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APPENDIX A: THE PROCEDURE OF GENERATING INITIAL VALUES

IN SECTION 2.1

We propose the procedure to generate initial values. Specifically, the algorithm is de-
scribed in the following.

Step 0. Suppose that functions my(-) are linear functions for [ = 1,...,d, that is,
Q, (VX 2) = lilml (278) Xu = lil(a,m (Z78)) Xa. Let 9 — (5,07, w1))

¢ = (a1, a0)", v = B for l = 1,...d and T, = (Xy, ..., Xia, ZF Xon, ., ZF X34) . We
obtain the estimator of ¥ by minimizing
9= arg;nin 9, (9)
= arggniném {Yz‘ - l_Xdi (az + by (Zz'T/Ql)) Xil}
= arggninipT {Y; — HZ-T19},
and obtain B° = (8, ..., BY)T with 8° = (/ ||]|,) sgn (7)) , 1 = 1, ...,d and &y, being the
first component of ;.

Step 1. For a given B°, A(B°) can be attained by X (,5'0) = argmin L, (A,BO> with

AeRdIn
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Lrn (A B) = ﬁ:lpf {Yi — lzd: B(ZZ-TBl)T)\lXﬂ}. Thus, we obtain the initial estimates of the
i= =1
nonparametric functions (-, 3°) = B(-)TA/(8°) for 1 =1, ..., d.

Step 2. Then we can obtain the updated value of 3 by minimizing the objective function

Cm (B) = i Pr {Y; — 3 my (ZiTﬁl)TXil} with respect to 3 through nonlinear optimization.
i=1 =1

For example, the “ucminf” or “optim” function in R software can be applied to find the

minimum of C,,, by numerical computing approaches. Let 8 be the minimum of C,, and

B, = (Bl/ ||BlH2) sgn (611) for I =1,...,d, where (y; is the first component of 3.

Step 3. Repeat Steps 1 and 2 until convergence, and denote the convergent values as 3™
and A",

The above algorithm is used to generate the initial values of 8. For investigating the
convergence rate of B”” and ,3, Table 1 reports the 25%, 50%, 75%, quantiles of the number
of iterations of 8™ and ,@ for Examples 1 and 2, where ,é is the proposed estimator given in
the subsection 2.1 by using 8 as the initial values. Here the maximum number of iterations

is taken as 100 in our algorithm. We can see from Table S1 that Bm’ and B can be converged

with a few iterations, indicating our proposed iterative algorithm works well in practice.
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Table S1: The 25%, 50%, 75% quantiles of the number of iterations of 8 and 3 for examples

1-2.

25% 50% 75% 25% 50% 75%

example 1
SN 500 7=0.5 7 9 12 9 11 18
1500 7=0.5 6 8 11 7 9 14

t3 500 T=0.5 6 9 13 10 14 23
1500 7=0.5 6 8 11 7 9 13

MN 500 7=0.5 6 8 13 10 14 34

1500 7=0.5 6 8 12 7 9 13

LA 500 7=0.5 6 9 13 9 13 27

1500 7=0.5 6 8 12 7 8 12
example 2

500 T7=0.5 5 7 11 13 21 75

T =0.75 4 6 8 11 16 29

1500 7=0.5 5 7 10 8 10 15

APPENDIX B: ADDITIONAL NUMERICAL RESULTS

The tables and figures of the Appendix B provide numerical results.
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Table S2: Simulation results (x1072) of Bias, MAD, ESD and ASD for SN for 7 = 0.5 in

example 1.

LS QR

n = 500 n = 1500 n = 500 n = 1500

Bias MAD ESD ASD Bias MAD ESD ASD | Bias MAD ESD ASD Bias MAD ESD ASD

B11 -0.287 3.170 4.165 3.122 0.136 1.566 2.009 1.685|-0.229 3.398 4.442 3.642 0.097 1.690 2.144 1.835
B12 0.550 3.871 4.926 4.202 0.076 2.253 2.819 2.294| 0.505 4.284 5.392 4.904 0.136 2.514 3.121 2.467
B13 -0.304 2.225 2.867 2.067 -0.202 1.104 1.374 1.158(-0.380 2.345 3.088 2.399 -0.212 1.154 1.418 1.248
B21 -0.295 1.484 1.816 1.683 0.072 0.776 0.986 0.968(-0.255 1.673 2.051 2.133 0.039 0.859 1.102 1.184
B2 0.274 2.443 2.941 2.588 -0.055 1.302 1.636 1.507| 0.076 2.792 3.427 3.281 -0.037 1.497 1.860 1.849
B23 -0.062 2.382 3.049 2.954 -0.223 1.278 1.556 1.687| 0.099 2.698 3.392 3.670 -0.189 1.440 1.767 2.044
B31 0.042 0.965 1.273 1.076 -0.069 0.499 0.627 0.610(-0.020 1.178 1.475 1.325 -0.068 0.602 0.749 0.711

B32 -0.081 0.750 0.988 0.906 0.033 0.404 0.509 0.514(-0.065 0.904 1.138 1.122 0.032 0.474 0.595 0.601

B33 0.079 1.007 1.286 1.276 0.017 0.583 0.733 0.728| 0.124 1.212 1.548 1.571 0.008 0.664 0.830 0.854

Table S3: Simulation results (x1072) of Bias, MAD, ESD and ASD for t3 with 7 = 0.5 in

example 1.

LS QR

n = 500 n = 1500 n = 500 n = 1500

Bias MAD ESD ASD Bias MAD ESD ASD | Bias MAD ESD ASD Bias MAD ESD ASD

B11 -0.242 4.778 6.261 4.747 -0.168 2.545 3.241 2.691|-0.109 3.892 5.099 4.056 0.068 2.031 2.582 2.085
B12 0.237 7.357 9.209 6.486 0.167 3.439 4.509 3.666|-0.116 5.870 7.360 5.581 0.332 2.883 3.585 2.853
B13 -0.800 3.276 4.130 3.298 -0.169 1.818 2.298 1.822(-0.473 2.862 3.667 2.771 -0.299 1.407 1.787 1.421
P21 -0.377 2.400 3.016 2.736 0.026 1.343 1.691 1.625(-0.223 1.928 2.420 2.381 0.035 0.952 1.189 1.291
P22 0.189 3.850 4.784 4.208 -0.042 2.062 2.650 2.511| 0.008 3.073 3.830 3.720 -0.049 1.562 1.969 2.020
B23 -0.250 3.627 4.631 4.775 -0.294 1.969 2.468 2.839| 0.036 2.766 3.544 4.084 -0.178 1.570 1.953 2.207
B31 -0.010 1.583 2.029 1.747 0.025 0.942 1.201 1.034(-0.033 1.234 1.586 1.466 -0.021 0.657 0.816 0.793
B32 -0.077 1.276 1.623 1.491 -0.017 0.760 0.958 0.869(-0.007 1.033 1.330 1.250 0.021 0.510 0.644 0.667

B33 0.028 1.779 2.279 2.109 -0.070 0.899 1.193 1.214|-0.054 1.449 1.826 1.765 -0.055 0.695 0.875 0.946
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Table S4: Simulation results (x1072) of Bias, MAD, ESD and ASD for MN with 7 = 0.5 in

example 1.

LS QR

n = 500 n = 1500 n = 500 n = 1500

Bias MAD ESD ASD Bias MAD ESD ASD | Bias MAD ESD ASD Bias MAD ESD ASD

B11 -0.385 5.215 6.554 4.984 -0.257 2.660 3.474 2.832|-0.377 3.699 4.649 3.823 -0.073 1.955 2.433 1.973
B2 0.221 7.526 9.434 7.039 0.220 3.783 4.923 3.909| 0.254 4.850 6.193 5.327 0.348 2.646 3.379 2.732
B13 -0.793 3.848 4.948 3.569 -0.168 1.962 2.536 1.963(-0.273 2.585 3.263 2.686 -0.197 1.428 1.805 1.339
B21 -0.470 2.674 3.513 2.991 -0.180 1.440 1.805 1.768(-0.218 1.838 2.327 2.338 -0.069 0.982 1.228 1.295
B22 -0.292 4.200 5.331 4.572 0.245 2.375 2.960 2.736(-0.108 2.983 3.710 3.609 0.137 1.540 1.949 2.008
B23 0.808 3.809 4.686 5.136 -0.326 2.176 2.833 3.048| 0.318 2.548 3.198 4.001 -0.231 1.478 1.831 2.195
B31 0.017 1.837 2.327 1.941 0.122 0.978 1.211 1.071{-0.004 1.325 1.700 1.437 0.021 0.704 0.883 0.767

B32 -0.053 1.446 1.890 1.662 -0.099 0.741 0.938 0.912(-0.017 1.047 1.343 1.231 -0.037 0.544 0.689 0.656

B33 -0.154 1.841 2.452 2.336 -0.016 0.931 1.186 1.296|-0.087 1.393 1.764 1.723 0.032 0.701 0.871 0.913

Table S5: Simulation results (x1072) of Bias, MAD, ESD and ASD for LA with 7 = 0.5 in

example 1.

LS QR

n = 500 n = 1500 n = 500 n = 1500

Bias MAD ESD ASD Bias MAD ESD ASD | Bias MAD ESD ASD Bias MAD ESD ASD

B11 -0.393 4.048 5.074 3.965 0.249 1.942 2.487 2.245|-0.350 3.760 4.719 3.747 0.259 1.689 2.106 1.887
B12 -0.345 5.588 7.059 5.527 -0.207 2.677 3.410 3.054|-0.200 4.932 6.222 5.327 -0.298 2.285 2.930 2.544
B13 -0.171 2.703 3.528 2.689 -0.227 1.392 1.735 1.546(-0.144 2.486 3.223 2.474 -0.168 1.139 1.418 1.297
B21 -0.136 2.166 2.671 2.337 0.019 1.093 1.367 1.350| 0.033 1.626 2.092 2.221 0.120 0.906 1.109 1.157
P22 -0.338 3.395 4.226 3.591 0.045 1.805 2.302 2.096 [-0.448 2.640 3.352 3.453 -0.106 1.485 1.842 1.797
B23 0.377 2.887 3.575 4.085 -0.366 1.724 2.111 2.333| 0.341 2.329 2.918 3.856 -0.290 1.333 1.676 1.976
B31 -0.008 1.316 1.705 1.492 0.026 0.769 0.954 0.843(-0.097 1.093 1.424 1.406 0.017 0.608 0.759 0.707
B32 -0.014 1.112 1.412 1.259 -0.042 0.617 0.751 0.720| 0.063 0.942 1.221 1.196 -0.024 0.466 0.585 0.601

B33 -0.104 1.506 1.930 1.803 0.028 0.784 0.976 1.013|-0.119 1.412 1.799 1.716 0.009 0.629 0.793 0.848
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Table S6: Simulation results of RASE for mq, ms, ms with 7 = 0.5 in example 1.

LS QR

500 SN 0.098 0.127 0.102 |0.110 0.145 0.123
tz3 0.140 0.176 0.156 |0.128 0.163 0.146
MN 0.148 0.187 0.167 |0.119 0.154 0.130

LA 0.119 0.146 0.141 |0.114 0.139 0.134

1500 SN 0.072 0.098 0.061 |0.082 0.107 0.069
tz3 0.094 0.121 0.094 |0.092 0.113 0.078
MN 0.099 0.126 0.099 |0.088 0.112 0.083

LA 0.084 0.113 0.081 |0.083 0.107 0.073

Table S7: Simulation results of Bias, MAD, ESD and ASD for 3, with 7 = 0.5,0.75 and

n = 500, 1500 in example 2.

n = 500 n = 1500

T=0.5 T=0.75 T7=0.5 T=0.75

Bias MAD ESD ASD Bias MAD ESD ASD| Bias MAD ESD ASD Bias MAD ESD ASD

Br,11 -0.017 0.064 0.078 0.083 0.078 0.085 0.064 0.062| -0.006 0.035 0.043 0.044 0.080 0.080 0.041 0.035
Br,12 -0.001 0.071 0.088 0.088 0.003 0.062 0.078 0.067| -0.004 0.036 0.046 0.047 -0.010 0.035 0.045 0.038
Br,13 0.001 0.052 0.067 0.065 -0.061 0.067 0.056 0.051| 0.003 0.024 0.030 0.034 -0.050 0.052 0.037 0.028
Br21 -0.007 0.181 0.221 0.143 -0.061 0.189 0.218 0.120| -0.036 0.108 0.129 0.097 -0.076 0.118 0.122 0.082
Br22 -0.052 0.189 0.228 0.129 0.022 0.177 0.225 0.111| -0.036 0.098 0.117 0.092 0.026 0.092 0.114 0.077
Br,23 -0.057 0.153 0.203 0.115 -0.068 0.144 0.174 0.094| 0.015 0.079 0.099 0.073 -0.004 0.072 0.094 0.058
Br,31 -0.015 0.086 0.112 0.083 -0.079 0.099 0.097 0.073| 0.003 0.043 0.055 0.049 -0.062 0.068 0.056 0.046
Br,32 -0.002 0.115 0.144 0.108 0.000 0.093 0.120 0.095| 0.006 0.056 0.072 0.066 -0.001 0.052 0.064 0.059

Br,33 -0.033 0.120 0.159 0.112 0.081 0.120 0.121 0.093| -0.021 0.056 0.069 0.068 0.083 0.090 0.067 0.059

Table S8: Simulation results of RASE for m, 1, m, 2, m, 3 with 7 = 0.5,0.75 and n = 500, 1500

in example 2.

7=0.5 T=0.75

Mmr1 Mr2 Mr3  Mr1l Mr2 Mr3

)

n =500 0.066 0.077 0.104 0.100 0.191 0.216

n = 1500 0.042 0.042 0.057 0.066 0.170 0.199
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Table S9: Simulation results of variable selection for 8 with 7 = 0.1,0.5,0.75 and 0.9 in

example 3.

n =500,p, =7 n = 1500, p, = 11

C IC CF O.MSE P.MSE UMSE| C IC CF O.MSE P.MSE U.MSE

7=0.1 SN 11.34 0.000 0.755  2.041 2.188  3.847[19.65 0.000 0.825 0.743 0.769 1.415
tz3 11.26 0.020 0.690 3.821 5.025  7.794|19.73 0.0000 0.900 1.610 1.688  3.147

MN 11.43 0.020 0.720 3.587 5.183  7.93819.79 0.005 0.900 1.450 2.124  3.517

LA 11.08 0.005 0.615 3.834 5.150 7.801|19.41 0.005 0.825 1.482 2.215  3.505

7=0.5 SN 11.79 0.000 0.875 1.416 1.459  2.603|19.98 0.000 0.975 0.459 0.459  0.922
tz3 11.85 0.000 0.925 1.834 1.878  3.542|19.99 0.000 0.990 0.618 0.618  1.285

MN 11.90 0.000 0.930 1.784 1.795 3.595|19.99 0.000 0.985 0.613 0.613 1.193

LA 11.85 0.000 0.890 1.852 1.892  3.677|19.98 0.000 0.980 0.574 0.574 1.165

T=0.75 SN 11.66 0.005 0.850  1.515 1.728 3.013|19.94 0.000 0.955 0.529 0.529  1.048
tz3 11.78 0.000 0.875  2.133 2.175  4.323|19.97 0.000 0.970 0.796 0.799  1.627

MN 11.76 0.000 0.840 2.092 2.135 4.051|19.96 0.000 0.965 0.687 0.688  1.404

LA 11.72 0.000 0.840 2.092 2.192 4.270|19.91 0.000 0.960  0.741 0.747 1.494

7=0.9 SN 11.15 0.005 0.705 1.831 2.277  4.075|19.72 0.000 0.870 0.676 0.699  1.358
t3 11.26 0.010 0.715 3.518 5.306  8.591|19.69 0.000 0.905 1.627 1.790  3.183

MN 11.13 0.035 0.680 3.525 7.671  10.26 [ 19.79 0.000 0.885 1.356  1.403  2.740

LA 11.25 0.010 0.705  3.456 4.549  7.139]19.53 0.000 0.835 1.585 2.562  3.902
Notation: the values of last three columns multiplied by 10~2 are true simulation results of O.MSE, P.MSE and U.MSE. In

addition the number of zero coefficients is 12 for n = 500 and 20 for n = 1500.
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Table S10: Simulations results of linear component identification for my;,l = 1,2,3,4 with

7=20.1,0.5,0.75 and 0.9 in example 3.

7=0.1 7=0.5

ILC; ILCo, ILCsz ILC4 CIL |ILC; ILC2 ILC3 ILC4 CIL

n =500 SN 0.000 0.000 0.440 0.525 0.340|0.000 0.000 0.750 0.715 0.600
t3 0.000 0.000 0.540 0.540 0.430|0.000 0.000 0.820 0.845 0.740

MN 0.000 0.005 0.605 0.630 0.470|0.000 0.000 0.780 0.845 0.710

LA 0.000 0.000 0.500 0.480 0.330|0.000 0.000 0.730 0.815 0.675

n = 1500 SN 0.000 0.000 0.775 0.785 0.660 | 0.000 0.000 0.935 0.945 0.895
t3 0.000 0.000 0.805 0.810 0.745|0.000 0.000 0.985 0.990 0.975

MN 0.000 0.000 0.825 0.900 0.780|0.000 0.000 0.960 0.955 0.925

LA 0.000 0.000 0.850 0.850 0.770|0.000 0.000 0.940 0.965 0.915

7 =0.75 7=09

ILC; ILCo, ILCsz ILC4 CIL |ILC; ILC2 ILC3 ILC4 CIL

n =500 SN 0.000 0.000 0.620 0.665 0.485|0.000 0.000 0.570 0.545 0.400
t3 0.000 0.000 0.750 0.755 0.630|0.000 0.005 0.575 0.610 0.440
MN 0.000 0.000 0.685 0.685 0.565|0.000 0.005 0.575 0.560 0.410
LA 0.000 0.000 0.715 0.720 0.585|0.000 0.000 0.575 0.600 0.450
n =1500 SN 0.000 0.000 0.900 0.920 0.870|0.000 0.000 0.725 0.770 0.620
t3 0.000 0.000 0.960 0.970 0.955|0.000 0.000 0.895 0.915 0.825
MN 0.000 0.000 0.925 0.955 0.900 |0.000 0.000 0.860 0.880 0.805

LA 0.000 0.000 0.935 0.960 0.905|0.000 0.000 0.875 0.880 0.775
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Table S11: Simulation results of RASE for m;,l = 1,2,3,4 with 7 = 0.1,0.5,0.75 and 0.9 in

example 3.

n = 500

n = 1500

P.RASE U.RASE

P.RASE U.RASE

mip Mm2 M3 M4 M1 M2 M3 M4

m; mg M3 M4 M1 M2 M3 M4

7=0.1 SN 0.295 0.686 0.222 0.186 0.282 0.701 0.273 0.237
t3 0.278 0.698 0.244 0.210 0.270 0.711 0.306 0.270

MN 0.335 0.685 0.212 0.183 0.321 0.713 0.289 0.261

LA 0.281 0.640 0.229 0.217 0.267 0.653 0.286 0.268

7=20.5 SN 0.163 0.623 0.128 0.133 0.173 0.634 0.210 0.199
t3 0.157 0.597 0.121 0.102 0.167 0.612 0.221 0.192

MN 0.176 0.584 0.126 0.098 0.176 0.607 0.232 0.196

LA 0.175 0.617 0.161 0.124 0.175 0.634 0.240 0.216

7 =0.75 SN 0.220 0.697 0.166 0.143 0.219 0.710 0.239 0.215
t3 0.210 0.649 0.141 0.136 0.215 0.665 0.226 0.215

MN 0.226 0.669 0.149 0.144 0.229 0.694 0.238 0.235

LA 0.242 0.647 0.149 0.150 0.247 0.673 0.243 0.239

7=0.9 SN 0.274 0.667 0.179 0.166 0.263 0.679 0.232 0.220
t3 0.273 0.618 0.202 0.178 0.261 0.637 0.268 0.248

MN 0.312 0.654 0.232 0.189 0.304 0.676 0.303 0.248

LA 0.277 0.669 0.190 0.175 0.274 0.686 0.248 0.235

0.138 0.249 0.055 0.052 0.129 0.264 0.095 0.088

0.129 0.227 0.068 0.060 0.120 0.244 0.111 0.102

0.159 0.230 0.068 0.052 0.153 0.250 0.119 0.100

0.122 0.231 0.062 0.059 0.114 0.242 0.106 0.097

0.057 0.230 0.030 0.028 0.058 0.242 0.072 0.071

0.059 0.217 0.028 0.024 0.063 0.233 0.073 0.068

0.059 0.223 0.030 0.029 0.062 0.237 0.073 0.069

0.053 0.227 0.031 0.026 0.055 0.241 0.072 0.067

0.082 0.233 0.037 0.035 0.083 0.248 0.078 0.074

0.079 0.213 0.036 0.030 0.083 0.231 0.088 0.074

0.090 0.215 0.037 0.031 0.089 0.230 0.085 0.076

0.084 0.215 0.037 0.031 0.088 0.230 0.088 0.076

0.135 0.244 0.061 0.054 0.128 0.257 0.099 0.092

0.125 0.218 0.056 0.056 0.116 0.235 0.107 0.104

0.156 0.215 0.057 0.054 0.153 0.231 0.113 0.101

0.120 0.214 0.060 0.054 0.116 0.227 0.105 0.095

Notation: P.RASE and U.RASE stand for the RASEs of penalized estimators and unpenalized estimators, respectively.
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Table S12: The definitions of all variables in New Zealand workforce study.

Variable Name Description

the intercept

X1 intercept the intercept

binary variables

X2 sex a factor with levels F(1=female) and M (2=male)
X3 diabetes Do you have diabetes? (0=no,l=yes)
X4  mervous would you call yourself a nervous person?(0=no,1=yes)

continuous variables

A age age in years
Za  cholest cholesterol (mmol/L)
Z3 dmd the largest number of drinks that you have a day

Z4 feethour the average time that you spend on your feet, either standing or moving

Zs sleep the average hours that you usually sleep each night
Zg sbp systolic blood pressure (mm Hg)
Z dbp diastolic blood pressure (mm Hg)

the response variable

Y BMI the weight (kg) divided by the squared height (m)
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Table S13: The estimated loading coefficients 3; (unEST) and B; (penEST) with [ = 1,2, 3,4

in New Zealand workforce study.

7=0.1 7=0.25 7=0.5 7=0.75 7=0.9

unEST penEST [unEST penEST |unEST penEST [unEST penEST |unEST penEST
X1=intercept

B1 Z1 0.273 0.335| 0.459 0.852| 0.384 0.386| 0.292 0.836| 0.366 0.288

Z> 0.379 0.379| 0.515 0.524| 0.542 0.542| 0.472 0| 0.374 0

Z3  0.588 0.588| 0.354 0| 0.460 0.460| 0.307 0| 0.161 0

Zy  0.365 0.364| 0.184 0| 0.038 0| -0.126 0| 0.280 0

Zs -0.132 0| -0.131 0| -0.195 -0.195| -0.190 0| -0.178 0

Zg 0.144 0| 0.324 0| 0.432 0.432] 0.445 0| 0.162 0

Z7 0.515 0.515| 0.493 0| 0.348 0.348| 0.589 0.548| 0.751 0.958

Xo=sex

B2 Z1 0.077 0.211| 0.621 0.827| 0.402 0.433| 0.010 0.079| 0.119 0

Zo 0.143 0| 0.319 0| 0.507 0.507| 0.269 0| 0.036 0.028

Z3 0.804 0.802| 0.186 0| 0.494 0.494| 0.248 0| 0.118 0.091

Zy4  0.560 0.559| -0.038 0| -0.197 -0.197| -0.703  -0.754| -0.068 -0.052

Zs 0.084 0| 0.359 0| -0.127 0| -0.036 0| 0.411 0.321

Zg 0.074 0| 0.174 0| 0.523 0.523| 0.601 0.652| 0.305 0.238

Z7 0.030 0| -0.564 -0.562| -0.097 0| -0.098 0| -0.839 -0.910
Xsz=diabetes

B3 71 0 0| 0.229 0.680 0 0| 0.001 0.748| 0.001 0.465

Z> -0.201 -0.201]| -0.368 0| -0.544 -0.544| 0.304 0| -0.182 0

Z3 0.238 0.238| 0.425 0| -0.410 -0.410| 0.743 0.663| 0.309 0

Zy 0.719 0.719| 0.515 0.514| 0.405 0.405| -0.010 0| 0.157 0

Zs 0.488 0.488| 0.528 0.523| 0.446 0.446| -0.506 0| 0.330 0

Zg -0.184 -0.184| -0.294 0| -0.374 -0.374| 0.291 0| -0.134 0

Z7 0.338 0.338| -0.030 0| -0.182 -0.182| -0.121 0| 0.849 0.885
X4=nervous

Ba Z1  0.004 0.128| 0.002 0.608| 0.279 0.324| 0.331 0.684| 0.009 0.752

Zy -0.375 -0.376| -0.339 0| -0.164 0| -0.473 0| -0.369 0

Z3 0.427 0.428| -0.408 0| -0.239 -0.239| -0.201 0| -0.646 -0.659

Zsy -0.649 -0.649| -0.070 0| 0.401 0.401| 0.130 0| 0.067 0

Zs  0.487 0.487| -0.192 0| 0.363 0.363| -0.219 0| -0.496 0

Zg -0.095 0| 0.823 0.794| 0.695 0.695| 0.160 0] -0.284 0

Z7 0.101 0| 0.004 0| -0.250 -0.250| 0.732 0.730| 0.339 0
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Table S14: The estimated values | A; ||p (| = 1,2,3,4) by using the penalized A; for

7=0.1,0.25,0.5,0.75 and 0.9 in New Zealand workforce study.

X lp A2l I Asllp Il Adlip

7=01 <1072 <1072 80.02 14.17
T=025 <1072 <1072 163.1 <1072
7=05 <1072 <1072 43.60 <1072
T=075 <1072 <1072 93.02 <1072
7=09 <1072 <1072 <1072 <1072
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Figure S1: The histogram (left panel) and Q-Q plot (right panel) of BMI.

To assess how well the varying index coefficient model (VICM!) and its penalized version
(VICM?) fit the data, we adopt the following model assessment tool (Wang et al. (2009))
by comparing the empirical distribution of Y with the simulated distribution from VICM!
and VICMZ2. Specifically, similar to the simulation example 2 of the subsection 5.2, the

simulated Y* and Y** are generated as the uth conditional quantile lilmu,l(ZTBu,l)Xl and
limu,l(ZTﬂuJ)Xl respectively, where BuJ, 1, and Bu,h m,,; are uth quantile estimators
=1

in VICM! and VICM?. Here we generate u from U(0,1). Repeating this procedure many
times, say the sample size n, we can obtain simulated samples Y* and Y** based on VICM!
and VICM?. Obviously, if VICM! (or VICM?) fits data well, the marginal distribution of
the simulated Y* (or Y**) should match that of the observed Y. Figure S2 shows estimated
density curves and Q-Q plots of Y, Y* and Y**, suggest that our proposed models (VICM*
and VICM?) fit the data reasonably well. Moreover, the p values for VICM! and VICM? are
obvious more than 0.05 by the well-known two-sample Kolmogorov-Smirnov test (Conover

(1971)), indicating there is little difference for marginal distributions of ¥ and Y* (or Y**).
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4.0

Density

simulated response
35
Il

2.8 3.0 3.2 3.4 3.6 3.8 4.0

Figure S2: The estimated density curves and Q-Q plots of Y, Y* and Y** for the New Zealand

workforce data. The diagonal line in the Q-Q plot is y = .
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APPENDIX C: PROOFS OF TECHNICAL LEMMAS AND THEOREMS

In this document, we present the proofs of technical lemmas and theorems. The technical
lemmas are used to prove the theorems of the paper. We first present some notations that
will be used in the proofs of lemmas and theorems. For any positive numbers a,, and b,
let a, =< b, denote that lim, ,..a,/b, = c for a positive constant c¢. For any vector & =

(51,...,68)T € R?, denote [|£||,, = maxi<<s|&|. For any symmetric matrix A,.,, denote

st

its L, norm as || Al = maxecgs ecol| A€, |€]|l-". For any matrix A = (Aij);Z, j—1, denote

S0l ) >

for any vector a;,l = 1, ...,d. Throughout the paper, C' denotes a generic positive constant
that can vary from line to line, pp, (1) and ppe (1) denote the minimum and maximum
eigenvalues of a matrix, respectively and ¢r (-) is the trace operator of a matrix.

First, we give some properties of B-spline. According to the properties of normalized
B-splines, we have that for each I =1,....,d,s = 1, ..., J,, (i) Bs (1) > 0 and Z‘S]ll Bs (w) =1

for w; € [a, b]; (ii) there exist positive constants C; and Cy such that for any a € R’

%aTa < /aTB (u) BT (u) adu < %aTa.

n n

Define D (8) = |(Dy (8) .. Du ()] .V (8)=E (Di(8) D (8)) and V (8) =

n'DT (8) D (8), Di(8) = (D;4(B),1 <5< J,,1 <1<d)" with D; 4(8)) = Bs(ZT 3)) X

T with oy =

Lemma 1. Under conditions (C1) and (C3), for any vector a = (a7, ...,al)
(ag,1 < s < J,)T, there are constants 0 < ¢y < Cy < oo, such that VB € © and for large

enough n, we have
ey lala <o’V (B)a<CyvJ ' aTa,CylJ,afa < o'V (B)a < o' J,al a,
(i) sup '3 (D (B1) Disi (81)] — E{Dix (81) Disi (B1)}
1<5,8'<Jn,1<1<d i=1
= Og.s. (\/J,jln—l log n) ,
(W) sup n~t Z [Di,sl (ﬁz) D; oy (ﬁl)] —E {Di,sl (/61) D; oy (,31)}
1<s,8" <Jn,l#£U i=1
=0, (Jn’lx/n—l log n) )
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Proof of Lemma 1 Lemma 1 follows from Lemma A.1 of Ma and Song (2015). O

The following lemma states the convergence rate of my(u;, 3") and ﬁzl(ul,ﬁo) of the

nonparametric function m;(w;) and its first derivative (), for [ =1, ..., d.

Lemma 2. Under conditions (C1)-(C3) and (C5), J, — oo and n='J3 = o(1), for 1 <
| < d, we have |iy(u, B°) — my(w)| = O, <\/Jn/n + J;’”) uniformly for any v, € [a,b], and

1y (g, 3°) — ml(ul)‘ =0, (x/J,E’Z/n + Jn_’”rl) uniformly for any v € [a,b].

Proof of Lemma 2. According to the result on page 149 of de Boor (2001), for m;(u;) sat-
isfying condition (C2), there exists a best spline approximation function m{(v;) = B/(u;)T A,

where A} is the best spline approximation coefficients, such that

sup |my(w) — mi(w)| = O(J;,"), (A.1)

ui€[a,b] "
T
Let A% = {(A?)T 1<I< d} and k, = Jyn~ Y2 + J,""/2. We will show that for sufficient

large n, for any given € > 0 there exists a large constant C' > 0 such that

P { iHngc Loy (A’ + kv, 8%) > L,y (AO,BO)} >1—e (A.2)

This implies that with probability at least 1 — e that there exists a local minimizer for (2.1)
in the ball {\° + k,v : ||v]|, < C}. Then it follows that there exists a local minimizer X (3°)

such that HS\ (B°) — )\OH = O, (k,). By applying the identity given in Knight (1998) that
2
pr(r—s)—p.(r) :s(I(r§0)—T)+/ [I(r<t)—1I(r<0)dt, (A.3)
0

we have
‘C‘rn ()‘0 + knva /60) - ‘CT” (AO’ /60)
N d
= k) [[{ai+ A <0} — 7] {2 B<Z?ﬂ?>Tszu}
o d T g0\ = A4
N Zfonzl:lB(zi B v Xy [[{e;+ 0 <t} —T{e; +A; <0} dt
i=1

21411,



High-dimensional Varying Index Coefficient Quantile Regression Model

d d d
where A, = > my (Z780) Xy — 3. B(Z78Y) X)Xy and &; = Y; — > my (Z78°) Xy Mean-
=1 =1

i=1
while, the first term on the right hand side of (A.4) can be divided into the following two

parts.
n d 7
=k, ; [[{e; <0} —7] {l_zl B(Z13") szu}
<0 - < {SBEM vy ()

21+ L.

Thus E (I;) = 0. By Lemma 1, for sufficiently large n, there are constants 0 < ¢; < C} < o0,

such that
4 2
a vl J, " < E{Z B(Zz-Tﬁ?)TUlXu} < Cylvl3 7, (A.6)
I=1
and by Bernstein’s inequality in Bosq (1998), we have with probability 1,
n d 2
ol gt <0t {Z B(z! ﬁ?)Tszﬂ} < il gt (A7)
i=1 \i=1

Therefore, by (A.6), there is a constant 0 < Cy < oo such that for sufficiently large n,

d 2
Var () < (JgnkgE{Z B(Zfﬂ?)%lxd} < nk2CiCy ||v|3 Tt

=1

By weak law of large numbers, we have with probability approaching 1, for sufficiently large

n, |Ii| = O, (n"/2ky J;? ||v]|,). In addition,

b=k 3[R (01X, Z) - F. (01X, Z0) {2 B(ziTﬁ?)Tvzxu}

=

—_

i=1 p (AS)
- IR 01X2) - £ (-0 X0 201 { 5 B8 0.
=1
é 121 - 122'
Moreover, by (A.1) and (A.6), taking Taylor’s explanation for F; (—A;|X;, Z;) at 0 gives
n d
I =~y 351 01,.20) 8 1+ o ()] { S BZ7B) 0. X}
=1 =1
d
= nk,E {Z B(ZiTB?)Tleﬂ} 0, (J;7) (A.9)
=1

~ 0, <nknj,:’“—1/2 ||v||2> .
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By direct calculation of the mean and variance, we can show that I = O, (nl/ 2k, I ||lv H2> :

This combined with (A.5), (A.8) and (A.9) lead to
=0, <n1/2knJ;1/2 + nknJgH”) o],

(A.10)
=0, (J}L/2 2 g2 nJ;%) vl -

Let X = (X1, ... Xp), 2= (Zy,...., Z,)" and T; = k:nlf:lB(ZiTﬂ?)Tleﬂ. By (A.1), (A.4),
(A.7), together with the condition (C5), we obtain
E[II|X, Z]
=F {Zfo [I{e; + A; <t} —T{e;+A; <0}dt|Xx, Z}

= Z fo F.((t— )| X, Z;) — F. (A | X5, Z;)] dt

(A.11)
—Zfo (—A; | X, Z)t+o(t)]dt
— 3 101, 2) { £ BB wXa ) (14 0,(0)
= Op(nk2J; ") [[o]l3,
and
Var(11|X,2)
= Var {Zfo IT{ei+ A, <t} —T{e;+A; <0} dt|X, Z]
< ZE {(fo T{ei+ A <t} —T{e; + A <0}]dt) yx,z]
1| I (A.12)
< Zf' TIRAT = A) X0, 22} = B (=0 (X, Z0)dtdts
<o (Z k2 (2 B(zfgf)%lxﬂ) )
<o, (nkiJ; ) ||'U||2
From (A.11) and (A.12), we have
1T = Oy([|vll3 nki T ") = Op(Jn + 0 ") |lo]l3 (A.13)

It follows from (A.10) and (A.13) that, as long as ||v]|, = C' is large enough, L., (A" + k,v, 8°)—
L., (A%, 8% in (A.4) is dominated 11, which is large and positive for all sufficiently large n.

Therefore, (A.2) holds and

HX(BO) - AOH2 =0, (ky) = O, (Jyn~ Y2 4 J7m+1/2) (A.14)
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By Lemma 1, (A.1), (A.14) and triangle inequality, for 1 <[ < d, we have with probability

approaching 1,

(|77 (Uzﬁo) —my (w)];
= [1{B" () X (8") - B (u) ) + BT (u) X} <u>}
<2 {BT u) A (8) ~ B” (u >A°} du+2 [} { B () A) = my (u)} du
_2<>\l (8°) — ) " B (u) )du()\l(ﬁo) )\>
+2f {BT YA —my (u }du
=5 [ - x|+ o

=0, (Jon™ 1+ J,77).

Thus |7y (ug, B°) — my(w)| = <\/J /n+J,; ) uniformly for any w; € [a,b]. According to

(de Boor (2001), page 116), ﬁu(ul,ﬁo) =B, 1(w)"E (BO) where By_1(u;) = {By-1,s(w) :

2 < s < J,}T is the (¢ — 1)-th order B-spline basis and

S ) _
Eg+r1—E2 Egr1—E2 0 0
0 -1 1 0
= — (q _ 1) 5q.+2*£3 Eq+2—E3
—1 1
L O 0 ’ 5Nn+2Q*17£Nn+q £N'n+2(1*17£N’n+q -

(Jn—=1)XJn

Follows from Ma and Song (2015), one has ||Z]|

= O(J,). Similar to the proof of iy (u;, 3°),

we have |1y (u;, 3°) — m,(ul)( = Op( J3/n+ J,f“) uniformly for any w;, € [a,b]. This
completes the proof. [J
- - - T
For a given 8, let A (8) = (X{ (B),..., AT (6)) be the minimizer of E {£,, (A, ) | X, Z1,
d
where £, (X, 3) is the objective function defined in (2.1). Denote m; = > my (ZF'87) Xy
=1
for notation simplicity. We next present the following four lemmas to be used in the proof

of Theorem 1.

Lemma 3. Under the same conditions of Theorem 1, we have

sup |DT (8°) OA (8Y)

1<i<n

/aﬂl -1 { 1y (ZTﬁzaﬁ(J) zlP(ZT)JO}

Oy (J;\/Pn) -
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Proof of Lemma 3. Let

n d n
Ern (A,/B) = n_l Zpr {Y; - Z B(ZZT/Bl)TAlel} - n_l ZPT {Y;} .
=1 =1 =1

By applying the identity given in (A.3), we have

ETTL (>‘> B)
n [d
= n_l Z Z B(ZlT,Bl)T)\lel {[ (Y; S 0) — T}:|
=1 [I=1
n d T T .
bty [ PERTAS  v <0) — 1(v; < o)
i=1
n T ) d
=0 % | BNy < pyar -7 B(2E ﬁl)TAlXiz}'
i=1 =1

Denote Fy (t|X,Z)=E{l(Y <t)|X,Z}. Then we have
E{ln(A B) 1. Z}
_n71z |:f0 =1

‘ d
TP T

i=1
By the definition of A (8), we have that X (3) is the minimizer of E{ n (A B)|X, Z} for
a given 3. Hence
{é ( ) \x,z} JON
[ E{Le(AB)1%, 2} /0A] i 5
w2 Di(8) {Fy (DI (B)A(8 >|Xz,z) =0,

ince ~m , ) is differentiable with respect to A an an
Since OE { L, (A(B),B) | X, Z ¢ /O is diff bl h A and @ and

2p {Zm (S\(g ) X, z}/aAaAT
="' 3 D.(8) fy (DT (8)X(8)|X,. 2,) DT (8) # 0.

by Implicit Function Theorem, we then can find X (3°) / 9B/_, through

B { Lo (N(B").8°) 1X, 2 | XL, = 0.
Define

B (z!I'8)) XuzlJ) - 0, x(pu—1)
: ) : 2 (A, .., Adg)

0, x(pn—1) -+ B(Z!8)) XiuZlJ)
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where O,y is the s X k dimensional matrix with 0’s as its elements, we have

PE{L, (NB).8°) 1%, 2 } joxosT_,
— 9°E { ( )|x z}/axaﬁl_lyﬁ:ﬁo
n S A {Fy (DT (8) X (8)|X.. Z,) ~ 7}
w3 [Di(8) £y (DI (8) A (8 1X.. 2,)
(BT (Z760) 5 (99 X, 2009 + DI (3 (ox(8%) /081-,))]
=0.

(A.15)

Denote

—
=

=, =n"' 3 fv (DI (8)X(8)|X.. 2,) D, (8") DI (8).
Anll—nlz_zlA,l{Fy<DT(B°) (50)\X1,z> }

A =n"' 3 Di(8) fy (DI (8) X (8°)|X.. Z,) BT (216)) A (8°) X2 7.

Then, by (A.15), we have
O (8%) /aﬁlT,—l = -5, (Apu + Ap) .- (A.16)

By Lemma 4 and (A.1), we have

supb] ’B (up) (,30) —my (ul)‘ =0, (J;"), (A.17)
s%pb} ’BT (u) X (8°) — iy (ul)‘ =0, (J,"). (A.18)

Result (A.17) implies that

sup |y (DI (B)X(8°) 1X:.2:) — 7 = 0y (4:7). (A.19)
and
s |fy (DT (8°) A (8°) | X, Z: ) — fy (mi| X0, Z)| = 0, (J7). (A.20)
Moreover, it can be proved by Bernstein’s inequality that
Supn Z ‘B (Z]B)) Xa| =0, (1), (A.21)
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and

Sulpn_1 Z !Bs (Zz!B)) Xﬂ‘ =0, (J,1). (A.22)

i=1

(A.19) and (A.21) imply that

[Anul < supn™ 32 |B, (Z]8) Xul swp || 277,
S, =1 <i<n

X sup
1<i<n

=0y (VPuly")
and by (A.18), (A.20)—(A.22), we have

Fy (Df (8°) X (8°) | X, Z,-) _ T( (A.23)

‘Anzl 7SS D) fy (| X Z0) i (2] 00.5°) X2
< swp | fy (-DiT (B A(B") X, Zz‘) — Jy (mi | X, Z;)

x supn! SO |B. (2789) Xu| sup ”BT (2780) A (ﬁO)XilZiTJIOHQ
s, =1 <i<n

) (A.24)
+ Sup fy (mi| X3, Z;) | BT (2]'87) A (B°) — iy (2787, 8°)
X sup ||XilZiTJl0H25upn_1 i |B, (21'8) X
1<i<n s,l i=1
= Op (Jn_r\/p_n) .
Hence
A+ Apy — 07t 3D (8°) fy (my | X, Z;) iy (ZiTﬁ?a ﬂo) (B°) XuZt Jy? (A.25)
i=1 )

=0, (U7 )

By Lemma 1, one has with probability approaching 1, for large enough n, V@ € O,

vy JlaTa <o’V (B)a < CyJ;'aa,

Cild,ala < alv-1 B)a <yt J,ala
for any vector a = (af, ..., al )T with oy = (g, 1 < s < J,)T. By Lemma 1 (i) and Demko
(1986), it can be proven that V3 € © and for large enough n, there is a constant 0 < C}, < oo
such that |[V~1(8)| . < CyJ,. Following this result, Lemma 1 (ii) and Lemma 1 (iii), it

can be proved that V3 € O,

V! (,B)H = O, (J,). By this result, (A.20) and condition

o0

(C5), we have

1B e = O (Ju).



High-dimensional Varying Index Coefficient Quantile Regression Model

= Op (Jn) .

{n_l Z fy (mi|X;, Z;) D; (8°) D} (IBO)}

=1

(e 9]

The above results and (A.20), we have

-1

=1 {n 5 fy (mi|X,,2) D, (") DI (BO)}

[e.o]

0 {nl é fy (mi|X;, Z;) D; (B°) D} (8°) }1

(A.26)

(e 9]

S, —n' Y fy (mi|X.. 2) Di (8°) DT (")

=0y () Op (J7771) = Op (J771).

[e.9]

By Bernstein’s inequality, (A.22) and conditions (C4) and (C5), we have

n! Z D, (B8°) fv (mi| X, Z;) iy (2587, B°) XuZ! JY| = O, (J, /) - (A.27)

Therefore, by (A.16), (A.25)— (A.27) and fy (m;|X;, Z;) = f- (0| X, Z;), we have

-1

{8 01 2 Dy D7 ()

OX(8°) /0B, -

w5 Dy (8% £. (01X Z) v (276, 5°) leZTJO]

< ||:_1H Anll+An2l_n 1ZD (/60) fa (0’X17Z )ml (ZT/BleO) leTJl

1
i=1
X |01 D (8Y) £ (01X, Z0) it (2780, 8°) Xunglo‘

i=1

= 0y (Jn) Op (I3 /Pn) + Op (J377) Op (/)

— O (J r+1\/p—n) )

Define 8, = arg min i f-(0|X;, Zi){Zl-k — DT (8Y) 5k}2, we have

6, ERIIn =1

=D;(8°)" (; f-(01X;, Z;) Dy(B°) D} <ﬁ°>) ; £:(0|X;:, Z;)D; (B°) Z,,
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which is the B-spline estimator of P (Z;;,). By this result, we have
DI () {n ' £ 101X 2) D (8 D] ()}
n™' 3 [ (01X, Z:) D; (%) i (2] 87, B°) XauZ! I}

i=1

=P, (1 (2787, 8°) XuZ! JY)
=1y (2787, B°) XuP, (Z]) J7.

-1

(A.30)

Moreover, by properties B-splines, condition (C2), together with the definition of P(-) given
in subsection 2.2, it can be shown that
Hml z!B), 8% XuP, (Z1) JP — 1y (2780, B°) XuP (Z]) JOH

Oy (/o + VouTy ).

Hence, by (A.28), (A.30)- (A.31) and condition n'/*+2) <« J, < n'/*, we have

(A.31)

sup
1<i<n

D] (B°) X (8°) /B, — {—u (2] 8].8°) XuP (Z]) Jlo}‘ (" /Pn)

This completes the Lemma 3. [

Lemma 4. Under the same conditions of Theorem 1, we have
[A@B) = x| =0, (1.
Proof of Lemma 4. Since X (3°) minimizes E {£L., (X, 3°)|X, Z}, then we have
E{L (X(8").8°) 1% 2} < E{L. (\8") X, 2}

for any XA € R%». Hence

NS E {pT {Yi — lZd:lB(ZiTﬁ?)TS\Z (8% Xﬂ}]

=1

n d
<n 'Yy E {pT {Y% - B(Z?B?)TA?XuH
i=1 =1
d
Moreover, by the definition of Q. (Y;|X;, Z;) = > my(ZF8Y) X, we have
i=1

w38 (v Somaan )]

1=

<nle{pT{Y2 zd:B(ZTﬁl) AL (BY) Xlz}]

=1 =1

n~! Z:ZlE [pT {Yi - > B(Z73)) AOleH

=1

al
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By the above result and

2

d
n_lz E|Y (ml (278°) Xy — B(2Z" ,6'?):”)\?)@ <CJ
=1
we have
n 2
n B\ (mi(2780) X - B(ZI8) A (8) Xa) | <O
i=1 =1

for some constant 0 < C' < co. Thus

S

n _ 2
DY [ Z'TﬂzO)T)\l (B°) Xq — B(ZiTﬂ?)T)\?Xuﬂ
i=1 [l=

ny br g a@) - D7 g N
0, (J7r).

I I
‘ H

3

Hence by the above result and with probability 1 that

ctJ, " < puin (07 DT (B°) D (B)) < puex (n”' DT (8°) D (8%)) < C1T,

we have

H:\ (8°) — )\OH2 =0, (J;712).

Lemma 5. Let

I (8°) = —on {Yi i} [ (2780, 8°) Xad(" 2]

m; =S my (ZB)) Xu and f) (v) = d'f (v)/dv'. Under the same conditions of Theorem

1, we have

(@) E11,8%) = (-0 6ot { i (2780, °) Xad7 2] 10 01%,,20) )
+ 0 (h”\/p_n) ;
0 5 ®2
(i4) Eag;_%’j -y {fE 01X, Z;) ([ml G ND XilJZOTZl} ;) } Co(l).
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Proof of Lemma 5. By a change of variables, we have
ETL (8°)

_ éE (G (m) — 7) [ml (ZTgl,ﬁo) XZlJOTZ} X, Z]}
|

(2180.0°) Xad 2] (7.6 (5 )a(elxi,zi)de—f)}
(200057 X”Jl“TZ{ (S hleuZ>d<—hv>—T>}
=
-

)

(fyeo K (@) d) [ (~hv| X, Z:)d (~ho) = 7] }

A hU’XuZ)d<—hU)K(J;)d;p_7—]}

7

1 ZTﬁlOHBO leJl 7

)

3

( )
( )
(2787, 8%) leJZOTZz_
( )
( )

! ZZTBZOHQO leJl %

S.

< | [1 Fe (—hu | X, Z0)K (u)du— [*, F. (0| X,, Z)K (u) du] }
-5 { [ml (218", 8Y) leJlOTZJ S IE (<hu| X Z0) — B (01X0, Z)) K (u) du}
, by a Taylor expansion, we have
F.(—hu|X;, Z;) — F- (0 |XZ-, Z,)
= J-(01X4, Z;) (—hu) + 5 £ (01X5, Z) (—hu)* +
+ o f <0|X@-,zi><— )’ {1+ o (1)}
These results with condition (C6), we can obtain
ETL, (8°)
= (—h)* (W) CLE { i (2780,8°) Xu " Z| jl 7001, Zi)}
+ 0 (h"\/Dn) -

Similarly, part (ii) holds by noting that

O1I; (B° 1 i~ Yi :
w2 (e

and

o1 (8°)

E—gr

=FEFE

®2
e (22) ([ (200000 X007 2] ) |X,z] }
_=d ®2
=E ([ml (Z78).8°) XilJzUTZz‘Ll) Je (0|Xi,Zi)}

d \ %2
+F { ([ml (zIB,B°) XilJlOTZZ} 121) f_ll [fe (=hu|X;, Z;) — f- (0| X, Z;)] K (u) du} :
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Lemma 6. Under the same conditions of Theorem 1, we have
n - 1d
Ronn (B1) = = D e} i (27 81, 8°) Xad{TZi| _+ 0, (v/pn) .
i=1 B

Proof of Lemma 6. Based on Lemma 2, we can obtain

iy (2189, 8°) Xad P 2 = 1iu (218, 8°) Xa " Zs + Oy (2 /oufn + /Bu ;)
(A.32)

By Lemmas 2 and 4, we have

i ¥, -0, (577 a3

_ —r+1/2 -1/2
=0, (Jn 4 Jun ) . (A33)
By Lemma 3, (A.32), (A.33) and the following decomposition
A(B) =A(8") = A (8°) + A (8,

we have

i (278, 8°) Xad{" 2+ (0MB") [08,1) D:(8°)

=1y (ZF'BY,B°) XuJ'" Z; — 1y (ZT'3Y, B°) Xy J)TP (Z,)

+0, (ng\/p—ﬁ «/angn_l/z) X 11y

=1y (ZF @), 8°) XuJP Z; + O, <Jn_1\/29n + anﬁn_1/2> S

where 15 is an s—vector of 1’s. Hence, by (2.3) and the above result, one has

Ronn (8°1)

=~ 3 vn {¥i - DI (8 A (8"}
X ml (278, 8°) XudY Zi + O, (J:/pm + mn—l/Q) X 1(,%_1): i
= —Zf)lwm {YQ —m; +m; — D} (50)5\(50)}

x |1 (2180, 8°) Xad¥ Zi + Oy (J; /B + V/puJin ) x 1, )

Ji=1

2 l_il Ven {Yi — mi} [m, (z]'8},8°) XilJzOTZi] j_l - I, - I, - Is,
where
1= 324K (55 (mi — DI B A (BY) [1 (27 80.8°) Xa T2
L= 3t (Y = )0y (T + /nin™72) X Ly,

@
I
—_

=

&
|

@
I
—

(¥5) (mi = DI (B A(89) 0y (o + V/puTin ™) X Ly,

1
h
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where m? lies between m,; and DY (8°) X (8°). We will prove that ||I;||, = o, (,/np,) for

each 7 = 1,2,3. By Lemma 2 and (A.1), we have
jmi— DI (8" A (")

lilmz (27 3)) Xa — DI (B°) X

-0, (J,;T + J,Wn—l/?) .

<

+|Dr(8°) (A(8%) - x|

This combines with the weak law of large numbers and condition n'/® 2 <« J, <« n'/, we

have || I ||, = 0, (y/7pn). Moreover,

1Ll = Oy (V) Oy (i /B + V/puJin ™) = 0, (iin)
1Zslly = Oy (nJ + 1 *n'2) O, (U /P + V/paTin ™) = 0, (/i)
Therefore, by (A.34) and the above results, we have

n

_1d
R’rnh (1691) = - Z 7p’rh {Y;, - mz} |:ml (ZzTIBZOJ ﬁo) XilJIOTZi] =1 + Op (\/ npn) . (A35)
i=1 -
Writing G; 2G (—ei/h) — I (g; < 0) and rearranging terms, we have
n ~7d
= Y o {Yi —mi} s (2787, 8°) Xad{" 2]
=1 =

d

Il

@
Il
A

(G (=¢&i/h) —T) [ml (Z/B1.8°) XilJlOTZi] 1=1
d
=

Il

s
Il
-

(I(e:<0)—1) [ml (z7'8),8°) XquOTZz}
+ {z G [ (21808 Xa 2 — B (G i (2760, 8) Xa 7 2] ) }
i=1 =

=1

+nE <Gm- [ml (218, 8°) XﬂJlOTZi] j_l) .

(A.36)

Since, for each € > 0

"

=t (o [in (2780 0°) X097 2] )

3> G 10 (2780, 8°) Xud(" 2]

i=1

o}
2
< B (6 (-afm) ~ I (e < OF | in (2700,8°) XaJ 2]

2
- qd O\ ®?
< Cntr {E([ml <Z2T/6l07/80> XilJloTZi] l_1> }P{_h <e< h}

= O (nhp,),
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where the last inequality uses the fact that G (—¢;/h) — I (¢; < 0) differs from zero only if

lei] < h by condition (C6). Therefore,

(2

=0p (\/an)
= Op (\/n_pn) :

= G [ (27680, 8°) XaT{7 2] B (G i (2780, 8) Xa 7 2] )
=1 = —

2

(A.37)
Also, the last term on the right hand side of (A.36) is also o, (y/np,) using condition (C7)
nh?* — 0 and Lemma 5 since
_1d
=1
This result coupled with (A.35)—(A.37) leads to
d

7Q"rnh (/881) == Z@DT {51} [ml (ZZTB?,,BO) XZ'IJZOTZZ}

i=1

1+0p(\/n_pn)-

=

Proof of Theorem 1 To prove (i), it suffices to show that Vé > 0, there exists a sufficiently

large constant /A > 0 such that for sufficiently large n,

P inf = 0_ TRTn ysolsios A3
{Hﬁ-l—ﬁ(illﬁfa\/m(ﬁ 1= A%) n(B-1) } (A.38)

(A.38) is sufficient to ensure the existence of the root B_; of the equation R,y (B-1) = 0

such that ||B,1 — Bo_lHQ = Op(\/pn/n). This implies that we need to calculate the sign of

(B-1 = 8%)" Rewn (B1) on {ﬁq 8- — B8, = A\/pn/n}. Note that

(/8—1 - /80_1)TR7—nh (ﬁ—l)
= (/3—1 - /Bo_l)Tanh (/80_1) + (/8—1 - ﬂgl)T%anh (,891) (,8—1 - ,391) {1 + OP(]')}
= In1 + L.

We first consider I,,;. By Lemma 6, we have R, (,80_1) =S, ([30_1) + 0, (1 /npn), where

S (872) = = D" e {ex} i (2780.8°) Xad ! 2]
i=1
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For any (3_; such that Hﬁ_l — ﬁng = Ay/pn/n, we have

L] < A/pu/n||Sn (B21) ], + 0p(pn)-

Note that E{S, (8°,)} =0, and

B |5, (82)];] = &

T
= O (npy) .

Thus,

S, (130_1)”2 =0, (\/ﬂ) and |I,1] < AO, (p,). Next, by Taylor expansion, (2.3)
and Lemmas 5 and 6, we have
T | & =11 %
In? = (/8—1 - /60—1) [; %K (_%) { |:ml <ZZT’BIO”BO) XilJlOTZi] ll} ]
x (81— BY) {1 +0, (1)}
®2
— n(ﬁfl - ﬁgl)TE fs (0 |Xi7 Zl) { |:ml (ZlTﬁ??'BO) XilJlOTZi:| j:l} ]
X (B2 —B%) {1+0, (1)}
®2
< Onpmax (E{ [ml (ZzTIBZOHBO) XilJIOTZi] jl} ) ||/8_1 B ’Bngz

=0, (A2pn>

T

For sufficiently large A, (B,l — ﬁo_l) Rornn (B-1) on {ﬁ,l : Hﬁ,l — ,891H2 = A\/pn/n} is

dominated by I,,5, which is large and positive for all sufficiently large n. Thus, (A.38) holds.

Next, we need prove (ii). Let

_1d
I = —n_l/QegM_l/2 (5(11) V- {ei} [ml (Zz‘T/@lO? '60) X“JZOTZZ} I=

and
n~ el M2 (%) S, (B%) =) T
=1

Since E(¢, {&;}) = 0 and Cov (n=/28, (8°,)) = 7(1 — 7)M (8°,), we have

E(n'?elM~12(8%) S, (8%)) =0
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and
Var (n‘UQeZM_l/2 (,80_1) S, ([391)) =7(1—71).
To establish the asymptotic normality, it suffices to check the Lindberg condition, that is,

V6 >0, B2, (T > 6)] — 0. For any 6 > 0,
=1

> B[ (0wl > 8)) < nf & (Th)} (P (Tl > 6)}'2, (A.39)
=1
where
ET?
®2
— E [n"leTM~12(3) { [ (28, 8°) Xu P Zi] j_l} M2 (80)) e, (4 {5i})2]
= 7(1 = 7)Yy
where

®2
Yoi = B {"1651\/—’1/2 (821) {[ml (2/8,8°) X“JlOTZi} j—l} M) en} |

Next, we will prove that TAX Yn; — 0 as n — oco. Note that

~ d ®2
i S n_lpmax (E { |:ml (ZZTB?H@O) leJlOTZz:| l—l} > p;uln (M (Bo—l)) :
Therefore, we have

=1

Pmin (E{[ml(ZiTﬂlO”GO)X“JlOTZi]Zl:I}®2) '

Pmax (E{ [ (ZZ-T,B?7,(30)X“J{)TZ~1']7=1}®2)
Pmin (E{[ml(Zgﬂ?’BO>X1lJPTZ~I}j:I}®2) a

1 | w(e{tu(zranexira) })

Yni SN

n

It follows that I0AX Y < O (pn/n). By Cauchy inequality, we have

E(I2,)

ny

P (0l > 6) < =5

-0 (™), (A.40)

n

and

E (%)

nt

< Cn72p12nax (E{ [ml (ZzT/BlOa 60) Xil']lOTZi]d

) }) i (M (8)
< C’nQ{tr ({ [ml (273, 8°) XZ-IJZOTZ} j1}®2> }2p;?n (M (8°%))

(A.41)
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Combining (A.39)—(A.41) and condition n™'p? = o(1), we have

ZE [T2,1(Tw| > 6)] =0 (@) —=o(1).

Thus, T',,; satisfies the conditions of the Lindeberg-Feller central limit theorem (see van der Vaart

1998)). This also means that L = n Y2el’M-2(8°,) S, (8°,) has an asymptotic
n 1 1

=1

multivariate normal distribution
n 12T M2 (3°,) S, (8%,) 5 N (0,7(1— 7). (A.42)

By (2.3) and Lemmas 5 and 6, it is straightforward to prove that

aRTnh (/60_1)/8/67:1

= ﬁ)lfs (01X, Z;) { [ml (2z787.8°) XﬂJZOTZi]d

}® -+ Op (n) (A.43)
2nH (B%,) + 0, (n).

Thus by Taylor series expansion, Lemma 6 and (A.43), we have

Ba—B") = —{0Rmn (8°) /087 } "Remn (B°,) {1+ 0, (1)}
=-—n""H' (B%,) S, (82)) {1 +0, (1)}
and
n'2eT M~12 (8%,) H (8°,) (B_1 — B,)
— —n 2T M2 (8°) S, (B%,) {1+ 0, (1)}
LN (0,7(1—7)).

Therefore, we complete the proof. [

Proof of Theorem 2 Since HB_l — BngQ =0, (x/pn/n>, Theorem 2 follows from this

result and Lemma 2. [

Proof of Theorem 3 Let o, = O (\/p_n (n‘l/Q + an)). It suffices to show that Vé > 0, there

exists a sufficiently large constant A > 0 such that for sufficiently large n,

P{ inf (o1 — 8) [Rews (Bt) + by (B1)] > 0} >1-0  (Ad4)

||ﬂ—17,3(11||2:Aan
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From the proof of Theorem 1 (i), we can obtain (8_; — ,BO_I)TRmh (B-1) = O, (na2A?).
Define
bOtl (60—1) = [pal (|6?2|) sgn (6?2) ) "'apoq (‘ﬁ?pn{) sgn (B?pn)
"'7pa1 (|632|) sgn (532) ’ ""pal (}ngn{) sgn (ngn)}T

and

) oo (|805,1) oo By (18 ]) }

B (B21) = diag {pa, (|51,
By the definition of b,, (3-1) given in section 3, taking Taylor’s explanation for b,, (8-1) at

B°, gives

ba, (B-1) = ba, (B%1) + X, (B%) {1 +0(1)} (B2 - 82).
Moreover, by conditions (C9) and (C10), we have

(81 8°1)"nba, (B-1)

< |(B-1 = 82) " nbe, (B%)
]84 = 82) 0, (B21) 11+ 0 (1)} (81— 8%)

<ny/dlpn=1) | max oy (18]) 1180 = Bl

geeeyAy]=4yuuny

o max i, ([85])] (1821 = B2l

< nty Jd(p, = |81 = B, + by |81~ 8
= 0, (na2A) + o, (na2A?).

Thus (81 — 8°) [Renn (B-1) + nba, (B_1)] is dominated by (8_1 — 8°,) Romn (B_1) for
sufficiently large A, which is large and positive for all sufficiently large n. Thus, (A.44) holds.
Proof of Theorem 4. From Theorem 3 for a sufficiently large C' > 0, B,, ;1 lies in the ball
{B°, + ayu : |Jul, < C} with probability converging to 1, where oy, = \/pn (072 + a,).
From the proof of Theorem 1, we have HRmh ([30_1) HZ =0, (\/n_) By the assumption
that B_, —B°, = O,(\/Pn/n), and for some small ¢, = Ca, and l = 1,....d, j = s;+1, ..., pn,

we have

Rrnn (B1j) + nba, (Bij) = nay {Op ( VPn/ ”) + ]Msgn (ﬁzj-)} . (A.45)

aq aq
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Using \/pn/n/a; — 0 and condition (C8), the sign of 3;; determines the sign of R,.5 (8-1) +
nba, (B-1). Hence, (A.45) implies that

> 0,0 < B <ey
RTHI’L (ﬁlj) + nbcn (ﬁlj) =
<0,—€, < B; <0,

forl=1,...d, j=s+1,...,p,. This implies Bal,lj = 0 with probability converging to 1 for
l=1,...d, 7 = s +1,..,p,. This completes the proof of (i). Next we need to prove (ii).
As shown in Theorem 3, B,, _; is W consistent. By the proof of (i), each component
of Bgﬁ_l stays away from zero for a sufficiently large n. At the same time 65121),_1 = 0 with

probability tending to 1. Thus, 5(1) satisfies

ai,—1
R (B) + b, (8) = 0.

where b, <ﬁ91)> = (Pay (|815]) sgn (ﬂlj))fijzz isa (s34 ...+ sq—d) x 1 vector. Applying the

Taylor expansion to b, (ﬁ(fl)), we get that

Doy (’Blj‘)Sgn (ﬂlj) = Doy (|/8l0]’) sgn (58) + Doy (ml(;‘) {1+o(1)} (5lj - Blog)

forl=1,...,d,7 =2,..., 5. By the condition (C12), for l = 1,...,d,j = 2, ..., s;, we can obtain
Doy (‘Bm) =0 as a; — 0, together with condition (C10), some simple calculations yields
e (89) + 0y (8 - ) =0

By Taylor expansion, Lemma 6, and the previous result,

v (84 - 82Y)

—1
= [ 0Rew (B) J0BY)| 0 2R (B0)) {1+ 0, (1)
=~ (D) Y28, (B)) +0,(1).

d
where S, (Bo_(ll)) is 3 (s — 1) x 1 sub-vector of S, (8°;) corresponding to ﬂo_(ll). Thus, by
i=1

the central limit theorem and Slutsky’s theorem, we can complete the proof of Theorem 4

(ii). O
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T
Proof of Theorem 5. Let A\ = {(A?)T 1< d} k= Jon Y24 12 Our aim s
to show that for any given € > 0 there is a large constant C' > 0 such that, for a sufficiently

large n, we have

p{ it L5 (A ko, 3°) > L0, (AO,BO)} >1-c (A.46)

[vll,=C

This implies with probability of at least 1 — e that there exists a local minimizer in the
ball {A° + k,v : ||v|l, < C}. This in turn implies that there exists a local minimizer X (3°)
such that ||A(8°) — )\0H2 = O, (k,). We can find a constant ¢ > 0 such that ||A}|, =
VATDX) > ¢ for 1 <1 < dy. Because ||[(A) + k,v;) — NV||5 = 0, (J,) and that ay = o(1),
we have

P {pax (A7 + kavill p) = pea ([IN][p) ) = LiE 1< < dr,

This fact implies that

d d
n D pax (IN + kovrll ) =1 3w (IN]]p) =

=1 =1

with probability tending to 1 since |A?]|, = /AYDA) = 0 for d; + 1 < [ < d. By the proof
of Lemma 2 and the previous result, we have

Ly, (A + kv, B°) = L7, (A%, 8°)

= Lo (A 02 87) = Lo (N8 105 i, (1] + ol ) = 103 s (X0 )

> Lo (A0 + kv, 8% — Lon (A, B°) |

> 0.

Hence, (A.46) holds. This implies that || A (8°) — = O, (k,,). This result combines with

I

(A.1) and triangle inequality, for 1 <1 < d, we have with probability approaching 1,
I (i, B%) = my (w)|

= [, {B" ()X (") ~ < >A°+BT< YA — 1y (u) Y du
<2 ["{B” (u) X, (8°) - AO} du+2 [’ {BT YA — }Qdu
=2 (8% — A" [P B (w) BT (u) du (X, (8%) = A)) +2 [ {BT YAY — g ()} du

= J1 | A (8°) —)\?||2+O J-2)
=0, (Jon™t+ J2).
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Thus, for 1 <1 < d, we have |m; (u, 3°) — my (w)] = O, (\/Jn/n + J,j’") uniformly for any

w € [a,b]. Theorem 5 follows from this result and Theorem 3. [

Proof of Theorem 6. Suppose for some | = 1+ dy, ..., d, B(ZiT,(;’all)TS\l is not a linear
function. Define A* to be the same as X except that \; is replaced by its projection onto the
subspace {)\l - B (ZlT Ball)T)\l represents a linear function} . By definition of A and A*, and
A TDA; = 0. we have
0> L5, (A Bar) = L5 (A, Bay)
=30 (Vi S B(21Au) A

n d _ _ — —
_ Z Pr {Y; — Z B(Z,;T/Ball)TA?Xﬂ} + NPas (\/)\ZTD)\Z)
=1 =1

=1—-II+1II

(A.47)

d _ _ d _
Let U; = B(ZiTﬁall)T (Ar = AY) Xu+> (B(ZZ-TBC”,)T)\? —my (ZiTﬁlO)) Xy Since p; (u)—
=1 =1

pr (0) >2(r—1(v<0))(u—wv) for any u,v € R, we have

n d
T—I11>=Y (2r =21 (5, <0) Y. B(Z Bay)” (M —A)) X;
=1 =1

3

— > (20 (e <0) =2 (e, < Ty)) i B(ZZ.TBall)T (A=) X;

> (—
S (20 (55 < 0) = 21 (5 < W) S° B (27 Bay) Xu

=1

Op{ = [Vl Tt mdi® (VI + 5 ) [ A = X
O, {~ [+ na 2 X - X

n

S (21 — 21 (g; < 0)) l_zd;l B (Z1'B.,1) X

=1

, (A.48)

1A=,

2

2

since maxi<;<,¥V; = O, (\/ Jn/m+ Jn_7">. On the other hand,

JATDA = /(A = 2)"D (X, - X)) =0, ((n/m)? + 777) = 0 (a2)

by the proof of Theorem 5 and assumption ((Jn/n)l/2 + J;T> ay — 00, we have

P (, /XfDXZ) — asy /AT DA (A.49)
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with probability tending to 1, by the definition of the SCAD penalty function. It remains to

show that

A=A

=& - X

2= Op (\/ JnAzTsz) : (A.50)

In fact, if this is true, by (A.47), (A.49) and (A.50), we have 1] = nagjrfl/QHx — At

.
-1
Then, by the condition <(Jn/n)l/2 + Jn_r) ay — 00, it is easy to show that I17 is of higher

order than O, { [\/ﬁ + nJ{Tfl/Q} } A=A

,- Thus, it follows that I — I is dominated by
111, which is large and positive for all sufficiently large n. Hence, we have a contradiction if
ATDX; > 0. That is, with probability approaching 1, | \||p = \/AF DX, = 0 for 1 +d; <
[ <d.

Next, we prove (A.50). Note that A\;TDAf = 0. Furthermore, since A} is the projec-
tion of A; onto {)\l : )\fD)\l = O}, A — 5\;‘ is orthogonal to this projection space. Thus
AX'DX; = (X — X;‘)TD (A = A7) and (X, — X?)TD (A — X;‘)/H/_\l - X?‘Hi lies between the

minimum and the maximum positive eigenvalues of D, which is of order 1/.J,. O
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