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This supplementary material contains the proof of Lemmas and Theorems in the main

manuscript as well as details on asymptotic variance estimation for the proposed estimators.

Proof of Theorem 1

In the proof, we make use of the following equalities that for all square-

integrable functions m(X),
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Under assumptions 1-7 and suppressing the dependences of {hg(-), h1(+), go(+),91(-)}

on (X,U),
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which equals the average treatment effect A if cov(gy, hi|X, R = 1) = 0
with probability 1. In addition, the propensity score 7(z,z) can be non-
parametrically identified from f(O) under assumptions 8 and 9. The proof

is completed by noting that

E(_l)le Y B (_1)172 Y _
{qf NZIX) [P (LX) - T(O,X)]} - E{ NZIX) 7(LX) — 7(0,X)] ‘R - 1} |

Proof of Lemma 1

EY|Z=2,X=2,R=1)
= cov(gr,M|Z =2 X =2, R=1)z+cov(go,m|Z =2, X =z,R=1)
+EM|Z=2,X=2,R=1)1(2,2) + E(g|Z =2, X =2,R=1)
= cov(gy, | X =2, R=1)z + cov(go, 1| X =2, R =1)
+ E(h|X =2, R=1)1(2,2) + E(ho|X =z, R=1) by assumption 3

= H(z)7(z,2) +w(xz) by assumption 6.

Proof of Lemma 2

In the following, let @ denote the probability limit of a. Under standard

theory for likelihood-based inference (White, |1982)),
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where {S;, S\, S;} are the respective scores for the parametric models
{r(a), A50),7(56)}. Let 6 = (W1,€7,¢)T denote the nuisance pa-
rameters in M;. By the asymptotic theory of M-estimators (Newey and

McFadden) [1994; [Van der Vaart) 2000) and Taylor expansion, we obtain
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.o 0 -
T (@-0) % 5 Blm(0: 8,00} 5,5, +0p(n 1/2).
so that Al — A= E{ﬂ1(0; A, 51)} + Op(nl/Q) where
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Under M, we have & = 6] = (i, €17, g7 and E{u(0; A, 60} = 0

by Theorem 1. It follows that n'/2(A, — A) % N(0,02) where 0? =

E{f2(0; A, 6D)}. Let 6, = (47,17, €7, q)" denote the nuisance parameters



Data Combination with Instruments

in My. By Taylor expansion,
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Under My, (£,q) = (¢,4"), and at the true values (v, n"),
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so that under standard regularity conditions for M-estimation
(Newey and McFadden, 1994; Van der Vaart, 2000) 6, = 4. We
have E{us(0;A,7",¢")} = 0 by definition. The asymptotic distribution
of nt/ Q(AQ — A) follows from the previous Taylor expansions by Slutsky’s
Theorem and the Central Limit Theorem. The expansion for A; — A can

be proven similarly; we note that under Ms, (&,q) = (af, ¢"), and at the
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true values (yf,n"),
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Proof of Theorem 2

We closely follow the structure of semiparametric efficiency bound deriva-
tion of Newey| (1990), Bickel et al.| (1993) and (Chen et al.| (2008)). Con-
sider a parametric path ¢ for the density of the observed data, f;(O) =
(1 — @) "RR(VIR = DRR(VIR = 0)RA(YIV,R = DRf(D[V)R
where ¢, = pr,(R = 1). We aim to derive the unique influence function
ter(O) under My, such that E{u.x(O)} = 0 and pathwise differentiability

holds:

A0t = By {per(0)S,(0)},
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where

Si(0) = 0Olog f(0)/0t
— a(R—q) +(1—R)S,(V|R =0)
YRS,(VIR=1) + RS{(Y|V,R = 1) + (1 — R)S,(D|V).

Following the proof for Theorem 1,
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Differentiate the integral on the right hand side with respect to t yields
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Consider the terms separately:
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Let o(Y, D, V) = ¢1(Y,V) — 2(D, V) where

B (-1 7y |
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where ¢ = [ m(v) fi(v)dv. Therefore 25t = E; {11.5(0)S;(0)}, where
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1-R m(V)
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It it straightforward to verify that E{p.s(O;A)} = 0. It follows by stan-
dard semiparametric efficiency theory that pes(O;A) is the unique (and
hence also efficient) influence function, and the semiparametric efficiency

bound for all regular and asymptotically linear estimators of A in M, is
E{1x(O; A)}.
Proof of Lemma 3

Let § = (n7, 47,97, €7, a” )T denote the nuisance parameters. By the
asymptotic theory of M-estimators (Van der Vaart, [2000) and Taylor ex-

pansion, we obtain
N N - A 0 -
A =8 = Bl A9} + 6 = 5" % £ B{paa(0; A, )}y + 0p(n ).

It suffices to show that E{js(O;A,d)} = 0 in the union model U3_; M.
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Under M, we have (¢,€,q) = (¢1,£1,¢") and

E{pner(O; A7, 7,91, €, @, ¢T)}

S e Vi ikl
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by Theorem 1.

Under My, (§,q) = (¢',4¢") and at the true values (7, ),
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= E{qu,w(X, Z){W(Za X)EY|Z X, R=1) - H(X;y)7(Z X:€') —w(X:n')]

A==z, X)r(Z X;a)
1—-n(Z,X;a)

H(X:AN[ED|Z, X, R=1) —1(Z,X; gT)]}} =0.
In addition,

E{pes(0; A", A1 40, &7, @, ¢")} = B{E{pea(O0; A, 0,47, 4, € a, ¢1) | Z, X3}
{ (-7 @[E(Y!Z X,R=1) = H(X;yN)7(Z, X; ") — w(X;nT)] }
X

ANZIX;,4) (1, X;¢7) — 7(0, X;¢1)]

gl 0 IR HEXD H(X; AN E(D]Z, X, R = 0) = 7(Z, X; 6] }
{A(Z|X;,1E) [7(1, X;€1) — 7(0, X;€1))]

+E{g[H(X;7T) - A]}

= E{H(X;/"|R=1}-A=0.

Under M3, (a,q) = (af,¢") and at the true values (77, n"),

E{gv,w(Xa Z){R[Y —H(X;9)7T(Z, X;€) — w(X;nh)]

_ T 'OZT B
N (11 —}?(Z(,Z);');(Olf) )H(X; MDD —7(Z,X;¢)] }}

= E{Guu(X, Z)E{R[Y —H(X;yN7(Z, X;€) — w(X;n')]

_ o )H(X;VT)[D—T(Z7X35)]‘Z>X}}

_ E{gw(X,Z){w(Z,X)H(X;’yT)[T(Z,X)—T(ZyX;f)]
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In addition,

E{pes(0; A, ', 71,0, €, 0%, ¢N)} = B{E{nes(O; A, 0", 77,4, €, 0f, ¢N)[ 2, X1}
E{ ()7 MEHEY|Z, X R=1)-H(X;7)(Z,X;8) —w(X;nh)] }
= X

ANZ|X;,0) [7(1, X;€) — 7(0, X;€)]
oz R (XN E(D|Z, X, R =0) — 7(Z, X; )]
{)\Z|X7J/J [T(laX;g)_T(OaX;g)] }
+E{q§ A]}
_ (-7 TEOY (A2, X) — (2, X €))
B E{/\(ZIX;,@/)) . [7(1,X;€) — 7(0, X;¢)] }
. { (-)"* “ZQ—WH<X;7*3[T<Z,X>—§<Z,X;5>J}
/\(Z|X77¢) [7(17X;§)_T(O’X;§>]
+E{—T[’H(X, A1) — A]}

The last claim in Lemma 4 follows by noting that under the intersection

submodel {N¥_;M;}, 0 = 6" and %E{MGH<O;A75)}’5:5T = 0,(1) so that

Ama — A = E{peg(O; A, 01} + 0,(n?).

Estimation of the asymptotic variance

Let S:(Z;, Xi; ), Sx(Z;, Xi;1) and S-(Z;, X;;€) denote units ¢’s contribu-
tion to the score for estimation of the parameters which index the models
(2, z;a), A(z|z;) and 7(z, x; ) respectively. For example, if we assume

the logistic model m(z,z;a) = {1+ exp[—hT(z,x)a]}fl for a vector of re-
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gressors h(z, ), then S;(Z;, X;; ) = h(Z;, Xi){R—7(Z;, Xi; ) }. For com-
pleteness we also denote S(R;,q) = R; — q.
We consider inference for the semiparametric estimator Ay, Let k =

(1,€,q) denote the set of nuisance parameters, and let
H(Oi; k) = {Sf(Zi:Xi§w)a SZ(ZiaXi§£)a S(Rz’,Q)}T-
It follows under standard regularity conditions that

. A
n1/2(A1_A):n—1/2E{M} ZV O“Al’ —{—op( )

-1
where V(O;; A1, k) = pu1(04, A k) — 8E{“1§£’A’”)}E [aHég;”)} H(O; k). A

consistent estimator of the asymptotic variance of n'/ Q(Al — A) is therefore

given by

(5’2 _ {E (0u1(0i,A,/{)

2
E{V*(0;; Ay, &)},
9A (A,@:(Al,k)) }

where V(0;; A1, k) = p1(O0i, A, k) — 8E{”l(OA“)}]_? [aH(O ”)] H(O;; k) and

oK
k= (@/;T,éT,qA)T. Accordingly, a 95% Wald confidence interval for A is

given by {Al + 1.96vVn=162}. Inferences for Ay, Ay and A may be
carried out similarly, with a different set of nuisance parameters x for each
semiparametric estimator.
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