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S1 Differentiability at 7

Let Y have a quantile function as defined in (2.1) and (2.2) with an I-spline
basis order greater than ¢+ 1 and a density that is continuous and (g — 1)
order differentiable at Q(7y). If oy is constrained so that Eq. S1.1 does not
result in 0y;_,, < 0, then Y has a density that is ¢""-order differentiable at

Q(mv) for any x € RY if and only if

M
1 oy,
Oni—qp = = (—av — q)g+1 — O, 17(73)(7@)
P I](\f"[f,ll)(m) {@U(TU — 1)att ! m;ﬁl :

(S1.1)
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where 1 1(\th¢11) (1) is the (g+1)" order derivative of the (M —q)™ I-spline

basis function, (—ay — q)q+1 = H?ZO(—@U —J).

S2 Proofs

Proof of Proposition 1

Proof. We will only prove the case for the lower tail, the proof for the upper
tail is equivalent. Given the assumptions we have already shown @Q'(7) > 0
for all 7. Thus the density exists and is given by f(y) = m The
density is continuous at 7, if and only if @'(7) is continuous at 7. By
definition only a single I-spline basis function has a non-zero derivative at

1r: 11(71). Therefore, the following is a necessary and sufficient condition

for a continuous density for any value of z, > 0:

P M P P
Q'(r) = Z OLplyTy = Z Z OmpTply (L) = Z Orprpli(Te) (S2.1)
p=1 p=1

m=1 p=1

Now since x, > 0 is defined arbitrarily, take z,, = 0 for all p # 1, that
is x, = 0 for all predictors other than the intercept term, z; = 1. Then

(S2.1) is equivalent to

or,1
011 = ————. S2.2
1.1 71 * I (11) ( )
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Similarly, for p > 1 take x, # 0 for some ¢ and z, = 0 for all p > 1 and

p # q. Then (S2.1) and (S2.2) are equivalent to

9Ly
0, = ———. S2.3
BTk Ii(mr) ( )
Hence we have proved Proposition 1. O]

Proof of Theorem 1

Proof. Let Y have a quantile functions as defined in Eq. 2.1 (main text)
with an I-spline basis order greater than ¢+ 1 and a density that is (¢ — 1)

order differentiable. Given 7 < 7,

PR/ N S N
Oo(7) = b1y o, [(U) 1]

and Q(7) = Y_F_, x,8,(7). The density of Y is ¢ order differentiable
if and only if Q(7) is (¢ + 1) order differentiable. By definition Q(7) is
(g+ 1) order differentiable at all points except 77, and 7. Q(7) is (g+ 1)

order differentiable at 7 if and only if,

P M P
S ay > O I () = > 1,804 () (82.4)
p=1

p=1 m=0

]T(;Lﬁ_l)(TL) =0form=0and m > q+ 1 soeq. S2.4 is equivalent to
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P q+1 p
D owy > Ompl () =Y B (1) (S2.5)
p=1 m=1 p=1

Because B(7) is a polynomial in 7 we can write

—0 TQL e —g— a .
/Béq_i_]_)(’]_) _ Zp L T L—q—1 H(_aL —]) (826)
—0
B (7,) = ﬁ(_% — @)gr1 (S2.7)
Ly

Now since z,, > 0 is defined arbitrarily, take z, = 0 for all p # 1, that is
x, = 0 for all predictors other than the intercept term, z; = 1. We further
start with the case with ¢ = 1. By proposition 1, #;, can be written as a

function of o, and eq. 52.5 is satisfied if and only if

9171[1(2)(7'[/) + 9271[2(2)(71) == UL,lTL_z(—OzL — 1) (828)
1

091 = —— [O'L,lTL_2(_aL —1)— 91,1—752)(71)]
()

(52.9)

Similarly, for p > 1 take x, # 0 for some ¢ and z, = 0 for all p > 1 and

p # q. Then (S2.5) and (S2.8) are equivalent to

O = (oo (—an = 1) = 01,17 (1) (52.10)
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We have thus shown that we can ensure 1% order differentiability of the
density function of Y at Q(7) by constraining 6, , and 65, as functions of
orp and ayp, for all p. Returning to the more general case, given a density
of Y that is (¢ — 1) order differentiable, we again take x, = 0 for all p # 1.

Then the density of Y is ¢"* order differentiable if and only if

g+1
—0
> 0 I (1) = —2(—ar — @)gn (S2.11)
m=1 O'/LTL
1 —0r1 il
0111 = F(—ar = q)gr1 — em,nggH)(TL)
) [t

(S2.12)

Similarly, for p > 1 take x, # 0 for some ¢ and x, = 0 for all p > 1 and

p # q. Then (S2.5) and (S2.11) are equivalent to

1 —0y, d
0 1p = P (—OéL - q) 1 — 9m7 ]7(7;1+1)(TL) (8213)
q+1,p Iéfil)(TL) @LTEH q+ Z D

m=1

We have thus proved Theorem 1. O
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S3 Expectation and Covariance

E[Yi(s)|O(s), Xi(s)]
:/0 Oy [716(s), X, (s)]dr

- Z Z O p(8)p4(5)G

+ Z (TLel,p(s).Tp,t(s> + (1 —7)xpe(s) Z Omp(s) + TLp(8) Tt ()7 + (1= TU)UU’p<S)xp’t<S)>

— ap(s) —1 1 —ay(s)
where G,, f " ILn(7)dT. As the last two terms approach zero, the
distribution of the marginal expectation of Y becomes a linear combination

of the 0,,, which have log normal distributions.

The marginal expectation of Y (s), marginalizing over 6,,, and o is

E[Yi(s)| X(s)]
= Z Z fmpTpt(8)G

+ Z (TL,U/prp,t(S) + 1 —Tu xpt Z Mm p)

p

|+ (= itm)enor | ] )

OéL—l 1—&U

+ 3 (Bsalt ey 0

Based on the model structure, given 0, Y;(s) and Y;(s’) are independent.

Thus the conditional covariance is zero and

EYi(s)Yi(s')| Xi(5)O(s)] = E[Yi(s)| Xi(5)O(s)| E[Yi(s")| Xe(s")O(5)]



S3. EXPECTATION AND COVARIANCE

EYi(s)Yi(s)|Xi(s)] =Fe [E [Yi(5)|Xi(s), O(s) | E[Yi(s)| Xo(s"), O(s")]

= Z anl’p,t(S)xp,t(S') Emp(s, 3/> + :U?n,p]

+ Z Z{xp,t(s)GmNm,p(S)} Z {205 G}
m p (

L,k)#(m,p)
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