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Supplementary Material

This note contains proofs of Lemma 1,2,3 and convergence of £ (Hr, H) in Onatski and Wang

(2020) (OW in what follows).

S1 Proof of Lemma 1

The definition of C' yields

T-1
IT=Cllz = 2) (T—k) (e —n)?

k=1

T-1 (T = k) &2 T-1
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Recall that -y, are the Fourier coefficients of the spectral density f (w), and
that f (w) in our case is continuous, and thus bounded and L?, on [0, 27] .
Hence, for any 6 > 0, there exists K > 0 such that >, 7 < §/16.

Therefore,
K

IT = C|[7 <8K Y 7 +0T/2 < 0T

k=1

for all sufficiently large T Since ¢ > 0 is arbitrary, we obtain |I' — C ||fF =

o(T).

S2 Proof of convergence of £ (Hr, H)

The rank inequality together with (A.1) of OW yield
L (Hr,Hr) <1/ (2v/u) . (S2.1)
Further, inequality (A.2) and Lemma 1 of OW imply that
HAl/QI‘Al/2 — Al/QCAlmHi <u?|T—C|3 =o(T) (52.2)
for any fixed u. By Corollary A.41 of Bai and Silverstein (2010),
£(fir, fie)* < o |APDAY — APCA}

Hence, (52.2) yields
L (Hr, He) = o(1) (S2.3)

for any fixed u, as T' — o0.



S2. PROOF OF CONVERGENCE OF £ (Hr, H)

To bound L (ﬁc, Hu), note that He is the ESD of AC because the
eigenvalues of AC and AY2C A'Y? coincide. On the other hand, both A
and C' are circulant matrices. Therefore, they are simultaneously diago-
nalizable by multiplication from the right by F*/ VT and from the left by

F/V/T. Consider the spectral decomposition C = F*D¢cF /T with
D¢ = diag (do, dy, ...,dr—1) .

Then,
AC = F*DcF|T
with D¢ being a diagonal matrix with the first diagonal element 0 and the

t + 1-th diagonal element (1 — cos, wt)_l di/2.

Recall that f (w) can be written as

f(w) = % Z vk exp (ikw) . (52.4)

k=—o00

Denote by or (w) the Cesaro sum of this Fourier series

where fi (w) = % ljsz vs exp (isw) are the partial sums of |) As
shown by Lemma 4.3 of Tyrtyshnikov (1996), d; = 27mor (ws) for s =
0,..,7 — 1. On the other hand, by Fejér’s theorem (e.g. p.91 of Rudin

(1987)) Cesaro sums uniformly converge to f (w) as T'— oo (because f (w)
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is continuous under our assumptions). Therefore,

and

= 7 f (ws)

s=1,...,T—1 ’ 1 — cos, w,

= o(1). (S2.5)

To establish the weak convergence of He to Hy, it is sufficient to show

that, for any continuous function g with bounded support

Jim 23" g (Do) = [ gle)dt, (o),

s=0

But for any such function, (S2.5)) yields

7 f(ws)

1—cosy, ws

Furthermore, ¢ ( ) , being a continuous function of w, is Riemann

integrable, and thus,
. 1 = 7Tf Ws
Yll_{I;OTZQ(DC,ss) a Th—I}goTZg<1—cosuws)

_ A%9<T?££Z>¢w—/g@MHM@.

Thus, Hc is indeed weakly converging to H, as T — oo, and hence,
L (He, H,) =o0(1) (S2.6)

for any fixed u, as T' — o0.



S3. PROOF OF LEMMA 2

Finally, by definition,

Ho (2) =~ <we(o,2w);L“’)ng)

2w 1 — cos,
and
Hz) = 2y (we (0,27): L&)~
R ol N T eosw S0 )

But cos, w # cosw may only hold for

w§7r/(2\/ﬂ) 0rw227r—7r/(2\/ﬂ).

Hence,

£ (Hu H) < sup |H (@) = Hy (2)] < 1/ (2V0). (52.7)

Combining (52.1)), (S2.3)), (S2.6), and (S2.7)), and noting that « > 0 can be

arbitrarily large, we conclude that £ (Hp, H) — 0 as T — oc.

S3 Proof of Lemma 2

Let us show that Lemma 2 follows from Theorem 1.1 of Bai and Zhou
(2008).
Let W = AY2T'Y/2 and let Z;, be the k-th column of W1y'. Then,
EZ'LkZlk =Cov (Zz]€7 Zlk) = (Al/ZFAI/Z)il = til,

which is independent from k. Moreover,

0o 2
|AY*TAY? || <u|T| < 2u (Z |9j|> < 00

J=0
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(see, e.g. p. 434 of Bai and Zhou (2008)). By (S2.3) and (S2.6]), the ESD

of AY?T'A'Y/? (which is the same as that of T''/2AT''/?) converges to H,,.
The only assumption of Theorem 1.1 of Bai and Zhou (2008) left to verify

is that for any non-random 7" x T" matrix B with bounded norm,
E(Z,BZ;, — tr (BA'’T A'?))" = o (T?) .

Let B = AY2BA'Y2. Clearly, for any fixed v > 0, B has a bounded
norm as long as B has a bounded norm. On the other hand, Z, = A'/?¢,
where ¢, is the transpose of the k-th row of €. Hence, it is sufficient to show

that

E (L Bey — tr (BT))® = o (T?).

But this fact was established in Bai and Zhou (2008, p. 435). To summarize,
all conditions of Theorem 1.1 Bai and Zhou (2008) are satisfied and thus,

F, 1 as. weakly converges to I, as n,T" —. co. This completes the proof.

S4 Proof of Lemma 3

Recall that 7T, is defined as the smallest integer s.t. n/T, < . Let T =
Ty > T, and let § be an n x T' matrix with i.i.d. N(0, 1) entries. Consider
a partition £ = [£,, €], where &, and € are n x T, and n x (T — 1)

respectively. Further, let A be defined similarly to A, with 7', replaced by



S4. PROOF OF LEMMA 3

T and partition A = diag[Ay, As], where A; is T}, x T',. Then we have

n n
M, 1, = m&Ayﬁ; and M, 1, = m(ﬁvAlﬁg + €0 AEL).
Hence,
Al A €OOA2€/
M,r —M,r = — 7 ! B
oo = Mz, =& ((Too Y1 T+ 1)2> S 1)
First, consider n&, <(T OOAJ:DQ — (Tﬁ”’l)Q) €. Recall that the diagonal el-

ements of A; have form 3(1 —cosmj/(To 4+ 1))~ for j < T,. The diagonal
elements of A, have a similar form with T, replaced by 7. Since

1 1 24 L t
COST = — =X —X COS
2 4!

for some ¢ € [0, z], we have

. A . 1 cost (Wj)2 o
m(l—COSW]/(Tm+1)) = (1_ 12 (Too+1)2>

for some ¢ € [0, 7] and hence

1 , o1 cost cost (mj)2 \
—(1- To+1)) - = 1— -

Since j < T, < T, we have

t )2 2 1
L cos (79) 1T L
12 (T + 1)2 12 12
and thus
1 1 1 1
_ (1 — /(T + 1 — — | < —



ALEXEI ONATSKI AND CHEN WANG

The inequality holds similarly for the elements of A,

'm (1 —cosmj/(T, +1))"" —

Therefore, we have

(1 cosmj/(T, + 1)) < =

1 ) -1
(1—cosmj/(Tw+ 1) — ——— —.
2 2(T7 +1) Tf

‘ 2T +1)?

To summarize,

Hn €7A1€/7 -n &4.8, < 4.

(1+7%)°  (A+T)

< 23—675/7
T, T,

with high probability for sufficiently small . The last inequality is due to

3

,}f/” a.s. converges to (1 + /7).

the fact that the largest eigenvalue of
£OOA2€{><>

Fiy. Since 1 —cosz > 2?/6 for

Next consider the component n

x € [0, 7], we have
2(To + 1)*(1 — cosmj /(T + 1)) > (75)%/3.

Partition Ay as diag[Agy 1, - -+, Ag (1. —1)/7,] Where each Ay ; is T',-dimensional.
(We can choose T, so that (To, —T7,) /T, is an integer, so such a representa-
tion is possible.) Using the fact that the diagonal elements of Ay ;/(Th+1)?

have form

1
2(Tw +1)2(1 —cosmj/(Too + 1))

with j =T, +1,---,(i + 1)T, — 1, we find that the upper bound on the
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diagonal elements of A, ;/(Ty + 1)? equals

1
2(Tw + 1)2(1 — cosiTym /(T + 1))’

which is no larger than 3/(inT,)%.
Partition £, conformably with A so that §o = [£cc1, "+, &ooy(Toe—10) /1 -

Then, from the above, we have
(Too—Ty /Tv

3n
<
T 2 Z-Q

=1

§o0.il,
T’Y

Axgl,
T +1)?

The Gaussian concentration inequality for the singular values of a rectan-
gular matrix with i.i.d. Gaussian entries (see Theorem II1.13 of Davidson

and Szarek (2001)) implies that, for any ¢ > 0,

Eoo isl n 2 T. t2
P P2t > (1 N ).
(‘ T, > + T, + < exp 5

Taking t = '/, we then have

(Too—T4)/T, p 2 1/2
00,1 00,1 . T/
(o= (o o)) < e (557)

v v

Z P

Clearly, the right hand side of the above inequality can be made arbitrarily

small by choosing sufficiently large T,. Therefore, with large probability,

2
are smaller than (1 + . /% + i1/4)

2
g, T==T)/T> (1 /7t i1/4>

< <K

<or 2 B < Ky

=1

£oo,i£/ooyi

for sufficiently large 7,

and

£OOA2€£>O
(Too +1)2
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for some constant K that does not depend on v € (0,1). This completes

the proof.
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