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The first supplementary material consists of the proofs of Lemma 1 and Theorem 1-3, and
Tables 3-4-5-6. Lemma 1, Theorem 1-3 and the simulation settings of Tables 3-4-5-6 are in the

main paper.

Hy : ¥ = diag(Z11,..., XKK)- (1)
The one-sided rejection region for Hy at the nominal level « is
{x1,...,%Xn : T — i > 60q1—a}, (2)
where ¢, is the a-th quantile of the standard normal distribution. To check the sensitivity of
the threshold s*(n,p) and any scaled version of Ty, we consider the rejection region
{x1,..,Xn : Tn(c1,c2) — it > 6oqi-a}, (3)

where [ is in (4), 6o is just before (2.4) of the main paper and T,(c1,c2) = Tn1 + c1 -
Tno(c2), Tn = Tn(1,1) with T3 = tr[S,, — diag(S11,...,Skk)]?,

J— 2 ~
Two(e2) = p6{111ax(e1,z2)eA0"(8151142)2(9e1z2)_1>8*(n7p,02)}’

s*(n,p,c2) = c2-[4+ (loglogn —1)%](logpo — 0.25loglog po) + g.
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Lemma 1. Under Assumption [A]-[B], and under Ho specified by (1), we have

T —
= H L N(0,1) and
g g0

M — N(0,1),

where

(n* = n = D[(rX)* = 300 (tr8p)”]

Be= n(n —1)2 ’
L (07— n = D[(e8.)° — S (trS)’] (4)
Bo= n(n —1)2 ’
K
oo = Al rz?)? - 4Z(n71tr22k)2,
k=1
K P
o> = O'g + 4n~3 Z(trEkk — tr2)2 2tr2ik + Buw Z(e}kﬁkkegkf s
k=1 =1
Bu = B(uwj)-3.

Here e is a p-dimensional vector with the £-th element being one and other elements being zeros
and e, is a pi-dimensional vector with the (-th element being one and other elements being

ZEros.

Theorem 1. Under Assumptions [A]-[B], and under Hy specified by (1), if

—1/2

liminf inf var[(z1; — Ez1:)(z1; — Ex1,)][var(z1;)var(z1;)] > 0,

n—oo (i,j)€Ao

s"(n,p) — 4logpo — +00, and sup,<,<, Eexp(to|re|™®) < co for some constants to > 0 and
0 < mo < 2, we have

G0 (Tu = ) = N(0,1).
Theorem 2. Under Assumptions [A]-[B], we have
o7 (T — o= ) — N(0,1)

where p1 = (n® —n+2)trA/(n — 1)%, 0f = 0§ +42n" "trA® + Bun~ ' 30_ (e;Ae)?]. Here e
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is the p-dimensional vector with the (th element being one and other elements being zeros and

Theorem 3. Under Assumptions [A]-[B] and $? = diag(231,..., 5% k) + A,

(1). We have Br,(A) > o when n is large enough; Especially, when trA > ey > 0 for any
positive constant €, we have Br, (A) > « for sufficiently large n;

(2). If trA tends to infinity or P(max(, ¢,)ea, n(se,05)2(Oe,0,) "1 > 5% (n,p)) converges to one,

then we have Br, (A) = 1 as n — co.

S1 Tables 3-4-5-6

S2 Proofs of Lemma 1 and Theorem 1-2-3

Definer; = n=%/2

withpo =0and pp =p1+...+pprfork=1,... K, i =1,...,n. Then

r;=(r),...,rl) and w; = (w];, ..., w)) fori=1,...,n. We have
(n—1)*n"2tr(S?) = Z SV 2l 22 402 (5T EF)? — 2nF zzr,
i=1

where T =n~'Y""  r;. By Lemma S.2.1 and S.2.2 from the supplementary
file 2, letting € be a very small positive number, we have n?(r'Xr)? =

(n — Dn=3(trX)? + 0,(n~179), and

'Y Z r3F = (n'tr2)? + (n — Dn"2tr(32?) + 0,(n~179).

_ T o =1/2 _
Wi, W; = (wu, e >wpi) y Tig =T / Wik, Wi = (wpk,1+1,z‘, e

» Wy i

)T
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Table 3: Empirical test sizes and empirical powers (in percentage) of comparison of three
methods with with (p1,...,px) = (p/K,...,p/K) and K = 2,3 for Gamma variables.
The vector (61,02, 03) specifies the ¥ matrix. The rejection region is given in (2). When

a test is not applicable, the corresponding entries are marked —.

(61,02,03) n  Methods p=180 360 900 180 360 900
K=2 K=3
Empirical test sizes
(0,0,0) 150 FDS 4.86 490 444 | 512 499 454
BHPZ 4.46 — — 5.22 490 —
YHN 4.94 536 548 | 530 529 5.06

300 FDS 4.92 4.82 481 | 492 5.02 4.84
BHPZ 476 494 — 538 514 —
YHN 4.84 492 510 | 5.02 522 490
Empirical powers
(1,0,0) 150 FDS 33.98 22.44 13.36 | 52.32 33.08 19.24
BHPZ 5.89 — — 8.02  5.02 —
YHN 8.82 742 588 | 12.88 7.88 6.38

300 FDS 95.56 90.78 81.34 | 99.58 99.02 95.42
BHPZ 8.34 5.86 — | 1417 7.26 —
YHN 13.28 876 6.12 | 22.12 11.93 7.16

(0,1,0) 150 FDS 59.82 47.54 31.44 | 79.76 67.61 47.70
BHPZ 9.48 — — | 21.44 7.40 —
YHN 844  6.92 576 | 10.30 7.78 6.10

300 FDS 99.08 98.46 96.04 | 99.98 99.96 99.86
BHPZ 31.06 11.00 — | 7436 2798 —
YHN 11.40 8.00 5.84 | 16.78 10.36 6.62

(0,0,1) 150 FDS 75.24 98.62 100 | 83.14 99.28 100
BHPZ 7.40 — — | 1142 6.62 —
YHN 77.30  98.86 100 | 84.34 99.39 100

300 FDS 99.38 100 100 | 99.74 100 100
BHPZ 14.78  8.02 — 13400 19.76 —
YHN 99.50 100 100 | 99.78 100 100
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Table 4: Empirical test sizes and powers (in percentage) for comparison of four methods
with n = 200, (p1,...,px) = (p/K,...,p/K) and K = 2,3 for Gaussian variables. The

vector (01, 02,03) specifies the ¥ matrix. The rejection region is given in (3).

(c1,¢3)  (01,05,05)  Methods p=60 120 180 | 60 120 180

Empirical test sizes
(0.001,1) (0,0, 0) FDS 5.61 548 565 | 5.77 573 5.20

CLRT 5.15 536 538 | 526 549 5.29

BHPZ 5.20 5.08 488 | 48 529 5.15

YHN 5.32 536 5.54 | 555 5.58 4.87

(5, 1) (0, 0, 0) FDS 5.61 548 565 | 5.77 573 5.20
CLRT 5.15 536 538 | 526 549 5.29

BHPZ 5.20 5.08 488 | 48 529 5.15

YHN 5.32 536 554 | 555 5.58 4.87

Empirical powers

(0.001,1) (1,0,0) FDS 87.63 77.34 70.30 | 98.20 93.21 88.66
CLRT 19.54 9.78 7.07 | 3847 14.27 8.51

BHPZ 17.27  9.08 6.69 | 35.03 14.41 9.75

YHN 27.55 1391 9.60 | 52.16 22.80 14.83

(5, 1) (1,0, 0) FDS 87.77 77.34 70.30 | 98.21 93.21 88.66
CLRT 19.54 9.78 7.07 | 3847 14.27 8.51

BHPZ 17.27  9.08 6.69 | 35.03 14.41 9.75

YHN 27.55 1391 9.60 | 52.16 22.80 14.83
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Table 5: Empirical test sizes and powers (in percentage) for comparison of four methods

with n = 200, (p1, ...

Pr) = (p/ K- -

,p/K) and K = 2,3 for Gaussian variables. The

vector (01, 02,03) specifies the ¥ matrix. The rejection region is given in (3).

(c1,¢2)  (01,62,03) Methods p=60 120 180 60 120 180
K=2 K=3
Empirical test sizes
(1,0.5) (0,0, 0) FDS 20.563 29.74 39.05 | 2240 32.66 41.39
CLRT 5.15 536 538 | 526 549 5.29
BHPZ 5.20 5.08 488 | 486 529 5.15
YHN 5.32 536 554 | 555 5.58 4.87
(1, 2) (0, 0, 0) FDS 5.43 535 555 | 5,60 5.55 5.12
CLRT 5.15 536 538 | 526 549 5.29
BHPZ 5.20 5.08 488 | 486 529 5.15
YHN 5.32 5.36 5.54 | 555 5.58 4.87
Empirical powers
(1,0.5)  (1,0,0) FDS 99.10 98.47 97.91 | 99.97 99.93 99.93
CLRT 19.54 9.78  7.07 | 38.47 14.27 8.51
BHPZ 1727 9.08 6.69 | 35.03 14.41 9.75
YHN 27.55 1391 9.60 | 52.15 22.80 14.82
(1, 2) (1,0, 0) FDS 40.26  20.03 13.34 | 64.40 31.24 19.74
CLRT 19.54  9.78  7.07 | 3847 14.27 8.51
BHPZ 1727 9.08 6.69 | 35.03 14.41 9.75
YHN 27.55 1391 9.60 | 52.15 22.80 14.82
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Table 6: Empirical test sizes and powers (in percentage) for comparison of four methods
with n = 200, (p1,...,px) = (p/K,...,p/K) and K = 2,3 for Gaussian variables. The

vector (61,603, 03) specifies the ¥ matrix. The rejection region is given in (2).

n  (61,602,03) Methods p=6 12 18 6 12 18
K=2 K=3
Empirical test sizes

600 (0,0, 0) FDS 6.6 6.28 5.92|6.82 6.12 5.87
CLRT 6.51 6.13 5.65| 6.68 5.90 5.67

BHPZ 6.46 6.09 5.59|6.69 5.93 5.50

YHN 6.57 5.97 5.65|6.72 592 5.64

750 (0, 0,0) FDS 6.36 6.22 5.84|6.46 6.12 6.36
CLRT 6.48 599 5.81|6.49 5.84 6.19

BHPZ 6.45 5.99 5.72|6.46 5.82 6.23

YHN 6.35 6.04 5.79|6.39 6.00 6.19

1000 (0, 0, 0) FDS 6.54 6.07 6.05| 6.54 5.87 6.36
CLRT 6.29 5.86 5.96|6.49 5.69 6.10

BHPZ 6.26 5.83 590 6.39 5.67 6.21

YHN 6.51 6.01 5.91|6.59 5.87 6.21
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Thus, we have

2 n 1
r(S2) = ——— (> 21/2”@21/2)2]—%(1;@)2—

r 2 1(X2)40,(n"179),
TN =) [r(S)0,(n~07)

- n—
=1

Because trS,, = n(n — 1)7'(>2", r/Xr; — nt' 1), we have trS,, = n(n —

DI elSr — (n — )72 + 0,(n"179) by Lemma S.2.1 from the

1=1"1

supplementary file 2. As shown in Bai and Silverstein (2004) (p. 559-560),

(Y SV P2 — (Y EVPREEY)] = o, (n V), g =1,2
i=1 =1
where 1, = n’1/2v~v,-, w; = (ﬁ}h‘, c. ,@Dpi)T,

Wi = [Var (weid (g, < yiina )]~ 2 (W8 fus < i) — B0 (usgyi<yiin )
[Wes] < en/mn, By = 0, E(wZ) = 1 and E(w};) < oo for £ =1,...,p and
i=1,...,n with n, | 0, n'/*n, — co and ¢ being a positive constant. For
simplicity, we shall rename the variables w,; simply as wy; and proceed by
assuming that |we| < /nn,, Ewy = 0, E(w}) = 1 and E(w};) < oo with
N 4 0 and n'/4n, — co. Let B, = Y1 | BY2r;r/3Y2 ) then

(nﬁ—z)ztr(Bfl) ol sy

n(n —1)2 n—

tr(S?) = tr(3?) + 0,(n~11).
(82.1)
Similarly, let B,, = >~ | Eté%ikrjkz,t{f, then trSyx = n(n—1)"1 >0 | v}, Speri—

(n — 1) 'trEy + 0p(1) and

tr(sik) =

mtf(Bkk) by
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where 0,(n~'/4) is uniform for k =1,..., K.

S2.1 Part I of Lemma 1 and its proof

Lemma 2. Under Assumption [A]-[B] and under Hy : ¥ = diag(211, ..., Xkk),
we have o1 (T,1 — ) — N(0,1), where the quantities u and o are given in

Lemma 1 in the main paper.

Proof of Lemma 2. First note that T,,; = tr[S, —diag(S1,...,Skx)]> =

tr(S2) — S°r tr(S3,). By (S2.1) and (S2.2), we have

T = B - ,f;tr(Bzm (52.3
—MZ—TW[(UE)Q - kZi(trEm?] - —[tr(>*) - émzzk)} +0p(n "),

Under Hy, we have

T - ﬁ[n@i)—étr<Bik>J—n(Z—i11)2[(trz:f—g(trzm+op<n—1/4>.

That is, the central limit theorem for 7T,,; can be obtained by establishing the
central limit theorem for [tr(B2) — Y1, tr(B2,)]. We need to compute the
mean 4 and the variance o2 of the statistic T},;. The asymptotic normality is
due to the fact that {E;(trB2)—E;_1(trB2),j = 1,...,n} and {E;(trB%,) —
E; 1(ttB%,),7 = 1,...,n} for k = 1,..., K are two martingale difference

sequences, where we use E; as the conditional expectation given xy, ..., X;.
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Lemma S.2.3 from the supplementary file 2 shows that these martingale

difference sequences satisfy the Lindeberg’s conditions, that is,

ZE Ej(0rBy) — By (B0, wrBz) b, w@B)=) = O(n),  (52.4)

Z E([E;(trBiy) — Ej 1 (B 0(e, B2, -k, (6B2,)20) = O11,),(52.5)

for any € > 0 where O(n?) is uniform for k = 1,..., K. For simplicity,
E;(trB2) — E;_; (trB2) is often written as (E; — E;_1)(trB2) in this paper.
To compute the mean and the variance, we take the following two steps.

Step 1 computes the mean

9 K K
n n+1
= — _FB[tr(B?) — tr(B2,)] - ———[(tr®)? — tr¥)?].
We have
p
E[tr(B2)] = n '[2trX? + B, Z(e;Zej)ﬂ +n 7 H(trE)? 4 (n — 1)n tr(XZ?),
j=1
Pk
Eltr(Biy)] = n 7' 2005, + Bu ) (e)uZawesn)’] + 07 (trEpm)® + (n — D' tr(EF,),
j=1
for k=1,..., K. Then under Hy, we have
n?—n-—1 n?—n—1<
= trx)? tr3
H n(ﬂ_ 1)2 ( r ) n<n_ 1)2 ;( r kk)

Step 2 shows that 02 = gy + Zszl Ok —2 Zle ook converges in prob-
ablhty, where Oo0 — Z?:l Ejfl[(Ej — Ej,1)<tI'B721)]2, Okk = Z?:l Ej,1[<Ej —

Ej-0)(trBi)?, oor = 200 Bja{[(By — Bj—1) (e B2)][(E; — Ej—1)(trB,)]}
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for k=1,---, K. To do so, we have

(Ej — Ej-1)uBj
2(n — j)n" " (E; — E;_1)r;%%r; + (E; — E;_1)r}Sr;r; Zr;
+2 Z E;_1)r; ErZrEErJ

1<j—1

2(n — jn H(E; — E;_)rE%r; + (£} 8r; — n'rE)? — E[(r}3r; — n”'trE)?]

+2(n_1tr2)(r;§]rj —n HrE) + 2 Z (E; — Ej_l)r;Ergr;Erj,

0<j—1
(E; — E;1)erBi,
2(n — j) I(E] E )I' Eurjl + (E Ej_ ) Zurﬂr 2111']1
+2 Z 2111‘@11‘“2111‘]1
1<j—1
2(n —j)n (B — Ej_1)r); 53 1)

+(r;12111'j1 —n M) — E[(I‘LGrn —n” 3y’

+2(n*1tr211)(r;1211rj1 — niltrzn) + 2 Z (E] — Ej,l)r;znrmr;lEnrﬂ,

0<j—1

where

(I‘}—EI'J-)Q - E(I“;Erj)2 = (r;Erj —n trxe)? — E(r;Erj —n try)?

(

—|—2(n*1tr2)(r§2r]~ —n" 1Y),

rLEllrjl) - E(I’ 2111‘]1)2 = (rLEllrjl - n_ltrEll)Q - E(rLEllrjl - n_ltr211)2

+2( ltrZH)(r Enr]l—n tI‘EH)

We first compute g1, and the calculations of {og, k = 2,..., K} can be
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similarly obtained.

001 — Z E]*1[<E] — Ej,l)trBiH(EJ — Ejfl)trBfl]

j—l
2Um — i
= ZEJ 1{(E E;_ 1){%1';221‘]- + 1,30 3r; + 2 Z I';EI'gI‘;EI‘j:|
1<j—1
2(n —
(Ej — Ej—l) {%rylzﬁlrﬂ + rLEHrjlr;lanﬂ +2 Z rLEHrﬂrLEHrﬂ] }
1<j—1

= (52.6) + (52.7) + (52.8),
where (52.6)-(52.8) are given as follows.
22 n—jn 1E] 1{ TEQI'J -n 1tr22)(E —E; ) [2(71 — j)nilrLE%lrﬂ

—l—rLEHrﬂrLEHrﬂ + 2 Z r;lznrﬂr;lznrﬂ] }, <826)

0<j—1

ZE] {E; — Ejq) TEI‘] IEr])(E E;_1)[2(n — j)n! r DR

+rj1211rj1r;1211rj1 + 2 Z rLEllrglrLEllrjl} }827)

0<j—1

2) B {E,— B ) () oS (E; — B ) [2(n — j)n '), B,
j=1

0<j—1

—|—r§1211rj1r;1211rj1 + 2 Z I'LZHrglrLEHrjl} } (828)

0<j—1

As verified in the supplementary file, we have

p1
(52.6) = 2(n~'tr%yy) 20 "te(B5)) + Bun D ey 57 eqe) Direy]
/=1
p1

+2[2n" (X)) + Bun ! Z(eZE?lem)Q] + 0,7,
=1
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p1
(S2.7) = 4(n 'rXy)(n ') [2n (2] + Bun ! Z(eLEHegl)Q]
=1

p1
+H(nTHrE) 20 (2,) + Bun Z enSnene; 3Tien] + Op(113),
(=1
p1
(52.8) = 2(n'0Zy)2n () + Bun Y (e Znen)(e) Ten)]
/=1
p1

+22n 1 (B) + Bun 'Y (e BT ien)?] + 4(ntrEE))? + O, (n2).
=1

Thus under H,, we have

1
= 4207t (BY) + Bun ! Z(eZEflea)Q] + 4" (3]
=1

P
+(4n*1tr2 + 4n71tr211) [2n71tr(2§’1) + ﬁwnfl Z 8212%16518;1211641]

=1
p1
+4(n” ) (e 20 (B + Bun ' Y (e) Biien)’] + Op(n).
=1
Similarly, for £k = 2,..., K, under H,, we have
Pk
oo = 4[2n"'tr(23,) + Bun ! Z(e}kEikegk)z] +4(n Hryz,)?
=1

Pk
+(4n HrE 4 dn S 20 e (3,) + Bun ! Z e, X7 emel, Sere)
=1
Pk

(S (0 0 E) 20 te(S7) 4+ Bun Y (e Ermen)’] + Op(n),
/=1
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0o — ZEZfl[(Eé_EéflxtrBi)]Q

/=1
p
= A0 Mtr(ZY) + Bun ) (€)% %)’
/=1
p
+4(n " HrE)? 20 e (22) 4 Bun Tt Y (e;Xey)?]
(=1

+4[n (2 + 8(n~HrX)[2n Hr(T?) 4 Bun” Z ¥2ee;Xey] + 0,(1)

Okl — Z Eg_l[(Eg — Eg_l)tl"Bik]Q
/=1
Pk

= 4n72tr(yy) + Bu Z(e;kzikeékﬂ
=1
Pk

+4(n"HrSe ) n T 2tr(2,) + Bu Z(e}kEkke%f] + 4[n " Mr(X3,)]?
=1
Px

+8(n_1tr2kk)n_1[2tr(2ik) + Bw Z e}kZikegkeIZkkeg] + OP(T]?L)
(=1

Putting things together, we have under H,

K K

2

0" = 000+E Ukk—QE ook
k=1 k=1

K Pk
= 4Z(n’1tr2kk —n rXE)?2n e (3,) + Bun Tt Z(eZkEkkegk)Q}
k=1 =1
K

[ (B2 = 4 [nT'te(S7)) + Op(Kn?).
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S2.2 Proofs of Theorem 1, Part Il of Lemma 1 and Theorem 2

Proof of Theorem 2

Under Hy, we have (T,,; — p)/o — N(0,1). But

2

K
n“—n-—1 n?—n—1
= (try)?2 — (trX
H n(n_l)g(r) n—lQ;rkk

is unknown. We now replace tr¥ and tr¥;; by trS, and trSi; in u, and

establish the asymptotic distribution of
K
Ty — fo=1t18] =) 8}, —

where fi = Z=0=1((trS,)2 — S (trSy)?]. By (S2.1) and (S2.2), we have

n(n 1)2

~

Tnl_,u

2

o ltr(Bl) - > tr(B)

n n—-n-—1

n—1 (n—1)3

K
[(trB,, — n 'tr¥)? — Z(terk —n S )7
k=1

K
1
—L tI‘Z Z trEkk —
k=1

n(n —

2 _
—— [ (2?) — Ztr (Z2)] + 0,(n 4.
=1

That is, the central limit theorem for 7},; —ji can be obtained by establishing
the central limit theorem for (trB? — Zszl trB3,, trB,, trBy1, ..., trBxxk).
The asymptotic normality is due to the fact that the sequences {(E; —
E;_)(trB}),j = L. n}, {(Ej=E;—1)(trBy), j = 1,...,n}, {(Ej—Ej_1)(trByy), j =

n}and {(E; —E;_1)(trBf,),7 =1,...,n} for k =1,..., K are mar-
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tingale difference sequences and Lindeberg-type conditions are satisfied by

Lemma S.2.3 from the supplementary file 2. Then we have
o7 { T — fo =} — N(0, 1),

where p; = n?(n—1)"2E[tr(B2) =31, tr(B2,)]—(n+1)n~ (n—1)"2[(tr2)?—

> ()] = 2(n — 1) [tr(2?) = S, tr(33,)] — o and

o7 = 0Oooa+ ZakkA —2 ZUOkA —4(n ") o004 + 4(n”HtrY) ZUOOkA
k=1 k=1

K K
+4 Z(n_ltrEkk)aokkA —4 Z(n‘ltrEkk)akkM + 4(n_1tr2)200000,4
k=1 k=1

+4Z Tk )  Ohkkia — 82 X)) (n S ) oookka,
=1

if the following terms converge in probability

0004 = >y Eo1[(Er — Egq)trB2)?,

ooka = 2y Bt {[(Er — Be 1 )trB2][(E, — B, 1) trB, ]},
Orka = 2 p_q Eem1[(Ee — Ee1)trB3, )2,

000004 = _p_q Ee—1{[(E¢r — E¢1)trB,|[(E; — Eg—1)trB,, ]},
00004 = 2 _y—y Be 1 {[(E¢r — Ec 1 )trB2][(E; — E,1)trB, ]},
Trekra = D p—q Beo1{[(Er — Beo1)trB]?,

Orika = Dpeq Beoi{[(Be — Ep_)trBEJ[(Ee — Eg—q)trByy ]},
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ookka = gy Beo1{[(Ee — Ep1)trB2][(E; — Eg—1)trByy ]},
oooka = Y gy B {[(Er — Ep1)trBy][(Ee — Eeo1)tr B, [},

oookkA = Dy Beo1[(Ee — Eg—1)trBy] [(Ee — Eg—y )trB,].

The first step is to compute y;. Because E[tr(B2)] = n~1[2trX? +
Bw 31 (e;3e;)?[4+n~ ! (tr2)* +(n—1)n~"tr(32?) and E[tr(Bj,)] = n~ ' [2tr33,+
B (ejkEkke]k) |+ n  (tr2e)? + (n— Dn (22, for k=1,..., K,

thus we have

N

Mx

= n*(n—1D72E[tr(B2) — ) tr(Bi,)] — (n+ Dnt(n—1)72[(trX)? Z tr¥p)>

1 k=1
n?—n+2

tr(E5)] —p = T oA

1

MW

—2(n — 1) Mtr(X?) —

£
Il

where A = X2 — diag(X?,,..., X% ).

The second step is to compute 7. Let Xy is the px p dimensional
matrix with the kth diagonal block being 3. and other entries being zeros.
The detailed proofs of oooa, Tora, Okra, To0004; T0004; OkkkkAs TkkkAs T0kkAs
ooora and ogorra are similar for k = 1,..., K. Moreover, the proof of og14

is similar to og;. Therefore, we do not give the details of the proofs of gy 4.

We have

To14 ZEJ . E;_)trS?)[(E; — B;_1)trS%] = (52.6) 4 (52.7) + (52.8)
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where under the alternative hypothesis,

P
(52.6) = 2[2n’1tr222%ﬂ) + Bpn Z(e}22eg)(e52?n)eg)]
=1

p
+2n’1tr2(11)[2n’1tr222(11) + Byn ! Z e}Ezege;E(n)eg] + Op(nﬁ),
=1

p
(527) = 4(n'uX)(2n 0BTy, + Bun D ejTee; T er)
/=1

+4(n ")) (n ) [2n S 00 + Bun _12 1 3ey) (egE(n)eg)} +O0,(nd),
=1

(52.8) = 2[2n 'tr2®%,) + Bun” Z erX%e)(e; S0 er)]
/=1
p

+2(n S ) [2n T X280 + Bun Z(elﬁzee)(eﬁﬁ(n)ee)} +O,(1,)-
=1

Therefore, under the alternative hypothesis, we have

P
014 = 4[27171’“222?11) + Bun”! Z(GZEQGZ)@;E%M)W)]
=1

p
(T E) 20 S + Bun 'Y | e Dere, 5 e0)
(=1

P
—|—4(n*1tr2(11)(2n*1tr222(11) + Byn ™t Z QEEQGgGEE(H)eZ)
=1
P

+4(n’1tr2(11))(n’ltrE)[Zn’ltrE%m + Bun! Z(eEEeg)(eEE(H)eg)]
=1

+4(n T MtrEE 1)) 4+ Op(n2).
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Similarly, for k =1, ..., K, under the alternative hypothesis, we have

ooea = > Ejl(E) — Ej)uS[(E; — Ej)trSE]
j=1

p
= 4[2n’1tr222%kk) + Bynt Z(e}ZQeZ)(eZE?kk)eg)] + 4(n’1tr2%k,€))2
=1

p
+4(nrE) (20 oSy + Bun Y erSumene; S er)
=1

p
+4(n*1tr2(kk)) (27171’51'222(;%) + 5wn71 Z QEEQGKGZE(kk)ef)
/=1
p
+4(n e ) (n” 1Y) [2n’1tr2%kk) + Bpn Z(ezz(kk)eé)ﬂ +O0p(n3),
/=1

To0A = Z E¢ 1 [(Er — Eo_p)trS2]?

(=1
p p

= 4n 202t + B, Z(e}EZeg)Q] +4(n~trE)*n T 20 8? + B, Z(eEEeg)z}
=1 ¢

p
+4(n~'rE?)? 4+ 8(n~ rX)n T [2605° + B, Z e,X%ee,Xer| + O,(n2),
=1

owka = Y Eea[(Br — Bp)trS}y)”
=1
Pi Pi
= 4n 2027, + Bu Z(e}kﬁlikegkﬁ +4(n~trE) Tt 2057, + Bu Z(e}kzkkegk)ﬂ
=1 ]
Pi
+4(n~'rEg,)” + 8(n” ) n T 2603, + By Z e}kEikegke;Ekkeg] + O,(n2),
=1

oooooa = Y Er1{[(Br — Epm1)trS,][(Ee — Eo_y)trS,]}
=1

p
= 27 't(Z%) + Bun ) (eer)” + O,(ny),
=1
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00004 — i Eg,l{[(Eg — Eg,l)trSi][(Eg — Eg,l)trSn]}

(=1

p
= 2(2n 'rE3 + Byt e Xee) e,
¢ ¢

=1
p
+2(n~'trE) (2 trE? + Bn ! Z(e}Eeg)Q) + O, (n2),
=1
n p
owka = 3 B {[(B; — Bjo)trSu]® = 207 tx(33,) + Bun D (ejZwer)” + O,(112),
j=1 (=1
OkkkA = Z Ee_1{[(Be — Ep_1)trSi] [(Be — Eo1)trSe]}

(=1

p
(=1

p
+2n_1tr2kk[2n_1tr§]ik + ﬁwn_l Z(e—;gzkk:ekzéy] + Op(”?z%
(=1

OokkA = Z E/ 1 {[(Er — Ee_1)trS2)[(E; — Eg_1)trSyx]}

p
= 2(2n XS + Bun Z e,X%ece) X (r) )
=1
p

+2(n HrY) (Zn’ltrZik + Byn Z(e}zkkee)Q) + Op(12),
=1

oooka = Y Beoa{[(Be — Beo1)trS,][(By — Epoy)trS}, ]}

(=1

p
= 2020 "IN, + Bun ') e;Tee; N7, e0)
/=1
p

+2(n e Eg) (20 S, 4 Bun Y (€7 Ekker)?) + O,(12),
/=1
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ooorka = ) Bya[(E; — Byo)trS[(E; — Ejo)tS,]

j=1
p
=1
Then we have
K K
o = ogoa+ Z OpkA — 2 Z oopa — 4(n 1) 00004 + 4(n YD) Z O00kA
k=1 k=1

K K
+4 Z(niltrEkk)aokkA —4 Z(niltrEkk)akkkA -+ 4(niltr2)200000A
k=1 k=1

+4Zn trEkk UkkkkA_SZ ltrE n tl‘zkk)O'ookkA

K p
= A(nT'0X?)? =4 (nT'rER,)” + 420 A + BunTt Y (ejAe)’] + Op(Kny).

k=1 /=1

with A = 22 — diag(X2?,,..., %% ). Thus o7 (Th1 — o — p1) — N(0,1).

The proof of Theorem 2 is now complete.

Proof of Part II of Lemma 1
Under Ho, iy = 0 and 08 = 07 = 4(n" ' Y1, tr82,)2 — 438 (n~'tr¥2,)2 Then
under Hy and by Theorem 2, we have oy ' (T, — 1) — N(0,1).

The proof of Lemma 1 is complete.

Proof of Theorem 1

We have (n — 2)71[trS2 — (n + 2) 7! (trS,,)?] — n'trE? = 0,(1) and (n — 2) 7 [trSF, —

(n+2)7 (trSkx)?] — n1tr¥2, = 0,(1), k=1,...,K. Thus under Hy, we have

&0 ' (Tw1 — 1) = N(0,1) (52.9)
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where 63 = 4(n — 2) (X2, 82, — (n +2) ! (t1Sp)?]}? — A(n — 2)"2 XL [6rS2, —
(n 4 2)~1(trSyr)?)?.

Moreover, Xiao and Wu (2013) presented that (zfilfféAo n(85152)2é[j? —4logpy +
log log py converges to a type I extreme value distribution under Hy. Then if the threshold

s*(n, p) is taken to satisfy s*(n,p)—4logpo — 400, then P(max(s, ¢,)ca, n(szlb)zéa%2 >

s*(n,p)) — 0 under Hy. That is, T,, — Tp1 = 0,(1) under Hy. By (S2.9), we have
6o M(Ty — fr) — N(0,1).

The proof of Theorem 1 is complete.

S2.3 Proof of Theorem 3

When trA tends to infinity, o7 also converges and p; — +o0o. Then

0091—a — M1 N
01

—0Q.

Thus we have 81, (A) — 1. Moreover, if P((é I?E;XA TL(Sgng)QéZlZ > s*(n,p)) — 1, then
1,£2)€Ao0
T,0 — oo in probability as n — co. Then the power function will tend to one.

The proof of Lemma 3 is complete.
Supplementary material 2

This supplementary material consists of three lemmas and the detailed proofs of

(52.6)-(S2.8). These proofs are conducted under Assumption [A]-[B].

S.2.1 Lemma S.2.1-S.2.4 and their proofs

1/2

Let r; = n~"/*w; and € be a very small positive number.
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Lemma S.2.1. Under Assumptions [A]-[B], we have
nt BF = n~HrE + o, (n” (0579,
Proof. We have

n
nt' oF = 2n~ " Z r;¥r; +nt Z r; 3 r;.

i<j i=1
First, we have E(n~! dici r/¥r;) =0 and
E(n! Z r;3r;)?
i<y
= (n—1n 'E(r|ZroriXr) +n2 Z E(r]Zr;r,r))
i<j<k<t

+2n72 Z E(r—irErjr;Erk)
i<j<k
n"2tr(X?) = 0(n72(0'5*€)),

IN

for any small positive number e. That is,

nt Z r]3r; = 0,(n~(0579),

i<j

Second, we have E(n™' Y7 | r/¥r;) = n~'tr2 and

n
Var(n~* Z r;¥r;) = n'E[(r]Zr; —n trE)?]
i=1
P
=n"2[2tr(2%) + Bu Y _(e]Be;)?] = o(n~2579)),
j=1

where the second equality is from (1.15) of Bai and Silverstein (2004). That is,
nt Z r3r; — n e = 0, (n~(0979),
i=1
Thus we have

nF'SF = n”HrE + o, (n (0579,
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Lemma S.2.2. Under Assumptions [A]-[B], we have

ntl % Z rirl Bt = (n1rE)? 4+ (n — 1)n"2tr(2?) + o, (1).
i=1

Proof. We have

n
m"Tilg rrir = nt E riTerr?Erg+n71 E rl-TErjroEri

i=1 1,7, unequal i,j unequal

bt S BB oA Bl

1,7 unequal i=1
Step 1. We have

n n
-1 T T ~1 T ~1 2
n g r; rr; Xr; = n E (r;3r; —n~trX)
i=1 i=1
n

+2n~! Z(niltrE)(rlTZri —n HrE) + (nHre)?
i=1
Because n ™t 3" | E[(r]Zr;—n"1trE)?] = n2[2tr(X2)+ 8, ?Zl(efEej)Q] = o(n~(179)),
then we have n=1 Y7 (r]Zr; — n~1trE)? = o(n~(179). Because n ™'Y 1"  E(r[Zr; —
n~1r¥) = 0 and
n p

Varln™' Y (1] Br; — n”'0rE)] = n”02t0(2%) + Bu Y _(e] Te;)?] = o(n>179),

i=1 j=1

then we have n= ! Y"1 (r]/Zr; — n 1trE) = 0,(n~(179). Thus,

nt Z vl Srirl S, = (n1r2)? + 0, (n”179). (5.2.1)
i=1
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Step 2. We have n=1 ",

IN

IN

E(rZTErjrfErg) =0 and

4,7, unequal
E(n~! Z I'?Erjrfzrg)z
4,7,4 unequal
2n =2 Z E[tr(Zl/QrirZTErjr;‘-FErgréTZrkrf21/2)]
i,7,4,k unequal
+2n~2 Z E[tr(EUQririTErjr]TErgréTErerTEl/z)]
1,5, unequal
+4n—2 Z E[tr(E1/2ririT2rjroErgréTErir@TEl/Q)]
1,7, unequal
20" 2tr(24) 4 20 E[(rT 2%01)?] + 4E[tr (B ?r 1 S2ror] B I 11/2)]
P
2n"2tr(24) 4 20 [2tr(24) + By Y (€] Be;)? + (trE?)?]
j=1
+8E[(r?22r2r2 >2r)] + 8E[(r1TEr2rgEr1)2]
P
2n"2tr(24) 4 2n 0 [2tr(24) + By Y (€] Be;)? + (trE?)?]
j=1

p
+8n2tr(Z4) + 24n2B(rl 2%ry)% 4 80728, Z (el'Siry)*

P
100" 2tr(24) 4+ (2072 4 24074 [2tr(2*) + B Z (el'5%;)? + (r3?)?)

+24n*4f3wz (e =%e;)* + 8n~* 222 (e] Sey)’
J=1 j=1¢=1

op(n*2(0'5*€)).

Then we have

nt Y (@ B Bry) = 0, (n”0579), (S.2.2)

1,7,0 unequal
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Step 3. We have n=1 " Er] Tr;rlSr; = (n — 1)n"?tr(X?) and

i,j unequal

n~2E( E r;fFErjr;‘-FErif
i,j unequal
= 2n7? E (r;?FErjr;‘-FEri)Q +n"2 E (r?Erjr?Eri)(rgErkrzErg)
4,7 unequal i,7,k,£ unequal
+4n—2 E (r?ErjrfEri)(r?Ergr{Eri)

1,7, unequal

= 60 %(n— DE[(r{2r1)’] + 20 (n - 1)B, ¥ _ B(e] Try)*
+n"°(n — 1)(n — 2)(n — 3)[tr(T?))?
+4n " (n — 1)(n — 2)[2t2(Z*) + B, > _(e] B%;)” + (152)7]
j=1
61 5(n — 1)By Z(eJTZZej)2 +2n75(n —1)82 Z Z(ejTZJeg)4
j=1 j=1¢=1

+n7%(n — 1)(n — 2)(n — 3)[tr(Z?)]?

IN

+2n75(n — 1)(2n — 1)[2tr(Z*) + Buw zp:(e;‘-rEzej)Q + (tr=?)2).
j=1

Then we have

Var(n™* Z rlTErjr]TZri)

4,7 unequal

2
anK Z rZTErjroZri) } - <n1 Z EriTErjr?Eri)

1,7 unequal %, unequal

2

_ O(n72(0.57e))'
That is,

nt Y e B S - (- Dn e (E?) = o, (n”(0979). (S.2.3)

i, unequal
Step 4. By (1.8) of Bai and Silverstein (2004), there exists 7,, | 0 satisfying n'/*n,, — oo

and 7, *E[lw};6(Jwi1] > /)] — 0. Then let #; be the truncated version of r;, that

iS, f‘? = nfl/QWi with Wl = (UA)M, . ,UA)pZ‘)T and Ut)gi = wéiaﬂwéi\ﬁﬁnn}' Then we have
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Edyy — 0, B}, — 1 and Var(iwy;) — 1 asn — co. Let 1 = n~Y/2(Ey;)1, where 1, is
the p-dimensional vector with all entries being ones. Because Ew;; = 0, then we have
[Edni| = [Elwnd(lwi] > navn)]| <m0 ?Elwl;6(jwn| > nav/n)] = o(n™*?).

That is
Al =n"1(Ed)?1)1, < o(n/?).

Because

P(n™! Z r! Sl Br; £ 07! Z ED R ED N F)

1,7 unequal 1,7 unequal
< P(for some ¢, 1i,p; # wy;)
p n
< D> Pllwal = navn)
(=1 i=1
< (mv/n)npElwi; 6(lwii] > nayv/n)]

= (p/n)i, *Elwiyd(lwi| = nav/n)] = 0

where the third inequality is from the Chebyshev inequality and the last equality is from

(1.8) of Bai and Silverstein (2004), then we have

nt Z r! Srr! Br; =n7! Z B8] BE; + 0p(1). (S.2.4)

i,j unequal 1,7 unequal

Let r; = (IA‘Z — ﬂ)/\/Var(wn), then

#7128, = Var(wn)F! =F; + 2/ Var(in )5 S+ gl i

= Var(in)(F =5 — n 1) + n” Var (i )trS
+2+/Var ()L S + o(n~?),
and 7 Bt; = Var(iq1)t] B, ++/Var (i1 )5 T++/Var(d11)r7 Sf+0(n~1/?). Because

n !t > EFEE =0, Em' Y &)’ <n (X)) =o(n20579)

i,j unequal 1,7 unequal

)
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-1 Tz —(0.5—¢) ,
we have n™" 37, o cquar T BT = 0p(n ). Because

nt Y EFEZa=0, Em' ) #EZa)?<a’Sp=on?),

1,7 unequal 1,7 unequal

we have n=15" i/ B = o,(n"1/?). Because n"'Y

=TS \2
1,7 unequal r; 1,7 unequal E(ri 2/’1’) -

0320 = o(n=1/?), we have n~! Do unequaz(fz‘Tzﬂ)Q = 0,(n"1/?). Because
nt Y BEZaASE)=0,Ent Y i BaaSE)’ < ('2%0) =o(nt),

4,7 unequal 1,7 unequal

-1 ST TSR ) —1/2
we have n™" 37, oo pua (Fp B X)) = op(n /2). Because
Em™' Y IS 2a)’
1,7 unequal
= n? ) EfERETZALEEEDE +n ) Ef] Sf;F; S BF 5] 55
i,7,¢ unequal 4,7, unequal
+n72 ) Ef] oF;F, DA BF 155,
1,7, unequal

< n2A" 2+ B Saa S0 E 2% + B S) ] Baa S = o(n1/?),

we have n71 Y0, L couar Br SEE B = 0,(n71/2). Because
En™t Y (S - n 0D BF,)°

i,j unequal
= n? ) EFEE - n'wE)E] SEE DR B - n ' 0X)

4,5, unequal
072 > B@ESE -0 0X)E] B I B -0 eX)

i,j unequal
072 > B SE -0 0X)E] B I (E] B, -0 o)

i,j unequal

[E(FT 2t — n 'rE)?)? + E(F 22%8:)% + n 'E(F] BF, — n'0rX) %5 225,

IN

+[E(f?2f“1 —n trE)?)? + E(fngfQ)4 _ O(n—z(o.5_e))7
by (1.15) of Bai and Silverstein (2004) and (9.9.6) of Bai and Silverstein (2010), we have

nt Y (FBF - n T E)E] BE, = o,(n”0079).

1,7 unequal
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Thus we have

nt Y SRR BE = o(n”(779), (S.2.5)

1,7 unequal

By (S.2.4) and (S.2.5), we have

nt Y xSl Br =o0,(1). (S.2.6)

4,7 unequal

By (S.2.1), (S.2.2), (S.2.3) and (S.2.6), we have

nt’'% Zrirlrﬁf‘ = (n"'rE)? + (n — 1)n"%tr(2?) + o, (1). (S.2.7)

i=1

That is, the proof of Lemma S.2.2 is complete.

Lemma S.2.3. Under Assumptions [A]-[B] with |we| < v/, Ewe = 0, E(w?) =1
and E(w},) < 0o with 1, | 0 and n'/*n,, — oo, we have

n

> E((B; - Bjm)tBa]*65, -k, B, =a) = O),

j=1

> E((B; - Ejm) B2 5, E,_uB220) = O),
j=1

> B((B) — Bj-) Bl 0g 5, -k, uBra =e}) = O(h),

j=1

and

n

ZE([(Ej —E; ) uBL 68, -B,_uB2, [21) = O)-
j=1
Proof. We have trB,, = Y"1 r/¥r; and E(r! Zr; — n~'trE)? < Cn~1nl||2|* =

2

O(nin=1) by (9.9.6) of Bai and Silverstein (2010) where C' is a constant independent of

n and p. Then we have

ZE([(E] — Ej—l)tan]Qé{\(Ej—Ej,l)tan\ze}) < nE(I‘ZTEI‘i — nfltr2)4/62 = O(ni)

j=1
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Similarly, we have

ZE([(EJ — B )tBL2 08, -B,_uB2, =) = O(1)-
j=1
E;(trB2) — E;_;(trB2) can be expressed by

E;jtr(B2) —E; 1tr(B2) = 2(n— j)n_l[r—erer —n" (X))
—l—[r}—Erjr—'j—Erj - E(r}—Erjr—j'-—Erj)]

+2 Z [r}—Erkr—IZErj —n_l(r}—22rj)].
k<j—1

‘We have

Z(n — )T E (2% — n e E?)?] < CZ(n — )00t (S.2.8)
j=1 j=1

which is from Lemma 9.1 of Bai and Silverstein (2004) and C'is a constant not dependent

on p or n. Moreover, we have

Z E[(r;err;Erj — Er;err;Erj)‘l]
j=1
= nE[(r]Zrir;Xr; — Er]Xrir]r;)?

CnE[(rT2r; — n 'trX)8] 4+ nO(n™) 4+ Cn(n ') E[(r] Tr; — n~1trX)Y]

IN

IN

O(m") +O(n™%) + O(n™") (S.2.9)

where (r]Zr; — n'trE)? = n72[2tr(X2) + B, §:1(ejT§]ej)2], the last inequality is

from (9.9.6) of Bai and Silverstein (2010) and

(r12ry)? — E[(r]Zr1)?]

(r]Zr; —n 'rE)? — E[(r]Br; — n )2 4+ 2(n ) (r] Bry — n )

(r12r; —n 'trE)? + 2(n M) (r] Bry —n X)) + O0(nh).
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Furthermore, we have

D E{[ D (B —Ej 1)r)SryrpBry]")

j=1  k<j-1

= ZE{[ Z (P;Erkrzﬁrj —n e 2%
=1 k<—1

n
Crin SE( Y Errs)t)

<
j=1  k<j-1
< OB Y. Sl sl < CrtISIFE(N S v l)
k=1 k=1
< 208 |SIPA+ Vim)® = O(nd) (S.2.10)

where the second inequality is from (9.9.6) of Bai and Silverstein (2010), [| 32, ;4 S 2|
is the spectral norm of the random matrix ), -1 Erkrzz, that is, the maximum eigen-
value of 3, ) r,r, ¥ and the last inequality is from (4.2) of Yin, Bai and Krishnaiah

(1988). From (S.2.8)-(S.2.9)-(S.2.10), we have

D E{(E) — By ) B 6 s,y yuB2 20}

j=1

< CZ E[2(n — j)n_l(r—lj—22rj —n Hr2?)]t + CZ E[r;Erjr—J'»—Erj - E(I'—Jl»—Erjr—lj—Erj)]4
j=1 j=1

+CZE{[ Z (Ej — B;j_)r;Zrpr Trj]'} = O(,) + O(n™?) + O(n™*) = O(np).
j=1  k<j-1

Similarly, we have

Y B{IE) — Ej-0)uBil 0y e, 5, usz, 20} = O0) + 0(n™*) + O(n™*) = O(n,).

Jj=1

The proof of Lemma S.2.3 is complete.

Lemma S.2.4. Under Assumptions [A]-[B] with |we| < v/, Ewe = 0, E(w?) =1
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and E(w};) < oo with n, | 0 and n/4n, — oo, we have

P1
(526) = 2(n_1t1‘211)[2n_1t1‘(2?1) + ﬁwn_l Z e}lﬁfleglezlilnegl]
=1

p1
+2[2n " 'tr(2) + Bun ! Z(eszle@l)Q] + 0, (117),
=1

P1
(S2.7) = 4(n e (n HrE)2n e (22)) + Bun ! Z(e—frlZuegl)Q}
=1

P1
A )20 tr(S) + Bun Y el Sienel £ en] + 0,(n2),

=1
P1
(52.8) = 2(n 'trZy)2n ' r(BY)) + Bun Y (e Ziren) (e X3 en)]
=1
p1
+202n te(B1) + Bun Tt Y (el en)?] + 4(n” trSE)? + O, (12),
=1
where Op,(n2) is uniform fork=1,.., K.
Proof. We have
(52.6) = (S.2.11)+ (S.2.12) + (5.2.13),
(S2.7) = (S.2.14) + (S.2.15) + (5.2.16),
(§2.8) = (S.2.17)+ (5.2.18) + (S.2.19),
where
~ (=)’ e TSP (B — B el S
42 n2 Ej{[(E; — Ej—1)r;Z7r5][(E; — Ej1)rj; 39,r]} (5.2.11)
j=1
2y (n ; ])Ej—l{[(Ej —E; )2 (B — Ej 1)) Zurjir) Sar ]} (S.2.12)
j=1

~(n—J)
4 Zl T k; 1 Ej—l{[(Ej — Ej_l)r;Eer][(Ej - Ej_l)rylﬁllrklrzllerjl]IS.2.13)
J= W

2> T (0, By, By S} (5.2.14)
j=1
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n
> E;j 1 {[(E; - Ej_)r)Sr,riEe)[(B) — Ejoy)r) Birjr), Sy} (S.2.15)
j=1

n
22 Z Ej—l{[(Ej — Ej_l)ryErjr;Erj][(Ej - Ej_l)rylEnrklr;lﬁurﬂ]} (8216)
J=1k<j—1

2 % Y Ein{l(E) - B S Sy [(E) — Ejy)r); BFr)) (5.2.17)
Jj=1 k<j—1

22 Z Ej—l{[(Ej — Ej_l)r;ErerErj][(Ej - Ej_l)r—jrl2111‘]‘11‘;12111‘]'1]} (8218)
J=1k<j—1

42 Z Z Ejfl{[(Ej - Ej,l)r—errkr—,ZErj][(Ej - Ej,1)I'-]l-—l2111‘(11‘;1lerjl]}(S.Q.].g)
J=1 k<j—16<j—1

Detailed proof of (S.2.11):

(n—j)?

Ej1[(Bj — Ejo)r; 2% (E; — Ej_1)r); Ty

|
-

(5.2.11)

1
4n(1+O(n~"! -
= %E{[I‘szﬂ‘jl —n"'tr(23))°}

P1

4 _
= %[2‘“(2?1) +Buw ) (enSten)’] +0(n")
(=1

where the last equality is from (1.15) of Bai and Silverstein (2004).

Detailed proof of (S.2.12):

(5.2.12)

n n .
2> ( - ])Ej,l[(Ej — B )0 3%, (B; — Ej)r), T By
j=1

n(1+0(n ")E[r); 53, rj1 — B X1 [(r), 2ur)? — B(r); Siiri)?
n(1+0(n™)E[(rj; 2111 — Erjy 33 100) (0], Buirjn — 0~ rE)?]

+2’ﬂ(1 + O(nfl))(nfltrzn)E[(rLZ%lrﬂ — ErLE%lrﬂ)(r;lEnrjl - niltrzn)] (8220)
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where the last equality is from the following equality

(rj;Z11rj1)% — Bl(r]; Z11rj1)?
= (r—]rlEurjl — niltrEu)Q — E[(r—jrlEnrjl — nfltr211)2]

+2(n71tr211)(r—jr1211rj1 — niltrEu).
By (9.9.6) of Bai and Silverstein (2010), we have

nE[(r}, 2} 11 — Br) 2300 (), Brjn — 7 'rE)?] < Col 2?53, 02 = O(n2)

(S.2.21)
where Cj is a constant. By (1.15) of Bai and Silverstein (2004), we have
E[(r}—lE%lrﬂ - Er;12%1rj1)(r;1211rj1 —n )]
p
= n722tr(23) + Bu Z e X2 ene) e =O0(n ). (S.2.22)
=1
By (S.2.20)-(S.2.21)-(S.2.22), we have
P1
(5.2.12) = 2(n 'trEq1)[2n Htr(23)) + Bun ! Ze}lEflegle—&Euea] +0(n?).
=1
Moreover, the detailed proof of (S.2.14) is similar to the proof of (S.2.12).
Detailed proof of (S.2.13):
(5.2.13)
— 4 - (n—J) ) ) . T2, (T, ) T T )
= Z n Ej*l[(Ej — E],]_)I‘jz I’](Ej — Ej,l)rjlﬁllrklrklﬁllrjl]
J=1k<j—1
- (n—J)
= 42 Ej_l{[r;Eer — n_ltr(EQ)](rLEurklr;lEnrjl — n_lrzlﬁflrkl)}
imtk<—1 "
- (n—J)
= 4y TEj—l{[rLE%rjl —n e (2)](r), Burkry, Burg — 0 'r Bk}
J=1k<j—1
- (N =J) 0.7 s c Ty2 T T
— 4 — (2 Shres + B > e;x3 ee,Buirry, Sirey) (S.2.23)

j=1k<j—1 =1
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where the last equality is from (1.15) of Bai and Silverstein (2004). It is clear that
Z;‘L:1 Zkgj—l (n—7)n=3rL, X% 1)1 is the weighted sum of independent random variables
{ri,hrer, k= 1,..,n} with E{Z?_1 Ekgjfl ”n;gjr—,zlE‘lllrkl = (3n)"ttr2}, +0O(n7 1)

and Var[zy_l dok<j1 rkIEHrkl] = O(n™1). That is
Z (n—j)n73rk, Shrm = 3n) 2], + 0,(nY2). (S.2.24)
It is clear that Z?Zl(n —j)m=3 D h<i > eiXee;Xi1ryiTy, D€y is the weighted

sum of the independent random variables {>_7_; e, X% e X rpir) ek =1,...,n}

with

n P p
E[Z n— i) Z S el Hegeeznrklrmznez} — (o) S (] SRen)? + O )
k<j—1¢=1 =1

j=1

n P
Vaf[z (n—J)n Z Z Eueeeeznrklrklzuee] =0(n™1).

J=1 k<j—

That is,

i p P1

St Y S e Burarl Bue = (0n) ' 3(eh S 0,007

j=1 k<j—1¢=1 =

(S.2.25)

By (S.2.23)-(S.2.24)-(S.2.25), we have

2 P _
(5.2.13) = %[Qtrz‘fl +Buw Y _(e)5%e0)%] + Op(n 1),
(=1

Moreover, the detailed proof of (S.2.17) is similar to the proof of (S.2.13).
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Detailed proof of (S.2.15):

(5.2.15) = iEH[(EJ E;_1)r;Sr;r;2r;(E; — Ej_1)r), Ziirjir), S11rj1]
=1
= ;E[(r}—Erj - n_ltr2)2(r—jr1211rj1 —n " Hr3)?)
—nE[(r—;Erj - n_ltr2)2]E[(r;1211rj1 —n"4r3)?]
+2n(n*1tr211)E[(r}—Er]— — niltrZ)Q(r—]rlEurjl —n " 4r3g)]

+2n(n " 1trE)E [(r Sr; —n HrE)(r 112111'J1 —n " Hr3)?

+4n(n " rE) (n " HtrE)E [(r Sr; —n HrE)(r ﬂznrﬂ —n " 1trE)](S.2.26)

By (1.15) of Bai and Silverstein (2004), we have

nE[( TEI‘J —n~ry)? ]E[(r—]'—lEHrﬂ —n 2 )?] (S.2.27)
P P1
= 720X 4 Byn Tt Z e;Xey)?|2n 1trE2, + Bun” Z(e}lEea)?] =0(n™,
=1 =1
and
P1
E[(r—j'-—Erj —n"HrE)(r 12111‘J1 —n 2] = n 2263, + B Z(e—;lEuegl)z].
=1
(S.2.28)

By (9.9.6) of Bai and Silverstein (2010), we have
nE[(r;3r; — n~trX)?(r); Xiarj — n”trEn)?] <y - Col| BBl = On,),
nE[(r;Zr; — n~ ) (r); By — 0 wEn)] <nh - ol Z(P Bl = 0(g),

nE[(r] S, — n W E) (], Sry -0 S0 < 2 - Col B2 = 06).

(S.2.29)
By (1.15) of Bai and Silverstein (2004), we have
P1
nE[( T2r7 —n 1tr®) (e X1 — Hr3yy)] = 2n 2?4 Bun Tt Z(e}lEllegl)Q.
=1

(S.2.30)
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Then by (S.2.26)-(S.2.27)-(S.2.28)-(S.2.29)-(S.2.30), we have
P1

(5.2.15) = 4(n~'rEy) (n D) 20 0BT, + Bun Y (e Ziren)’] + O(n).
(=1

Detailed proof of (S.2.16):

= ZZ E]fl[(E] — Ej,l)I‘—jFEI'jI'—jFEI‘j(Ej — Ej,l)r—]'»—li)llrklr—',;lﬁnrjl]
= 22 Z Ej_l[(r;X]rj — n_ltrE)Q(rLEllrklrLEllrjl — n_lrzlEflrkl)}

n
+4(n_1tr2) Z Z Ej_l[(r;Erj — n_ltrE)(rLZHrklr;lEHrﬂ - n_lrglﬁflrkl)](S.Q.Bl)
j=1k<j—1

By (9.9.6) of Bai and Silverstein (2010), we have

n

T -1 2, T T —1.T 2
E E Ej1[(r;Xrj —n~ trX) (rj Birgary Xiirj —n 1y 37Tk1)]
=l k-1

n

§ : T -1 2T § : T -1 E T 2
Ej,l[(rjErj —n trE) (rj1§]11 rklrk1211Tj1 —n rklEurkl)]
j=1 k<j—1 k<j—1

n
D> o7t GollZIPIZn D rrari S|
=1 k<j—1

IN

IN

IN

n
- Col ZIPIZ0 Y rirg Zn|
k=1

n
- ColSIPIS Pl Y rearkyll
k=1

= 77721 ’ CO||E||2H211”2)‘maX(Z rklr—;l)
k=1

= 0 CollZIPIZ1 (1 + v¥n)® + 0a.s.(1)] = Oaus.(n}) (5.2.32)

IA
=
3N

where Amax(Ype; Tkithy) = (1 + /Un)? + 0a.s.(1) is the maximum eigenvalue of the

random matrix > ,_, rx1ry,; by Yin, Bai and Krishnaiah (1988). Similar to the proofs
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of (S.2.24) and (S.2.25), we have
2072 Y rShra =0 s 4+ 0,(n7?)
j=1 k<j—1

and

n

§ : § : § : 1 —-1/2
eelzlleglrkl2118@18512111‘]@1 =0.5n" 2621211651651211651+O ( / )

j=1k<j— =1

Thus we have

n

§ T —1 T 2
Ej 1 EI‘J —n tI‘E)( jIEHrklrklanﬂ —-n rklﬁllrkl)]
j=1k<j—1

n
E T T —1..T 2

= EJ 1 ﬂZHrﬂ —n tan)(rjlzllrklrklzlnrﬂ —n rklEnrkl)]
Jj=

—
ol
IN
<.
|
—

n P1
—2 T <3 T T T
= n E E (21,37 151 +Bw§ € 11Ty Xi1€01€p X111 k1
J=1k<j—1 —1

P1
= 0507 1(2tr23, + By Z e Xnene, X2 en) + 0,(nh). (S.2.33)
=1

By (S.2.31)-(S.2.32)-(S.2.33), we have
P
(5.2.16) = 2(n~'rE)(2n " trBY, + Bun ' Y ) Biiene X3 en) + Op(nh).
=1
The detailed proofs of (S.2.18) is similar to the proofs of (S.2.16).

Detailed proofs of (S.2.19):

(5.2.19)

4ZEJ 1 Z Z (Ej —E;j_1)r; Erkrerj(E Ej—1)r§12111‘i11‘?1211rj1
k<j—1i<j—1

4ZEJ CY Y ) - e S [ Sara)? - e SR

k<j—1i<j—1

2 —1..T 2 T 2 —1..T §2
= 4ZE] 1 Z Z 12111‘k1 —-n rmEHrkl][(rﬂEHr“) -n rﬂE ril]
k<j—1i<j—1
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P
= 2ZE] 1 Z Z [ rklﬁlflrﬂ)Q+BwZ(e}ankl)Q(eIEHrﬂ)Q}

k<j—1i<j—1 {=1

P
= 4n72 Z Z |:2(I‘—1212%1I‘k1)2 + 5w Z(e}i)llrkl)ﬂ

J=1k<j—1 =1

n p1
477,72 Z Z |:2(I'-|];12%11‘i1)2 + ﬁw Z(e}lxllrkl)2(61;1211ri1)2§|8.2.34)

j=11<k#i<j—1 =1

where the fourth equality is from (1.15) of Bai and Silverstein (2004). Because

n=? D1 k<1 E(ry, 2tre —n 'rE])? = 05022002, + By Yoj_, (e, 21 en)?] = O(n™1),
N2 Y0 Yohey 1 Elep Bk — 07 eS| < 0.5{E[(r}; Ziire — 07 oS}/ = O(nm1?),

leads to

n-? Z?=1 > ok<jo1 E(r, 3% rp — n'0r27,)? = O, (n71),

n=2 Y1 gy (0T R (r Bk — 0TS = Op(n12),

then we have

nfzz Z (ri T4r)? = nfzz Z (rp T2 1 — n tr22)% + 0.5(n 1trx?))?
- j=1k<j—1

n—2 n—ltra? n—ltra?
E tr37) rklEllrkl tr37;)
J=1k<j— 1

= 0.5(n r¥2)% +0,(n"?). (S.2.35)

Because n =2 Z?:1 Zkgj—l Zﬁzl(ezxnrklﬂ =n2 Z?:1 Zkgj—l 2521(111211966;211%1)2,
similar to the proof of (5.2.35), we have
n p
n2Yy Y D (eBuri)t = 0p(n '), (S.2.36)
j=1k<j—1¢=1
Because
p

4”72 Z Z E {2(['—};12%11'1-1)2 + ﬁw 2(622111‘]@1)2(6};211['1‘1)2

j=11<k#i<j—1 =1

4 B B p1 B
= §[2n "t + Bun 12(9212%19€1)2]+O(n bl
=1
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and

n_4var[2?:1 Z1§k;ﬁi§jfl(r};12%1ril)2] =0(n™1),

nvar(3o0 ) Yo <1 2ier (€8 11r1)% () B1irin )’ = O(n 1),

then we have

n P1
4n =2 Z [2(r—£12%1ri1)2 + Buw Z(e};Eurkl)Q(e—gEurﬂ)Q
j =1
4 P1
= §[2n_1tr24111 + Bun™? Z(e}lﬁflegl)z] +4(n"1tr22)? + 0,(n"1?). (S.2.37)
=1

By (S.2.34)-(S.2.35)-(S.2.36)-(S.2.37), we have

4 B B P1 B B
(5.2.19) = §[2n Hred, + Bun ! Z(e}lEfleglf] +4(n rE1)% 4+ Oy(n 12y,
=1

Thus, we have

P1
(52.6) = 2(n 'trEi)[2n Mt (23,) 4 Bun ! Z e, X2 epne) iien]
=1
P1
+22n7 (B4, + Bun 2(9212%1961)2] + Op(17),
=1
P1
(52.7) = A 'trSi)(n” D)2 () 4 Bun 'Y (e T11en)’]
=1
P1
AT )20 (%) + fun 'Y el Bienel; Shen] + Oy (n;),
=1
P1
(52.8) = 2(n"'trSi1)2n 'tx(B5) + Bun D (e Tnren)(ef; B en))
=1
P1
+22n7 1 r(BY) + Bun 2(6212%1651)2] +4(n~HrST)? + Oy (7).
(=1

The proof of Lemma S.2.4 is complete.
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