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Proof of Theorem 1

In the proof, we make use of the following equalities that for all square-

integrable functions m(X),

E

{
(−1)1−Zm(X)

λ(Z|X)[τ(1, X)− τ(0, X)]

∣∣∣∣R = 1

}
= 0,

E

{
(−1)1−Zm(X)τ(Z,X)

λ(Z|X)[τ(1, X)− τ(0, X)]

∣∣∣∣R = 1

}
= E{m(X)|R = 1}.
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Under assumptions 1–7 and suppressing the dependences of {h0(·), h1(·), g0(·), g1(·)}

on (X,U),

E

{
(−1)1−Z

λ(Z|X)

Y

[τ(1, X)− τ(0, X)]

∣∣∣∣R = 1

}
= E

{
(−1)1−ZE(Y |D,Z,X,U,R = 1)

λ(Z|X)[τ(1, X)− τ(0, X)]

∣∣∣∣R = 1

}
= E

{
(−1)1−Z(h0 + h1D)

λ(Z|X)[τ(1, X)− τ(0, X)]

∣∣∣∣R = 1

}
= E

{
(−1)1−Zh1(g0 + g1Z)

λ(Z|X){τ(1, X)− τ(0, X)}

∣∣∣∣R = 1

}
+E

{
(−1)1−ZE(h0|X,Z,R = 1)

λ(Z|X){τ(1, X)− τ(0, X)}

∣∣∣∣R = 1

}
= E

{
(−1)1−ZE[h1|X,Z,R = 1]τ(X,Z)

λ(Z|X){τ(1, X)− τ(0, X)}

∣∣∣∣R = 1

}
+E

{
(−1)1−ZZcov(g1, h1|X,Z,R = 1)

λ(Z|X){τ(1, X)− τ(0, X)}

∣∣∣∣R = 1

}
+E

{
(−1)1−Zcov(g0, h1|X,Z,R = 1)

λ(Z|X){τ(1, X)− τ(0, X)}

∣∣∣∣R = 1

}
+E

{
(−1)1−ZE(h0|X,Z,R = 1)

λ(Z|X){τ(1, X)− τ(0, X)}

∣∣∣∣R = 1

}
= E

{
(−1)1−ZE[h1|X,R = 1]τ(X,Z)

λ(Z|X){τ(1, X)− τ(0, X)}

∣∣∣∣R = 1

}
+E

{
(−1)1−ZZcov(g1, h1|X,R = 1)

λ(Z|X){τ(1, X)− τ(0, X)}

∣∣∣∣R = 1

}
+E

{
(−1)1−Zcov(g0, h1|X,R = 1)

λ(Z|X){τ(1, X)− τ(0, X)}

∣∣∣∣R = 1

}
+E

{
(−1)1−ZE(h0|X,R = 1)

λ(Z|X){τ(1, X)− τ(0, X)}

∣∣∣∣R = 1

}
= E {h1|R = 1}+ E

{
(−1)1−ZZcov(g1, h1|X,R = 1)

λ(Z|X){τ(1, X)− τ(0, X)}

∣∣∣∣R = 1

}
,
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which equals the average treatment effect ∆ if cov(g1, h1|X,R = 1) = 0

with probability 1. In addition, the propensity score τ(z, x) can be non-

parametrically identified from f(O) under assumptions 8 and 9. The proof

is completed by noting that

E

{
R

q†
(−1)1−Z

λ(Z|X)

Y

[τ(1, X)− τ(0, X)]

}
= E

{
(−1)1−Z

λ(Z|X)

Y

[τ(1, X)− τ(0, X)]

∣∣∣∣R = 1

}
.

Proof of Lemma 1

E(Y |Z = z,X = x,R = 1)

= cov(g1, h1|Z = z,X = x,R = 1)z + cov(g0, h1|Z = z,X = x,R = 1)

+ E(h1|Z = z,X = x,R = 1)τ(z, x) + E(h0|Z = z,X = x,R = 1)

= cov(g1, h1|X = x,R = 1)z + cov(g0, h1|X = x,R = 1)

+ E(h1|X = x,R = 1)τ(z, x) + E(h0|X = x,R = 1) by assumption 3

= H(x)τ(z, x) + ω(x) by assumption 6.

Proof of Lemma 2

In the following, let ā denote the probability limit of â. Under standard

theory for likelihood-based inference (White, 1982),

α̂− ᾱ = −
{
∂

∂α
E[Sπ(O;α)]

∣∣
α=ᾱ

}−1

Ê{Sπ(O; ᾱ)}+ op(n
−1/2);

ψ̂ − ψ̄ = −
{
∂

∂ψ
E[Sλ(O;ψ)]

∣∣
ψ=ψ̄

}−1

Ê{Sλ(O; ψ̄)}+ op(n
−1/2);
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ξ̂ − ξ̄ = −
{
∂

∂ξ
E[Sτ (O; ξ)]

∣∣
ξ=ξ̄

}−1

Ê{Sτ (O; ξ̄)}+ op(n
−1/2);

q̂ − q̄ = Ê{R− q̄}+ op(n
−1/2),

where {Sπ, Sλ, Sτ} are the respective scores for the parametric models

{π(·;α), λ(·;ψ), τ(·; ξ)}. Let δ1 = (ψT , ξT , q)T denote the nuisance pa-

rameters in M1. By the asymptotic theory of M-estimators (Newey and

McFadden, 1994; Van der Vaart, 2000) and Taylor expansion, we obtain

∆̂1 −∆ = Ê{µ1(O; ∆, δ̄1)}+ (ψ̂ − ψ̄)T × ∂

∂ψ
Ê{µ1(O; ∆, δ1)}

∣∣
δ1=δ̄1

+ (ξ̂ − ξ̄)T × ∂

∂ξ
Ê{µ1(O; ∆, δ1)}

∣∣
δ1=δ̄1

+ (q̂ − q̄)× ∂

∂q
Ê{µ1(O; ∆, δ1)}

∣∣
δ1=δ̄1

+ op(n
−1/2),

so that ∆̂1 −∆ = Ê{µ̃1(O; ∆, δ̄1)}+ op(n
1/2) where

µ̃1(O; ∆, δ̄1) = µ1(O; ∆, δ̄1)

− ∂

∂ψ
E{µ1(O; ∆, δ1)}

∣∣
δ1=δ̄1

{
∂

∂ψ
E[Sλ(O;ψ)]

∣∣
ψ=ψ̄

}−1

Sλ(O; ψ̄)

− ∂

∂ξ
E{µ1(O; ∆, δ1)}

∣∣
δ1=δ̄1

{
∂

∂ξ
E[Sτ (O; ξ)]

∣∣
ξ=ξ̄

}−1

Sτ (O; ξ̄)

+
∂

∂q
E{µ1(O; ∆, δ1)}

∣∣
δ1=δ̄1
{R− q̄}+ op(n

−1/2).

Under M1, we have δ̄1 = δ†1 = (ψ†T , ξ†T , q†)T and E{µ1(O; ∆, δ†1)} = 0

by Theorem 1. It follows that n1/2(∆̂1 − ∆)
d−→ N(0, σ2

1) where σ2
1 =

E{µ̃2
1(O; ∆, δ†1)}. Let δ2 = (γT , ηT , ξT , q)T denote the nuisance parameters
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in M2. By Taylor expansion,

∆̂2 −∆ = Ê{µ2(O; ∆, γ̄2, q̄)}+ (γ̂2 − γ̄2)T × ∂

∂γ
Ê{µ2(O; ∆, γ, q)}

∣∣
(γ,q)=(γ̄2,q̄)

+ (q̂ − q̄)× ∂

∂q
Ê{µ2(O; ∆, γ, q)}

∣∣
(γ,q)=(γ̄2,q̄)

+ op(n
−1/2).

Under M2, (ξ̄, q̄) = (ξ†, q†), and at the true values (γ†, η†),

E
{
Gv,w(X,Z)

{
R[Y −H(X; γ†)τ(Z,X; ξ†)− ω(X; η†)]

− (1−R)H(X; γ†)[D − τ(Z,X; ξ†)]
}}

= E
{
Gv,w(X,Z)E

{
R[Y −H(X; γ†)τ(Z,X; ξ†)− ω(X; η†)]

− (1−R)H(X; γ†)[D − τ(Z,X; ξ†)] | Z,X
}}

= E
{
Gv,w(X,Z)

{
[E(Y |Z,X,R = 1)−H(X; γ†)τ(Z,X; ξ†)− ω(X; η†)]π(Z,X)

−H(X; γ†)[E(D|Z,X,R = 0)− τ(Z,X; ξ†)](1− π(Z,X))
}}

= 0,

so that under standard regularity conditions for M-estimation

(Newey and McFadden, 1994; Van der Vaart, 2000) δ̄2 = δ†2. We

have E{µ2(O; ∆, γ†, q†)} = 0 by definition. The asymptotic distribution

of n1/2(∆̂2 − ∆) follows from the previous Taylor expansions by Slutsky’s

Theorem and the Central Limit Theorem. The expansion for ∆̂3 −∆ can

be proven similarly; we note that under M3, (ᾱ, q̄) = (α†, q†), and at the
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true values (γ†, η†),

E

{
Gv,w(X,Z)

{
R[Y − ω(X; η†)]− (1−R)π(Z,X;α†)

1− π(Z,X;α†)
H(X; γ†)D

}}
= E

{
Gv,w(X,Z)E

{
R[Y − ω(X; η†)]− (1−R)π(Z,X;α†)

1− π(Z,X;α†)
H(X; γ†)D

∣∣∣∣Z,X}}
= E

{
Gv,w(X,Z)

{
π(Z,X)[E(Y |Z,X,R = 1)− ω(X; η†)]

− π(Z,X;α†)H(X; γ†)E(D|Z,X,R = 0)

}}
= E

{
Gv,w(X,Z)

{
π(Z,X)H(X)τ(Z,X)

− π(Z,X;α†)H(X; γ†)E(D|Z,X,R = 0)

}}
= 0.

Proof of Theorem 2

We closely follow the structure of semiparametric efficiency bound deriva-

tion of Newey (1990), Bickel et al. (1993) and Chen et al. (2008). Con-

sider a parametric path t for the density of the observed data, ft(O) =

qRt (1 − qt)
1−Rft(V |R = 1)Rft(V |R = 0)1−Rft(Y |V,R = 1)Rft(D|V )1−R,

where qt = prt(R = 1). We aim to derive the unique influence function

µeff(O) underMnp such that E{µeff(O)} = 0 and pathwise differentiability

holds:

∂∆t/∂t = Et {µeff(O)St(O)} ,
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where

St(O) = ∂ log ft(O)/∂t

= α(R− qt) + (1−R)St(V |R = 0)

+RSt(V |R = 1) +RSt(Y |V,R = 1) + (1−R)St(D|V ).

Following the proof for Theorem 1,

∆t = Et

{
R

qt

(−1)1−ZY

λt(Z|X)[τt(1, X)− τt(0, X)]

}
= Et

{
(−1)1−ZY

λt(Z|X)[τt(1, X)− τt(0, X)]

∣∣∣∣R = 1

}
.

Differentiate the integral on the right hand side with respect to t yields

∂∆t

∂t
= Et

{
(−1)1−ZY St(Y,D, V |R = 1)

λt(Z|X)[τt(1, X)− τt(0, X)]

∣∣∣∣R = 1

}
− Et

{
(−1)1−ZY St(Z|X,R = 1)

λt(Z|X)[τt(1, X)− τt(0, X)]

∣∣∣∣R = 1

}
− Et

{
(−1)1−ZY ∂[τt(1,X)−τt(0,X)]

∂t

λt(Z|X)[τt(1, X)− τt(0, X)]2

∣∣∣∣R = 1

}
≡ A1 + A2 + A3.

Consider the terms separately:

A2 = −Et
{

(−1)1−ZY St(Z|X,R = 1)

λt(Z|X)[τt(1, X)− τt(0, X)]

∣∣∣∣R = 1

}

= −Et




Et

[
(−1)1−ZY

λt(Z|X)[τt(1,X)−τt(0,X)]

∣∣∣∣V,R = 1

]
−E

[
(−1)1−ZY

λt(Z|X)[τt(1,X)−τt(0,X)]

∣∣∣∣X,R = 1

]
St(Z|X,R = 1)

∣∣∣∣∣R = 1


= −Et




Et

[
(−1)1−ZY

λt(Z|X)[τt(1,X)−τt(0,X)]

∣∣∣∣V,R = 1

]
−Et

[
(−1)1−ZY

λt(Z|X)[τt(1,X)−τt(0,X)]

∣∣∣∣X,R = 1

]
St(Y,D, V |R = 1)

∣∣∣∣∣R = 1


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= −Et
{{

(−1)1−ZH(X)τt(Z,X)

λt(Z|X){τt(1, X)− τt(0, X)}
+

(−1)1−Zω(X)

λt(Z|X){τt(1, X)− τt(0, X)}
−H(X)

}
×

St(Y,D, V |R = 1)

∣∣∣∣R = 1

}
= −Et

{{
(−1)1−ZH(X)τt(Z,X)

λt(Z|X){τt(1, X)− τt(0, X)}
+

(−1)1−Zω(X)

λt(Z|X){τt(1, X)− τt(0, X)}
−H(X) + ∆

}
×

St(Y,D, V |R = 1)

∣∣∣∣R = 1

}
,

A3 = −Et

{
(−1)1−ZY ∂[τt(1,X)−τt(0,X)]

∂t

λt(Z|X)[τt(1, X)− τt(0, X)]2

∣∣∣∣R = 1

}

= −Et
{

(−1)1−ZY E(DSt(D|Z = 1, X,R = 1)|Z = 1, X,R = 1)

λt(Z|X)[τt(1, X)− τt(0, X)]2

∣∣∣∣R = 1

}
+Et

{
(−1)1−ZY E(DSt(D|Z = 0, X,R = 1)|Z = 0, X,R = 1)

λt(Z|X)[τt(1, X)− τt(0, X)]2

∣∣∣∣R = 1

}
= −

{
Et

{
H(X)ZDSt(D|V,R = 1)

λt(Z|X)[τt(1, X)− τt(0, X)]

∣∣∣∣R = 1

}
−Et

{
H(X)(1− Z)DSt(D|V,R = 1)

λt(Z|X)[τt(1, X)− τt(0, X)]

∣∣∣∣R = 1

}}
= −Et

{
H(X)(−1)1−ZDSt(D|V,R = 1)

λt(Z|X)[τt(1, X)− τt(0, X)]

∣∣∣∣R = 1

}
= −Et

{
H(X)(−1)1−Z [D − τt(Z,X)]St(D|V,R = 1)

λt(Z|X)[τt(1, X)− τt(0, X)]

∣∣∣∣R = 1

}
= −Et

{
H(X)(−1)1−Z [D − τt(Z,X)]St(Y,D, V |R = 1)

λt(Z|X)[τt(1, X)− τt(0, X)]

∣∣∣∣R = 1

}
.

Combining the terms A1–A3,

∂∆t

∂t
= Et

{[
(−1)1−Z {Y − ω(X)−H(X)D}
λt(Z|X) [τt(1, X)− τt(0, X)]

+H(X)−∆

]
St(Y,D, V |R = 1)

∣∣∣∣R = 1

}
≡ Et{ϕ(Y,D, V )St(Y,D, V |R = 1)|R = 1}.
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Let ϕ(Y,D, V ) = ϕ1(Y, V )− ϕ2(D, V ) where

ϕ1(Y, V ) =
(−1)1−Z Y

λt(Z|X) [τt(1, X)− τt(0, X)]
;

ϕ2(D, V ) =
(−1)1−Z {ω(X) +H(X)D}
λt(Z|X) [τt(1, X)− τt(0, X)]

−H(X) + ∆.

Then

∂∆t

∂t
= Et{ϕ(Y,D, V )St(Y,D, V |R = 1)|R = 1}

= Et [ϕ1(Y, V )St(Y, V |R = 1)|R = 1]− Et [ϕ2(D, V )St(D, V |R = 1)|R = 1]

≡ B1 −B2

We note that

B1 = Et [ϕ1(Y, V )St(Y |V,R = 1)|R = 1] + Et [ϕ1(Y, V )St(V |R = 1)|R = 1]

= Et

{
R

qt
[ϕ1(Y, V )− E(ϕ1|V,R = 1)]St(Y |V,R = 1)

}
+Et

{
Et(ϕ1|V,R = 1)

qt
RSt(V |R = 1)

}
= Et

{
R

qt
[ϕ1(Y, V )− E(ϕ1|V,R = 1)]St(O)

}
+Et

{
Et(ϕ1|V,R = 1)

qt
RSt(O)

}
,

and similarly

B2 = Et [ϕ2(D, V )St(D|V )|R = 1] + Et [ϕ2(D, V )St(V |R = 1)|R = 1]

= Et

{
1−R
qt

πt(V )

1− πt(V )
[ϕ2(D, V )− E(ϕ2|V )]St(D|V )

}
+Et

{
Et(ϕ2|V )

qt
RSt(V |R = 1)

}
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= Et

{
1−R
qt

πt(V )

1− πt(V )
[ϕ2(D, V )− E(ϕ2|V )]St(O)

}
+Et

{
Et(ϕ2|V )

qt
RSt(O)

}
,

where qt =
∫
πt(v)ft(v)dv. Therefore ∂∆t

∂t
= Et {µeff(O)St(O)} , where

µeff(O; ∆) =
R

qt
[ϕ1(Y, V )− E(ϕ1|V,R = 1)]

−1−R
qt

πt(V )

1− πt(V )
[ϕ2(D, V )− E(ϕ2|V )]

+
R

qt
[E(ϕ1|V,R = 1)− E(ϕ2|V )].

It it straightforward to verify that Et{µeff(O; ∆)} = 0. It follows by stan-

dard semiparametric efficiency theory that µeff(O; ∆) is the unique (and

hence also efficient) influence function, and the semiparametric efficiency

bound for all regular and asymptotically linear estimators of ∆ in Mnp is

E{µ2
eff(O; ∆)}.

Proof of Lemma 3

Let δ = (ηT , γT , ψT , ξT , αT , q)T denote the nuisance parameters. By the

asymptotic theory of M-estimators (Van der Vaart, 2000) and Taylor ex-

pansion, we obtain

∆̂mul −∆ = Ê{µeff(O; ∆, δ̄)}+ (δ̂ − δ̄)T × ∂

∂δ
Ê{µeff(O; ∆, δ)}

∣∣
δ=δ̄

+ op(n
−1/2).

It suffices to show that E{µeff(O; ∆, δ̄)} = 0 in the union model ∪3
j=1Mj.
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Under M1, we have (ψ̄, ξ̄, q̄) = (ψ†, ξ†, q†) and

E{µeff(O; ∆, η̄, γ̄, ψ†, ξ†, ᾱ, q†)}

= E

{
(−1)1−Z

λ(Z|X;ψ†)
×

R
q†
Y

[τ(1, X; ξ†)− τ(0, X; ξ†)]

}

−E

{
(−1)1−Z

λ(Z|X;ψ†)
×

R
q†

[H(X; γ̄)τ(Z,X; ξ†) + ω(X; η̄)]

[τ(1, X; ξ†)− τ(0, X; ξ†)]

}

−E

{
(−1)1−Z

λ(Z|X;ψ†)
×

1−R
q†

π(Z,X;ᾱ)
1−π(Z,X;ᾱ)

H(X; γ̄)[D − τ(Z,X; ξ†)]

[τ(1, X; ξ†)− τ(0, X; ξ†)]

}
+ E

{
R

q†
[H(X; γ̄)]

}

= E

{
(−1)1−Z

λ(Z|X;ψ†)
×

R
q†
Y

[τ(1, X; ξ†)− τ(0, X; ξ†)]

}
− E

{
R

q†
H(X; γ̄)

}

−E

{
(−1)1−Z

λ(Z|X;ψ†)
×

1−π(Z,X)
q†

π(Z,X;ᾱ)
1−π(Z,X;ᾱ)

H(X; γ̄)[E(D|Z,X,R = 0)− τ(Z,X; ξ†)]

[τ(1, X; ξ†)− τ(0, X; ξ†)]

}

+E

{
R

q†
[H(X; γ̄)−∆]

}
= E

{
(−1)1−Z

λ(Z|X;ψ†)
×

R
q†
Y

[τ(1, X; ξ†)− τ(0, X; ξ†)]

}
−∆

= 0,

by Theorem 1.

Under M2, (ξ̄, q̄) = (ξ†, q†) and at the true values (γ†, η†),

E

{
Gv,w(X,Z)

{
R[Y −H(X; γ†)τ(Z,X; ξ†)− ω(X; η†)]

−(1−R)π(Z,X; ᾱ)

1− π(Z,X; ᾱ)
H(X; γ†)[D − τ(Z,X; ξ†)]

}}
= E

{
Gv,w(X,Z)E

{
R[Y −H(X; γ†)τ(Z,X; ξ†)− ω(X; η†)]

−(1−R)π(Z,X; ᾱ)

1− π(Z,X; ᾱ)
H(X; γ†)[D − τ(Z,X; ξ†)]

∣∣∣∣Z,X}}
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= E

{
Gv,w(X,Z)

{
π(Z,X)[E(Y |Z,X,R = 1)−H(X; γ†)τ(Z,X; ξ†)− ω(X; η†)]

− (1− π(Z,X))π(Z,X; ᾱ)

1− π(Z,X; ᾱ)
H(X; γ†)[E(D|Z,X,R = 1)− τ(Z,X; ξ†)]

}}
= 0.

In addition,

E{µeff(O; ∆, η†, γ†, ψ̄, ξ†, ᾱ, q†)} = E{E{µeff(O; ∆, η†, γ†, ψ̄, ξ†, ᾱ, q†)|Z,X}}

= E

{
(−1)1−Z

λ(Z|X; , ψ̄)
×

π(Z,X)
q†

[E(Y |Z,X,R = 1)−H(X; γ†)τ(Z,X; ξ†)− ω(X; η†)]

[τ(1, X; ξ†)− τ(0, X; ξ†)]

}
−E
{

(−1)1−Z

λ(Z|X; , ψ̄)
×

1−π(Z,X)
q†

π(Z,X;ᾱ)
1−π(Z,X;ᾱ)

H(X; γ†)[E(D|Z,X,R = 0)− τ(Z,X; ξ†)]

[τ(1, X; ξ†)− τ(0, X; ξ†)]

}
+E

{
R

q†
[H(X; γ†)−∆]

}
= E{H(X; γ†)|R = 1} −∆ = 0.

Under M3, (ᾱ, q̄) = (α†, q†) and at the true values (γ†, η†),

E

{
Gv,w(X,Z)

{
R[Y −H(X; γ†)τ(Z,X; ξ̄)− ω(X; η†)]

−(1−R)π(Z,X;α†)

1− π(Z,X;α†)
H(X; γ†)[D − τ(Z,X; ξ̄)]

}}
= E

{
Gv,w(X,Z)E

{
R[Y −H(X; γ†)τ(Z,X; ξ̄)− ω(X; η†)]

−(1−R)π(Z,X;α†)

1− π(Z,X;α†)
H(X; γ†)[D − τ(Z,X; ξ̄)]

∣∣∣∣Z,X}}
= Ê

{
Gv,w(X,Z)

{
π(Z,X)H(X; γ†)[τ(Z,X)− τ(Z,X; ξ̄)]

− π(Z,X;α†)H(X; γ†)[τ(Z,X)− τ(Z,X; ξ̄)]

}}
= 0.
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In addition,

E{µeff(O; ∆, , η†, γ†, ψ̄, ξ̄, α†, q†)} = E{E{µeff(O; ∆, η†, γ†, ψ̄, ξ̄, α†, q†)|Z,X}}

= E

{
(−1)1−Z

λ(Z|X; , ψ̄)
×

π(Z,X)
q†

[E(Y |Z,X,R = 1)−H(X; γ†)τ(Z,X; ξ̄)− ω(X; η†)]

[τ(1, X; ξ̄)− τ(0, X; ξ̄)]

}
−E
{

(−1)1−Z

λ(Z|X; , ψ̄)
×

π(Z,X;α†)
q†

H(X; γ†)[E(D|Z,X,R = 0)− τ(Z,X; ξ̄)]

[τ(1, X; ξ̄)− τ(0, X; ξ̄)]

}
+E

{
R

q†
[H(X; γ†)−∆]

}
= E

{
(−1)1−Z

λ(Z|X; , ψ̄)
×

π(Z,X)
q†
H(X; γ†)[τ(Z,X)− τ(Z,X; ξ̄)]

[τ(1, X; ξ̄)− τ(0, X; ξ̄)]

}
−E
{

(−1)1−Z

λ(Z|X; , ψ̄)
×

π(Z,X;α†)
q†

H(X; γ†)[τ(Z,X)− τ(Z,X; ξ̄)]

[τ(1, X; ξ̄)− τ(0, X; ξ̄)]

}
+E

{
R

q†
[H(X; γ†)−∆]

}
= E{H(X; γ†)|R = 1} −∆ = 0.

The last claim in Lemma 4 follows by noting that under the intersection

submodel
{
∩3
j=1Mj

}
, δ̄ = δ† and ∂

∂δ
Ê{µeff(O; ∆, δ)}

∣∣
δ=δ†

= op(1) so that

∆̂mul −∆ = Ê{µeff(O; ∆, δ†)}+ op(n
−1/2).

Estimation of the asymptotic variance

Let Sπ(Zi, Xi;α), Sλ(Zi, Xi;ψ) and Sτ (Zi, Xi; ξ) denote units i’s contribu-

tion to the score for estimation of the parameters which index the models

π(z, x;α), λ(z|x;ψ) and τ(z, x; ξ) respectively. For example, if we assume

the logistic model π(z, x;α) =
{

1 + exp[−hT (z, x)α]
}−1

for a vector of re-
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gressors h(z, x), then Sπ(Zi, Xi;α) = h(Zi, Xi){R−π(Zi, Xi;α)}. For com-

pleteness we also denote S(Ri, q) = Ri − q.

We consider inference for the semiparametric estimator ∆̂1. Let κ =

(ψ, ξ, q) denote the set of nuisance parameters, and let

H(Oi;κ) = {STλ (Zi, Xi;ψ), STτ (Zi, Xi; ξ), S(Ri, q)}T .

It follows under standard regularity conditions that

n1/2(∆̂1 −∆) = n−1/2E

{
∂µ1(Oi,∆, κ)

∂∆

}−1∑
i

V (Oi; ∆1, κ) + op(1),

where V (Oi; ∆1, κ) ≡ µ1(Oi,∆, κ) − ∂E{µ1(O,∆,κ)}
∂κ

E
[
∂H(O;κ)

∂κ

]−1

H(Oi;κ). A

consistent estimator of the asymptotic variance of n1/2(∆̂1−∆) is therefore

given by

σ̂2 =

{
Ê

(
∂µ1(Oi,∆, κ)

∂∆

∣∣∣∣
(∆,κ)=(∆̂1,κ̂)

)}−2

Ê{V̂ 2(Oi; ∆̂1, κ̂)},

where V̂ (Oi; ∆1, κ) ≡ µ1(Oi,∆, κ)− ∂Ê{µ1(O,∆,κ)}
∂κ

Ê
[
∂H(O;κ)

∂κ

]−1

H(Oi;κ) and

κ̂ = (ψ̂T , ξ̂T , q̂)T . Accordingly, a 95% Wald confidence interval for ∆ is

given by {∆̂1 ± 1.96
√
n−1σ̂2}. Inferences for ∆̂2, ∆̂3 and ∆̂mul may be

carried out similarly, with a different set of nuisance parameters κ for each
semiparametric estimator.
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