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Supplementary Material

This supplementary material contains an example of the use of Theorem 2 (Section, proofs
of all theorems (Section [S2)), additional simulation results (Sections and [S5), and

additional data analysis results (Section [S6).

S1 Example of the use of Theorem 2

We first illustrate the use of Theorem [2| and Corollary (I using hypothet-
ical data. Suppose that (Y7,...,¥s) = (0,0,1,3,3,6) and (X,...,Xy) =
(—1,2,3,3). We first derive Ff. The points {(H,(yx), Fn(yr)) : k =
0,...,mgy} are given by {(0,0), (0.3,0.25), (0.4,0.25), (0.9,1), (1,1)}, and
its GOM is given by {(0,0), (0.3,3/16), (0.4,1/4), (0.9,7/8), (1,1)}. This
is displayed in the upper left panel of Figure [l The values of the GCM
imply that F*(0) = 3/16, Fi(1) = 1/4, F(3) = 7/8, and F(6) = 1. We

then have that F;;(—1) = Fy(—00) + [F(0) — Fii(—o0)| it =
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[3/16] 1 = 3/16 and F3(2) = F(1) + [F;(3) — Fr ()] 550D — 1/4 +
[5/8]% = 11/24. The estimators F,, and F* are compared in the bottom
left panel of Figure

We next derive Gf. The points {(H,(yx),Gn(yx)) : k = 0,...,ma}
are given by {(0,0), (0.3,1/3), (0.4,1/2), (0.9,5/6), (1,1)}, and its LCM is
given by {(0,0), (0.3,3/8), (0.4,1/2), (0.9,11/12), (1,1)}. This is displayed
in the center left panel of Figure [I The values of the LCM imply that
G:(0)=3/8, Gi(1) =1/2, G:(3) = 11/12, and G} (6) = 1. The estimators
G, and G, are compared in the bottom left panel of Figure [I}

Finally, we derive 8. The empirical ordinal dominance curve is given
by the points {(0,0), (1/3,1/4), (1/2,1/4), (5/6,1), (1,1)}, and the vertices
of its GCM are given by {(0,0,), (1/2,1/4), (1,1)}. This is displayed in
the bottom left panel of Figure [ The left-hand slopes of the GCM are
1/2 on the interval (0,1/2] and 3/2 on the interval (1/2,1], which implies
that 6%(z) = 1/2 for z € (—o0, 1] and 65(z) = 3/2 for z € (1,00). This is
displayed in the bottom right panel of Figure [T}

We note that the maximum likelihood estimators Fn of Fy and Gn of
Gy derived in Dykstra et al.| (1995) for the fully discrete case are different

than F* and G%. In particular, both F, and G, have jumps at all the

unique values of the data {—1,0,1,2,3,6} with values Fn(—l) = 1/16,
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E,(0) = 3/16, F,(1) = 1/4, F,(2) = 3/8, and F,(3) = 7/8, and F,(6) = 1;
and G, (=1) = 1/8, Ga(0) = 3/8, Gy(1) = 1/2, Gu(2) = 7/12, G,(3) =
11/12, and G,,(6) = 1. However, the maximum likelihood estimator 8, (z) =

AF,(2)/AG,(2) is equal to 6% (z) for each z € {—1,0,1,2,3,6}.



TED WESTLING, KEVIN J DOWNES, AND DYLAN S SMALL

1.00 o a 1.00 — -
P 1
. [ R .
0.75 I 0.75
.
e
. =
LS 050 - = 0.50 —
/’ LL
7
0.25 o _&

: _a- 0.25 rf—
0.00 &~
0.00

00 0.1 02 03 04 05 06 07 08 09 1.0

Jrn|:n"'(1 _“n)Gn X
1 _a 1.00
i o ------=--- 1
5/6 .- e
P 0.75
213 —
c _ - 1 f>\\
o 12 A 5; 0.50
.
113 A - -
7
6 L. 0.25
.
.
o« 0.00
00 01 02 03 04 05 06 07 08 09 1.0 : 0 ; 2 3 4 5 6
7, Fn+ (1 -7,)G,, y
1.00 . » 2.0
. e
7
0.75 e 15
b
e
.’ N
w 0.50 , 4 ~ 1.0
’ [«=)
7
e
0.25 °_--° 0.5
0.00 -~ 0.0
0 116 1/3 12 2/3 506 1 = 0 1 M 3 4 s 6
G, z

Figure 1: Example of the process of constructing the maximum likelihood estimator for
(Y1,...,Y5) = (0,0,1,3,3,6) and (Xy,...,X4) = (—1,2,3,3). The graph of F,, versus
mnFn + (1 — 7,)G,, evaluated at 21, ..., 2, and its GCM are shown in the upper left.
The resulting MLE F' and F,, are shown in the upper right, and the graph of G,, versus
TnFpn + (1 — m,)G,, evaluated at z1,..., 2, and its LCM are shown in the center left,
and the resulting MLE G}, and G,, are shown in the middle right. The ODC diagram of
F,, versus G,, and its GCM are shown in the bottom left, and the resulting MLE 6} is
shown in the bottom right.
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S2 Proof of Theorems

Proof of Theorem [1. We first suppose that F' < G and v is non-decreasing
on G, and we show that F'(A)G(B) < F(B)G(A) for all measurable A < B.
Recall that FI(A) = fA dF when A is a set, and A < B means that a < b for
all a € A and b € B. Since F < G, we have that F(z) = [ v(u)dG(u)
for all z. We then have by Fubini’s Theorem that

F(A)G(B) = / _ AF (@) /y 46l = / _ V@) dG(@) / G (y)

yeB

_ / V(@) d(G x G)(z,y).
(z,y)EAXB

Now since v is non-decreasing and x < y for all x € A and y € B, we have

/ v(z) d(G x G)(z,y) < / v(y) d(G x C)(x.y).
(z,y)EAXB

(z,y)€AxB

Finally, applying Fubini’s Theorem again yields

v(y)d(Gx G)(x,y) = dG(x v(y)dG(y) = G(A)F(B).
[ rwdGxae = [ ace) [ saci) - Gure)

T

Next, we suppose that F(A)G(B) < F(B)G(A) for all measurable A <
B, and we show that Rp ¢ is convex on Im(G). Let t,u,v € Im(G), where

t<vandu= A+ (1—Xvfor A € (0,1). We then let A= (G (t),G (u)]



TED WESTLING, KEVIN J DOWNES, AND DYLAN § SMALL
and B = (G~ (u),G(v)], which are both Borel sets satisfying A < B
since G~ is necessarily non-decreasing. We then have F(A) = F(G~(u)) —
F(G~(t)) = Rrc(u) — Rrpg(t) and similarly F(B) = Rpg(v) — Rpa(t).
In addition, since G(G~(z)) = z for any z € Im(G), we also have G(A) =
GG (u)—G(G (t)) =u—t = (1—X)(v—t) and similarly G(B) = v—u =

A(v —t). We then have by assumption that

[Rra(u) = Rro)][Mv —1)] = F(A)G(B) < F(B)G(A)

= [(1 =N = )][Rrc(v) = Bra(t)].

Therefore, A [Rpg(u) — Rpa(t)] < (1 — A [Rre(v) — Rpg(uw)], which im-
plies that Rpg(u) < ARp(t) + (1 — A\)Rpg(v), which shows that Rpq is
convex on Im(G).

Finally, we suppose that F' < G, R := Rp¢ is convex on Im(G), and
v is continuous on G, and we show that v is nondecreasing on G. This is
the most difficult of the three implications. The basic argument amounts
to using convexity of R to compare the slopes of chords or sequences of
chords, and to relate these slopes to values of v. Let z,y € § with = < y.
Suppose that we can find sequences {z;},>; and {w,};>1 such that s; :=
[R(G(x)) = R(G(2)))]/[G(x) — G(z;)] converges to v(z), t; := [R(G(y)) —

R(G(w;))]/|G(y) — G(w;)] converges to v(y), and z; < w; for all j large
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enough. Then, by convexity of R, s; < t; for all j large enough, which
implies that v(z) < v(y). The exact form of {z;},>; and {w,};>1 depends
on how G looks near x and y. In particular, there are three cases for y:
(1) G(y) > G(y—) and there exists p € [x,y) such that G(y—) = G(p); (2)
G(y) > G(y—) but there is no p € [z,y) such that G(y—) = G(p); and (3)
G(y) = G(y—). We begin by specifying {w,};>1 in each case.

In case (1), we take w; = p for all j. Since F' < G, we must have
F(G~(G(p))) = F(y—), so that t; = v(y) for all j. In case (2), it must be
that G~ (G(y—)) = y. In this case, there exists {w,};>; increasing to y such
that w; € (z,y)NG for each j, G(w;) increases to G(y—) and F'(w,) increases
to F(y—). We then have that R(G(w;)) increases to F(G~(G(y—))—) =
F(y—), so that t; increases to [F(y) — F(y—)]/[G(y) — G(y—)] = v(y). In
case (3), we first note that F'(G~(G(y))) = F(y) since FF < G. Addition-
ally, since y € G, there exist {w,};>; in § with G~ (G(w,)) = w; for each j
that either (a) increases to y and G(w;) < G(y) for each j, or (b) decreases

to y and G(w;) > G(y) for each j. In either case, we have

G ) — )46
PTGy - Glwy) Y Gly) —Clwy)

For any € > 0, by continuity of v over G, we can find m such that j > m

implies |v(u) —v(y)| < € for all u € [w;,y] N'G. If (a) holds and ¢; is
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bounded above, we then have fu?i lv(u) —v(y)| dG(u) < €[G(y) — G(w;)] for
all j > m, so that then lim; ,,.t; = v(y). If ¢; is not bounded above then
v(y) = +o0, so that v(z) < v(y) trivially. If (b) holds then ¢; is bounded
below by zero, so by a similar calculation lim; . t; = v(y).

The three cases for z are similar: (1) G(z) > G(z—) and there exists
q € [—00,z) such that G(z—) = G(q); (2) G(x) > G(xz—) but there is no
such ¢; and (3) G(z) = G(z—). In case (1), we take z; = ¢ for all j. Since
F < G, we must have F(G~(G(q))) = F(z—), so that s; = v(y) for all
j. In case (2), it must be that G~ (G(x—)) = =, and again there exists an
increasing sequence {z;};>; increasing to x such that z; € (—oo,x) N G for
each j, G(z;) increases to G(z—) and F'(z;) increases to F'(z—). We then
have that R(G(z;)) increases to F'(x—), so that s; increases to v(z). In case
(3), F(G~(G(x))) = F(z), and since = € G, there exists {z;};>1 in § with
G~ (G(z)) = z; for each j that either (a) increases to z and G(z;) < G(x)
for each j, or (b) decreases to z and G(z;) > G(z) for each j. If (a) holds
and s; is bounded above, then s; converges to v(x) by continuity of v as
before. If s; is not bounded above then s; converges to v(x) = +oo. If (b)
holds then s; is bounded below by zero, so again lim;_,, s; = v(z).

Of the nine pairings of cases for y and cases for x, the only situation in

which it is not immediately clear that z; < w; for all j large enough is that
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z; decreases to z (case 3b) and w; = p for all j (case 1). However, we note
that © = p if and only if G(x) = G(y—), which would imply that case (3b)
cannot hold for x. Therefore, if z; decreases to x and w; = p, then p > z,
so that z; < w; for all j large enough. This completes the argument.

Finally, we address statement (2) of the result: we suppose that F' < G
and v is continuous and non-decreasing on G, and we show that 0p = v on
G. By (1), R is convex on Im(G). First, we claim that GC M (R) = H,
where H : [0,1] — [0, 1] takes the following form. For any u € Im(G),
H(u) := R(u). If u ¢ Im(G), then there exists z € R and A € [0,1) such
that u = AG(z—) + (1 — A\)G(x). We then define H(u) :== AR(G(xz—)—) +
(1 = A)R(G(x)). Thus, H is the linear interpolation of R| ) to [0,1]. In
order to show that H indeed equals GC' M|y 1)(R), we need to show that (a)
H is convex, (b) H < R, and (c) H > H for any other convex minorant of
R.

For (a), we let u,v € [0,1] and p = Au+ (1 — A)v for A € (0,1). There
then exist u; < uy < p; < py < vy < vy which are all elements of Im(G) and
A1, A2, Az € [0, 1] such that u = Ajug + (1= Ap)ug, v = Agv1 + (1 — A\y)ve, and
p = A3p1 + (1 — A3)po, and furthermore H(u) = A\ R(ui—) + (1 — ) R(uz),
H(v) = XMR(v1—) 4+ (1 = Xy)R(ve), and H(p) = A\3R(p1—) + (1 — A3)R(p2).

The remainder of the argument is best seen with a diagram. Let U be the



TED WESTLING, KEVIN J DOWNES, AND DYLAN § SMALL
point (u, H(u)), Uy be the point (uy, H(u1)), and so on. By convexity of
R, the line segment P, P, lies below or on the line segment U, V5, which lies
below or on UV}, which lies below or on UV. Therefore, (p, H(p)), which
falls on P, P,, is no greater than (p, \H(u) + (1 — A\)H(p)), which falls on
Uv.

For (b), by definition, H(u) = R(u) for any u € Im(G). If u ¢ Im(G),
then u = AG(z—) + (1 — A\)G(x), and hence G~ (u) = G~ (G(z)) = z. As a
result, R(u) = R(G(z)) > H(u) = AR(G(z—)—) + (1 — ) R(G(z)).

We have now shown that H is a convex minorant of R. For (c), if H is
another convex minorant of R, then clearly H(u) > H(u) for allu € Im(G).
If u¢ Im(G), then u = A\G(x—) + (1 — N)G(x). If G(x—) € Im(G), then
Ai(u) < NH(G(—)) + (1 - NH(G(x)) < AR(G(a—)) + (1 - NR(G(x)) =
H(u). If G(x—) ¢ Im(G), then there must be an ¢ > 0 such that z €
Im(Q) for all 2z € (G(x—) —¢,G(z—)), so that H(u) < A(2)R(2—) + (1 —
Az))R(G(x)) for each z € (G(z—) —e,G(x—)), where A(z) € (0,1) and
A(z) = X as z — G(z—). Taking the limit as z — G(z—), we have that
A(u) < AR(G(s—)—) + (1 - NR(G(x)) = H(u).

We now have that Op () = (0-H)(G(x)), so it remains to show that
(0_H)(G(z)) = v(x) for all x € §. First, if G(z) > G(z—), then H(u) =

AR(G(x—)=)+(1=A)R(G(x)) = AF(z—)+(1=X)F(x) for allu = AG(z—)+
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(1—=X)G(x) for A € (0,1). Therefore, (0_H)(u) = [F(z) — F(z—)]/|G(z) —
G(z—)] = v(x) for all such u, so that (0_H)(G(x)) = v(z). If instead x € §
and G(z) = G(x—) then H(G(z)) = R(G(z)), and it is straightforward to

see from the definition of R that (0-R)(G(z)) = v(x). O

Proof of Theorem [2. We first note that L,(F,G) = 0 for any G such
that G(Y;) = G(Y;—) for any j € {1,...,n2}. As a result, we may restrict
our attention to G such that G(Y;) > G(Y;—) for all j, which implies that
G~ has support at each G(Y;). For any such G, we define G := Go L, where
L(y) = max{Y; : Y; < y}. We then have G(¥;)~G(Y;—) > G(¥;)~G(Y;~)
for each j. Furthermore, the support of G~ is {G(Y;) : j = 1,...,na} is
contained in the support of G, G(Y;) = G(Y;) for each j, and F o G~ is by
assumption convex on the support of G~. Therefore, F o G~ is convex on
the support of G, so that (F,G) € My and L,(F,G) > L,(F,G). Hence,
we may further restrict our attention to G which are discrete with jumps
at Y1,...,Y,,. By a similar argument, we can restrict our attention to F
which are discrete with jumps at X;,..., X, or Y1,...,Y,,.

We define yp := —oo, and u; := G(y;), so that the support of G~
for any discrete G with jumps at Y3,...,Y,, is {u; : j = 0,...,ma}, and
G~ (uj) = y;. Defining g; := w; — uj_; and s; the number of Y} such

that Yj = y;, we have [T}2, [G(Y;) — G(Y;—-)] = [}, g;. We then define
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fj == F(y;) — F(y;—) for each j, and we note that (F,G) € M, if and only
if fi/g1 < fa/g2 < -+ < finy/Gm,- Suppose that the values fi,..., f,, are
fixed in such a way as to satisfy these constraints. We denote by J; := {k :
zy € (yj_1,y4]} for j = 1,...,my + 1, where Yy, 11 := +00, and by r; the

number of X such that X, = x;. Noting that Jy,...,J,,,11 are disjoint

with union {1,...,m;}, we then have
n1 mo—+1
[TFx) - FXi=)] = [T 1] [Flen) = Fla=)]™ .
i=1 j=1 keJ;

Additionally, for each j € {1,...,my + 1}, we must have that

> [F(ak) = Fzp=)] = f;.

keJ;

Therefore, maximizing L, (F,G) with respect to F' with fi,..., fim,+1 fixed

amounts to maximizing

H [F(z) — F(xzp—)]™ subject to Z [F(xy) — F(zp—)] = f;

keT; keJ;

for each j. This implies that a maximizer F; must satisfy

* * T
Fiw) = Floi) = fis=——
leJ;
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for each z;, € J;. Therefore, erﬂj [F*(xy) — Ff(xp—)]"* is proportional
to [Thes, fi* = ffj for R; := 3 4y ri, which is the number of X; in the
interval (y;_1,y;].

We note that if there are j such that no zy, € (y;, y;4+1] but f; > 0, then
there are infinitely many maximizers because any F) that assigns mass f; to
the interval (y;_1,y;] yields the same likelihood and satisfies the constraints.
In these cases, for the sake of uniqueness we will put mass f; at the point
Yj-

We have at this point reduced the problem to maximizing

mo+1 mo ma
s s Rm
k=1 k=1 k=1

subject to f1/g1 < fo/g2 < -+ < fona/Gms a0d D j2 gk = St fr = 1.

Letting fi := fi/(1 — fm,+1) for k < my, this is equivalent to maximizing
Ln(fl, ey fmza fmz-l—lagla s agm2> = {H flfkglsck} (1_fm2+1)n1_Rm2+1fm;n—|2—-1~_1
k=1

subject to fi/g1 < fo/ga < +++ < fina/gm, and Yot g = Z?ﬁlfk =

1. The term involving fy,,41 is maximized for fr ., = Rpyqp1/ni = 1 —

Fn(ymg)'

From this point we take a similar approach to that in Dykstra et al.
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(1995). We define iy := Y1 Re = Fp(Ymy)11, 0k := N1 fr + nagy and
pr = N1 fr/0k, so that fi. = pror/ny and g = (1 — pp)or/ng. Optimizing
L, with with respect to fi,..., fm, and gi,..., gm, such that Y7 fi =

Soitige=1and fi/g1 < fa/g2 < -+ < fina/Gms is equivalent to optimizing

m2

Lu(p, o) = [ ] loron/m)™ [(1 = pr)ow/na]™

ma2
== n2 5 Ry+sg
=N ||p — Pk) kHUk
k=1

such that > proy = Mg, Y 4y 0k = T + na, and p; < -+ < pp,, where
pP=(p1,.-,Pmy) and o := (01,...,0m,).

Now, TT12, o7* " such that 21, o4 = 7y + ng is maximized for o} =
Ry+sy,. Next, maximizing [ [} ,ok *(1—pg)® with respect to p1 < -+ < pp,

is equivalent to maximizing

mo m2
> [Rilog pr, + silog(1 — pr)] = > wy [t log pr. + (1 — ) log(1 — py)]
k=1 k=1

for wy, := Ry + s, > 1 and t; := Ry /wg. By Theorem 2.1 and Exercise 2.21
of \(Groeneboom and Jongbloed| (2014)), the maximizer (p3, ..., p},,) of this
expression over all p; < --- < p,,, is given by the weighted isotonic regres-
sion of ¢y, ..., t,,, with weights wy, ..., w,,,. By Lemma 2.1 of Groeneboom

and Jongbloed| (2014)), p; is equal to the left derivative of the GCM of the
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set of points

{(0,0)} U { (Zwk,thwj> k= 1,...,m2}

= {<n1Fn(yk) + n2Gn(yk)7n1Fn(yk>> tk=0,... >m2}

evaluated at ny F,, (y) +n2G,, (yx). We note that > )2 wppf = > 12, oipr =
n1F(Ym,) = ny. Therefore, we have that L,(p,o) < L,(p*,o*) for all p
such that p; <--- < p,,,, and o such that E;’Zl 0k = N1 +no. Since p* and
o* also satisfy Y ;| ofp; = Ny, this implies that (p*, o) is an optimizer
of L, over the set of stated constraints.

We now have that f} = (Rx+s)(pr/n1) and g = (R +sx)(1—p)/ne.
Since wy = Ry + sy, this implies that F*(yx) = Ax/ny and G%(yp) =
[n2G (yr) + 11 F (y) — Ag] /1, where Ay is the value of the GCM of the set
of points defined above at n, Fy,(yx) + noGn(yx). We note that A;,/ny = Af,

for Aj, the value of the GCM of
{(WnFn@k) + (1 - Wn)Gn(yk>7 Fn(yk)) tk=0,... va}

evaluated at m, F}, (yg)+(1—7,) G (yx). Additionally, [neGy, (yx)+n1 Fn(ys)—
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Ai]/ng = B; for B the value of the LCM of

{(mnFu(yr) + (1 = 7)) Gn(ye), Gu(ye)) 1 £ =0,...,ma}

at 7, F(yk) + (1 — m) G (yk)- O

Proof of Corollary [1]. From the proof of Theorem , we have that F*(yx) =

A and Gy(yk) = Gulyr) + 22 [Fu(ye) — Azl. Let jg, ..., ji denote the

1—m

indices of the vertices of the GCM of

{(WnFn@kz) + (1 - Wn)Gn(yk)7 Fn(yk)) ck=0,... ,mQ} .

Then F(y;.) = Fu(y;,) for each k = 0,..., K and G} (y;,) = Gn(y;,)- It
is also straightforward to see that {(hs, Ax) : k = 0,...,mq} is a convex
minorant of {(hx, F(yx)) : k = 0,...,ma} if and only if {(G,(yx), Ax) :
k=0,...,my} is a convex minorant of {(G,(yx), Fn(yx)) : k=0,...,ma}.
Therefore, {(F,(y;,), Gn(y;,.)) : K =0,..., K} form the vertices of the GCM

of {(Gn(yn), Fu(ys)) : k=0,... ma}. O

Proof of Theorem [3. We note that G,(y;) > 0 for each j with probabil-
ity tending to one. Then, since the support G of G is finite, with probability
tending to one the empirical ODC is a left-continuous step function with

vertices at (0,0), (Gn(v1), Fn(v1))s -y (Grn(Ymy), Fr(Ym,), Where we note
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that G,,(ym,) = 1 almost surley. We define

- Fo(yj+1) — Foly;)  Fo(y;) — Fo(y;—1) . }
0 := min — g=1...,mg—1¢,
{ AGo(yj+1) AGo(y;) ’

which is positive by assumption. We then have

Fo(ye1) — Faly;) — Faly;) — Falyj—1)
AG(Yj+1) AG(y5)
_ Folyjn) — Foly;) — Foly;) — Foly;—1)
AGo(Yj+1) AGo(y;)
L i) = Folygen)] = [Faly;) = Folys)]
AGo(Yj+1)

1 1
+ [Fn(yj-i-l) - Fn(?J])] {AGn(ijrl) - AGO(yj+1):|
_ [Fn(ys) = Folyy)] = [Falyj—1) — Folyj-1)]

AGO<yJ)
1 1

~ Falyy) = Falys)] AG,(y;) AGo(yj)} '

Now since F}, is uniformly consistent for Fy and G, is uniformly consistent
for Gy, and AGy(y;) > 0 for each j, the second through fifth lines above

are op(1) uniformly over j. Therefore,

min{Fn(ijrl) — Fuly;)  Falyy) — Faly;—1)
AG(Yjt1) AG(y))

> o — 0P<1)7

:j:1,...,m2—1}
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which implies that

Fn<yj+1) — Fn<yj) > Fn(yj) — Fn(yj—l)
AG,(Yjr1) AG,(y;)

for all j = 1,...,my — 1 with probability tending to one. Therefore, with
probability tending to one, the diagram of points (0,0), (Gyn(y1), Fr(y1)),
e, (G (Yms)s Fr(ymy)) is convex. By Corollary [1, (G (yk), Fii(yx)) lie on
the GCM of (0,0), (G,(y1), Fr(¥1)), - - - s (Gr(Ymsy), Fr(Ym,)). But these points
being convex means that they are equal to their GCM, so that with prob-
ability tending to one G} (y;) = Gn(y;) and F(y;) = Fy(y;) for each j.
We can then see by Theorem [2| that AF(z;) = AF,(z;) with probability
tending to one as well, so that F; = F,, with probability tending to one.

We then have with probability tending to one that

05 (y;) = [0-GC M (Rp, )] © Guly;) = Fn(yjA)C;n](:;j()yj—l)

for each j = 1, ..., mq. since the GCM of Rp, ¢, is with probability tending
to one piecewise linear with knots at the y; and 0 = 0_-GCM |y 1(RF,.q,)©
G,, we then have that with probability tending to one that 6 is a left-
continuous step function with jumps at the y;. Also, since G, (z) = 0 for

z <y, and Rp, ¢, (u) =0 for all u <0, 6% (2) =0 for z < y.
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We now have

where Wl = (m1,...,Wi4)T for Wil == I(Dl = 17yj*1 < Zl S y]), Wi2 =

I(D,L = 1), Wi3 = [(D,L = O,yj,1 < Z; < yj>7 and Wy, = [<Dz = O), and

g(wy, wy, w3, wy) = Zgﬁi By the Central Limit Theorem,

Vi {% S - Eo(Wi)} L NA(0, Vi),

where the (7, k) element of the covariance matrix Vj equals Eo(W;Wy) —
Eo(W;)Eo(Wy). Applying the delta method to the function g yields (after

some algebra) n!/2[6% (y;) — 6o(y;)] — N (0, 62(y;)), where 02(y;) equals

o ‘)WO[FO(ZUJ) — Fo(y;-1)] + (1 — m0)AGo(y;) — [Foly;) — Foly;-1)]|AGo(y;)
O mo(1 — 70)[AGo(y;)]?
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Proof of Theorem [} We note that fo(2)/g0(z) < fo(2')/g0(2") for all

z < 2’ in [a, b] implies that

6 fo(2) fo(2") +mo(1—mo) fo(2)g0(2") < m fo(2) fo(2') +mo(1—0) fo(2")go(2),

which implies that z — 7o fo(2)/[m0fo(2) + (1 — 7)go(z)] is non-decreasing

on [a,b]. Therefore,

B g o H!
(Goo H, 1)/: 1 ° 0 1
mofoo Hy  + (1 —mo)go © Hy
1 1 Wofooﬂo_l
1 —mo mofoo Hy "+ (1 —mo)go o Hy'!

is non-increasing on Hy([a, b]) = [0, 1]. Hence, Goo H; " is concave on [0, 1],
S0

LCM[OJ}(GO o Ho_l) oHy=Gyo HO_1 o Hy = Go.

We now note that since G, 0 H, (1) > Gp(Ym,) = 1 for any u > hy,,
LCMpp,,, | (Gn o H) = LOM o 1(Gy 0 H ). Furthermore, since G, only

jumps at y1, ..., Ym,, we have

Gry) = LOMo,(Gp o Hy) o Hy(y)

for any y € R, where H,, := mnFnoLl,+(1—7,)G, for L,(2) := G, 0G,(2) =
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max{Y; :Y; < z}.

Using the notation of Section [3.2] we can write

1 n
T Fn(x) = M2 Z DI(Z; < x) =P,w,
1

n ny~
1=

for w,(d, z) := dI(z < z), and similarly (1—m,)G,(y) = P,n, for n,(d, 2) :=
(1—d)I(z <y). We also have Pyw, = moFo(z) and Pyn, = (1 — mo)Go(y).

By standard empirical process theory, we therefore have that
{n'2[mp Fu(w) = moFo(x)] : x € R} = {n'/*(B, — Py)w, : v € R}
and
{n'?[(1 = m)Guly) — (1 = m0)Go(y)] - y € R} = {n'*(Py — Po), : y € R}
converge weakly (jointly) as processes indexed by ¢>°(R) to
(G1 o [moFo], G2 o [(1 — m0)Gho))

for G; and G, independent Brownian bridge processes. The two processes
are independent because the covariance between the processes is easily seen

to be zero. Since the density of GGy is bounded strictly away from zero on
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[a,b], n*2([(1 — 7,)Gp]™ — [(1 — mo)Go) ™) converges weakly in £°(0, 1) to
—Gy/[(1 =) go] o [moGo] ™! by Lemma 3.9.23 of van der Vaart and Wellner,
1996. Hence, by Hadamard differentiability of the composition map (see
Lemma 3.9.27 of van der Vaart and Wellner, 1996)), the functional delta

method yields

nY3(G; 0 G, — Id) = n*?([(1 — m,)Gn]™ 0 [m,G] — Id)

n

converges weakly in ¢*°[a, b] to

— (G0 [(1 = m0)Go])/[(1 = mo)go © [(1 — m0)Go] " o [(1 — 70)Go])

+(Ga o [(1 = m0)Gol)/([(1 = m0)go © [(1 = m0)Go] ™" o [(1 = m0)Go]) = 0,

so that sup,ep,y |Ln(2) — 2| = op(n™'/?). Hence, n'/?(m,F, o Ly, — moFy)
converges weakly to Gy o [moFp] in £%°[a, b], and so n'/?(H, — Hy) converges
weakly to Gy o[moFp]+Goo[(1—m)Go) in £*°[a, b]. Since Gy and Fj are both
continuously differentiable on [a, b], so is Hy, and since the derivative of G is
bounded away from zero, so is the derivative of Hy. Therefore, using Lemma
3.9.23 of jvan der Vaart and Wellner, 1996 again, n'/?(H; — Hy) converges
weakly in £2°(0,1—¢) to (Gyo[moFp]+Gao[(1—m)Go])o Hy ' /(hoo Hy') for

any € > 0, where hg := H| = m fo + (1 — 79)go. Then, using the functional
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delta method for composition again, we have that n'/?[G, 0 H> —Gyo Hy ']
converges weakly to

goof’fo_1

oH,
|:1 - gO—O ho 5 H(;lGl ¢] (’ﬂ'oFo) e} Ho_l,

1

ho 5 H01:| GQ o [(1 — 7T0)G0] o Ho_l —

which we define as G3. Now by Proposition 2.1 of Beare and Fang| (2017)),
n1/2 [LCM[OJ](Gn @) ﬁ;) — LCM[OJ](GO @) H‘;l)]

converges weakly to LC'M EO 1,GooH-1 (G3). Using Hadamard differentiability
It 0

of composition once more, we have that
n'[Gr — G| = n**[LCM o (G, 0 Hy ) o H, — LCOMig1y(Go 0 Hy'*) o Hy)
converges weakly to

LOM

[0,1]7G00H(;

1(G3) o Hy + Z—Z (G o (moFp) + Ga o [(1 — mo)Gol]

If fy/go is strictly increasing on [a,b], then Gy o Hy*' is strictly concave

on [0,1], in which case LC'M E 1 is the identity operator by Propo-

0,1,GooHy

sition 2.2 of Beare and Fang (2017). Hence, in this case n'/?[G* — G]
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converges weakly to

Gg (0] HO + % [Gl O (ﬂ'oFo) + GQ O [(1 — WO)GOH
0
=|1- @ Gg o [(1 — 7T0)G0] - @Gl o (WQF())
ho h,(]

+ z—z [G1 o (moFp) + Ga o [(1 — mo)Gol]

= Gy o [(1 —m)Go),

which, as noted above, is the same limit distribution as n'/2[G,, — G).

Furthermore, we have

n'2|G: — Golloo < nMYA|[LOMg1)(Gpo Hy) o Hy — G0 Hy o Hylloo

+ nl/ZHGn o }NI; o ]Z[n — Gl oo-

When fy/go is strictly increasing so that LC'M EO 1),GooH-! is the identity, the
it 0

functional delta method (e.g. Theorem 3.9.4 of van der Vaart and Wellner,

1996)) implies that

n'2||[LCM o1y (G, 0 Hy) o Hy — Gy o H o Hy |

< n1/2||[LCM[071}(Gn o ]:I;) -G, 0 ﬁn_Hoo = op(1).

Similarly, since as shown above, n'/?(H;; o H,,—Id) converges weakly in [a, ]
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to 0, n*/?||GpoH; 0H,—Ghllos = 0p(1). Therefore, n'/2||G%—G,loo = 0p(1)
if fo/go is strictly increasing on [a, b].

Now we turn attention to F;. By Theorem [2] for each y € {Y3,...,Y,},
we know that F(yx) = GCMgp,,,|(Fn o H) o Hy(yr). We can extend
the GCM operation to entirety of [0,1], so that F(yx) = GCM1(F, o
H, ) o H,(yx), because the slope of the secant of F, o H, from h,,, to
H,(x;) for any z; > Ym, 18 [Fo(z;) — Fo(Ymo)l/[Hn(xj) — himy,] = 1/,
while the slope of the secant from any other z in the support of H, is
[Fn(Yms) = Fn(2)]/[Hn(Yms) — Hu(2)] < [Fu(ymy) — Fa(2)]/[mn{ Fn(Ym,) —
F.(2)}] = 1/m,. Therefore, performing the GCM over [0, 1] rather than
[0, Ay, ] cannot change the value of the GCM for any u < hyy,.

We now define Ff(y) = GCMy(F, o H;,) o H, o L,,, where L, =
G, o G, as above, so that F, is the right-continuous step function with
jumps at yi,...,ym, and agreeing with F' at these points. We similarly
define I := GCM 1) (F,0Hy)oH,0R,, where R,, := G, oG, for G (y) =
LS I(Y; < y)+1/n. Since the Y}’s are unique with probability one, G,,
is a left-continuous version of GG, that agrees at 4y, ..., ¥Ym,, and G, > G,.
Therefore, since any MLE F* is a proper CDF, we have F! < F* < F“. One

can show that ||F! — F,|lec = op(n™2) and || F* — F,||oc = 0p(n™'/?) when

fo/go is strictly increasing using the same argument as that used above
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for showing that |G — G,|| = op(n~1/%). We then have |[F* — F},||lc =

op(n~1/?) as well. O

Proof of Theorem [5. The conditions of Theorem 1 of[Westling and Carone
(2020) are satisfied by the uniform consistency of empirical distribution

functions. O

Proof of Theorem [6. This result follows by the delta method, as dis-

cussed in the text. O
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S3 Additional simulations: discrete case

We now present results from a numerical study of the properties of the
maximum likelihood estimator in the case where both Fy and G, are fully
discrete. We set Fy and Gy as the distribution functions of Poisson random
variables with rates 6 and 4, respectively, and we set my to 0.4. We simu-
lated 1000 datasets each for n € {500, 1000, 5000, 10000} and estimated the
maximum likelihood estimator 6}, the empirical mass ratio function, defined
as the ratio of the empirical mass functions of Xy,..., X, and ¥7,...,Y,,,
and the sample splitting estimators with m € {5,10,20} (Banerjee et al.,
2019). We computed Wald-type confidence intervals (constructed around
log 6% and exponentiated) using the asymptotic variance provided in Sec-
tion 4.1 of the main text, likelihood ratio-based confidence intervals, and
confidence intervals around the sample splitting estimators as outlined in
Section 5 of the main text.

The left panel of Figure [2 displays the distribution of 8 (z) — 6y(z) for
z € {0,1,...,6}, and demonstrates that ¢} is approximately unbiased in
large samples. The right panel of Figure 2| displays the ratio of the empirical
standard deviation of n'/2[0*(z) — 6y(z)] to the standard deviation based
on the asymptotic theory, and demonstrates that the empirical standard

deviation of 0 (z) approaches the standard deviation defined by the limit
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Figure 2: Left: boxplots of 6} (z) — 6p(z) with n = 10K in the fully discrete case.
Right: empirical standard errors of n'/2[07 (2) — 6y (z)] divided by the limit theory-based
counterparts for z € {0,1,...,10}.

theory as the sample size grows, and that 0 (z) is more efficient than the
limit theory suggests in smaller samples for small values of z.

Figure |3| displays the ratio of the mean squared errors of the empirical
and sample splitting estimators to that of the maximum likelihood esti-
mator. For the empirical estimator, this ratio approaches one as sample
size grows, which agrees with our theoretical result suggesting that the two
estimators are asymptotically equivalent. However, in small samples, the
maximum likelihood estimator has strictly smaller mean squared error than
the empirical estimator. The mean squared errors of the sample splitting
estimators also approach that of the maximum likelihood estimator as the
sample size grows, which is concurrent with existing theory for n=/%-rate

asymptotics.
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Empirical Sample splitting, m=5

1.0

0.3

4
o

Sample splitting, m = 10 Sample splitting, m = 20
3.0

1.0

MSE relative to MLE (log scale)

0.3

0.1

n — 500 ---- 1000 --- 5000 - - 10000

Figure 3: Relative mean squared errors of the empirical estimator and the sample split-
ting estimators to the maximum likelihood estimator for z € {0,1,...,10} and various
sample sizes n in the fully discrete case. The maximum likelihood has better mean
squared error for y-values greater than one, and the other estimator has better mean
squared error for y-values less than one.

Figure 4] shows the empirical coverage of 95% confidence intervals for
0o(z) constructed using Wald-type confidence intervals with a plug-in stan-

dard error according to the results presented in Section 4.1 of the main text,

the inverted likelihood ratio test approach of Banerjee and Wellner| (2001)),

and the sample splitting approach of Banerjee et al.| (2019) described in the

main text. We note that the likelihood ratio approach does not provide
intervals at the end point z = 0. The plug-in method is conservative in

small samples, but its coverage approaches 95% for z # 0 as n grows. The
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Plug-in Likelihood ratio

Sample splitting, m =5 Sample splitting, m = 10

Coverage of nominal 95% CI

n — 500 ---- 1000 --: 5000 - - 10000

Figure 4: Coverage of 95% CIs in the fully discrete case for z € {0,1,...,10}, various
sample sizes n, and four methods: the plug-in method centered around the log of the
maximum likelihood estimator (upper left), the inverted likelihood ratio tests (upper
right), and the sample splitting method with m = 5 (lower left) and m = 10 (lower
right). Note that the likelihood ratio method does not provide intervals at the endpoints.

likelihood ratio method provides excellent coverage at all sample sizes. The

sample splitting method has good coverage in large enough sample sizes.
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S4 Additional simulations: continuous case

We now present results from a numerical study of the properties of the
maximum likelihood estimator in the case where both Fy and G are fully
continuous. We set Fj, and G as the distribution functions of exponential
random variables with rates 1 and 2, respectively, and we set 7y to 0.4. We
simulated 1000 datasets each for n € {500, 1000, 5000, 10000} and estimated
the maximum likelihood estimator, the maximum smoothed likelihood es-
timator of |[Yu et al.| (2017), the non-monotone estimator based on kernel
density estimates for each z € {0,0.1,...,1.9,2}, and the sample splitting
estimator with m € {5,10,20} (Banerjee et al., 2019). We constructed
confidence intervals at each z using the transformed plug-in and likelihood

ratio-based methods described in Section 4.2 of the main text.
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Figure 5: Left: boxplots of 6 (z) — 6p(z) with n = 10K in the fully continuous case.
Right: empirical standard errors of n'/2[0 (z) — 6o ()] divided by the limit theory-based
counterparts for z € [0, 2].
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The left panel of Figure [5| displays the distribution of 6%(z) — 6y(2)

for z € [0,2], and demonstrates that the sampling distribution of 67 is
approximately centered around 6y(z) in large samples for z > 0. The right
panel of Figure |5| displays the ratio of the empirical standard deviation of
n/2[0% (2)—0y(2)] to the standard deviation based on the asymptotic theory,
and demonstrates that the empirical standard deviation of 87 (z) approaches

the standard deviation defined by the limit theory as the sample size grows.

Maximum smoothed likelihood Kernel density

4.0

2.0

1.0

0.5
Sample splitting, m =5 Sample splitting, m = 10

4.0

MSE relative to MLE (log scale)

0.5

n — 500 ---- 1000 --- 5000 - - 10000

Figure 6: Relative mean squared errors of the maximum smoothed likelihood estimator,
the kernel density estimator, and the sample splitting estimators to the maximum like-
lihood estimator for z € [0,2] and various sample sizes n in the fully continuous case.
The maximum likelihood has better mean squared error for y-values greater than one,
and the other estimator has better mean squared error for y-values less than one.

Figure [6] displays the ratio of the mean squared errors of maximum
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smoothed likelihood estimator, the kernel density estimator, and the sam-
ple splitting estimators to the maximum likelihood estimator. The max-
imum smoothed likelihood estimator is more efficient than the maximum
likelihood estimator. The kernel density estimator is more efficient for some
values of z, but less efficient for others. In large enough samples, the sample
splitting estimators are more efficient than the maximum likelihood estima-
tor, but in smaller samples, they are less efficient for some values of z. The
sample size required for improvement grows with m, as does the gain in
asymptotic efficiency.

Finally, Figure [7] shows the empirical coverage of 95% confidence in-
tervals for 6y(z) constructed using Wald-type confidence intervals with a
plug-in standard error according to the results presented in Section 4.2 of
the main text, the inverted likelihood ratio test approach of |Banerjee and
Wellner (2001), and the sample splitting approach of |Banerjee et al.| (2019))
described in the main text. The plug-in method is conservative in large
enough samples due to the difficulty of accurately estimating the derivative
of fy. The likelihood ratio method provides slightly conservative coverage
at all sample sizes. The sample splitting method has excellent coverage for

m = 5, but requires larger samples to have good coverage for m = 10.
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Figure 7: Coverage of 95% ClIs in the fully continuous case for z € (0, 2], various sample
sizes n, and four methods: the plug-in method (upper left), the inverted likelihood ratio

tests (upper right), and the sample splitting method with m = 5 (lower left) and m = 10
(lower right).
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S5 Additional simulations: flat case with jumps

Here we present results from a numerical study of the properties of the
various estimators in the case where Fy and (G are mixed distributions,
and 0y = dF,/dGy is discontinuous. We set Fy := (2/3)F§ + (1/3)d, where
F§ is the uniform distribution on [0, 1] and dy is a discrete distribution with
mass 1/6 at 0, 1/3 at 1/2, and 1/2 at 1. We set G := (2/3)F§ + (1/3)70,
where 7y is a discrete distribution with mass 1/3 each at 0, 1/2, and 1. We
set mg to 0.4.

With these definitions, we have 6y(z) = 1/2 for z = 0, fp(z) = 1
for x € (0,1), and 6y(x) = 3/2 for x = 1. Hence, 6, has jumps at the
extremal mass points + = 0 and x = 1, and is flat between these mass
points. Therefore, our large-sample theory does not cover this case for two
reasons: because 6 is flat in the interior, and because it is discontinuous at
the boundaries.

We simulated 1000 datasets each for n € {500, 1000, 5000, 10000} and
estimated the maximum likelihood estimator, the maximum smoothed like-
lihood estimator of [Yu et al| (2017), the non-monotone estimator based
on kernel density estimates for each z € {0,0.1,...,1.9,2}, and the sample
splitting estimator with m € {5, 10} (Banerjee et al.,|2019). We constructed

confidence intervals at each z using the transformed plug-in and likelihood
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ratio-based methods described in Section 4.2 of the main text. We were un-
able to use the plug-in method of constructing confidence intervals because
it failed in this case due to the difficulty of estimating the derivative of a

flat function.
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Figure 8: Boxplots of 6 (z) —0y(z) with n = 10K in the flat case with jumps for z € [0, 1].

Figure [§] displays the distribution of 6 (z) — 6y(z) for z € [0,1]. The
pattern is quite interesting. For z € {0,1}, the estimator appears to be
centered around the truth. This suggests that the estimator may be consis-
tent at mass points even if the function is discontinuous at these points or
these points lie on the boundary of the domain. However, for z € (0,0.25),
the distribution of 6% (z) is biased downward, and for z € (0.75, 1), the dis-
tribution is biased upward. This is likely due to the discontinuity of 6y at 0
and 1: although the estimator is consistent for any z € (0, 1), in any finite

sample the estimator is flat in a region of the discontinuity, which biases the
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finite-sample distribution of the estimator near these discontinuities. We

will see below that this also makes inference in these areas challenging.

Maximum smoothed likelihood Kernel density

Sample splitting, m =5 Sample splitting, m = 10

MSE relative to MLE (log scale)

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
z

n — 500 ---- 1000 --- 5000 - - 10000

Figure 9: Relative mean squared errors of the maximum smoothed likelihood estimator,
the kernel density estimator, and the sample splitting estimators to the maximum like-
lihood estimator for z € [0,1] and various sample sizes n in the flat case with jumps.

Figure [9] displays the ratio of the mean squared errors of maximum
smoothed likelihood estimator, the kernel density estimator, and the sample
splitting estimators to the maximum likelihood estimator. The maximum
smoothed likelihood estimator is comparable to the maximum likelihood es-
timator for n € {500, 1000}, but is less efficient for most z in larger samples.
This is especially true for z € {0, 1}, where the maximum likelihood estima-

tor appears to benefit from the mass points. The kernel density estimator
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is less efficient, and in large samples much less efficient, for all z except
those very close to 0 and 1. Somewhat surprisingly, the sample splitting
estimators are less efficient than the maximum likelihood estimator except
for z near the mass points. This is likely due to the fact that the sample
splitting estimator inherit the bias of the maximum likelihood estimator at
a smaller sample size, and the maximum likelihood estimator is biased near

the points of discontinuity.

Likelihood ratio Sample splitting, m =5 Sample splitting, m = 10

Coverage of nominal 95% CI
o
oo

0.6

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0
z

n — 500 ---- 1000 --- 5000 - - 10000

Figure 10: Coverage of 95% Cls in the flat case with jumps for z € [0, 1], various sample
sizes n, and three methods: the inverted likelihood ratio tests (left) and the sample
splitting method with m = 5 (middle) and m = 10 (right).

Finally, Figure 10| shows the empirical coverage of 95% confidence inter-

vals for 6y(z) constructed using the inverted likelihood ratio test approach of

Banerjee and Wellner| (2001)) and the sample splitting approach of

(2019)) described in the main text. None of the methods do well near
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z € {0,1} due to the bias of the estimators in these regions. The likelihood
ratio method provides conservative coverage at all sample sizes for z near
1/2, which is because it relies on limit theory that only holds when 6, is
strictly increasing. The sample splitting method has good coverage for z at

the mass points {0,1/2,1}, but poor coverage otherwise.
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S6 Additional data analysis results

Figure [11] displays the empirical and likelihood ratio order maximum like-
lihood cumulative distribution function estimates of C-reactive protein for
patients with bacterial infections and those without. Figure[12|displays the
empirical and likelihood ratio order maximum likelihood ordinal dominance

curve estimates for C-reactive protein.

1.00
Estimator
0.75 — Empirical
E - MLE
(4]
II 0.50
8 Bacterial infection status
0.25 — Infected
— Uninfected
0.00

0 10 20 30 40 50
C-reactive protein (CRP) value

Figure 11: Estimated cumulative distribution functions of C-reactive protein value
among patients with bacterial infections and those without. Both the empirical dis-
tribution functions and the maximum likelihood estimators under the likelihood ratio
order are shown.
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