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Supplementary Material

Section [S1] gives proofs of Theorems 1-4, Corollaries 1.1-4.1, and the supporting Lemmas. Section
provides a rule of thumb to choose between our proposed model and the group-specific model in practice.
Section [S3] presents additional simulation results. Section [54] contains additional results from the ADNI data

analysis. Section gives the results when we apply our method to a combined microarray dataset.

S1 Proofs

S1.1 Proof of Theorem 1

For (a), we have

. R 1 1 ,
Fo — Hyyy = —(Fy — FH)'Y, + Hy(—FF, ~Ijy; + —H,FU,0
g g

g

1 /
—+ n—gHgFgﬁg
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Since E(y?,;) < oo, we have (1/ng) > 12, y2, = Op(1). Moreover, it follows from (4.1)
that ||v}]| < CE(y;;) < oo and [|8*|| < CE(y2,) < oo for some C' > 0. These results

together with Lemma [I] imply that

1 <N 1 & 1 1
1)l < o =) Ifgi —Hgfgill2— > 42, = Op( +—).

Similarly, by Lemma [2| we have

K, g
11) < 1, ;nig;fg,mf;,n;—v;m=0p< jl_guvgnx
1 Ky ng 1 .
IS 2R 323 fue 877 = Or( =871
1 ko Do 1
V1< Sl 33 fasen? = Orl )

Hence we conclude that

1 1
Yy, — Hyv:|| =0 + —).
Hg gg” P( /—ng \/]—?)

For (b), let 85 = £,15,8%, Byp = £, + 2L and £, = 3, + 2AL Since B} =

ﬁ];’f\fJ’Y/n, we have

aridge Aridge * * *
187 = Bl < 1By = Bl + 1183 — B7-
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Note that,

39— B = (2 -2 DU -U)Y /n+ (2,5 -2, )UY /n
+ (0~ U)Y/n+2m( UY - 2.6

=1+ II+1IT+1V.

By Lemma 4| (a), we have

p g Ng
~ . 2 A
(U, = Uy)Y| = Z { Z(ug,ij - ug,z‘j)?Jg,i} < pIIll?JLX Qg — Ug,is|? Z ys,i
j=1 =1 ’ i=1

= Op(y/plogn,logp +n3/4)

Hence,

G
IO =U)YY[| <) 1Ty = Uy)Y, || = Op(v/plog nmax log p + n3l5). (S1.1)

g=1

By Lemma [3, we have

p

IUF gl = Z{Zugw 53 = 0r(ymgpllyg ),

p g p 2
It U’ )8 = Z Zug,iju;,iﬂ*—zou,ﬂﬁ;}
j=1 i=1 =1 (S1.2)

= 00,/ 2181,

|U/€g”_ Zugwegz = Op(y/ngp),
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1 1
I U087 < (U0, — ST + |58 ||—0p(<\/; D8 ||)

Noting that [|v;|| = O(1) and ||B*|| = O(1), we have

G G G
UV <> NUFA I+ D 1008+ D U €]l = O (v/Mmaxh + Mimax) - (S1.3)
g=1 g=1 g=1

||—UY 2.8 < - ZHU’ gvg||+2 (= U’U -8
gl

3

1 G
- Z 1Ugel (S1.4)

\V nmaxp
= Op( ).
n
It follows from Theorem 1 of [Fan et al| (2013) that ||3, — .|| = Op(myw,). This

result together with (S1.1)) and (S1.3|) implies that

VP10 Nnax 108 P Nl
+ ),
n n

. 1
171 < 1224 = B0 (0 = U = Oy

1= - 1 \/nmaxp TMmax
1< 12,5 - 2u,1A||||EU/Y|| = Op(mywn (= +—"=)),

where we use the fact that
Hz;i\ - E;&” = OP(HEU,A - Eu)x”) = OP(HEu - Eu”) = OP(mpwn>v
Then, applying the Weyl’s Theorem with the stated choice of A gives

_ _ 1
qu,iH = >‘maX<Zu,}\) = 1/>‘min<2u,/\) <

St oL T O(1).
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This result together with (S1.1) and (S1.4]) implies that

TS , VD108 inax 108D | Nida
1711 < 24015 (0 - U)Y | = Op( e,
Sy L . v/ NimaxP
IIVI < 1A UY - 8,87 = 0p( ),
Since myw, = o(1), we have
3/4
ridae Nmax v/ MmaxP Nmax
185 = Bl = Op(—= + + Mpn——).
n n n
On the other hand, since B} — B* = —2)\2;1\6*, we have
<2)|2 = OW\||B*|]).
18" = Bill =B < 2A+Cmm“ﬁ | =OlB"[])

Then, (S1.5) and (S1.6]) together with the stated choice of A prove (b).

(S1.5)

(S1.6)

For (c), we rely on the general high-dimensional M-estimator theory (Negahban et al.|

2012)) to prove the result. As shown in Negahban et al.[(2012]), to obtain the convergence

rate of |35 — B*||, the key is to bound || V£(3*)| s, where
Lo o 1

We have

~ 1 -
vip) =26~ UY

G
N 1 1 N
= (£, - 2)6 + (8~ - UU)E — ((U ~U)Y + > U F,~; + U’e>

g=1

1
— [+ I — ~(III+ 1V +V).
n
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From [Fan et al. (2013), we have ||, — 2,/ = O,(myw,). By Lemmas {4|snd , we have

Hlloo < 120 = SullllB°[| = Op(mywa| 871,

1_, . logp, ..
H1]loo < [[(Zu = ~UU)B[|oe = O 18711)-

n

By Lemmal[d] (¢) and Y% ||f,[|> = Op(ny), we have

g
(U — Ug)IFg'Y_:;Hoo = mjax ’ Z(ag,ij - ug,ij)f;,i7;|
i=1

g Ng

. « S1.7

< | max Y (i — w2 Yo Il BN
i=1 i=1

= Op(y/ngnwn |7, |)-
Similarly, we have ||(U, — U,)'U,8"||sc = Op(\/fignw,||B*]]) and [|(U, — U,)'€ylloc =

Op(\/ngnwy). Hence,

G G G
11| < Z 1(Ug — Ug)/Fg'7;||oo + Z 1(Ug = Uy) Uy + Z 1(Ug — Uy) '€yl

g=1 g=1 g=1

G
= O (Vs (Y 7+ 1871 + 1)),

g=1

By Lemma [5], we have

G G
1Vl <Y INUF A lloo = Op(Vitmax logp Y ;1)
g=1 g=1

G
Voo < Z HU;egHoo = Op(\/TNimax log p).

g=1
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nmax
IVEB™) oo = Op(mpwn + 4/ = =wn).

Next, we prove that the RE condition holds for 3, with probability tending to

Hence, we have

1. Indeed, from [Fan et al| (2013), we have |2, — Zy|lmax = Op(w,). Hence for all

B € C(S), we have
18/ (Z0 = 28I < BBy = Bu)Blloo < 1B = Zullmax BT = Or(s]18]Pwn),

as [|Blr = lIBsellr + [1Bslly < 4lBsly < 4V5[Bsll < 4y/s]|B]]. Since sw, = o(1),
it follows from (SL1) that [8'(3., — £.)8| = op(|B]?), hence F%,8 > F'S.8 —
18/(2, — 2,)8| = B'Z.8+ op(]|B||?), which proves the desired result. Then, it follows

from Corollary 2 of Negahban et al.| (2012)) that

2 Mmax
165~ Bl = O Vsl + /")),

if we choose A = Cw,, (m,, + /Momax/ n) for some large enough constant C'.

S1.2 Proof of Corollary 1.1

As the proofs for Ridge and Lasso estimators are similar, we denote Yg, A= ]?‘g”yﬁ—Ug B A5

. . . -
where 3y can be either 3\%**° or 3", Then, we have

1o (P ool ,
n_{Yg)\ — E(Y,|F,, Ug)} = n_(FQPYg - Fg'Yg) + ;(Ugﬂ/\ - U,8%).
g g

g



8 PEIYAO WANG, QUEFENG LI, DINGGANG SHEN AND YUFENG LIU

For the first term, we have

A A

1 o * N * N *
—(Fyyy = Fy;) = n—{(Fg -F,H))(y, — Hyy,) + FH, (Y, — Hyy))

g g

+ (Fg - Fngq)Hg'Y; + FQ(H;HQ - I)'Y;;}

1
=—U+II+1I1+1V),

Ng

whose dominating terms are II and I/1. By Theorem 1, Lemmal [T we have

TLg A -
171 < IH I D 0il215 = oy 2 = Op(1+/22),
=1

ng . m
NI < 1HG Iy | D i = Hyfall2lvs )12 = Op(1 + \/?g)-
=1

Therefore,

1 - 1 1
—(F ~, — F )| = Op(—
Hng( 97y sl P(ng + TiaD

For the second term, we have

). (S1.1)

1

Ng

(U~ Uy8") = (U, Up)(Br — B + —Uy(By — 5) + (U, U,)g"

g g

=I+1I+1II
By Assumption 2, |2, < [|Z.]l1 = O(1), hence (1/n,) >_14 [[ugi||*> = Op(1). Then,

it follows from Lemma (4| (b) that

Togm,] 1
HIH:OP((Wgn B i 1),

g Ng
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1 | . .
I < — | lugal?l18y — 841 = Op( B,

1
ng i=1 V ng

logn, logp 1
111 = 0p (VEEEL ).
g ng' \/pP

Since n = o(p?) and logp = o(n?/3?), these results together with (S1.1)) implies that

- 1. Viognglogp 1
||_{ E(Yg|Fy, Ug) b —0P<\/—n_g||5A—ﬁ ||) +OP( " + n;/él\/]_))'

Plugging the convergence rates of the corresponding estimators established in Theorem

1 completes the proof.

S1.3 Proof of Theorem 2

For (a), the Ridge estimator of (4.10]) has

~ 1 - ~
ridge _
B = n_g(xj,ﬁQAI) XY,

where 3; , = (l/ng)f(;f(g. Hence, we have

ﬁmdge ﬁ _ 2/\<ng + 2/\1) 1,6 + = (Escg + 2)\]:) 1X/9ngg

Ng

dy & o .1 . s
+n—:(2£,g+2AI) 'X!U,3 +n—(2£,g+2AI) X! e

g

=I1+I11+1I1+1V.



10 PEIYAO WANG, QUEFENG LI, DINGGANG SHEN AND YUFENG LIU
First, we prove that with probability tending to 1, )\min(f]@g) > ¢1/p. Indeed, by Weyl’s

Theorem, we have

N 1 1 1
/\min(zi,g) > ];{Amin(A;Ag) + /\min(A;(n_F;Fg - I)Ag) + _)‘min(AgFlgUg + U;FgAg)
g

Ng

1
+ Amin(n_quUg - Eu) + )\min(zu)}-
g

From Assumption 3 (a), we have [|Ay]l; = O(1). Therefore, from Lemma [5, we have

1 1 1 1 1 1
i A(—F'F,—DA)| < =||A(—F'F,—~DA,|| < || —=F.F,~I|lmaxllA||> = O
U, DA S IR, DA < Ry Tl A4l = Or( )
L A (AT U = | A (U FyA )| < — [UF, [ Al = Op(——)
ngpmln gt g~g)l — gpmln gt gtig _ng gT gllmax glll — P\/n_gv
1 1 1 logp
Dnin(—U U =2 < —U'"u — Yullmax = O .
AU = 2] < [0V, — 5| oy )

Thus, it follows from Assumption 2 that, with probability tending to 1,

N 1 1 1
)\min(zi,g) Z _/\min(A;Ag) + _Amin(zu) Z _)\min(zu) > ﬁ
p p p

S

This result implies that

[(Zs + 20D 7| = A (Bzg + 20D 7Y = 1/ Ain (B g + 201) < 1/ (Anin(Bzg) + 22)

<
a1 /p+2A
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It follows from Lemma Bl that

K, n
1 1 A 2
|=—FE, 8,01 < [(FF, = D8+ 18,1 = \| D (=D~ Fuanky 85 = 000" + 18,
g g k=1 9 =1

= Op([|d,]])-
(S1.1)

By Lemma [3, we have

1 / 1 p g , 9 D
Hn_UgFg‘ng - n. Z (Z“g,ijfg,i‘sg) = OP(@ / n—H(ng), (51.2)
g g g

j=1 =1

where | Y717, ugi;f) ;84| = Op(\/74]|04]]). By Lemma , we have

1 Ky g

/ *|| i . / * 2 — L
I Fo Ul = o ;(;fgﬂkug,zﬂ) =Or( =

where | Y712, foaw), ;8% = Op(y/g]|B*||). By (S1.2) and Assumption 2, we have

18711, (SL.3)

1 1
| U | < ULU, ~ S0 + IS8 = op(<\/nz " 1>I|ﬂ*||>~ (S1.4)

By Lemma [2, we have

k n
1 1 | &, ) 1
|—Foegll = —1| > (D foincei)” = Op(—). (S1.5)
ng g9 ng ot ( — g g ) ,—ng

By Lemma 3, we have

1. 1|
| Ulegll = — [ D (X wgiseas)” = Or(y /). (S1.6)
g . .

Ny
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Since Assumption 1 implies that ||Ay|| = Op(y/p), it follows from (S1.1)-(S1.6) that

14 1,1
=X F oyl < \/-||A allll -~ F’F Sgll + —=[1—UgF e8] = Op(]|d,]),
g9

VP g
ILxU,67 ) < LA ||||1F’Uﬂ*||+ Liluus=o0( (—+ L)1),
ny sVl < Rl F Ul =7l U, Uall = Or \/_ 7
1 ~ 1 1 1
—X'e, || < A F’e + —Uell =0 .
X fu el + ey = On( )
Hence, we have
I
|| ||_C/ !
. - 1
[ < (S + 20D 2XF6, || = Op(———— 115, ]]).
1) < 1Seg + 22l KGFy8] = Onl = ,])
VTN < [[(Say + 20D 1 2% 0,8 = 00— (14 Ly
- w9 ng 9 g P c1/p+2A \/_ VP ’
1
IV < (B, + 20 X’e ( )
11V < (8 + 22D Kyl = ——

Then, by choosing A = C/,/p and noting that ||3*| = O(1), we have

187 = 81 = 0p (VA8 + 1+ [T+ [2),

For (b), letting (,(8°) = ||¥, — X,8"|1*/(2n,), we have

1 < . - 1
VL,(B7) = ——(X{Fyby + d, XU, 8" + Xieg) = —— (I + 11 + I1T).

g g

It follows from Lemma [Bl that

IR 1 / n nglogp
Ml < qu FUF,8, |+ = UJF8 | - op(<7j3 e >H5gu).
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Noting that ||3,|| = O(1), we have
g p p
IUUB oo < max| 3 1tgi500,8" = mg 3 05ufff| + maix|ng p_ ool
i=1 =1 =1

= Op(v/1glogpl|B7[]) + Op(ng||B7[]) = Or(ny[lB7)-

Therefore,

d n n,logp
II - p AIF/ * oo+_p UIU * oo:O (d g + g o * )7
I11]] _\/_II U,87| \/23" Ul P (\/ﬁ , ircl
1 nglogp
[I[oo<—A’F’e o+ —|U €;lloe = O 420,
[{11o < \/_II il \/]_OII o€l P4/ p )

Since [|8*[| = O(1), [V£y(8") | = Or((1/ /P + /log p/ngp)(dy, + [|8,]1) + \/log p/ny).
Next, we verify that the RE condition holds for \/ﬁﬁm with probability tending

to 1. Indeed, we have

. 1~ -
B3 40 = n—gﬁ’X;Xgﬁ

1 1 1 1 1
= B A+ A;(n—gF’gFg —DA, + n—A’gF'gUg + n—gU;FgAg + n—gU{qu}ﬁ
1 1
> ]3B’A;Agﬁ + ]3B’A’( F’ ~1)A,B + - ﬁ (AJF/ U, + U F,A,)B
1
= -B'AAB+T+II
p
(S1.7)

By Assumption 3(a), we have ||A,|l; = Op(1). Hence, it follows from Lemma [5| that

L)
NG

1
1Ag(— F’F ~ DAgllnax < [ —=FgFy = Tlmax]| Ay = O

Ng

Q
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log p

1 1
H_A/ F UgHmax = ”_U;FgAgHmax < _”F;UgHmaXHAgul = Op( ).
Mg g

g

For all B € C(S), it follows from an analogous argument as in the proof of Theorem 1

that || B3] < 4+/s]|3]]. Therefore,

2
1< 1A EF, C DA, el 812 = 0p(25181
Ng /gD

16s]|8|* [logp
p ng

),

11 < —~ (HA’ F Usllmax + UG FgAgllma) [ BIIT = Or( )-

Hence, we have \/p(|I| + |I1]) = op(||B]|?) since sy/logp/(ngp) = o(1). It follows from
(ST that \/pB'%:48 > BAAB/ /b + BI| + 11]) = BAAB/ /b + or(|B]%).
Hence the RE condition holds for \/z_oflm with probability tending to 1 as it holds on

AL A,/\/p- Then, it follows from Corollary 2 of [Negahban et al. (2012) that

1 1
185 = 81 = Op (VE(1-+ [ “E2)dy + 18,0 + [ EL} ),

if we choose A = C'{(1 + y/logp/ny)(d, + ||04]) + \/logp/ng}/\/D-

S1.4 Proof of Corollary 2.1

Without loss of generality, denote Yg,,\ = Xng,A; where Bg,k can be either Bé‘fjw or

Brldg . Then,

1 ~ | 2 * *
n_{Yg,/\ - E(YHFW Ug)} - n_{Xg(ﬂg,/\ -p ) - Fg‘sg —dpyUyB }
g g
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Since ||E(Xg,X) ;)| < oo, it implies that (1/ng)> 2, [|Xg.]|*> = Op(1). Similarly,

(1/ng) 32524 [Ifgsll* = Op(1) and (1/ng) 372, [ug,[* = Op(1). Hence,

1|~ : R i
||—{ E(Y,|F,y, Uy} < - D 1%yl l2l1Bgs — 87l + - > 112116
9\ i=1 9\ i=1

g
> I l12)187]
=1

:op( jn_gumg,x—ﬁ*u+uagu+uﬁ*u>).

Plugging the convergence rates of |3, — 8| established in Theorem [2 completes the

proof.

S1.5 Proof of Theorem 3

For (a), the Ridge estimator of (4.11]) has
aridge I & 1~
ﬁ)\ global (Ei” + 2)\1) X Y7
where 3; = %5{’5{ Then,
B — B = —2X\(S; + 201) 71" + (85 +20D) ZX’F 5,
1

+ - (2 +2AI)” ZdX’ gﬁ+ (35 +20I)~ Zx’eg

=1+ 1T+ 11T+ 1V.
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Since
< c
g 1
mln E — m1n :L" > )
- I p
it follows from Weyl’s Theorem that

1

ZA);, +22D) 7Y < _—
(2 +220)7) € e
with probability tending to 1. Using similar arguments as in the proof of Theorem ,

we have

171 = g1

G
~ 1~ n
—1 / - max
11 < 1S 4+ 20071 3 15X oy | = Or( p+% " EHMH

G
R - d - .
111 < [|(3z + 2AT) IIIZIIng'gUgﬂ | =Op

g=1

(Cl/pdj— 2\ (\/F n‘f;f) 18" ||> ,

Ly

a/p+2\ n

G
. _ 1,
V]| < 12z + 22D 71D 1=Xg€qll = Op(
=1

Hence, by choosing A = C'/,/p we have

G
Aridge * Nmax+/P Nmax NmaxP NmaxP
1855~ 871 = Op (2 S 3 (s 4. YT D)
n — n n n
For (b), letting ¢(8*) = (2n)'||Y — XB8*||2, we have

= ZX/F(S +Zd X/U,B" +ZX’eg I+H+HI)
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Similarly as in the proof of Theorem

G
nmax nmax logp
Il < —Z JAVE F,6, |t Z [U/F,6, ] = (( T ' ||6g||),
VP p p

G
d Nmax nmaxlogp
110 < Z IALF UGB oot —= Y U, U,B" | = Op (dp( + )Hﬁ*H),
Vi Vb o\ b
ey, 1 ¢ / Nmax 10g P
[ 111 < —Z [AF €]l + 7 Z [Ug€glloc = Op( E— )-
g=1

Therefore,

. B Nmax 1 | Mmax 10g D < 1 [npaxlogp
708 = Op( (222 2 [P )t 218 + 1P 252

Next, we show that the RE condition holds for hold for \/]_925; with probability

tending to 1. Indeed, it follows from the proof of Theorem 2 that the RE condition holds
for \/]_)ﬁj,g with probability tending to 1 for any ¢ € [G]. Since 3; = EgG:l(ng/n)ﬁj,g,

the same RE condition also holds for ;. Then, with the stated choice of A\, it follows

from Corollary 2 of [Negahban et al.| (2012)) that

max maX]' maxl
11 = Op (v (1 4 Vo8P d+2||6|| )

| | Ié éf?;?gbal -
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S1.6 Proof of Corollary 3.1

The proof follows similar arguments as in the proof of Corollary 2.1, by noting that for

Y, = X8 giobals

1 v 2 * *
||_{ Y |Fg=U }H < n_{||X9(13>\79l0bal - :6 )H + HFg(ng + Hdegﬁ3 “}
g

_ op(z_gum&gw B+ 116, + ||6*||))-

S1.7 Proof of Theorem 4

For (a), by the same arguments as in proving Theorem [I|(a), we conclude that

1 1 1
Y — —H,AB =0 +—).

For (b), letting 8} , = X, ,%.,3; and Byidee — 2;1\13’Y/n, for any g € [G] we have

~ 1 ~ ~ ~
ridge — — _ _
1 N
>3 (U-U)Y + 3.} UY— 3.
=[+I1I+1II+1V.

Similarly as in the proof of Theorem 1, ||[(U — U)Y|| = Op(v/p10g nimax 10g p + n?r{;lx).

From Assumption 3 (a), we have [[Ay;|| < oo, for all j € [p]. Since ||[A,8;/\/p|l <
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(1/ VPS5 Mg l?1871 = O(1), from (BT2), (ST4) and (SLE), we have
|UY||<Z||U’F A,B; /f||+Z S0, U8, ||+Z||U’eg||

= Op (/D) + Op (/s + “2) + Oy )

n
— O o + max )
P(\/n p /P )

Moreover, from (S1.2) and Assumption 2, we have

el G
I-UY — —%.8; < = > U, FyAyBy/v/oll + > —=I(—U, Uy - ,)8; |
n \/ﬁ I ng’zl e g'=1 n\/g_) Mg v !

G G
ng’ * * 1 !
* 3Bl = Bl 53 Uy

= Op(Y0) 4+ Op (Y ) +QZOP 18y = By + Op ()

NN Ny e
:O O —— ;T .
PO+ Y08 — B

Since ||, — B3| = Op(myw,) and X} = O(1), we have

—1 -1 s / \/plog Nmax logp n?r{z;lx
M1 =< 112 = Zlll= (U - U)Y ]| = Op Myt - +— ) |

A _ 1 v/ MmaxP TMmax
I < 1555 = B4 UY | = O (myn (LT 4 ) ).

]_ . l max]- IZ:}I’{;,X
1111 < 2411150 — U Y| = Op (VB 08D o )

n

G
_ 1 1 NmaxP Ny
V| < [[ZAI-UY - —%,8! =0 Op| —=118; — B; 1l )-
IV < IRV - —-2.85) = 0 (L2 )+Z o(2 18y - 1)
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By the assumption that m,w, = o(1), and n = o(p?), we have

185 — =]l = O (LT ”“{) Zop( )
Since
18; - B3l < 2212118511 = OIS ).
and

T e T e 1 E3 1 E3 *
| Bdoe — \/_ﬁ | < |18y ~ 7 g,AH+ﬁHﬁgA—ﬁgH,

it follows from the stated choice of A that

aridge 1 w[| NmaxP ni)n/;lx Ng
e )+Zop( 18- 551

For (c), we first bound [[V{(83;)[|o.. We have

1 .~ 1.
Vi) = 58 - UY

1{A . Gngr , }
S -nE Y (s, U,U )83 + (8- B1)
. »w S

G

1 ~
~Hw-vysuer Y. U;/Fngg/ﬁ;//\/ﬁ}

n
g'=1
s+ mn-tavivevn
VP n '

Similarly as in the proof of Theorem 1,

Tllse < 1120 = ZullllB5 | = Or (mywallB; 1),
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G G
Ty 1 . Nmax 10g P .
e € 32 2B~ U0 )8y e = Op (2B S ),
g'=1

G G
Ny * * nmax * *
10 < 32 2L I218; = Byl = Op(F2= 3" 118, = B -
g'=1 g'=1

By an analogous argument as in proving (S1.7)), || (ﬂg—Ug)’FgAgB;‘/\/ﬁ||oo = Op(y/ngnw,|B;ll),

||(ﬁg - Ug)/UQIBZHOO = OP(\/ngnwn”B;H)» and ||(Ijg - Uy)elle = OP(\/ngnwn)-

Hence,

IN

o) Fo Ay By /f\loo+2\|— o = Ug)UyBy |l

1V ]loo = I(U = U)'Y |l
p VP

59 loo

>,
S

= OP(\/nnmann(Z HIB;/H + 1))

g'=1

Then, it follows from Lemma [5] that

G
Ve <D UL €gllo = Op(v/nmax log p).
g'=1

G G
VIl <D NUFyAyBy/ /Bl = O (Vitmaxlogp Y 18y 11)-
g/:1 g/=1

Since [|B;]| = O(1) and my,w, = o(1), we have

||w<ﬁ;>||m:op(,/”m ”‘“”ZHB B, H)

Then, given the RE condition on ﬁ]u, which was proved in Theorem 1, it follows from
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Corollary 2 of [Negahban et al.| (2012)) that

1 maX max
|WMW—;?%W=@{¢JV” 42 ijs 6“)

if we choose A = C{wyn\/Mmax /1 + Nmax/ (n4/D) 25:1 ||:3; - B;/H}

S1.8 Proof of Corollary 4.1

Similarly as in the proof of Corollary 1.1, we have

1 -~ 1
{ Y’X )} g —(Fyyy — \/—F Agﬁ ""UgﬁA \/— gﬁ )-
First,
|- (B3 — —=Fy A8l = Op(— + ——) (S1.1)
Ny oo~ VP ! v Ng  /NgD ' .
On the other hand,
P N N RN P B
n_g(Ugﬁz\ - %Ugﬁg) - n_g(Ug - Ug)(ﬁA - %/89) + ngUg(IBA \/ﬁﬁg)
1 ~
+ u,-0,)s
ng\/ﬁ( g 9)/69
=T+ IT+1III.

By Lemma {4 (b),

logn, logp 1 .
11 = 0p ((LEREEL i1 - sl )

11| = O (

1. 1
\/n_g _%ﬁgn)a
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1 - 1 [logn,logp 1
Uu,-U,)3 =0 (—1/ g + )
ng\/ﬁH( g g) gH P ng P n;/4p

Therefore, for any g € [G],

11T =

1, 1 - 1 1 [logn,logp 1
—(U,B8,—-U,B})| =0 - —B Op| —|— :

(S1.2)

Then, (S1.1)) and (S1.2)) together imply that

Hnig{f@,,x CE(Y,[X,)}| = Op() + On(

1
e (
Ng vV ”gp) "

11
Sl - ﬁﬁgu).

S1.9 Supporting Lemmas and their proofs

Lemma 1. Under Assumptions 1-3, for any g € [G], we have
(a) (1/ng) 32321 15 — Hofy il = Op(1/ng +1/p).

(b) [HH, — T} < Kg[H{Hg — lmax = Op(1/ng + 1/p).

(c) |[H{H, —I||p = Op(1/\/mg + 1//D)

(d) [Hyl[ = Op(1).

Proof. These results directly follow from Lemmas 10, 11 (b) in [Fan et al.| (2013)) and

Lemma C.1 (iv) in Fan et al. (2018). O

Lemma 2. Under Assumption 1, for any k € [K,], j € [p], and g € [G], we have
(a) [(1/ng) 32321 Jainte vy — voul = Op(vg 1/ v/Mg).
(0) | 3232 fainy 87 = Op(\/ngllB])).
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(¢) 12202 fain€qil = Op(\/Tg).
(d) (1/ng) 2020 foinfh 0 — dgrl = Op(|10y]l/\/Tig)-

Proof. (a) Since both {fy}i<n, and {f; ;v }i<n, are i.i.d. sub-Gaussian random vari-
ables, { fy.irf, ;7 yi<n, are i.i.d. sub-exponential (Vershynin, 2018), with E(fyf; ;v;) =
Yy k- Hence for a sufficiently small positive number s, there exists a sufficiently large

constant C' > 0, such that

_Cng 52

) <2 I

ngzk gﬂg

which concludes the result.
(b) Since both {fg}i<n, and {u; ;8" }icn, are ii.d. sub-Gaussian random variables,
hence { fyixu, ;3" }i<n, areii.d. sub-exponential with mean zero. Since we have ||X, | =

O(1), hence for a sufficiently small positive number s, there exists a constant C' > 0,

such that
Cs?
’ s
v ) < 2e nallBTIE
which concludes the result.
The proofs of (¢) and (d) follow similar arguments as in (a) and (b). O

Lemma 3. Under Assumption 1, for any j € [p] and g € [G], we have
(a) | 22720 ugiifg ivgl = Op(y/ngllvgll)-

(0) [(1/ng) 37721 ug,ijWy B — 3201 0ujeBi| = Op(1B°(1/\/Tg)-

(c) | 32021 ug,ijfy 10| = Op(y/ngl|dg]))-
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(d) | 3252 ug,ii€qil = Op(y/hg).
Proof. (a) Since both {ug;}i<n, and {f; v} }i<n, are i.i.d. sub-Gaussian random vari-
ables, {ui;f, /v, }i<n, areii.d. sub-exponential random variables with mean zero. Since

we have |2, || = O(1), it implies that for a sufficiently small positive number s, there

exists a constant C' > 0, such that

g
P(‘ Z Ug i, ﬂ’g
i=1

which concludes the result.

2

) < 2e ngnwglﬂ

(b) Since both {uy;}i<n, and {u; ;8" }icn, are ii.d. sub-Gaussian random variables,
{ug,ijug, ;8" i<y, are ii.d. sub-exponential random variables with E(ugu; ,8%) =
S 0ujiB;. Hence for a sufficiently small positive s, there exists a constant C' > 0,

such that

C’n.s

‘_Zugwugzﬁ ZUu]eﬁg‘ > 5) < 2e I8 |\2

which concludes the result.

The proofs of (¢) and (d) follow similar arguments as in (a) and (b). O

Lemma 4. Under Assumption 3, we have

(a) max;; | — g = max;; |(FyAy — FyA,)i;| = Op(y/lognglogp/ny + n;/4/\/1_?)-
(b) sup{H(U —Uyal : a e R?,||a|| =1} = Op(y/lognglogp +ng/ /\/_
(¢) max;<,(1/n) S0 S (i 45 — tgi)* = Op(w?).

Proof. Statements (a) and (c¢) directly follows from Corollary 1 and Lemma 12 of |Fan
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ot 1] (@073).

For (b), let & € R? be a vector such that ||| = 1. Then, we have for all i € [n],

p p p
(Ty = Ug)a)il = [ Y (lgs5 — ugis)asl < | Y (g5 — tg5)20? < max ity ij — Ug,ij)* > a?
j=1 ’

J=1 Jj=1

1/4
_0 < lognglogp+ng )
=0Op )
Ng VP
Hence, we have
100, - U)al = 0r (i log”glogp+";/4>) 0r (Vg o +n2/4)
— all = n = og ng 10gp — .
g g P g N \/2—9 P g \/2—9

]

Lemma 5. Under Assumptions 1 and 2, for any g € [G], we have,
(a) |AGFF 0gllc = Op(ngl|d4ll)-

(0) |AYF U8l = Op(y/ng log pl|37]))-

(¢) [ALF gl = Op(y/nglogp).

(d) [[UF 8y lloc = Or(y/nglog pl|dy]))-

(e) [I((1/ng) Uy Uy — £,)8" [l = Op(+/log p/ny|187])).

(f) |ULF 7; oo = Or(y/nglog pllv; |)-

(9) [ Ugeglloc = Op(+/nglog p).

(h) [|(1/ng)FyFg — Illmax = Op(1//ng).

(i) 1(1/ng)UyUy = B [lmax = Op(y/log p/ny).

Proof. (a) Note that the j-th element of A} F!F d, satisfies [{A[F|Fod,};| = | >0 £, Xy ;£ :0,].

i=1"g,227%9,J g0
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By Assumptions 2 and 3, f] A, ; is sub-Gaussian with a finite since var(f; ; Ay ;) =
A, Agj < KgM? < oo as it is assumed in Assumption 3 that [|Ag ]l < M. Similarly,
f, .0, is sub-Gaussian. Then, f] ;Aj;f; 0, is sub-exponential with E(f; A, ;f; ;6,) =
Ay ;04 Hence, we have

C7Lgé2

max|—2f/ )\gjf;Z |>3 < 2pe Ka2I5,T2

i=1"g,1

which implies that max; |nig S £ A £ 8, — X 8g| = Op(y/logp/ngl|8y]). This

result together with || A, ;|| < K,M implies that

7] Q’L 7] gz

|AF,F, égHOO:mjaX’Zf’ Ay L0 |<max|Zf’ Ay L0 5,70 ’—i—max!ng

= Op(/nglogpl|d,||) + Op(ngl|6y]l) = Op(ny||8yll).
The proofs of (b) and (c) follow similar arguments as in (a).
(d) For any g € [G] and j € [p], since {uy;}icn, and {f] ;0,}i<n, are ii.d. sub-Gaussian
random variables, {ug;f; ;04 }i<n, are i.i.d. sub-exponential with mean zero. Since we
have [|3,]| = O(1), for a sufficiently small positive number s, there exists a constant

C' > 0, such that

bS]

g

Ng 32
P(max | Yy ify 8] > 5) <3 P(| D ugify 6| > 5) < 2pe” Tallal,
J =1 j i=1

which concludes the result.
(e) For any g € [G] and j € [p], since {uy;j }i<n, and {1, ;8" }i<n, are i.i.d. sub-Gaussian

. L . : : Ve
random variables, {ug ;8" }icn, are ii.d. sub-exponential with E(ugu;;8%) =

19|
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> 1 0ujiB;. Hence, for a sufficiently small positive number s, there exists a constant

C > 0, such that

1 ng P P 1 g p
P(max | — Z Ug.ijUy ;8" — Z oujeB;| > 5) < ZP(‘_ Zugvijulgﬂﬂ* - Z 0ujebi| > 5)
J g i=1 =1 7=1 g i=1 (=1

Cng52

< 2pe_ 1812

Hence, we have max; |(1/ng) 32324 g0y :8" — 320y oujelf;| = Op(y/logp/ng | B7])).

The proofs of (f) — (i) follow similar arguments as in (d). O

S2 A Rule of Thumb for Model Selection

In practice, it is desirable to have some guidance on choosing between the proposed
factor regression model and the group-specific model. To this end, we propose a rule of

thumb to choose between them. We define

G A vy A
> g1 YoF o F gy

G Ay A SN

> o YV EF A, + BUUS

where ﬁ‘g, 4, and U are as described in Section 3.1 of the main manuscript and ,é is the

R= (S2.1)

solution to (3.4). We recommend to choose our model over the group-specific model
when R < 0.95. More explicitly, we first run our method and check if R < 0.95. If so,
we use our method. Otherwise, we switch to the group-specific model.

To assess the effectiveness of this rule of thumb, we rerun simulations in settings 1

and 2 by using our model only, the group-specific model only, and an adaptive model
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(b) Setting 2

Figure S1: The MSE curves given by our model, the group-specific model, the adaptive model using
the rule of thumb The left panel represents results for a sparse 3* or 8 and the right panel represents
results for a dense 3* or 3;.

that follows the rule of thumb. Figure [S1f gives the MSE curves of the three methods.
Figure (a) shows that, the adaptive model can almost always catch the better per-
former between our and the group-specific models. This means that the rule of thumb

can correctly pick the better performer in this setting. Figure (b) demonstrates a
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similar finding, even though its left panel shows that, when h is big, the adaptive model
is a bit worse than the group-specific model but still much better than the proposed
model. This indicates that, in Setting 2 when the underlying true model is the group-
specific model, the rule of thumb can correctly choose to use group-specific model most

of the time.

S3 Additional Simulation Studies

S3.1 Sensitivity Analysis on the Choice of D

To investigate the role of D in our proposed method, we apply our method to Setting
1 in Section 5.1 using different values of D and A. In Figure we present heatmaps
of out-of-sample MSEs from both sparse and non-sparse cases with h = 0,2,4. In each
heatmap, each grid point represents the MSE from the corresponding combination of
D and A. We find that our model’s performance is much less affected by D than by A,
as colors change more along the vertical axis than along the horizontal axis. With an
appropriate choice of A, the minimal out-of-sample MSE is often attained when D = 0.
This shows that when p < n, as in Setting 1 in Section 5.1, it is safe to choose D = 0.

Next, under the same setting, we further compare the prediction performance using
D = 0 versus tuning D by ten-fold cross validation. In particular, in one case we fix
D = 0 and tune X\ by ten-fold cross validation and in another case we tune both D

and A by ten-fold cross validation. We summarize the out-of-sample MSEs by these
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two methods in Table We find that the prediction performance by fixing D = 0
is comparable to that by tuning D. Thus, to save computational time, we recommend

choosing a fixed D instead of tuning it.
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Figure S2: Heatmaps of testing prediction MSEs from both the sparse and non-sparse case with
h = 0,2,4 from setting 1 where data are generated from the proposed model. The top and bottom
panels of plots are from dense and sparse 3* case respectively.
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Table S1: Out-of-sample MSEs by different choices of D under Setting 1.

setting D by CV D=0
h=0 6.700 (0.088) _ 6.695 (0.085)
dense h =2 7.544 (0.103)  7.520 (0.107)
h=4 11.395 (0.294) 11.417 (0.290)
=0 5563 (0.073) 5.557 (0.076)
sparse h =2 6.559 (0.112)  6.530 (0.116)
h=4 10.348 (0.316) 10.310 (0.312)

S3.2 Sensitivity Analysis on Spiked Eigenvalues

In Section 5.1 and 5.2, we choose the values of A\y1,..., Ay k, to simulate the top K,
eigenvalues of X,. In this way, X, generated from our simulations can satisfy the perva-
siveness condition in Assumption 1, which is to ensure the latent factors can be well es-
timated by the PCA method in Section 3.1. More specifically, our Ay 1, ..., Ay x, are cho-
sen as follows: (A11, A12,A13) = (1,1(2),I'(3))*7, (A21, A2, Ao3) = (1,1(2.25),1'(3.25))*
10, (A21, A22, Aa3) = (1,1°(2.5),1'(3.5)) * 13, where I'(-) represents the gamma function.
As suggested by one of our reviewers, in this section, we conduct a sensitivity study
on choice of Ay 1,..., Ay k,. In particular, we conduct two additional sets of simulations

with new choice of Ag1,..., Ay x, on whole numbers:

(1) (A1, A12,A13) = (10,5,2), (A21, A2, A2z) = (7,2,1), (A21, A2z, Aas) = (12,3,1);
(i) (A11, A2, A1) = (5,3,1), (A1, A2z, Aa3) = (6,3,2), (Aa1, Aa2, Aag) = (7,4,2).

For each set of Ag1,...,Ag k,, we conduct the same simulations for both Settings 1 and
2 as in Sections 5.1 and 5.2. We visualize the MSE curves for (i) and (ii) in Figures

and [S4] respectively. In particular, each figure contains both the sparse and dense cases
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from both Settings 1 and 2. We can see very similar patterns of the plots from (i) and
(ii) compared to the MSE curves given by the original choice of Ay 1, ..., Ay x,. Hence,
we conclude that our simulation results are not sensitive to the choice of eigen values
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Figure S3: The MSE curves given by the four models for settings 1 and 2 with choice of Ay 1,..., Ay K,
on (i). The left panel represents results for a sparse 8* or B, and the right panel represents results for
a dense 3" or B;. The top and bottom panels represent the MSE curves from setting 1 and setting 2
respectively.
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Figure S4: The MSE curves given by the four models for settings 1 and 2 with choice of Ay 1,..., Ay K,
on (ii). The left panel represents results for a sparse 3* or B, and the right panel represents results
for a dense B8 or 8. The top and bottom panels represent the MSE curves from setting 1 and setting
2 respectively.

S3.3 Other settings of f,; and u,;

As suggested by one of the reviewers, in this section, we consider the same settings as in
Sections 5.1 and 5.2, except that we generate {f;;}i<,, and {ug;}i<n, as ii.d. samples

from a t-distribution with 10 degrees of freedom. Figures and [S6| show the MSE
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curves of four methods in Settings 1 and 2 respectively. We have similar conclusion as
in the cases where data are generated from a multi-normal distribution. Under setting
1, it is seen from Figure [S5| that our method still outperforms the other methods when
h is small. When h becomes larger, the between-group heterogeneity increases. In
that case, our model’s performance gets worse than the group-specific model, which is
also observed when f,; and u,; follow multi-normal distribution. Under setting 2, it is
seen from Figure [S5|that our method still has similar performance as the group-specific

model, when the group-specific model is the truth.
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Figure S5: The MSE curves given by the four models under setting 1 when f,; and u,; follow the
t-distribution with 10 degrees of freedom. The left panel represents results for a sparse 8* and the
right panel represents results for a dense 3*.

S3.4 Other choices of K,

As suggested by one of the reviewers, in this section, we let K, = g for g = 1,2,3

so that it varies across groups. We consider two data generating schemes similar to
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Figure S6: The MSE curves given by the four models for under setting 2 when £, ; and u,; follow the
t-distribution with 10 degrees of freedom. The left panel represents results for a sparse 3* and the
right panel represents results for a dense 3*.

Settings 1 and 2 described in Sections 5.1 and 5.2. In both cases, we keep choosing
G = 3,p =200,ny = 100, py; = g for g = 1,2,3 and generate € as i.i.d. samples from
N(0,4).

For Setting 1, we use the same method to generate A, as in Section 5.1, and let
A1 =10, (A21,A22) = (9,4), (A3.1,A32,A33) = (8,3,2). Moreover, we let 3, be the
diagonal matrix with all diagonal elements equal to 2/15. We set v; = h, v5 = (h, h)’
and v; = (h, h,h)’. For a sparse 3%, we let 3* = (0.719, 099, —0.710, 0g0)’. For a dense
B*, we set 3" = (0.359, 029, —0.350, 029)’.

For Setting 2, we use the same method to generate A, and X, as in Section
5.2, and use the same Ag1,...,Agk, as in Setting 1 in above. For a sparse 3;, we

set ,Bik = (]_Oh, O, 0, 0.255, 01877 —0.255)/, ,6; = (—10h, ]_Oh, O, 0.255, 01877 —0.255)/ and
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B3 = (10h, —10h, 10h, 0.255, 0187, —0.255)". For a dense 3, we set 37 = (10h, 0, 0, 0.255,
037, —0.255))", B5 = (—10h,10Ah,0,0.25y, 037, —0.254))" and @5 = (10h, —10h, 10A,
0.2550, 037, —0.255)’.

Figures[S7 and [S§ show MSE curves of the four methods in Settings 1 and 2 respec-
tively. We observe similar finding as in Sections 5.1 and 5.2. For Setting 1, the global
model and the Factor-0 model cannot capture between-group heterogeneity, hence are
significantly worse than the proposed model and the group-specific model. When the
between-group heterogeneity is moderate, our proposed model is able to provide the
best prediction by capturing the globally-shared and group-specific signals. The group-
specific model gradually improves as h increases. For Setting 2, the differences among
the three models other than the global model are small when A is small. As h in-
creases, the predictions from the Factor-0 model and our model get worse, though the
former deteriorates much faster. This is due to model mis-specification and the fact

that between-group heterogeneity increases as h gets larger. Such a finding agrees with

Corollary [4

S3.5 Estimation errors

In this section, we provide parameter estimation errors from our, group-specific and
global models in Tables [S2| — [S4] for both Settings 1 and 2. Tables [52] and [S3] are
for Setting 1, where data are generated from our proposed model. Table [S4] is for

Setting 2, where data are generated from the group-specific model. Table[S2]summarizes
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Figure S7: The MSE curves given by the four models under Setting 1. The left panel represents results
for a sparse B* and the right panel represents results for a dense 3*.
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Figure S8: The MSE curves given by the four models under Setting 2. The left panel represents results
for a sparse B* and the right panel represents results for a dense 3*.

estimation errors of 4, in terms of |4, —Hy~y} ||, where H, is the rotation matrix defined
in Theorem 1. Tables [S3| and [S4| summarize estimation errors of 3* (Setting 1) and
B35 (Setting 2) respectively, where we denote the global model estimator as ﬂA,\ﬁglobal,

the group-specific model estimator as /ég,)\ for ¢ = 1,2,3; and our estimator as BA-
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For each simulation setting, we pick three A values to represent low, medium and high
between-group heterogeneity.

For Setting 1, as can be seen from Table[S2] the estimation errors from our proposed
estimator 4, are reasonably small considering the corresponding scales of true parame-
ters ;. In Table , our estimator BA always achieves the best performance compared
to estimators from the group-specific and global models, for all levels of between-group
heterogeneity.

For Setting 2, it is expected that our proposed estimator ,@A does not always per-
form the best, because we generate the underlying data from a mis-specified model.
Unsurprisingly, when there is no between-group heterogeneity, i.e. h = 0, the estimator
from the global model performs the best. Moreover, there is only a marginal gap from
our proposed estimator to the best one. When there is high between-group hetero-
geneity, the estimator from the group-specific model achieves the smallest estimation
errors. As indicated by Theorem 4, the estimation error from our proposed model is
influenced by an extra term introduced from between-group heterogeneity, which ex-
plains the performance gap between our proposed estimator and group-specific model’s

estimator.
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setting [ —H P A —Howl® 1As — Hzi [P
h—0 0.088(0.008) 0.082 (0.003)  0.092 (0.010)
dense  h=2 0411 (0.049)  0.380 (0.045)  0.308 (0.036)
h=4 1.151(0.162) 1478 (0.161)  1.307 (0.178)
=0 0.079 (0.008)  0.065 (0.008)  0.056 (0.006)
sparse h—2 0.386 (0.046)  0.370 (0.044)  0.309 (0.038)
h=4 1.163(0.165) 1.434 (0.155)  1.260 (0.169)

Table S2: The estimation errors of v, from our model in Setting 1.

setting 1B giobat = B> [1Biar = B> [1B2n = B> [IBsn — B> [IBx = B*|I?

h=0 0.434 (0.006) 0.670 (0.011) 0.674 (0.010) 0.673 (0.013) 0.400 (0.005)
dense h=2 0.832 (0.013) 0.671 (0.011) 0.715 (0.010) 0.677 (0.010) 0.410 (0.007)
h=4 2221 (0.052) 0.832 (0.013)  0.964 (0.016) 0.724 (0.007) 0.438 (0.005)
h=0 0.252 (0.007) 0.424 (0.015) 0.394 (0.005) 0.405 (0.012) 0.247 (0.005)
sparse h =2 0.807 (0.018) 0.373 (0.003) 0.413 (0.005) 0.396 (0.002) 0.237 (0.006)
h=4 2649 (0.085) 0.507 (0.003) 0.624 (0.004) 0.449 (0.001) 0.270 (0.007)

Table S3: The estimation errors of 3* from the three models in Setting 1.

S4 Additional ADNI Data Analysis Results

We further represent brain connections using precision matrices estimated from Gaus-
sian graphical models (Cai et al., 2011). Let Q,, = X}, Qaay = (A,Ay)"" and
Q, = X' In Figure , we demonstrate the heatmaps of adjacency matrices corre-
sponding to estimated precision matrices for the NC and AD groups. We choose two
tuning parameters (v = 0.2 and v = 0.3) in the Gaussian graphical model to give
graphs at different sparsity levels. The top, middle and bottom panels correspond to
Qw, Q A’A,g and Qu,g respectively, where Qu,g is the Gaussian graphical estimators of

(2, by only using data from group g. We can see that the heatmaps of Qu’g in NC and

AD groups are much more similar than those of Q%g. In both plots, it is interesting
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setting 1Bx.gtobat — Bs1I> 1B2x — B511> 118x — B5|1°
h=0 _ 0.004 (0.000) 0.014 (0.005) _0.006 (0.001)
dense h =3 0.072 (0.000) 0.082 (0.008) 0.077 (0.001)
h=6 0271 (0.001) 0.244 (0.002)  0.276 (0.002)
R=0 _ 0.025 (0.001) 0.047 (0.007) _0.028 (0.001)
sparse  h=2.5 0.077 (0.001) 0.091 (0.005) 0.082 (0.003)
h=5 0215 (0.004) 0.181 (0.011) 0.223 (0.005)

Table S4: The estimation errors of 35 from the three models in Setting 2.

to note that the heatmaps of Qo A from the NC group are much denser than those
from the AD group. This shows that the AD patients may have a significant loss of
brain connections. To further investigate this difference, we explore the ROI connec-
tions that are selected in the NC group but not in the AD group on Qua Ag- We find
that the frontal, parietal and occipital lobes suffer significant loss of connections in the
AD group, which is consistent with the previous findings in the Alzheimer’s disease
literature (Johnson et all 2012; Zhang et al., 2015). We list the detected regions in

Table [SAl

S5 Application to Microarray Data Analysis

To further illustrate the effectiveness of our model, we apply it to the analysis of three
microarray data and compare it with global and group-specific models. The microarray
data come from three related cardiovascular disease studies on finding the key genes
that mediate atherosclerotic and inflammatory process. The three microarray data are

publicly available on Gene Expression Omnibus via the accession names as GSE12288,
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Table S5: ROIs with loss of connections on €24 A, from AD group compared to NC group.

ROI1

ROI2

0O Ui Wi =

frontal lobe WM right
frontal lobe WM right
angular gyrus right
angular gyrus right
frontal lobe WM left
frontal lobe WM right
angular gyrus right
frontal lobe WM left
frontal lobe WM right
angular gyrus right
frontal lobe WM left
superior parietal lobule left
occipital lobe WM left
frontal lobe WM right
angular gyrus right
frontal lobe WM left
superior parietal lobule left
occipital lobe WM left
postcentral gyrus left
frontal lobe WM right
angular gyrus right
frontal lobe WM left
occipital lobe WM left
postcentral gyrus left
precentral gyrus left

angular gyrus right
frontal lobe WM left
frontal lobe WM left
superior parietal lobule left
superior parietal lobule left
occipital lobe WM left
occipital lobe WM left
occipital lobe WM left
postcentral gyrus left
postcentral gyrus left
postcentral gyrus left
postcentral gyrus left
postcentral gyrus left
precentral gyrus left
precentral gyrus left
precentral gyrus left
precentral gyrus left
precentral gyrus left
precentral gyrus left
angular gyrus left
angular gyrus left
angular gyrus left
angular gyrus left
angular gyrus left
angular gyrus left
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NC AD NC AD

QA’A,g

(a) v=0.2 (b) »=10.3
Figure S9: Heatmaps of the adjacency matrices corresponding to €2, ,, Q4 and @4/, for NC and

AD groups with the tuning parameter (a) v = 0.2, (b) v = 0.3. Each black dot in the plot indicates
that the corresponding two covariates are partially correlated.

GSE16561 and GSE20129. There are 222, 63 and 119 samples in these three datasets.

It was identified by [Li et al| (2014) that the gene “IFNA4” plays a key role in the

process. In order to understand how this gene connects to the other 464 genes in the 20
immunity-related signaling pathways, we propose to regress the expression of IFNA on
the expression of the rest genes using four models. For the global model, we concatenate
three datasets and run a single regression on the combined data. The group-specific
model is applied separately to each of the three datasets. We also run the proposed

and Factor-0 models on the three datasets together.
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We randomly partition all samples into 75% for training and 25% for testing. We
repeat the random split for 50 times. The overall and groupwise Mean Squared Errors
(MSEs) with corresponding standard errors are reported in Tables and respec-
tively. For each model, we use three penalty functions, namely the /y-penalty (Ridge),
the ¢1-penalty (Lasso), and the Elastic Net (EN) penalty with the bridging parameter
equals to 0.5.

As shown in Table[S6, our proposed model outperforms the other three competitors
by a fair margin in terms of the overall MSE. The global model performs poorly as it
ignores the heterogeneity among the three studies and the group-specific model fails
as the sample sizes in each study are not large. On the contrary, our method can find
a good balance between the two and achieves better prediction. The Factor-0 model
adjusts for group-specific means. Compared with our model, its prediction is still worse,
which suggests that there are some additional latent factors need to be adjusted as done
by our method. These factors could potentially be due to the batch effects. In terms
of the groupwise MSE, our model performs the best in two of the three studies, even

though the group-specific model has the best performance in GSE20129.

Table S6: Overall MSEs for the four models.

Penalty Global Group-specific Factor-0 Proposed

Ridge  1.509 (0.029) 1.504 (0.031)  1.524 (0.030) 1.461 (0.029)
EN 1.735 (0.031)  1.692 (0.039)  1.643 (0.032) 1.582 (0.032)
Lasso  1.727 (0.031)  1.708 (0.042)  1.659 (0.032) 1.619 (0.033)
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Table S7: Groupwise MSEs for the four models.

Global Group-specific Factor-0 Proposed
Penalty = Ridge
GSE12288  2.016 (0.050)  2.059 (0.049) 2.082 (0.052) 2.000 (0.050)
GSE16561 1.334 (0.092)  1.501 (0.098) 1.308 (0.082) 1.223 (0.080)
GSE20129  0.638 (0.025) 0.452 (0.020) 0.578 (0.023)  0.562 (0.021)
Penalty = Elastic Net
GSE12288  2.259 (0.055)  2.361 (0.063)  2.234 (0.057) 2.179 (0.058)
GSE16561  1.640 (0.102)  1.598 (0.139)  1.438 (0.089) 1.277 (0.099)
GSE20129  0.790 (0.030)  0.472 (0.023) 0.628 (0.027) 0.609 (0.025)
Penalty = Lasso
GSE12288 2.233 (0.058)  2.386 (0.069)  2.254 (0.058)  2.244 (0.060)
GSE16561 1.714 (0.112)  1.581 (0.134)  1.464 (0.091) 1.267 (0.089)
GSE20129 0.773 (0.031)  0.487 (0.024) 0.632 (0.027) 0.615 (0.025)
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