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NEGATIVE MOMENT BOUNDS FOR STOCHASTIC
REGRESSION MODELS WITH DETERMINISTIC TRENDS
AND THEIR APPLICATIONS TO PREDICTION PROBLEMS

Chien-Ming Chi', Ching-Kang Ing' and Shu-Hui Yu?

! National Tsing Hua University and > National University of Kaohsiung

Abstract: We establish negative moment bounds for the minimum eigenvalue of
the normalized Fisher information matrix in a stochastic regression model with a
deterministic time trend. This result enables us to develop an asymptotic expression
for the mean squared prediction error (MSPE) of the least squares predictor of the
aforementioned model. Our asymptotic expression not only helps better understand
how the MSPE is affected by the deterministic and random components, but also
inspires an intriguing proof of the formula for the sum of the elements in the inverse
of the Cauchy/Hilbert matrix from a prediction perspective.
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1. Introduction

The stochastic regression model is a widely used statistical model, owing to its
broad applications in engineering, economics, medicine, and many other scientific
fields. In their seminal paper, Lai and Weil (1982) laid the theoretical foundations
for parameter estimation in such a model. In particular, they proposed a set of
weakest possible conditions under which the linear least squares estimate achieves
strong consistency. Lai and Wei’s paper inspired a great deal of exciting work,
bringing insights into prediction, model selection, nonlinear estimation, stochastic
approximation, and adaptive control; see, for example, Chen and Guol (1986)), Lai
and Wei (1986, Wei (1987), Wei| (1992), Lai (1994)), |[Lai and Lee| (1997)), |Chen,
Hu and Ying| (1999), and |Gerencsér, Hjalmarsson and Martensson! (2009).

One of the most important purposes of statistical modeling is to predict fu-
ture values. The performance of a prediction method is usually evaluated using
two measures: the accumulated prediction error (APE), and the mean squared
prediction error (MSPE). Model selection based on these two types of errors has

also attracted much attention from researchers and practitioners. |Wei (1987)

Corresponding author: Ching-Kang Ing, Institute of Statistics, National Tsing Hua University, Hsinchu
300044, Taiwan. E-mail: cking@stat.nthu.edu.tw.


https://doi.org/10.5705/ss.202020.0399
mailto:cking@stat.nthu.edu.tw

2216 CHI, ING AND YU

provided asymptotic expressions for the APEs of the least squares predictors in
stochastic regression models. Model selection based on the APE has been ex-
plored by Rissanen| (1986)), [Wax] (1988), [Hannan, McDougall and Poskitt| (1989),
Hemerly and Davis (1989), Wei (1992)), Speed and Yu (1993)), West/| (1996,
(1997), (2004)), (2007), Ing, Lin and Yu| (2009), and
. Asymptotic expressions for the MSPEs of least squares predictors
have been derived in a variety of time series models; see, for example,
Hasza| (1981)), Kunitomo and Yamamoto, (1985), Gerencsér| (1992), (2003),
Ing, Lin and Yu! (2009), |Chan and Ing (2011), and (Chan, Huang and Ing| (2013)).
Furthermore, numerous model selection methods have been proposed based on
minimizing the MSPE; see Shibata (1980), Bhansali| (1996), Lee and Karagrigo-|
rioul (2001), Ing and Wei| (2005), Ing, Sin and Yu| (2012), and Hsu, Ing and Tong|
(2019).

Because many time series data exhibit polynomial or other deterministic time

trends, parameter estimation and hypothesis testing in time series models with
drifts have been considered by several authors; see, for example, ,
Hamilton/ (1994), and (1994). On the other hand, most existing studies on
the MSPE have focused on the case in which the underlying time series model has
a constant mean. Although derived an asymptotic expression for the
MSPE of the least squares predictor in an autoregressive (AR) model around a

polynomial trend, it seems difficult to apply his result to more general time series
models. In addition, his derivation is heavily reliant on a negative moment bound
for the minimum eigenvalue of the normalized Fisher information matrix of a
nonconstant mean, a rigorous proof of which is not provided. This study fills this
gap by investigating the MSPEs of the least squares predictors in autoregressive
exogenous (ARX) models (an important class of stochastic regression models),
with deterministic trends satisfying general conditions. We first establish negative
moment bounds for the minimum eigenvalue of the normalized Fisher information
matrix, R,, associated with this model in a rigorous manner. With the help of
these bounds, we provide an asymptotic expression for the MSPE of the least
squares predictor. This expression is the sum of two terms that count for the
variation from estimating the time trend and the ARX components, respectively.
This result helps us to understand how the MSPE is affected by the model’s
deterministic and random elements.

Our asymptotic expression shows that the MSPE from estimating the poly-
nomial time trend is related to the sum of the elements in the inverse of the
Hilbert matrix, which, in turn, is a special case of the symmetric Cauchy matrix.
The formula for the sum of the elements in the inverse of the latter matrix was
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given by Schechter| (1959) using Lagrange’s interpolation method. The connec-
tion between the MSPE and the Cauchy/Hilbert matrix raises the question of
whether there is an alternative proof of the formula from a prediction perspective.
By establishing an intriguing link between the MSPE and the APE, we show that
the answer to this question is affirmative.

The rest of the paper is organized as follows. In Section 2, we establish
negative moment bounds for the minimum eigenvalue of a matrix associated with
R,,. In Section 3.1, we give asymptotic expressions for the MSPEs of the least
squares predictors in ARX models with general time trends. We illustrate the
results using polynomial and periodic time trends. In Section 3.2, we provide a
statistical proof of the formula for the sum of the elements in the inverse of the
Cauchy matrix. Section 4 concludes the paper. All proofs of the theorems in
Sections 2 and 3.1 and other technical details are relegated to the Appendix.

2. Negative Moment Bounds

Let k and m be positive integers. We start by considering a km-dimensional

time series,

Y, =) Cjer, (2.1)
j=0

where e;; = (6, ko A T, {8;} is a sequence of m-dimensional in-

b= (i 1)k41)
dependent random vectors satisfying E(6;) = 0 and E(6:6, ) = = > 0, C; are

km x km coefficient matrices, Cy is invertible, and
o0
2
D IG5 < oo (2.2)
§=0

Here, ||A]|r denotes the Frobenius norm of matrix A. Many time series regression
models have explanatory vectors satisfying (2.1). Here, we give two examples.

Example 1. Let z;, = Z]ﬁo D;é;—; be an m-dimensional stationary time series,
where 3772 | D;j||% < oo, Dy is invertible, and {8:} is defined as in model (2.1]).
Then,

2z o Djr - Dgyyr—1 Ot jk

> : : : . (23)

Zi_jp1) D vygy1-+  Dj O (j+1)k+1

where D; = 0, if | < 0. Hence, (2.1)) holds with Y; = (2, -- ,z;kH)T,
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Djr - Dk
D vyks1--- Dijk
and g;; = ((5;—_jk, e 5tT—(j+1)k+1)T' One may use the following vector AR model
for predictions:
k
zZii1 =) Ozt €, (2.4)
j=1

where ®; are m xm coefficient matrices and €;11 is the model error, which can be
serially correlated if ([2.4)) is misspecified. It is clear that the explanatory vector
of model (12.4]) is given on the left-hand side of (2.3)).

Example 2. Consider an ARX model,

Za]vtj—i—ZZG Jze—i (1) + &4, (2.5)

=1 j=1
where d, ko, . .., kq are positive integers, a; and 6;() are unknown coefficients,
l—a1z—- —ag2™ #0, |2| <1, (2.6)
(ze—1(D)y ..oy 2e—ps1 (D)7, for I = 1,...,d, are exogenous variables admitting the

MA (00) representation

i b] Et— ] (27)

7=0
with bg(l) 1 and Z(;oobi() < 00, and 6t = (€t,€t(1),...,€t(d))T, for t =
1,...,n, are independent noise satisfying E(6;) = 0 and (0j)1<i j<a+1 = E(6:6,)

> 0. By (2.6) and (2.7)), there exist n;, for j > 0, with ng = (1,0,.. .,0)T and
Z;; [m;]|? < oo, such that

= Zn;rét*ja (2.8)
=0

where || - || denotes the Euclidean norm. Let k& = max{ko, ..., kq}. Then,

Y = (v, 2(1),...,z(d), ..., UVt k+1> zt—fc—l—l(l)v e 7Zt—E+1(d))T (2.9)

can be viewed as an explanatory vector of model (2.5)) containing possibly redun-
dant components. It follows from (2.7)) and ( . that
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oo
Y;f = E ngt,j7
7=0

where €; ; = (52—_],%, e (5;—_(j+1)]—€+1)—r and
Cj,ll Cj,ll_c
Cj = : : ,
Cik - Cirr
in which
Nik—t+1,1 Mjk—t+1,2 T 0 Mk—t+l,d+1
0 b)) 0 .- 0
Ciu = : 0 bjfc—t-f-l(?) 0 :
: : . 0
0 0 T 0 bjl_cft+l(d)
is a (d+ 1) x (d+ 1) matrix with (njl%—t+l,1> . 777jE—t+l,d+1)T = Njf_t+1, and

Mhi, = bn(l2) = 0 if h < 0. Because > 22, |C;]|% < oo and Cj is invertible, owing
to Cout = Ig41 (the (d + 1)-dimensional identity matrix) and Cpy = 0 if ¢ > [,
we conclude that Y; in (2.9) fulfills (2.1)), with k = k and m = d + 1.

Assuming that (2.1)) holds and there exist §, M, > 0 such that for any
O<w—u<é,
sup  sup P(u<v'd <w) < M(w—u)?, (2.10)
—oo<t<oo |lp||=1

Findley and Weil (2002)) showed that for any ¢ > 1,

E (A;ﬁn (n ZwT)) - o), (2.11)
t=1

where n is the sample size and Apin(A) denotes the minimum eigenvalue of matrix
A. With the help of , they presented the first mathematically complete
derivation of an analogous property of the AIC used to determine how well vector
autoregressions fit weakly stationary series. Using and an argument in
Findley and Wei (2002), one can also obtain an asymptotic expression for the
MSPE of the least squares predictors in model (or (2.5)) in terms of the
sample size, variance of the model error, and number of the estimated parameters.

When a deterministic trend (containing p variables with p > 1) is taken into
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account, a natural generalization of (2.11)) is

(Am?n< 1Zwtwt)>— O(1), (2.12)

— (M T (n) D . .
where w; = (z;’ ,Y;')', and ;' € RP, possibly depending on n, denotes the
normalized time trend variables satisfying

sup |2 < My, (2.13)
1<t<n

for some positive constant M;. One would expect that (2.12)) holds under the
additional assumption,

lim inf Amin <n—1 > m§">m§"”> >0, (2.14)
t=1

n—o0

which is commonly made on the fixed-design matrix. The proof of , how-
ever, is far from trivial. The main reason is that the proof of is built on
the property that for any @ € R*™ with ||a|| = 1, the conditional distribution of
(a"Y;)? given information up to time ¢ — [ is sufficiently smooth at the origin,
as long as [ is sufficiently large. This property is ensured by , but is no
longer valid when Y; is replaced with w;. With the appearance of $tn), it is easy
to find a unit vector @ € RF™*P such that a'w; = 0. In Lemma 2, we provide
a characterization of . This characterization is not only of independent
interest, but also inspires a proof strategy that bypasses the above difficulty. The
main result of this section is given in the following theorem.

Theorem 1. Assume (2.1), (2.2)), (2.10), (2.13)), (2.14), and

sup  max E|6;|% < oo, (2.15)

—co<t<oo 1<i<m

where v > 1 and (8¢.1,--.,0um)" = 6. Then, for 0 < q <=, [2:12) follows.

3. Applications
3.1. MSPE

In this section, we focus on the ARX model around a deterministic time
trend,

ZﬁyStg-FZa]yt]—i-ZZQ )zt (1) + &, (3.1)

=1 j=1
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where p,d, and ko, ..., kg are positive integers, f;, a;j, and 6;(l) are unknown
coefficients, with a; satisfying (2.6)), z¢—1(1) = (z-1(0), ..., 25, (1)) ", 1 <1 < d,
are exogenous variables admitting the MA (oco) representations described in (2.7)),

st = (St1,...,5tp)  are deterministic variables, and §; = (e, &¢(1),...,e:(d))"
are as defined in Example 2. Let P, = (s],y, ;,2/ ;(1),...,2 ,(d))", where
e = Wty Yi_kyr1) . Having observed yi,...,y, and Py,..., P, 1, we are

interested in predicting y,41 using the least squares predictor,

n -1 n
Jns1 =Pl (Z HPI) > Py, (3:2)
t=1 t=1

provided the inverse of Y1 | P,P," exists.
To analyze the MSPE, E(yn+1 — §ns1)?, of §nt1, we impose the following
conditions on the deterministic terms s;: there exists a p x p matrix D such that

for any ¢,
St—1 = DSt, (33)
and
ko )
I, - Z a; D’ is invertible. (3.4)
j=1
By (3.3) and (3.4)), it can be shown that
ye =B sy + v, (3.5)

where v; is defined in (2.8]), and g = B (I, — 2?0:1 a; D)1 with 8 = (b,
.., Bp)T. Many commonly used deterministic trends fulfill (3-3) and (3.4). For
example, in the case of the polynomial trend

sp=(1L,t,...,tP7HT p>1, (3.6)

we have D = (Djj)1<i j<p, where D;; = 0if 1 <i < j < p, and C’f:;(—l)i_j if
1 <j <i<p, where C{_} = (i = 1)!/[(i — 4)!(j — 1)!]. Because D, for j > 1,
are lower triangular matrices with diagonal entries 1, holds when is
assumed. For the periodic trend

sy = (1,sinwvyt,cosvit. .., sinypt, cos Vht)T, (3.7)

where h > 1 and 0 < v < --- <y, <7, we have D = Diag(1,vy,...,vy), where
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- [cosy;  —siny;
vi=1| . .
sinv;  cosv;j

In addition, (3.4) follows from (2.6)). By (3.3) and (3.5)), the trend in y;—; can be

removed using a linear transformation of P,
—Gs; = = T 3.8
Yi—-1 8t =vi—1 = (Vg—1,... ;'Ut—ko) ) (3.8)

where GT = (DTB* - -- Do (3*). Suppose there exists a p X p nonrandom matrix
Q.,, such that and hold, with zcgn) = @Qps¢. Then, this assumption
and together suggest a linear transformation, F,,, of P, that depends on G
and Q,, and satisfies

T

F.P = (2" vl 1,2 1(1),.... 2 ()7,

in which each component has the same order of magnitude, and the deterministic
and random components are completely separated. Define ng) = F, P, and
~ T

R,=n"13""0, ng)ng) . Because (v, 1,2, 1(1),...,2/1(d))" is a subvector

of Y;_1 defined in ({2.9)), it follows from Theorem 1 that for 0 < ¢ < 7,
E (\L(R,) = 0(1), (3.9)
provided (2.10)) holds with m = d + 1 and

sup  Ele/* + sup  max Elg(1)[* < oo, (3.10)
—oco<t<oo —oco<t<oo 1<I<d

for some v > 1. Equation (3.9) plays an indispensable role in dealing with
E(Ynt1 — Uns1)? because it is not possible to rigorously analyze

n 2
n(EYni1 = Gns1)? —on) = B (GEQIR;%_I/Q Z ng)et> ,  (3.11)
t=1

without recourse to the moment bounds associated with R;;* or )\I;lln(Rn) Recall

011 = E(e?) defined after (2.7). The main result of this study is stated in the
next theorem.

Theorem 2. Assume (3.1), (3.3), (3.4), (2.10), with m = d+1, and (3.10)), with

v > 4. Furthermore assume there exists a p X p nonrandom matric Q, such that

@13) and @-14) hold, with =\ = Q,s,. Then,
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_1 d
n [E(yn+l - @n+1)2* 011] +0( ) ELle (n_l Z ’JJ(n) (n ) ZB$171+)10'11+0112 k?j.

§=0
(3.12)

Ignoring the o(1) term, the centered MSPE, E(y,11 — 9n+1)? — 011, multi-
plied by the sample size, can be expressed as the sum of two terms. The second
term, accounting for the variation from estimating the ARX part of the model, is
linearly proportional to the number of estimated parameters. On the other hand,
the first term (from the error arising from estimating the deterministic trend) ex-
hibits asymptotic behavior that varies appreciably, depending on the time trend’s
feature. The following examples provide more illustrations of Theorem 2.

Example 3. Consider the polynomial trend . Set Q,, = Diag(1,n7!,...,
n~PT1). Then, n=! 37 | @, ):c,E n H, = (1/(i+j—1))1<i j<p, the p-dimensional
(n)

Hilbert matrix, and @, /; — 1, the p-dimensional vector of ones. Because H,, 1
exists (see Choi (1983))), Theorem 2 implies

d
Tim 7 [B(yns1 = Goi1)? = on] = o (1;Hp11p + Z@) . (3.13)
7=0

Example 4. For the periodic trend , set Qn = Iapy1. Then,
Zn (m) (m)" Lo
. —1 n) ()" 1 L L
nll)nolon 2 T, T, —Dlag<1,2,...,2>,
(n)

and @, ), = (1,sinvi(n+1),cosvy(n+1)...,sinvy(n+1),cosvp(n+1))". There-

fore, angZI( DI mgn)azgnw)_lmgﬁl — 2h + 1, and hence by Theorem 2,

d
lim n [E(yn+1 — gn+1)2 — 0'11] =011 <2h +1+ Zk‘j> . (314)

n—00 -
j=0

Example 4 reveals that the effect of the periodic trend aligns with that of the
ARX component. That is, it is linearly proportional to the number of parameters.
On the other hand, Example 3 shows that this is not the case for the polynomial
trend, because 1;— H, 11p /p is not a constant. We explore this issue further in the
next section. When d = 0 (no exogenous variables in the model), (3.13)) was given
in Ing (2003) under the stringent condition that E|e;|? < oo, for any ¢ > 0. His
derivation depends on Lemma B.1, which claims that holds for any ¢ > 0,
provided the time trend satisfies . However, a rigorous proof of this result
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seems to be missing.

Before closing this section, note that we investigated the relevance of our
asymptotic results in finite samples using a limited simulation study, concentrat-
ing on several AR(2) models with polynomial or periodic trends. Our simulations
show that the empirical MSPEs, obtained based on 10,000 replications, are rel-
atively close to their limiting values, given on the right-hand sides of and
, even for n = 100. Further details are available upon request.

3.2. Statistical predictions and Cauchy matrices

To better understand the effect of the polynomial time trend on the corre-
sponding MSPE, we calculate the value of 1;Hp_11p in . In fact, Hy, is a
special case of the symmetric Cauchy matrix C, = ((I; +1; — 1) 71)1<i j<p, where
ly...1, are distinct real numbers, with I; +1; # 1, for all 1 < ¢,57 < p. In this
section, we assume minj<j<,l; > 1/2 to ensure that C), is positive definite; see
Fiedler, (2010). Obviously, when [; = i, for ¢ = 1,...,p, C, = H,. By using
Lagrange’s interpolation formula, [Schechter| (1959) showed that

p
1,c', = (Z 2@») —p. (3.15)

j=1
Equation (3.15) leads immediately to
1, H,'1, =p? (3.16)

showing that estimating the polynomial trend yields a prediction error quadrat-
ically proportional to the number of parameters associated with the trend. This
is in contrast to the prediction error contributed by estimating the ARX part,
which is linearly proportional to the number of parameters. In view of the connec-
tion between 1; H, 11p and the statistical prediction, it is intriguing to explore
whether there exists a statistical proof of , or even . In the rest of
this section, we show that the answer to this question is affirmative. Our proof
of ((3.16))) relies on a novel link between the MSPE and the APE.
To begin with, let us focus on the following regression model:

P
yt:Zﬁjtl'j_l—F&t, t:].,...,’rl, (317)

j=1
where [; > 1/2, fori =1,...,p, and &; are independent standard normal random

variables. The least squares predictor, g,41, of yn+1 is given by wg 41 Bn, where
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" -1
Bi= <Z%%T) ijyj’
j=1 Jj=1

with 2, = (th~1, ..., t»=1)T. Define D, = Diag(nl*~V/2,... ,nk»=1/2). Then, by
the positive definiteness of C),, it can be shown that

lim n{E(yn+1 — Qn+1)2 =1} = lim n{E(Yn+1 — Jn+1 — 5n+1)2}

n—oo n—oo
(3.18)

n—oo

-1
n
: T p-1 p-1 T -1 -1 Tl
= lim nz, D, (Dn g xix, D, ) D, xn1 =1,C, 1,
t=1

which establishes a connection between the left-hand side of (3.15) and the
MSPE. The key idea is to further associate the MSPE in (3.18)) with the APE,
>t (We — Gt — e¢)2. More specifically, it follows from

n -1 n
:B;Lr ( E mnw;—> x, — 0, liminf A\, (D;l Z mna:ZDTf) > 0,
=1 e =1
Theorem 3 of |Wei (1987), and the positive definiteness of C), that

St nrn (e — e — &)? ~ lim S nrr e — e — e¢)?
W Tlogdet S, wuwy b (20 24) — pllogn

=1 as., (3.19)

where M is the smallest integer ¢ such that Bt is uniquely defined. By Minkowski’s
inequality, it can be shown that {d°; ;. (¥ — 9 — &)?/logn} is uniformly
integrable, which, together with (3.19)), implies

D G A 5 -
Jim. ogn > B -ii—e)’ = (;%) —p- (3.20)

t=M+1

Denote E(y; — §; — £¢) by v;. Then, (3.18)) and (3.20) ensure

1< ¢
: 1T 1 : _ |
nlgr;onun =1,C, 1, and nlggl(} logn %1 v = (Zl2lj> p, (3.21)
= j=

respectively. Moreover, it follows from the first identity of (3.21)) that

1 - 1 —~ Tl Tl —~
logn Z Vt_logn{ Z =1, 0 1) +1,6,71, Z t

t=M+1 t=M+1 t=M+1

=1,C, "1, +o(1),
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which, together with the second identity of (3.21f), yields (3.15]).

4. Conclusion

In this paper, we provide a rigorous analysis of the MSPE of the least squares
predictor in ARX models with deterministic time trends satisfying some general
conditions. Owing to the difficulty in proving moment bounds for )\;?H(Rn), q>
1, the asymptotic expression, , has not been reported elsewhere, to the
best of our knowledge. In the polynomial time trend, inspires an intrigu-
ing proof of the formula for 1; C, 11p from a prediction perspective. However,
there are still several issues that require further investigation. For example, both
the polynomial and the periodic time trends, and , respectively, are
precluded by ifl—aiz—---— akozko has roots on the unit circle. This
leads to the question of how to modify and in the presence of unit
roots. The techniques developed in |Chan| (1989) may help answer this question.
Furthermore, because the models imposed on the exogenous variables z;(l)s are
very general, the multistep prediction based on a finite number of lags of z(I)
may suffer from model misspecification. Therefore, an extension of to the
case of multistep prediction or model misspecification is another exciting topic
for future research.
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Appendix
A. Appendix

A.1. Proof of Theorem 1

To prove Theorem 1, we need some technical lemmas to characterize (2.14)).

Lemma 1. Assume (2.13). Then, (2.14)) holds if and only if there exists a subset,
Gn, of X, = {1,...,n}, with liminf,,, §(Gn)/n > 0 and liminf, . mingg,
H:c,(fn)H > 0 such that

. ) -1 n) (n)"
I%rgloréf)\mm<ﬁ(Gn) Z:ct x; >>0. (A1)

teG,
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Proof. The proof of the “if” part of Lemma 1 is easy and hence omitted. To
prove the “only if” part, we note that (2.14) yields that for all large n,

mm( _1Z£U(n) (n) > > s, (AQ)

where s is some positive constant, and hence
n
n~! E :1:,5271 > s, (A.3)
t=1

where x;; denotes the 7th component of azgn). Therefore, G, := {t : 1 <t <
n, ngn)\|2 > s/2} is non-empty for all large n. By (2.13) and (A.3)), one has for
all large n, ns <> " | xil < #(Gn)M? + ns/2, yielding

8(Gn) = s (A.4)

L
2M?
Now, the desired conclusion follows from (A.4), (A.2), and Apin(#(Gn) ™' > sccr

w(n)wgn) ) > Amin(n™? ZteGn wgn)wgn)T) > Amin(n”! doie wtn)wgn) ) —n!
”)HQ.

Lemma 2. Assume (2.13)). Then, (2.14)) holds if and only if there exist disjoint
subsets, D, ... Dy, , of X, where§(D;) =p, i =1,...,qpn, andliminf,_, g,/n >
0, such that

liminf min )\min< Z wgn)wgnr> > 0. (A.5)

n—oo 1<:<
== teD;

Proof. The proof of the “if” part of Lemma 2 is easy and hence omitted. To
prove the “only if” part, by Lemma 1 and (2.13), we can set ||:c§n) | =1 for all t.
We also assume without loss of generality that the s in is less than 1. Define
Dy(n) =0, and for i > 1, let D;(n) be any p-element subset of X,, — U;;é Dy(n)

satisfying
)T sP
mln( Z l't mt > > wpp 1 (A.6)
teD;(n)
and D;(n) = 0 if no such subset is found. Also define ¢, = 0 if Di(n) = 0, and
max{i > 1: D;(n) # (0} otherwise. For notational simplicity, in what follows we
suppress the dependence of a:l(tn) and D;(n) on n, and write ; and D; instead of
azgn) and Dj(n), respectively. Denote X, — ", Di by Z, = {s1,..., sk, }, where
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kn =n — pgn. If k, < p, then
n
n > —— 1. (A7)
p

For k, > p, choose distinct elements, c1, ..., cp, in Z, sequentially as follows. Let

c1 be any element of Z,,. For 2 < j <p, set ¢; = argmax, ¢z ||(I, — Mj_1)zs,||,
where M;_ is the orthogonal projection matrix onto C(x.,,...,%.,_,), the col-
umn space of (x.,,...,2.,_,). Note that this sequential procedure of choosing c;
is similar in spirit to the orthogonal greedy algorithm in Ing and Lai (2011)). Let
My be the p x p matrix of zeros. Then,

|(Ip — Mj_1)x,, || is non-increasing in j, (A.8)

p p
110, a5 < Amm<z% )Am(z>
j=1 j=1

7j=1

p p
< >\min cj i -1 < f
< Eerl )= (3)

where A\pax(A) denotes the maximum eigenvalue of A and the last inequality is

Sp
max E a:ta: < —
DCZ,4(D Amin ! 2ppp1

teD

(A.9)

ensured by

Equations (A.8)) and (A.9)) imply there exists 1 < j* < p such that for all j* <
j < pand all large n, ||(I, — Mj_1)z,||* < /2, and hence for all 1 < i < k,, and
all large n,

2 < ; (A.10)

Let v be any unit vector perpendicular to C(M;-_1). Then, (A.10) yields

kn ko
! (“1 Z“’wT>” <n Y &) (I — My )] < g (A.11)
=1

=1

H(Ip - Mj*—l)xsi

and hence Apin(n~? Zl L @s,x) ) < s/2. This, together with (A-2) and

dn
mm( 1me )—)\mm(n_122$l$l +n 1st] )

=0 leD

np BN T
S % +)\min (n ZlmSjw8j>7
J:

(A.12)
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gives
sn

>
n —_ 2p7
for all large n. Consequently, the desired conclusion follows from (A.7)) and
ET3).

With the help of Lemma 2, we are now in a position to prove Theorem 1.

q (A.13)

Proof of Theorem 1. Consider

w* — IP 0, win) — wgn)

where Y;* = ;0 + Z;; C]’-‘r-:t’j, C’; = CpCj, and the dependence of w; on n is
suppressed in this proof. It follows from (2.2 that

> lICsIF < oo (A.14)
j=1

In the rest of the proof, we shall show that

E ()\m?n <n—1 Zn:w:wf» = 0(1), (A.15)
t=1

which leads immediately to the desired result . By Lemma 2, one has for
all large n,
) ) ()T
1%‘113%” Amin (t;;i $g )mg ) > > p1, (A.16)
where p; is some positive constant, D;s are disjoint subsets of X,, with #(D;) = p,
for all 1 <i < g,, and g, satisfies liminf,,_,~ ¢,/n > 0. Let d; denote the largest
integer in D; and {d(;} be the decreasing rearrangement of {d;}. Set c¢1 = d(y)
and for 7 > 2, define ¢; = max{d),1 <1 < g, : ¢;-1 —d(y > k}, and 0 if no
such d) exists. Let s, = max{i > 1 : ¢; > 1}. Then, it is easy to see that
liminf, o $p/n > 0. Let D; denote the set D;,1 < j < ¢, containing ¢;, L be
an integer satisfying
24 (¢ + )
algt =)
and g, = |sn/L|, where ¢ < v* < 7, ¢t = p+ km, « is defined in ,
and |a] is the largest integer < a. Then, by the convexity of z7%¢ = > 0, and

L> (A.17)
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liminf,_,~ gn/n > 0, we obtain for all large n,

the left-hand side of (A.15) < E (A;gn (nl SN Bt>>

=1 teD;
- B (A.18)
écgzle(Am?n(z > B))
i=0 i=ltep,

where B; = wjw; " and C here and hereafter represents a generic positive con-
stant which is independent of n, but may vary from place to place. In view of

(A.18), (A.15) follows if we can show that for all large n,

L
E(A;&(Z > Bt)>§0, §=0, .., g0 — 1. (A.19)

> — ’
i=lteD ;.

In the following, we only prove for the case of j = 0 because the proofs of
other cases can be obtained similarly.

Let k* = max{k7], k3}, where k7 and k3 are positive constants to be specified
later. Then, the left-hand sides of (with j = 0) is bounded by

v [ P(G V@) dit [P ) du
. o g (A.20)
=k +/ I(p)dp +/ () dp,
k;* *
where
L
G(u) = inf1 Z Z (Vw!)? < p~ e
Sl i e,
and
V(p) = { max [|wj|* < sp!/ 7*} ,
teUiz, D;
in which s is small enough such that
2Mipy/s +ps < 22, (A.21)

4

where M is defined in (2.13). By (2.15]), (A.14]), and Lemma 2 of Wei (1987), it
can be shown that

/ () dp < c/ = dp = O(1). (A.22)
* k*
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To deal with the first integration in (A.20)), note that

Ivl=1 = f
vEeR' teD; teD;

L
Gu V) < (V1] inf | > 0w <0 37 il < psp ™ 6 V()
=1

= Q) [V (n)-

By an argument similar to that used on page 137 of Ing and Wei (2003]), it can be
shown that there exist a positive integer m* < Cy ,u‘(q71+7* )/2 and unit vectors,
ly,...,l} ,in R' such that

Q(p) C U {”leZf,eD’. B, < (2ypst+ D~V i=1,... ,L} = U 1L 1.(1),
j=1 ! j=1

where C] is some positive constant independent of n and p and |z||} = = Az
for non-negative definite matrix A. Since |l;rw;"\ < HleZf,eD; B,

-
< Y Pl <@ )e Y =1, L)
j=1
2]l 2=/ 2
-
+ Y P(V()Is(w) (A.23)
j=1
L2l <p=2/
m* m*
=Y I+ Y IV,
j:l j:1
14,2 l1>p =1/ 277 14 o] <p=1/ @35

where I;- is the vector consisting of l;’s last km elements. Denote l;2 by
(1/5(1), ..., 1i5(k)) ", where each of I;2(i) is m-dimensional. Then, for ||L;a >

p~Y) and p > k= {2VE(2,/pst + 1)/5}2/(‘171_7*_1), it holds that

L
I;(p) = E {HI{lew;i|<(2\/ﬁ+l)u—l/2q}P (A1(1)|0¢,—j, 5 = k)}

1=2

L
< M{2Vk(@2ypsi+ D@7 )2)E (H I{Ilfw2i|§(2\/1m+1)#l/2q}>
=2
where A (i) = {—(2ypst + D=2 =15 < T4 15 (h)8e, 410 < (2y/P50+

Dp~ Y24 — ¥} with 7 = lele;?) —i—l;f2 > 521Cjec, j and (le’l, l;fz)T =1;, and the
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first inequality follows from [|1;2(h)|| > k~'/2u=1/27") for some 1 < h < k, ([2:10)),
and the independence among {d;}. Repeat the same argument L — 1 times, one
gets,

L (p) < ME{2VE2/pse + 1 ”L/L*(q_1*7*71)°‘L/2,
J
pTOVided l'2 > qul/(Q'y*) and L > k* As a result, by ‘ 5l 7
]7 —_ 1 A

/OO Z ITL; () dp < C/OO Iu*[(qflfv**l)aL/2fL(q*1+»yf1)/2] =0(1).
ke — k*

182l 2p= 2/ 77

(A.24)

For [l < /07 and o 2 kg = max{2"", {52y/55 + 1)2/p}}, (19
and (A.21]) ensure that on the set V(u),

1/2
win, 0l e, > (i, 105412 - 205 - s

N
1<i<L 1<i<L Yep ™

P1 1z P1 1z P1 1/2
— 2Mipy/5 — e P
= (5 -miom) = (2) - (3)
> (2y/pse+ )12,

for all large n. Hence, for all large n,

/:O Z IV, ()dp = 0. (A.25)

142l <pu=/ )

Consequently, (A.19)) (with j = 0) follows from (A.20), (A.22)), (A.23), (A.24),
and ([A.25)). Thus, the proof is complete.

A.2. Proof of Theorem 2

Proof of Theorem 2. We can assume without loss of generality that I:Zg 1 exists
because (3.9) implies P(R;;! exists) = 1 for all large n. Denote (v, (ko), 2 (k1),

.z (ka))" by Qi = (Qt(l)»m,Qt(Zf:o ’W))T and E(QQ[) by F = (Fi;
)1<w<zd k,- Then, it follows from , , and the first moment bound

theorem of [Findley and Weil (1993)) that for any 1 <i,j < Zl —o ki,

( 12@ ) ”><C\/Z?017? %z;io;v?(j):o(l)’ 26
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where 7;(i) is the autocovariance function of {Q:(i)} at lag [. In addition, it is
easy to see that for any 1 <17 < Z?:o ki,

n 2
n! Z ccgn)Qt_l(i) — 0,
t=1
which, together with (A.26)), yields
-1 )T
. 0 d
R, — ( Zt 1 :Bt px%:o kl) — 0p<1). (A.27)
(Zl=0 ki)xp

In view of (A.27)), the desired conclusion follows if
(Giﬂl R 1n71/2 Z G €t> is uniformly integrable,  (A.28)

and

E |z ( h Z 2"z > o Z oo+ QuF In 1 Z Qi-1éi
t=1 t=1
-1 d
_$n+1 ( 12:13 z!" ) :I:,(QlffnJrUnijJro(l)'

J=0

2

(A.29)

Since v > 4, there exists # > 0 small enough such that 4 < 2y(1 +0)/(y —
2(1+6)) <. Let 2y(1+6)/(y —2(1 4+ 0)) < ¢* < ~. Then, by Theorem 1 and

(3.19),
B{ALL (R} = O(L). (4.30)
By (A.30), Lemma 2 of Wei| (1987), 4¢*(1+0)/(¢* —2(1+6)) < 2v, and Holder’s

inequality,

n * s (a"—2(1+9))/2q"
E(T!*%) < (E\]G;+)1,,4q (140)/(q 2(1+9)>>

(" —2(140))/2q
(E”n—l/QZG(n & ”4(1 (1+6)/(¢* —2(1+9))>

2(140)/q*
)=o),

< (BAL ()

leading to (A.28)).
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To prove (A.29), define Q,, = E(Qn|Fn_y,), where g, — 00, gn = o(n), and
Fi is the o-field generated by (8¢, 8¢—1,...). Then,

n 2
E (QIF_ITL_I/Q Z Qt1€t>
t=1
2

2
nN—>gn n
=E (QZTF_ITL_I/Q Z Qt1€t> +E| Q) Fn1/? Z Qi—15¢
t=1 t=n—gn+1
2

2
n nN—gn
+E(Q; F'n7'/? > Qaa| +E <QZF_1TL_1/2 > Qt—16t>

t=n—gn+1 t=1

= (I) + (II) + (ITI) + (IV),
(A.31)

where Q) = Q,, — Q.. By Lemma 2 of [Wei (1987) and the Cauchy-Schwarz
inequality,
(IT) 4 (III) + (IV) = o(1). (A.32)

Straightforward calculations give

n—o0

d
lim (I) =011 ) kj, (A.33)
§=0

and

n—1 -1 n 2
E wgn)T (n_l Z mgn)wgnw> n~1/2 Z acin)et
t=1 t=1
n -1
= 335321 (nl Z a:tn):ngn) ) :137(21011 (A.34)
t=1
An argument similar to that used to prove (A.32)) yields
n—1 -1 5 n
E nl{wgn)'r (nl Z wtn)wgn)7> Z chn)fft} (QIFl Z Qt—15t> _ 0(1).
t=1 t=1 t=1
(A.35)

Consequently, (A.29) follows from (A.31))—(A.35)). Thus the proof is complete.
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