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Supplementary Material

This part includes notations, the implementation of the gradient function, technical proofs in

the manuscript, an additional numerical example, and two additional real data analyses.

S1 Notation

Throughout this article, ® denotes the Kronecker product. For any matrix
A, A®? = AAT. || fllr, = [f f*(u)du]*/? is the Ly norm of any function
such that [ f*(u)du < oco. For any vector v = (vy,...,v5)7 € R?, let
V]l = maxi<j<s|v;] and let ||v]|2 be the Euclidean norm. For any sym-

metric matrix Agys, denote its L, norm by ||A||, = max,ers w0 || Av||.||v]];
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For any matrix A = (Aij)f’:tm:l, denote ||Alloe = maxj<i<s Z;Zl | Azl

Given positive numbers a,, and b,, a, < b, means lim, . a,/b, = 0,
a, < b, means a,/b, is bounded, and a, =< b, means lim,_,, a,/b, = ¢,
where ¢ is some nonzero constant. < indicates convergence in distribution.
Denote by C™[0,1] = {¢ : (" € C[0,1]} the space of rth-order smooth
functions. Let C%!([a, b], ¢) be the space of Lipschitz-continuous functions
for any fixed constant c; that is, C%([a,b],¢) = {¢ : |¢p(z1) — ¢(z2)] <

clry — xa] Yoy, 29 € [a, b]}.

S2 Algorithm Implementation

By de Boor (2001), the first-derivative function §;(-) can be approximated
by the spline basis function one order lower than that of g;(-). That is,

q(w,8) = S B (w)An(8) = BP 1 (w)TEX(S), where BY (w) =

m=

(B (w),2 < m < J,1}7 is the (¢ — 1)th-order B-spline basis function

m,1

and
-1 1
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Therefore, the gradient of the objective function (@) is written as

ag—?) == |¥ z:;f] (®79)X ] [Zgl (@] 9)Xu®; + 8A8(§)TDi(W¢O)] )

=1 =1

where D;(W?) = (Du(W2),1 <m < Ju1,1 <1 < d)T with W0 = &74.

(2

In fact, the above gradient function can be approximated by

d Jna
815556) Z Z Z Bm 1 (I)T(s Xll)\m l] Zgl (I)T(s

=1 =1 m=1
This asymptotic equivalence is shown in lemma @ &, is defined as ®; =

(I)i — ]P)n(q)z)a Wlth ]P)n(éz) = {]P)n(q)z,sk)al S ]{? S p,]_ S S S ng}T and
P, (®;0) = S0, i Do (P 8) X flosk() can be obtained in the same way as

Gi(+), but with ®; . replacing Y;.

S3 The Wild Bootstrap of the Hypothesis Testing

Step 1: Perform the proposed three-step approach to estimate B(u) under

the model (@) and calculate the residuals €; = Y; — Zld:l G(ZTB(Uy))

Xy Denote the centered residuals by £5°".

Step 2: Under H,, obtain the estimator B by applying the profile least
squares method from Ma and Song (2015). Then compute the ob-

served test statistic 7 by (@)

Step 3: Generate the wild bootstrap samples {Y;*, X, }, with Y;* = 320,

G(ZTB) Xy + €, where £F = £, and {g;} follows an i.i.d. standard



4XIN GUAN, HUA LIU, JINHONG YOU AND YONG ZHOU

normal distribution. Then compute the test statistic 7* based on
. . . . 1y A

the wild bootstrap samples {Y;*, X;}, that is, T* = ﬁfo |3* (u) —

B ||* du, where B (u) and B* are the estimates with the wild bootstrap

samples.

Step 4: Repeat Step 3 B times to obtain {7,*,1 < b < B}. The p-value of
the test is defined as B~ Y27 I(T;* > T). Reject the null hypothesis

Hy at level « if the p-value is smaller than a given significant level «.

S4 Proofs

S4.1 Proof of Proposition 1.

Proof. Without loss of generality, let [ = 1. Assume the model is not

identifiable. Then there exists {g(+), Bx(-)} # {h(:), ax(:)} such that

Under the condition (C2), we have Sy(u) = S27m2 Bga(u)dg, and ag(u) =
ZSJZf By 2 (u)ysk, with spline coefficients 8, = {0} and oy, = {75 }. Thus,
g( - @Z,;ék) = h( - @Zl;ak). Suppose that d;; # 0 and v, # 0.

Then
ag/aq)l,sk o 5sk o Vsk ah/aq)z,sk

9g/0®;11 b1 oy Oh/OPin
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If |B(u)||z, = 1, then it holds that 3% | [ 87 Ba(u)Ba(u) 8 du = 1
By the properties of B-spline basis functions, ||B(u)[|3, =< J3[6]*> =
Jr:% > e 0kl = Jr:% > ket 25212 Og,- Let 0y, = Jv}b,/;‘;sk and vy, = J:L/;%k
Then Y 7_, S™7m2(51)2 = O(1), and therefore &, = ++,: furthermore, we
have dg; = £y for any s, k. This yields fx(u) = ax(u) or By(u) = —ag(u)
for all w € [0,1] and each k = 1,...,p. Assume that £;(u) is monotone
nondecreasing. Then 5i(u) = ag(u), and therefore g(-) = h(-), which con-

tradicts the assumption {g(-), Bx(-)} # {h(-), ax(:)}. Hence, the model ()

is indeed identifiable. O

S4.2 Proof of Proposition 2.

Lemma 1 (Ma and Yang 2011). Let ffn),...,&(zn) have a joint normal
distribution with ng”) =0, E({Z("))2 =1, 1 <1 <n, and let there exist
constants C > 0, a > 1, r € (0,1) such that the correlations r;; = T o=
BeMe™, 1 < i # j < n satisfy |ry;] < min(r,Ca™ll) for 1 <i#j < n.
Then the absolute mazimum M, = max{|™|, .. |¢|} satisfies, for

any 7 € R, P(M,¢ < 7/a, +b,) = exp(—2e7), as n — oo, where

= (2logn)'? and b, = a,, — (1/2)a;*(loglogn + log 47).

Lemma 2. Let V(8) = E[D;(W2)D;(W9)7] and V(8) = n 'D(W)TD(W?).

Then, under Conditions (C1) and (C4), for any vector oo = {(ed, ..., o)) }as, 1 x1
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with a; = (g 2 1 <m < Ju1)" and |yl = 1, 1 < 1 < d, there are con-

stants 0 < cy < Cy < oo such that, for large enough n,

CVJn_& < aTV(é)a < CVJ;%, C‘}lJm < aTV(é)_la < c‘_/lJnvl,
(S4.1)

and, with probability approaching one,

Can_& < aTV(é)a < C’VJ;%, C‘}lJml < aTV(é)_la <yt na

(S4.2)

Proof. According to Theorem 5.4.2 of DeVore and Lorentz (1993) and Con-
dition (C1), there are constants 0 < ¢; < C} < oo such that for large enough
n,

al,i < a E[B(®]6)B(®]6) oy < C1J, 7.

By Conditions (C1) and (C4), it follows that

" ED;(WHD:(W) o => > " Elom 10 B 1 (8] 8) B 1 (R 8) Xy X

LI’ mm’

>co Y o E[Bi(®]6)B(®]6) |y
l
> degmin(¢)J,, |

Similarly, we have a” E[D;(W?)D;(W?) ] < dCqmax(c;)J, 1. The sec-
ond result in () follows by replacing o as V(6)""/?a. Results in

() can be derived from () and the Bernstein’s inequality in Bosq
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(1998). 0

Furthermore, by Lemma E and Demko (1986), it can be proved that

IV(8) oo = Opl(Ju)-

Proof of Proposition 2.

Proof. (i) Denote € = (c1,...,22)7, g = (g(Wh),...,g(W,))T. By (R.1),
A(8) can be decomposed into A(8) = Ag(8) + A(8), where Ag(8) =
[D(WO)TD(W?)|'D(W?°) g and A.(6) = [D(W°)TD(W?)|"'D(W°)Te.
Let Ac(8) = {A1e(8)7, ..., Aae(8)T}T, with A 2(8) = {An1c(8) : 1 <m <
Jo1} and Ag(8) = {A1g(0)T,. .. Aag(8)T}T with Ag(6) = {Amig(d) :
1<m < J,1} for 1 <1<d. Thus, §i(w;d) = Gig(w; ) + §1.c(w; d), where
G1.6(w; 8) = By(w) X1 g(8) and gie(w; ) = By (w)" A (8).

Rewrite gi.g(w; 8) = €] By (w)Ag(6) and gy (w; §) = ef By (w)Ac(8). No-

tice that

Gg(w; 8) — glo(w) = elTBl(w)[j‘g((s) - AO]
= ¢/ B (w)[D(W°)'D(W?)] "' D(W°)"[g — D(W")X’|

= Y1 (w) + Yo (w),
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with

i (w) = e/ By (w)[D(W?)'D(W")| ' D(W?)" Lﬁ; ) — (@] 8)]X ]" :

o) = el B () [D(W) D(W)| " D(W)” {[Zg —D(WO)AO}.
Since E[D;(8)] = O(J, 1) and sup,,; E[D; (8)]> = O(J, 1), it isl_easy to

show that |n " D(W)T1,[|« = O,(J,1) by Bernstein’s inequality. There-

8) 7| ln DWW L] LO(T5 + an)

fore, we have

sup [¢1(w)] < |ef By (w)[n 'D(W) D(W)]'n ' D(W°)"L,|

wESw

< sup
wESw

ZBml

m

= Op(JnJ)Op(J;&)O(Jr;g + an)
= O(J, 5+ an)
and

sup [(w)] < [e/ By (w)[n” D(W")' D(W’)|"'n

wESw

ZBml

m

8) | In DWW L[ LO()

< sup
weESw

= O0p(J.1)O0p(J,1)O( ], 1)

n,1

= O(J:7).

n,l

We then obtain that sup,,cg,, [G.g(w;8) — g (w)| = Op(an + J, 7 + J;5). It

— (@] 8)]X ]

[Zgl (®70)X Zl] —D(WAC

[e.9]
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is obvious that E{g,c(w;é) | X,Z} = 0. Moreover, by Condition (C3) and
(84.1), it holds that
E{g.c(w; 8) | X, Z}* = n"%e[ B, (w)V(8) 'D(W°)"E(ee” | X, Z)D(W’)V(8)'By(w) e

<n7LC,el By (w)V(8) 1By (w) e

< n’lCaH]Bl(w)Tele v(‘S)ile

=O(Jp1/n).

Again it can be proved that sup,cg,, |J1.e(w; )| = O,((log n)l/ZJi(fn_l/Q)

by Bernstein’s inequality. Finally, we have

sup |Gi(w; 8) — gi(w)] = Op(an + J; 1 + Jis + (logn) /2 I In =12,

wESwy
(i) Rewrite §;(w, 8) = §1g(w, 8)+Gi.e(w, 8) with gig(w, §) = BH ! (w)TEX, 4(9)
and g c(w,8) = BP Hw)TEX(8). It is easy to show that ||E|l,. =

O(Jn1). Applying the same approach as in the proof of (i), we get

sup |§l(w; 0) — qi(w)| = Oplandn1 + J;,_lr + Jnadp s+ (log n)1/2J3/2n_1/2).

n,l
wESyy

]

S4.3 Proof of Theorem 1.

Lemma 3 (Ma 2016). Under Condition (C2), there exists 69 = (69,1 <
s < Jno)t € R7m2 with M < < 5%21 such that sup,cg, |51 (u)— B (u)] =

Op(J5), where By (u) = Bo(u)T4).

n
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Lemma 4. Let 6° = (89,49, ... ,00)". Under the assumptions of Theo-

rem 1, we have

OL(8%)
o6 -2

=1

d d
= gl(Wi)Xﬂ] > (W) Xau®;

=1

Proof. For A(8) defined in (El]), we have

D, 28— pweyr PR X
_ p,woyr AW DWT)J” ?;TW ) [Y = DWW}
= 01(6) + O,(6), (54.3)

where

©1(9) = —D;(W7) [D(W*)" D(W")]'D(W*)" [Z 9 (2] ) Xu®]

=1

r HDW)'DW)'DW?)"}
06T

©:(8) = D;(W7) [Y —D(W")XY.

Define W; = ZXB(U;), Di(Wi) = {Dimu(W;), 1 <1< d1<m < Jpp )T

with D; i (W;) = By (Wi) X4,

n

k= argmin Y [® —Dy(W,)"k]"[®; — Dy(W;) k],

I{ERdJn’l XpJny2 i—1

P.{®;} = D;(W,))"k

= D;(W;)" [D(W)'D(W)]"'D(W)" (®1,...,2,)".

From the definition of P(-) given in Section 2 and Condition (C5), it can

be proved that [|P,{®;} — P{®;}||oc = O,(J,; + J,i/fn_l/?). Thus, we can
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rewrite ©1(8°) as

O4( { oY@ Xﬂﬂ}
=1

d
{Z (®76°) lecInT} +O,(J 2+ 1)

Mg_

d
= =Y G@TE)XuP{®} + Oy (S 3 + I (S4.4)
=1

Decompose ©5(8°) as

1y TAAT d "
0,(8%) — Dy(iT)" [a{[ (W )Dégz)] D(W) }] {Y—[Zgl(vmxu] }

+ DT [a{u >D{<§;>} 'DW H[ZQZ ) ] _D(W)Ao}

= 02,(8°) + O5,(8°). (S4.5)

Let A(8%) = [V(6°)'D(W)"],. axn, and let JA(89)/087 = (Ai k) sk
be a J, 1d x n x J, op array. Similar to Lemma A.3 of Ma and Song (2015),

we have

NO d n
1021(8°)|oc = ||~ D:(W3)" ag{g ) {Y - [Z gl(VVi)Xil] }
=1 i=1

n d Jnl

= Tl_lzZZDzml 1 ,ml 8k2)sk’€l

/=1 =1 m=1

o0

o0

= 0,((logn)?n=1?).

By B-spline properties, the basis functions Bi(-), Bs(+), and Bl() are
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bounded between zero and one. Notice that

[[D(W)TD(W)]"'D(W)71,]| _

< [DW) DWW D) L] = 0p(Jn1)O( ) = Op(1),

n,1

and so, together with Condition (C1), we can directly derive

||@22<50>||oo=‘ni<wz> [a{“ DR DE )}H [Zgl ) ] }

-2 D, [ 22 D(‘g;)] DWW ot g m
= Op(J + Ji3).
Thus,
105(8%) [0 = Op((logn)/*n=Y2 + J 1 + J.5). (S4.6)

Combining ()f(), we have

YR
d67

D,(W;)T

d

==Y @8 XyP{®] }+0,(J, Pn 2+ T3+ T 5+ (logn) /202,
=1

Based on the results in Proposition 2, it is easy to see that

G(®T8°) Xu = Gu(Wi) X + Op(JEn Y2 4TI 4 Jr Jih).

n
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Therefore,

d ~ (ST
> (@160 Xy®; + a)‘é‘; ) D;(W;)
=1

@,

d
= [Zgl(W) X+ Op (S0 V2 4TI 4 Ju1 i)
=1

P{®;} + O,(J ,}/127171/2 Joi + Job + (log n)'/2n~1/2)

d
-~ [Zgl(wl) Xi + Op(y1" + Jnidns)
=1
d
= > " G (W) Xa®; + ®,0,(J 02 + I+ JunJi ) — P{®OL(Ji1" + Ju1dy})

+Op(Jy/ i + T3+ T+ (logn) /2012, (S4.7)

By (@) and the above results, we obtain

8L(30) = L T 50 3\ 50 ’ c(HT S0 2 <80)T W,
n - d d ~
== 1Yi =D o (W) Xa| Y (W) Xu®i — (A + Ay + As + Ay),
i=1 L =1 =1
where
—~ A~ ~ d ~
Z Zgl )X — Dz-(WnTA(é‘))] > a(W)Xad
=1 =1 =1
Ay =D [¥; = Dy(W) A" ®:0,(J P02 + T2 + Jaa Ji),
1=1
Ag = = > [V; = Di(Wi) " A" P{®,}O,(J37" + Jun ),
i=1
Ay = Y[V = Dy(W) " A@B)] O, (T2 + T3 + T + (log n) /0= 2).
i=1

We will show that ||A;|le = op(n1/2J;;/2) for each i = 1,2,3,4. Based

on Bernstein’s inequality and the results in Proposition 2, we can directly
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derive that

1Al = Op(Ji5 + Joh +n 200

> [Sa

=1

= 0,23 (0g W) )0, (S + g+ 20

op(n1/2(];,;/2).

Note that sup, , E(®;e;) = 0 and sup, ; E(®; 4e:)* = O(J,3), and, by
Bernstein’s inequality, it holds that || Y"1 | @500 = O,((log n)l/ZJn_;/inﬁ).
Similarly, we have || Y7 @]/ = Op(nJ,3). By the assumptions n'/(*"+2) <«

Jn1 < nt/* and nt/Cr+2) < J, 5 < nl/4] it is obvious that

[Az2]loo =

Z@el

3/2 _ r —r
Op(J2En™ Y2 4 I 4 T J75)

@, O (I V2 4 T 4 T Jih)

Z [Z a(W) Xa — Di(Wi)TA(8)

=1

= 0,((log )21, 3 *nV/?) O, (T2 En™ Y2 + J1T7 4 Jun Jih)
+ 0y (N DO (I + s+ 0 VIO, (L™ 4 T 4 T )

n,1 T

= 0,(n'/2J, /),

Similarly, we have ||As]|c = 0,(n'/2J, }/%). Again according to the assump-
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tions nt/(#r+2) <« J, | < nt/* and nt/* 2 <« J, , < nl/4, we obtain

[Adlloo = Op(”lm)op(Ji,/f”_l/Q + J3 4 Joh + (logn)/2n™?)

00, (1 + s+ n V2L O, (I En Y 4 02 4 T+ (logn) Y20

= 0,(n'/1,5").
]

Lemma 5. Let & be the minimizer of L(8) given in @) satisfying ||6 —
8°|| < a,, with probability tending to one. Then, under the assumptions of

Theorem 1, we have
10 — 8°l2 = Op(nY2J,.). (S4.8)

Proof. By Lemma @, it is straightforward to prove that

82
8685T :Z [Zgl )X,

=1

®2
+ op(anj;).

Suppose that & minimizes L(d) given in (@) satisfying |6 — 8°|| < a, with
probability tending to one. Then we assume that the minimizer is obtained
in a neighborhood of §° in probability. To prove ()7 it suffices to show
that for any € > 0, there exists a constant C' > 0 such that for large enough
n,

P{ sup (6 —6°7 81(;5;5) > 0} >1—e (54.9)

16802 =Cn=1/2 1, 2

71/2)
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By Taylor expansion, there exists 8* lying between 6° and & such that

(5_SO)T aggs) _ (6_50)T 8L(6 ) _'_(6_50>T a@;(g(;;)(d_go)
so,r OL(9°) oy PLO) o 5
= (5= 80T =+ (6 - 8°)T S (5= 81+ 0,(1))

According to Lemma @, we have dL(8°) /08 = — S0 S (W) Xy @61+
0,(1)]. Thus, for any & satisfying ||§ — 8°||, = Cn~'/2J, 5, we employ the

Cauchy—-Schwartz inequality to derive

(5 _ SO)T aLa(:; )

n d
DD a(Wi) Xu®ie;

i=1 [=1

<On V2, (S4.10)

2
Note that E{3", % | ¢/(W;) X;®;¢;} = 0. Similar to the proof of Lemma, E,

together with Conditions (C1), (C2), and (C4), we have
®2) }

E { Zzgl(m/z))@‘i%& } =F {ZE? tr(lz gl(Wi)Xilci),-
) = O(n),

i=1 I=1
where tr(+) is the matrix trace. Then || 320, S0 g1(W;) Xu®iei]l2 = Op(n'/?)

2

< C,tr (Z [Z a(W) X, ®;

i=1 [LIl=1

by the weak law of large numbers. Applying this result to (), we obtain

5 50
(6 — 50)T% < Cpo. (S4.11)

06
®2>

< C? o, (S4.12)

On the other hand,

r 02L(8°)
006 06T

(638 (63

n d
S Ha - SOH%pmax (Z [Z gl(Wz)le(i)z

i=1 [l=1
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where puax(-) represents the largest eigenvalue of a matrix. The rela-

tionships (541(])7(5412) imply that (8 — 6°)T9L(8°)/d8 is dominated by

(6 — 8°)T[92L(8°) /96 08T](8 — 8°), which is always positive for large n.

Thus, (54.9) holds. O

Proof of Theorem 1.

Proof. (i) According to the results of Lemma B and the properties of B-

spline basis functions, we have
18(u) = B ()|, = J3ll6 = 8°l15 = Op(Jnzn™").
Combined with (3.3), we get

18(w) = Bw)llz, < 11B(w) = B°W)|lr, +118°(w) = Bw)lL,

= O (Jy5n ™2 4 1),

(ii) By Taylor expansion, we can directly derive

-
56 ST s L+ 0,1

~ —1 ~
_ [82L(50)] OL(8)
Similar to Lemma 2 of Ma (2016), it can be shown that 92L(8°)/08 967 =
O,(nJ;3) and [|0L(8°)/98]e = O,((logn)"/>n"/2J,,/*). Then, applying

the results of Demko (11986), we have

~ —1
2 0
16— 8 < [a Lo >]

OL(6°)
26

= Oy((logn)' 27,/ 5'n "),

(e 9]

006 06T
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Therefore,

sup [B(u) — B°(w)] £ 18— 8l = Oy((logm)** 170 7).

u€Sy

and hence

sup |B(u) — B(w)| < sup |B(u) — B°(w)| + sup [B°(u) — B(u)|
u€Sy u€Sy uESYy
= O,((log n)l/QJ;/;n*l/Z + J;g)
(iii) By Lemma @, it is easy to see

d—6°

B9l SELTEEY

=1 =

-1

®2
[ _lzzgl XZZ(I) gi| +op(n _1/2J$,/22)~

=1 [=1

According to the Lindeberg—Feller central limit theorem, it is straightfor-

ward to derive that

2 (w)[Bw) = B°(w)] 5 N (0,1).

By Slutsky’s lemma and the condition nJ Cril — (1), the result (i)

holds. Further, for £k =1,...,p, we have

03 () [Br(w) — Br(w)] 5 N(0,1).

Proof of Theorem 2.
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Proof. (i) According to the results in Theorem 1(ii) and Proposition 2, it is

easy to see that

sup [Gu(w, &) —gi(w)| = Op(J;, 1+ 5+(logn) /20 Pn Y2 (log n) V2 IS n~Y/2).

wESWw
(ii) Under the assumptions of Theorem 2, and the conditions J;, 5./, 1 = o(1),

an_éQTH) =o(1) and (@), we obtain

A~ ~

a(w, 8) — gi(w) = ai(w, 8) — g (w) + g (w) — g1(w)
= G, 8) + Gug(w,8) — g (w) + Op(J5 + Jilsn~"/?)

Ge(w, 8) + 0, (1 'n 1),
with
Gre(w,8) = e/ By (w)V(8)'n~" ZD1</M7 2
i=1

Furthermore, we decompose §;(w, 8) = I, + I, with

IlzeflTBl( -1 _IZD 5@7
I, = e By(w)V(8) '™t Y [Di(W;) — Di(Wi)Jes.
i=1

Since E{[Dipmi(W:) = Dia(Wi)lei}? S 1B(w) = Bu)|[3, = Op(Juon™), it
can be proved using Bernstein’s inequality that

sup 0™ [Dit(W) = Dyt (Wi)les| = Op((logn) /27,507,

1<I<d,1<m< Jn P
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Thus, I, = op(n_l/QJ,lh/f). Finally, we have

au(w, 8) — gi(w)

—1 n

= elT]Bﬁ(w) nt Z Dz(IM)Dz(m>T nt Z Di(m)@i‘i_op(nil/zjrl/f).
i=1

=1

By checking the Lindeberg condition, it is straightforward to show that

A~

o1t (w)[g(w; 8) — gi(w)] L N(0,1).

S4.4 Proofs of Theorems 3 and 4.

Proof. We show only the proof of Theorem 3, since the proof of Theorem 4
is similar.

Let IT = E{o*(Ui, Zi, X:) [0, i(W:) X ®,]%%} and let My, ..., M,
be independent random variables from the multivariate normal distribu-
tion N(0,1j, ,pxt,.0p)s Where M = {M; 4,1 < 5 < Jpo,1 < k < p} and
L, opxnop i the Jpop X J,, op identity matrix. Define

no(u) = aii(u)beQ(u)Egln_l i IY?M;.
i=1
By the strong approximation theorem (Csorgé and Révész 1981, Theo-

rem 2.6.2), together with the same arguments as were used for Theorem 3
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in Ma (2016), it can be proved that

sup [og () [Be(u) = Be(w)] = nl(w)] = o,(Jy5n"7?). (54.13)

uESy

Applying similar techniques as for Theorem 4 in Ma et al| (2015), we par-
tition Sy into Ky equally spaced intervals with 0 < vy <1y < -+ < g, <
Vi,+1 = 1, where Ky — 0o, and we construct SCBs over a subset of Sy,
which is specified as S, 2 = (v, ..., Vk,).

Note that for 0 < j < Koy, n9(u) is a Gaussian process with E[n2(u)] = 0
and Var[n(u)] = 1. By the fact that |og(u)| = O,,(Ji,/;n_l/Q) and using
Conditions (C3) and (C7), we find that for any j < j’, the covariance matrix

of the Gaussian process is

|Cov{mp(v;), mp (v )} = [~ oy (V) og (Vi o Ba(v5) 25 TS " Bo(vy) by
= J, 5|y Ba(1)E; 'Ba (1) byl
Jn,2

Z BS,Q(Vj)BS,2(Vj’>

s=1

= by B (v;)Ba(vj) by| <

According to the properties of B-spline functions, we have |Cov{n}(v;), np(v;)} <

C~-1i=7'l. Based on the above results and Lemma El, it is easy to see that

lim P{ sup |[2log(K> + 1)]_1/2n2(uj)| < dgn(a)} =1—a. (S4.14)

o 0<j<K>

Combining () and (), we have

lim P{ sup |[2log(K: + 1)) (w)[Bu(u) — Be(w)]| < d%(oo} = l-a.

n—00 UESn,Q
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S4.5 Proof of Theorem 5.

Proof. (i) By (@) and Condition (C2), there exists 82(u) = Bo(u)?w) such
that || (u) — BY(w)llz, = O(J,5) with 7 = (77,,..., 7} )" Let @ be
the minimizer of Q(7r) given in (@) and let this minimizer be obtained in
a neighborhood of 7% with probability tending to one. We first show that
|7 — 7|y = 7, with r,, = O, (Jon % + Jg{r)ﬂa}/?).

By Taylor expansion, there exists 7* that lies between & and ¥ such

that

Qi) — Q(r°) = (& — =°)" aLQ: = %Gf — )" 275 é:? (# —=°)

1> [P (1 l11) = P, (173 10)]. (84.15)

According to the results of Lemma B,

2L(m") . . PL(7) .
A O\T 0y L O\T .0
= |17 — 7°)30,(nJ,3) = Op(riJ, 5n)
(S4.16)
and
. OL(m") . IL(m")
(7 —n%)" . ' < ||& - =, or |, p(ran'/?). (S4.17)
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For k = 2,...,p, by Minkowski’s inequality, it follows that |||7x|lg —
|l7llu] < |7k — 7Yllu = 0,(1). Thus, it holds that ||7|lu — [|80|lL, with
probability. Note that |39z, > 0 for K =2,...,p; and a,, — 0, then, with
probability approaching one, we have ||7;||g > aq, and [|[7mp||g > aqy,
which implies P{pa, (||7%llz) = pa,(|7olln)} — 1,k = 2,...,p;1. Since
180N, = 0 for k =pi1+1,...,p, we have ||7}||u = O,(J,5). Under the con-
dition J,, 5/an, — 0, it follows directly that P{pa, (||7}|la) = an|l7}|la} —

Lk=pi+1,....,p. Then

p p

1Y [ (17klln) = Pan (17 0)] = —nan D |Iwplln = —Op(nan,3).

k=2 k=p1+1

(S4.18)

Combining (E4.1§HE4.1§), we have Q(71) —Q(7°) = O, (ron*?+12J, 3n)—

Op(nay,J, %), which implies that r, = Op(J,2n /2 + J7(£2—7")/2a111/2>‘ Further-

more, |8 (u) — B°(u)]|L, = O]g(J,lh/;n_l/2 - J;;ma}/?) holds.

Next we will show that, with probability tending to one, 7ty = 0 for
k=p +1,...,p. Suppose there exists kg > p; such that 7y, # 0. Let 7
be a vector constructed by replacing 7, with 0 in 7v. Similar to (),

we have

OL(w) 1, . PL(x")

om + é(ﬂ- -7 om ornT (7 — =)

Q(7) — Q(m) = (7 —m)"

+ npa, (75 [l1) + 0p(1).
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By definition, || — &|lg = ||7k|lu > 0. Noting that Sy, (u) = 0, we
have ||7,llu = |BF ()|, = Op(Jasn=2 + J,5as/*). Then, under the

condition Jign*lﬂ/an — 0, J,5/an — 0, pa,(

1) = |y [ holds.

Along the same line of argument as above, we have

Q(7) — Q) = Oyl sl Tyl n' + 7w, [Ifin) + Op(nan| e, [In).
(84.19)
It is easy to see that the first two terms of () are dominated by the third
term, which is always positive. This contradicts the fact that Q(7)—Q(w) <
0. Thus, (i) holds.
(i) Let B(u) = (B0 ()", B2 ()77, with B0 (w) = (Bu(u), ..., By (1))
and BO(u) = (B 1(w), .., By (w)T. Denote m = (w7, (w®)TYT, with
7 = (af,..,wl)" and @ = (xl ,,,...,7])T. By (3.3) and Condi-

p1 p

tion (C2), there exists a B-spline function Boracte(1) = (8L ()T, 82 | (u)")T

oracle

satisfying ||Boracte(u) — B(u)||L, = Op(J,5). Denote the corresponding B-
spline coefficients by Toracie = ((7r(1) )7 (71'(2) )T)T. Since the true func-

oracle oracle

tion B®(u) = 0, we define B (u) = 0 and w2 = 0.
Let 7 be the minimizer of Q(7r) given in (@) We assume that the min-
imizer can be obtained in a neighborhood of 7.0 With probability tending

to one. We will show that || — Toraciell2 = T, With 7, = O,(Jp2n~?).

According to the proof of (i), |87 (u) — B(u)||z, = 0,(1) holds, where
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B (u) = By(u)"w = (BY ()", B (w)")". Then B ()|, — 1BY (u)][z, >
0 with probability. By definition, we have ||Boracle( u)|z, = |IBY ()L, >
0 with probability. On the other hand, by the results of (i), we have

HB(Q) (u)||z, = 0 with probability. Thus,

p
Zpan(HBk,oracle ”Lz Zpoén H/gk ”Lz)
k=2

holds with probability tending to one. Similar to (), we have

Q (7%) - Q (ﬂ-oracle)

T aL(ﬂ-oracle) T 82L(ﬂ'oraucle) (ﬁ'
or omornT

= Oy(Fun'? + 7o d 3n), (S4.20)

. L .
= (ﬂ- - 71-omcle) + 5(77 - 71-oracle) — 7Torau:le) + Op(l)

which implies that 7, = O,(J,2n /%) by the fact that the second term

of () is always positive. Further, we have || BP (1) — Boracle (W) |1, =

Jalan Y2, Finally, |8 (u) — B(w)|r, = Op(Jasn=2 + J73) holds. O

n

S4.6 Proofs of Theorems 6 and 7.

Proof. We only give the proof of Theorem 7, since Theorem 6 can be ob-

tained by setting A(u) = 0 in this proof.
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The test statistic can be decomposed into T = T; + T5 + T3, where
= [ 1800 - Bl
n 2
/ 18.(0) — BI? du,

7= 22 1800 = BT Bu) — Bl

By Condition (C2), there exists a B-spline function 32 (u) satisfying |32 (u)—

Bn(u)|l = Op(J,5). Rewrite Ty = Tiy + Tiz + Tiz, with
Tu=7-| 180) B du,
n,2
Tip = J— 18w = ()] du
n,2
Ty = f—” 0 Bw) = B[ w) — Bolw)] du

Denote ¥, = 27:1 g'l(I/VZ-)Xil(i)i. Following the proof of Theorem 1, we have

1
n

Jn,Z 0

1 Z" 1 Z”

1 1 1
— s )25t <n Z\P Wl ) 25 'BL (u) du
n, 0

2 1 _ (1 e
t5, ), B (; DD W ) =B (u) du + o,(1)
n,2

0 i=1 i<j

T = [B(u) = By (w)]"[B(u) - By (u)] du

1 2
=TV + T8 +0,(1).
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Similar to the proof of Theorem 4.3 in Vogti (2015) and Hu, Huang, and
You (2019), it can be proved that 7’1(11) = B+ 0,(1) and 7’1(12) 4 N(0,V).
By definition, we have T2 = 0,(1). Using the Cauchy-Schwarz inequality,

we have Ti3 = 0,(1). Note that T = Ta1 + Ta2 + Tas with

1

n

T =7 [ 118u(w) - BIF du,
n,2 J0o

n 1 ~ 2
T = /Hﬁ—ﬁH du,
n,2 J0o

Tos = 22 [ 1Bu(u) - B8 — B du.

Jn,Q 0
Then T3; = A. Since |3 — B2 = 0,(n"/2), we have T3 = 0,(1). Further-
more, it is easy to see Ta3 = 0,(1) and T3 = 0,(1) by the Cauchy-Schwarz

inequality. Thus, we finally complete the proof. ]
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() (b) (c)

‘‘‘‘‘‘‘‘‘‘

Figure 1: (a)-(c) give the curves of varying coefficient functions S(-), for k = 1,...,3.
Curves are the true functions (solid), the three step spline estimators (dashed), the
95% PCBs (dotted) and the 95% wild bootstrap intervals (long dashed). (d)-(e) give
the curves of index functions g;(-), for I = 1,2. Curves are the true function (solid),
the three step spline estimators (dashed), the 95% PCBs (dotted) and the 95% wild

bootstrap intervals (long dashed).

S5 Numerical Example

Example 3.(Continued) In this example, we investigate the finite-sample

performance of the proposed model identification strategy presented in
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Section 4.1. The data are generated from the model (@) with varying-
coefficient components By (u) = 1+ u?, B3(u) = (1 —u)?, Bs(u) = —1 +
4(u—0.5)% and B2(u) = B4(u) = Bs(u) = 0. The index components are the
same as in Example 1. Covariates X; and Z; with [ = 1,2 and &k = 1,2,3
are generated by the same way as in Example 1. Covariates Z,, Z5, and
Zg are simulated from an independent U(0,1). The interior variable U is
generated from U(0, 1), and the error term is given as in Example 1.

As in Wang, Li, and Huang (2008) and Hu, Huang, and You (2019),
we represent the percentage of selections of the correct model (CF), the
percentage of under-fitting (UF), the percentage of over-fitting (OF), the
average number of selections of relevant variables in the model (AR), and
the average number of selections of irrelevant variables in the model (AI)
based on 500 replications, with sample size n = 500, 700, 900. From Table El,
it can be seen that the percentage of selections of the correct model (CF)
increases with sample size. Meanwhile, the average number of selections
of the relevant variables is approximately equal to the number of nonzero
varying-coefficient components, and the average number of selections of

irrelevant variables (AI) decreases with increasing sample size.
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Table 1: Simualtion results of variable selection in example 2.

n UF CF OF AR Al

500 0.000 0.506 0.494 3.000 0.628

700 0.000 0.660 0.340 3.000 0.418

900 0.000 0.816 0.184 3.000 0.210

S6 Real Data Analysis(Continued)

In this section, we illustrate the proposed model via the analysis of two real

data applications.

S6.1 Body Fat Dataset

The body fat dataset contains 252 observations on subjects from 22 to 81
years old. These data are available at SatLib. The purpose of this study is
to explore the relationship between body fat percentage and the predictors,
including age, weight, height and ten body circumference measurements.
We exclude six outliers as suggested by Peng and Huang (2011).

We obtain the body fat percentage by Brozek’s equation (457 /density —
414.2). Let Y be the logarithm of the body fat percentage. According to the
Pearson correlation analysis, we select three body circumference measure-
ments with the strongest Pearson correlation coefficients with the response.

These are abdomen (Z;), chest (Z3), and hip (Z3). All predictors are cen-
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tered and standardized. Note that the body fat percentage may depend on
weight, and so we divide the data into three groups according to weight:
light-weight (lighter than the first quantile of weight), medium-weight (be-
tween the first and second quantiles of weight), and high-weight (heavier
than the second quantile of weight). For each group, we run a regression

analysis using the single-index model
Y =g(Z"B) +¢, (S6.21)

where ¢(-) is an unknown smooth function, Z = (Z;, Z3, Z3)", and B =
(B1, B2, B3)T is a loading parameter vector. Figure B(a) depicts three bro-
ken lines connected by variant estimated coefficient vectors (31,32,53),
which represent light-weight (solid), medium-weight (long dashed), and
high-weight (dashed), respectively. It is clear that abdomen circumfer-
ence is the most important factor in each group, while the effect of chest
circumference varied quite a lot. The parameters 3, 5> and (3 change with
weight, which inspires us to further investigate the possible dynamic effect
of body circumference measurements.

Let U = (1 — fraction of body fat) x weight be the fat-free weight. We
focus on the model

Y =g(Z"B(U)) +¢, (S6.22)

where ZTB(U) = Z181(U) + Z252(U) + Z3B3(U). The interior index U is
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(a) (b)
Figure 2: Broken lines connected by the estimated coefficient vectors of different groups
for two real data. (a) Light weight (solid), Medium weight (long dashed) and High weight
(dashed); (b)Short distance (solid), Medium distance (long dashed) and Long distance

(dashed).

normalized. To check the applicability of the model (), we conduct
the hypothesis procedure described in Section 4.2 with 500 wild bootstrap
resamples, and the resulting p-value is less than 0.01. Thus, there is suffi-
cient evidence to reject Hy (the model ()) at a 0.05 significance level.
Based on the BIC in the simulation study, we choose as the optimal pa-
rameters (qi,q2, K1, K2) = (3,3,2,2). The residual standard deviation is
0.2141. In addition, the R? of the model () is 0.7777, and thus this
model outperforms the model (), whose R? is 0.6569.

Figures B(a)—(c) give the spline estimates (solid) and the corresponding
95% SCBs (dashed) for the loading functions fk(-), & = 1,2, 3, based on

500 wild bootstrap samples. Figure B(a) shows that the interaction effect
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between abdomen circumference and fat-free weight increases as the fat-free
weight grows, and that their interaction has the most important positive ef-
fect on body fat percentage among the selected circumferences. Figure E(b)
represents that the interaction of chest circumference changes slightly when
the fat-free weight is less than its mean value, and decreases monotonically
when the fat-free weight exceeds its mean. In addition, their interaction
results in a negative trend with increasing body fat percentage. Figure B(C)
shows that the interaction effect between hip circumference and fat-free
weight is nearly linear when the fat-free weight is less than zero, and shows
a decreasing trend as the fat-free weight increases. Moreover, their inter-
action has a negative influence on body fat percentage. Figure B(d) shows
the estimated ¢ function (solid) versus the estimated index, together with
the corresponding 95% SCBs (long dashed), as well as the response vari-
ables (scatter points). It can be seen that the estimated g function shows
an increasing trend as the estimated index Z73(U) increases and that the
combination of the three selected circumferences and fat-free weight has a
positive impact on body fat percentage. The Q@ plot of the residuals is

shown in Figure a(e).
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(a) (b) (c)

Figure 3: (a)-(c) The estimators (solid) of varying coefficient functions and the 95%
SCB (dashed) for Bk, k = 1,2,3, respectively; (d)The spline estimators (solid), the
corresponding 95% SCBs (dashed) of index function g(-) and the response data Y (scatter

points); (e) The QQ plot of the residuals.

S6.2 Boston Housing Data

The Boston house-price data are for 506 different houses in the Boston
Standard Metropolitan Statistical Area in 1970 and include the median
value of owner-occupied homes and 13 sociodemographic variables. The aim
of using these data is to study the potential relationship between response

and predictors.
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We consider several predictors commonly used in the literature, namely,
the average number of rooms per dwelling (RM, Z;), the percentage of the
population who are of lower status (LSTA, Z,), and the full-value property
tax per $10,000 (TAX, Z3). On the other hand, we are interested in the
impact of the per capita crime rate by town (CRIM), so we take X; = 1
as the intercept term and X, as the logarithmic transformation of CRIM.
Chaudhuri, Doksum and Samarov (1997) and Wu, Yu and Yu (2010) found
that the effect of weighted distances to five Boston employment centers
(DIS) varies wildly at different quantiles, which motivates us to study the
dynamic interaction between DIS and other predictors.

To begin, we similarly split the data into three groups according to
the quantiles of distance, which are short-distance, medium-distance, and

long-distance groups. Then we fit each group by the single-index model
Y =gi(Z'8) + 2(Z" B) X + e, (S6.23)

where g;(+), [ = 1,2, are unknown smooth functions, Z = (Zy, Zs, Z3)7,
and B = (B4, Ba, 83)T is the coefficient vector. Covariates Z are standard-
ized, and the response Y is centered around zero. Figure E(b) shows the
estimated coefficient vectors of the three groups: short-distance (solid),
medium-distance (long dashed), and long-distance (dashed). It is worth

noting that DIS does indeed modify the interaction pattens. Therefore, we
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select U = DIS and consider the model
Y = gi(Z"B(U)) + 92(Z"B(U)) X5 + ¢, (S6.24)

where B(-) = (Be(-),1 < k < 3)T. We perform the hypothesis test from
Section 4.2 with 500 wild bootstrap resamples, and we find that the test
p-value is 0.058. Thus, we reject Hy (the model ()) at a 0.1 signifi-
cance level. We choose the optimal parameters (q1, ¢2, K1, K3) = (3, 3,4, 2)
according to the BIC. Figure @ shows the resulting spline estimators (solid)
and the corresponding 95% SCBs (dashed) based on 500 wild bootstrap
samples for S (u), k = 1,2,3. The R? of the model () is 0.8857, while
the R? under the null hypothesis is 0.8146. The residual standard deviation
of the model () is 3.1096.

Figure @(a) shows that the interaction relationship between RM and
DIS becomes stronger with increasing DIS and that their combination has a
significant positive nonlinear impact on the median value of owner-occupied
homes since the 95% SCBs are above zero. Figure @(b) shows that there is
an increasing nonlinear interaction relationship between LSTA and DIS and
that their interactions have a negative impact on the response. Figure @(c)
shows that the interaction effect of TAX decreases with increasing DIS, and
that their interaction has a significant negative effect on the response. The

spline estimators of the index functions ¢;(+), { = 1,2, and the corresponding
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() (b) (c)

QQ plot of Sample Data versus Standard Normal

Figure 4: (a)-(c) The estimators (solid) of varying coeffcient functions and the 95% SCB
(dashed) for Bi(-), k =1,---,3, respectively; (d-e)The spline estimates (solid) and the

95% SCBs (dashed) for index functions g;(+), I = 1,2; (f) The QQ plot of the residuals.

95% SCBs are depicted in Figures @(d) and (e), respectively. Figure @(d)
shows that there is a truly nonlinear relationship between the median value
of owner-occupied homes and the predictors, and that the combined effect of
DIS and other sociodemographic variables is monotonically increasing and
changes from negative to positive. Figure @(e) shows that the modification
due to CRIM is altered by the admixture of other variables, and that this

influence is negative with a decreasing trend. In addition, the Q@) plot of
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the residuals in Figure @(f) shows that the model () is a a reasonable

option for this dataset.
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