) = apn{dimel® )

' aj(t)
Oingn (t)
di(t)| = a(t)| el g
| Z( )| az( ) Oéa(t) ’
aznlng )
mlhl < ol H ma Py 11 (A7)
Zdi(t)‘ 3 ldi(t)] < <maX|d ) . (A.8)
i€Zg i€Zp
This leads to
Qimyny (8) < 0 (t) + |di(0)],
MAX Cijny ny () < MAX 07 () + max |di(t)], (A9)
Zai;me(t) - Za?(t)+zdi(t)' (AlO)
i€y i€y i€Zp

Thus, if the condition

- 1‘ = o(1) (A.11)

1€Zo

holds, then (A.7)), (A.4), (A.11)) and |} imply that

mac (3,1 < 222 {1+ o(1}o(1) = 220(1), | dift8,)| < mBreol), (412

i€Zg

which combined with (A.9), (A.4), (A.10), and (A.5) gives

K i) S 22101} + 220(1) = P21 4 o(1))
> i) = Wra{l+o(D} +0(l) = mia{l+o(D) (A3

Hence condition ({A.11)) indeed implies (A.1]).

Now, we justify that (A.11)) holds. Recall

aj(t) = P(T7>1t)

(2



= P(T7>1t)+P(I} < —t)
= {1-2(t)} + &(=t) = 2{1 — B(t)},

Tgeneral| > t)

vny,n2

Qing no (t) = PHO,z‘ (

— PHoyi (Tgeneral > t) + PHOJ (Tgeneral < —t)

iny,n2 iny,n2

It follows that

PHo,i (Tgeneral > t) + PHoyi (Tgeneral < —t)

Qi s (1) 1 = isna,mo isna,no

woe 21— (0]
P, (T > 8) + P, (TE > 0

{ 1 —®(t) - 2}
ProThiiae > 1 Py (T >

[{ 1 —®(t) N } { 1= a(t) _1}}7

1
2
1
2

and thus

1
= —max
2 i€Zy

PHo,z'(Ti%Z?,e;zl > t) 1 PHo,i(_n%Z??;zl > t) 1
{ 1— ®(t) a } { 1— ®(t) a H
PHO’Z‘ (Tgeneral > t) PHOJ(_T'general > t)

;11,12 ;11,12

1— ot 1— a(t)

max
i€Zp

IN

— 1‘ + max
i€Zp

- 1’. (A.14)

From (A.3)), we observe that

1—(1—a)/m

o(t> ) =1
(t,) )

—1- Bl#‘ﬂﬂ +o(1)}—1, (A.15)

as m — 0o, where f31, is as defined in (A.6f), and thus we conclude t3,,, — oco. To find the
explicit convergence rate of t7,,, defined in (3.2), we use the tail probability (DasGupta,

2008, p. 655) of a N(0, 1) distribution,

1 1
—€
tam V21

1—-d(t2,,) < —(t6m)*/2 (A.16)

Combining (A.15) and (A.16) gives NG i(tg;m)2/2 = 61;;”1/2, which is equivalent to v/27 tg;me(tg;m)Q/Q =

G- This gives (t2.,)% = O(log(m)), ie., t2, = O({log(m)}'/?), which together with
(3.1) gives t2.,, = o(n'/®). An application of Theorem 1.2 of Cao (2007) to (A.14), together

4



Xiing,ng (ta m)

St (ih) — 1| = o(1) as m — oo and n — oo. Hence

with condition A5, give max;ez,
(A.11)) is verified.

Next, we show part (ii). The critical values t2. . given in (3.4) satisfy

asm;k

Bk;a

z(thk) <|Ta|>tozmk)_2{]'_ (amk)}: -

i=1,...,m, (A.17)

where (3.5) implies that S, € (0,00). Thus, we obtain

B m
max v, ( amk) u 9 Za amk‘ = ﬁﬂk;a = Woﬂk;a+0(1>~

i€Zg m
€1y

Also, ®(t7.,,..) =1 — B a/2 — 1. The rest of the proof is similar to that used in part (i). B

Proof of Proposition 1. From (2.4) and condition A7, it suffices to consider N(0, 1)
random variables {72} |, with {T7? : i € Zy} being independent. Direct calculations give
FWER{(t3,,) = P( Y1077 > t3,,) = 1)
€1y
= P(Uien{IT7] > tom})
= 1=Picr{IT7] > t&,,})
= 1-J[PAIT?T> 3 })

i€Zp

= 1-[[{t—ap(th, )} =1 (1 —a)™/™, (A.18)

i€Zo
where 1 — (1 — a)™/™ < a. This shows the second part of (3.3).

To show the first part of (3.3), note that derivations similar to together with
condition A7 give FWER(t5,,,) = 1 — [Ticz, {1 — Qisnymo(£,,,) }- It thus suffices to show
[Tiezo {1 = imns (t8,0)} = Tlier, {1 = @ (t5,)} = 0(1). From (A18), [Tiez, {1 -0} (t3,0)} =

(1 —a)motoll) = e=mol=logl=a)} 4 5(1) = e~™f1e 4 o(1), we thus will show that

H{l — Mingng (tZ;m>} = e oMl o(1) (A.19)

i€Zp

as m — oo and n — oo. According to Leadbetter et al. (1983) (Lemma 6.1.1, p. 125),

(A.19) will be deduced from ({A.1)). The proof is completed. B
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Proof of Proposition 2. Similar to the proof of Proposition 1, it suffices to consider
N(0,1) random variables {72}, with {T? : ¢ € Zy} being independent.

To show the first part of (3.6), note that

FWERE(t,) = P(Va(tni) 2 F) = P(DOT(TY > th,0) > k)

i€Zy
- 1—P(Z (|Ta]>tamk)<k—1>,
€Ly
FWERK(t,) = P(Vin(t) = F) = P( DO TTERR] > 1) = k)
€Ly
_ 1_P(Zl(mg§;e;§|>tamk)<k_1).
1€Zo

Define by ¢, (u) and ¢, . (u) the characteristic functions of V;,(t) and V;3(t) respec-

()

tively, where u € R. It suffices to show that as m — oo and n — oo,

Praca, (W) = Py (u) = o(1). (A.20)

a;m ;k amk)

Direct calculations give

SOV%“)(U) _ E{eiuv,i(t)} _ H E{eiuI(|Tg‘|>t)}

eIy
= lld®e™ + {1 - ai®}] = [[ {1 +ai®) (" = 1)},
LeTy ey
where i = v/—1 denotes the imaginary number. By (A.17)),
i Bk'a i Bk'a
v = —’1“—1‘<2 2 _ (1),
max o (b, ) (¢ )| p- ;e | s2x— ) o(1)
i _ koo i ka
> lap(t) (e =D = 30 [P 1) £ 2x T, < 281 < o0,
lely yason)
Z a@ amk - 1) = { Z a?(tz;m;k)}(elu - 1) = Woﬁk;a(elu - 1) + 0(1)
LeTy ey
According to Chung (2001) (a lemma on p. 208),
Pups (1) = DL (e = 1) (A21)

as m — oo. Similarly,

vamm(u) = E{eiuVm(t)} — H E{eiUI(‘TZ;nl,ngbt)}

JASI)



= H [O‘f;m,m (t>€iu + {1 — nyny (t)}] = H{l + Qing ny (t)(eiu - 1)}’

ey L€y

Note that as m — oo and n — oo, an application of (A.2)) gives

08X [t (Ee) (€ = D] = 0(1),

Sl () (€ = D] < M < oo,

LeTy
Z Wiy s (b)) (€ — 1) = T Bale™ — 1),
LeTy

Applying Chung (2001) (a lemma on p. 208) again implies
chm(tz;m;k)(u) — exp{ﬂ—oﬁk;a(eiu - ]-)} (A22)

Thus (A21) and (A:22) imply (A-20).
To show the second part of (3.6), note that (A.21)) yields Vj; (t5.,,..1) 2 Poisson(7m, fk.a),
where Poisson(f) denotes the Poisson random variable with the parameter 5. Thus as

m — 00,

FWER2 (2

asm;k

) = P(Poisson(m,fk.a) > k) + o(1)
= Gk(woﬁk;a) +o(1).

Since Gy () is monotone increasing in 4 € (0, 00), we obtain Gi(7,fka) < Gi(Bi:a). This

combined with (3.5) completes the proof. B

Proof of Proposition 3. Consider Hy; : pi,, > p,,; the two-sided alternative can be

treated similarly. It suffices to show

gi;n_ga;n = On(1)7 (A23)
FDR(7) = @+ 0a(1) + Op(m 1), (A.24)

where 0,(1) denotes a term converging to zero as n — 0.
To show (A.23), let ¢, = Fy7(1 —¢2,;n) and d, = ®(1 —2,,). Then

1= Forlenn) = &, = 1 — d(dy). (A.25)

7



By condition (3.7) and Cao (2007) (Theorem 1.2), we have

1 — For(dn;n)
’ 1. A2
T a(d,) (4.26)
Since ngf;?e;? S N(0,1) under Hy;, we have 1 — Fyr(x;n) — 1—®(z) for any z. By (A.25)),
. 1 =D(cyp) . 1= Fyr(eq;n)
lim ——— ] ’
b T — B(dy)  noee 1 — Fop(dyin)
1 — Fp. : — —
— lim O,T(cn,n) 1 (I)(dn) — lim 1 (I)(dn) _ 17
n—00 1-— (I)(dn) 1-— FO;T(dn; n) n—oo 1 — FO;T(dn; n)
which implies
Cn — dn = FOj%(l - gg;n; n) - (I)_l(l - gg;n) = On(1> <A27)

Then Jing et al. (2014) (result (A.6)) together with (A.27) imply H(s5.,;n) — H(Gam;n) =
on(1). Since H'(t;n) is bounded below for ¢ in an open interval with endpoints ¢,., and

Sns Savn — Sam = 0n(1) holds.

We now show (A.24]). By the definition of 4., F/D?{<Ta;mm) = «, which yields

ﬁ(Ts;m;n) — = ﬁ(Ts;m;n) - F/I)T%(Qim)

- - - - (A.28)
+FDR(s2,,) — FDR(ssn) + FDR(ssn) — FDR(Tagmen)-
Utilizing Jing et al. (2014) (results (A.10), (A.11) and (A.9)) yields
FDR(2yn,) ~ FDR(cZ,) = Op(m™"72),
FDR(<,) = FDR(%w) = 04(1) + Op(m™"/2), (A.29)

FDR(Taimin) — FDR(sam) = Op(m~Y2),
respectively, where the second equality also utilizes (A.23). Substituting (A.29) into (A.28),
we get. (AZ1).

Finally, an application of Storey et al. (2004) (Theorem 6) shows that
P(FDR(72,,..) < FDR(r2,,..) = 1. (A.30)

By (A.30)), together with (A.24), we obtain FDR(73,,.,) < a + o(1). This completes the

proof. B



Proof of Proposition 4. For the critical value t, , given in (3.2), we observe

FWERl (tz;m) = P(UiGIO{|T'general‘ > tz;m})

un1,n2

< S P(IES > t2,0)
i€y

= Z Qisng ny (tZ;m)

i€Zp
= 71-oﬁl;a + 0(1)7

where the last equality comes from (A.1). B

a

Proof of Proposition 5. For the critical value t3. ., given in (3.4), an application of

Markov inequality gives

E{V,.(t2.,...
FWERk@Z;m;k) %
_ Ziel’o P(|712%Zr11?7221| > tz;m;k)
_ ZieID Qisng ng (tz;m;k)
k
= ToBra/k +o(1),
where the last equality is obtained from (A.2)). B
Derivation of (2.6). Under Hy; in (2.2), (2.5) becomes
pool €i— €
4n1,n2
Spaolyi\/ 7 T 7z
0%i | %eay (1 1
_aea R RE D)
U?;i + Ug;i Spoolx;y;i
ni n9
g, — € \/(1 - p)o-g;i + pag;i
= —— P— {1+0(1)} (A.31)
£;1 + el poo X;Y*Z
ni no

as n; — 0o and ny — oo, where g; = Z?;l gij/m and € = 2221 e;.;/na.

(i) By CLT, —==%_ B N(0,1).

__Ei—&
£;1 e;t




3 P P
(ii) By law of large numbers, s%.; — o2, and sy, = 07,, and thus

e’

2 (nl - 1)‘9%(;7; + (n2 - ]')S%/;i
S e —=
poolyyit (n1+ng —2)

5 pasz;i + (]‘ - P)Uz;i‘

. . . . . ool D (1=p)o2 ;+po?;
This combined with (A.31) and (2.7) implies that 737, — N(0,1) - T T(pet, =
N(0,1) - 0y, W

Appendix B: Extensions of Models (4.10) and (4.12)

More generally, consider observations {X; ;} and {Y;;} described by the following model:

_ T . .
Xi; = Pxy T Eij 7y, Wi, 1<i1<m, 1 <7< ny, (B.1)
Yi,j = My + e+ Yy, Wis I<i<m, 1 <7< ny,
. . . Lid.
where w; are unobserved d,,-dimensional random vectors, with {w1, ..., w,} ~ N(0,%,);
. Lid. 9 iid. 9
for each 4, errors {g;1,...,€in } ~ N(0,0Z2;), errors {e;1,...,€in,} ~ N(0,07;), and
{(ein, - €im), (€i1,. .., €in,), w;} are mutually independent; {(g;1, ..., in;€i1y-- s Ciny Wi) :

i € Iy} are independent. Clearly, the factor w; describes both the dependence between
the X-group and Y-group, the dependence within the X-group, as well as the dependence
within the Y-group, where the amount of the dependence is described by non-random pa-

rameters v and 7, . Asseen from (B.2)) and (B.3), test statistics (using either {rEeneraly

rny,n2

I LA : : : :
or {177} or T2)” ") associated with true nulls continue to be independent.

Case (i). The case of v, =, ., which includes Model (4.10), indicates that the influ-
ence of common factors w; are identical between the X-group and Y-group. The

Tgeneral Tpool and Tpool;A

im0 Limy o mymp are identical to those in Section 4.2.

conclusions on

Case (ii). The caseof v, . # 7, , which includes Model (4.12), indicates that the common

Tgeneral

factors w; in the X-group and Y-group are different. The conclusions on T "™,

pool pool;A . . . .
Ty n, and T30 are identical to those in Section 4.3.

10



. . . general pool pool;A .
Detailed discussions on the performance of T3, "/, T:27 - and T;7" 0 are given below.

Case (i): v,, = v,, in model (B.1)). This case means that the influence of common
factors w; are identical between the X- and Y-groups. It follows that two-sample t-statistics

under Hy; reduce to the following forms,

— _ _ _ pool
general € — € pool € — € pool; A Timine B.2
Gni,ng Gni,ng 1 1 Gni,ng o ~ : ( ’ )
Sc. Z/nl + 5 /n2 Spools AV + o Pi0(c,e)si

It is interesting to note that Case (i) involves dependence between different groups, as well

as within a same group, but test statistics (using either {TE'} or {TP%! Y or TPk

5n1,mno i5n1,m2 i;n1,ng

associated with true nulls are independent.

Under this special case, we can show two distributional results below for the “general”

Tgeneral

two-sample {-statistic 77, "~

under HO,i:

AN 2 _ 2 _ general .
(cl') if o2, = o7, and ny = ny, then T3 " ~ to,, o

(c2') if ny — oo and ng — 0o, then T2 B N(0, 1).

5n1,m2

Hence, conclusions of Propositions 1-3 carry through to the “general” two-sample

s e general\ m
t-statistics {17, it1-

As a comparison, for the “pooled” two-sample t-statistic T;p;"lm under Hy;, we make

two conclusions below.

(A1) If 02, = o2, then :ngflnz ~ tp,+ny—2. In this case, the results in Propositions 1-3
continue to apply for the “pooled” choice {ﬂpsflm m.

(d2") If ny — oo and ny — oo such that ny/(n; +mn2) — p € (0,1), then (2.6) gives

ﬂpﬁf}m = N(0,072, c.0,)- Similar to the discussion in Section 3.2, there will be no

guarantee in the case of 0,4, ., > 1 for achieving level bounds « in (2.11) and (2.12)

: pool m
using {715,7,, Fi1-

11



But according to (B-2), the “adaptively pooled” version satisfies TP°°5 2N (0,1), and

111,12

thus the N(0, 1) calibration remains valid for {ﬂpsfln‘: m.

Case (ii): v, , # 7, , in model (B.1). This case means that the common factors w; in
the X-group and Y-group are different. The explicit forms of two-sample ¢-statistics can

be derived as follows,

= _ 5. _ Topy. = _ 3. _ Tapy. pool
general &i e + (’7X;i ’YY;i) w; pool &i e + (’7X;z‘ ’YY;z‘) w; poo;A E;nl,ng
tny,ng T ) yni,ne ) ining . °
2 2 /1 1 o~
Ss;i/nl + Se;i/nQ Spools;e;i 1 + o p0(c,e)ii
(B.3)

which differ from those in . Again, dependence between different groups, as well as
within a same group, exist in the dataset, where the extent of dependence is captured by
the magnitude of (v, —~, ) wi ~ N, (v,, = 7,.) Zw(¥,, = 7y.)), but two-sample
t-statistics associated with true nulls remain independent.

In the context of (B.3)), we can show two results for the null distribution of the

Tgeneral .

“general’ two-sample {-statistic T;, " "

(el') if 02, = 02, = 07 and ny = no, then

by
general / I ji i .
Ti;m,ng ~ 232711*2 X flv where fl - \/1 + 2 )

(€2') if ny — oo and ny — oo, then

(Y = Vo) 2w (Y — Vy)
ne02 + nyo?

ngftrlle;? =7 x fof{1+op(1)} 5 oo, where fy = \/1 + ,
(B.4)

Z ~N(0,1) and % denotes converges in probability.

We can also show that ﬂpzflnlz has the same limit null distribution as ﬂgfff:efgl For the null

distribution of the “pooled” two-sample t-statistic ﬂ?ﬁf}m, we make two conclusions below.

12



(f') If 02, = 02, = 07, then

eyt

ning (’7)(;1' B 7Y;i)Tzw(7X;i B 7Y;i>

N1 + no af

pool , ,
E%nlﬂm ~ tn1+n2—2 X f3, where f3 = \/1 -+

(f2") If ny — oo and ny — oo such that ny/(ny +ng) = p € (0,1), then

ning <7X;~L B 7Y;1)T2w(7)(;i B 7Y;i)
ny 41y po?+ (1 —p)o? '
(B.5)

szzflm =Zx fi{l+op(1)} L 0o, where f; = \/Uﬁ;g(g " +

Thus, conclusions of Propositions 1-3 will fail for two-sample ¢-statistics {ﬂg;i?e;zl m ., since

the factor f; in (B.4) invariably exceeds one. As a comparison, Propositions 1-3 may fail

for {T2°° 1m_  particularly when the factor f; in (B.5) substantially exceeds one. In

ini,ne Ji=1

Tpool;A

moo .
s yizy Will not ameliorate

the case of fi > fi, the “adaptively pooled” versions {

{TPOOl m

ini,me Ji=1"

Appendix C: Figures and Tables in the Paper
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Figure 1: Plots of {1—®(x/0o)}/{1—®(z)} versus x. Left panel: o > 1; right panel: o < 1.
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Figure 2: Left panel: plot of a/f1., versus o. Right panel: compare plots of fy,, and «
Versus .
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Table 1: Quantities in simulations examples in (5.1).

2 2 2
Example T 00e 1 N3,X;i/n1 - M3,Y;z‘/n2

1 1 0
2 0.8 0

3 125 0

4 1 16/n? 4 16/n3

5 1.9769  32/n2 — (2b; — 1) x 128/n2

Table 2: Number of genes called differentially expressed at o = 0.05.

data Efron (2010) Kim et al. (2007) Bourgon et al. (2010)
m;ny;na 6033; 50; 52 8648;27; 17 12625; 37; 42
TE ! via N(0, 1) 51 565 214
TP Via typny—a 21 196 169
TP via N(0,1) 51 436 210
TPeoR™ via N(0, 1) 51 563 215
T?%2¢ via N(0, 1) 50 565 213
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