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Supplementary Material

S1 Simulation with varying n.

We previously brought up an approximation approach SLIMappro to address the case
where n is large and the calculation of W is time consuming. In section 4.2.3, we
examined this method by networks with n = 1200. Here. we provide more simulation
results for the SLIMappro, demonstrating its performance when n is large.
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(a) ERROR RATE with varying n. (b) Time consumption in seconds on the SLIMappro.

Figure 1: Performance of the SLIMappro with networks of varying n: Networks are simulated from
the SBM with K =3, p =0, # = (1/3,1/3,1/3), A = 4 and 8 = 0.08 with 20 repetitions; (a)
reports the average missclassification rate of SLIMappro; (b) reports the average time consumption
of SLIMappro in seconds.
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S2 Proof of Theorem 3.1

For the SLIM with regularization, misclassification comes from two sources: the
difference between and and the randomness of the clustering method, i.e.,
k-means. For convenience, we omit the subscript 7 in and , and we use M,
to specify the original one if needed.

S2.1 Misclassification Rate of K-means Algorithm

The following lemma describes the eigen-structure of [M|and is similar to Lemma 2.1
in Lei and Rinaldo| (2015)).

Lemma S2.1. Let the pair (0, B) parametrize the SBM with K communities, where
is of full rank. Let o < 1, which makes I — D~ P« invertible. Let UHUT be the
eigen-decomposition of M — I. Then U = ©X where X € RE*E and || X}, — X5 =
Vi T+ Tforall1 <k <l <K.

Proof. Clearly M — I is a block matrix of rank K. Let O be a K x K full rank matrix
and

M — I =006" = 0ATAOA(OA™T here A = diag(y/ny, - , /i)

Let ZHZT = AOA be the eigen-decomposition of AOA. Because M — 1 = UHUT,
we have U = ©A™'Z and X = A71Z. The rows of X are perpendicular to each other
and the kth row has length |[(AZ).|| = \/1/n. In addition, the eigenvector of M
is the same with M — I’s. O]

Now, we bound the error of k-means by citing Lemma 5.3 in |Lei and Rinaldo
(2015]).

Lemma S2.2. For ¢ > 0 and any two matrices U, U € R™¥ guch that U = ©X with
O € F i, X € REXK et (6, X) be the (1+ ¢)-approximate solution to the k-means
problem (see Kumar et al.| (2004)), and U = ©X. For any 6, < rl%? | X ke — X[,

define Sk = {Z S Gk(@) . “Ul* — UZ*H Z 5k/2}7 then

K
> " [Skldr < 4(4+29)|U - U7 (S2.1)
k=1
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Moreover, if
444 20)|U = U||%/82 < ny, for all k, (S2.2)

then there exists a K x K permutation matrix J such that Ocs = OasJ, where

G = U1 (Gi \ Sk).

In the next lemma, similar to Lemma 5.1 in Lei and Rinaldo| (2015]), we bound
|U — Ul by ||M — M]|. Here is the operator norm of matrix F.

Lemma S2.3. Assume that M € R"™" is a symmetric matrix with singular value
Y1 > -0 > Y. Let M be any symmetric matrix and [7, U € R™K be the K leading
eigenvectors of M and M, respectively. Then there exists a K x K orthogonal matrix

Q such that
2V2K

IU-UQ|r < —— 1M — M.
e — V1]
Proof. The proof follows the lines of Lemma 5.1 in |Lei and Rinaldo| (2015]) using the
Davis-Kahan sin © theorem, and hence omitted. O

Remark S2.1. Under Condition 3.1, we can calculate the eigenvelues of M. It

can be shown that the eigenvalues of D™1P are \; = 1,\y = -+ = A\g = (a —
b(a+ (K —1Db+ K1)\, g1 = -+ = A\, = 0. And the eigenvalues of M are
mn=al—a)t+1l,p==9g =al(l—al) '+ 1,k =-=7v =1 So
we have
. 2V2K Kb Kr A
10~ UQlle < 2251 — ok = 4 SN - M|

S2.2 Concentration of M

We now bound ||[M — M]||. Following Le et al.| (2017), we handle the sparsity issue
by separating nodes into core points, whose degree is close to the mean, and extreme
points, which have a vary large or a very small degree. The main differences from
Le et al.| (2017) are: the random walk Laplacian matrix is asymmetric instead of
symmetric; and we control the low degree nodes by adding a constant || and the high
degree nodes by replacing their degree by dr] here ¢ is a sufficiently large constant.

We first bound ||AM — M]|| by the corresponding difference of their random walk
Laplacian matrices.



B. JING, T. Li, N. YING AND X. YU

Lemma S2.4. If « < 1/v/c+ 1 then
1M — M| <

« A _
i _C+1a>2||D 'A—-D'P|.

Proof. Using lemma|S2.5(and the condition Ovave have HD‘IAaH <4/ azmax/czmma

<
V(c+1)7/ra < 1. Therefore |[W| = |(I — D'Aa)7Y| < (1 — ||[D'Aal)) ! <
(1—+ec+1a) ™t So
17— M| < W =W
= W =W hHw||
< oWlW|D7'A - D' P
IeY ~
< D'A-D7'P|.
S W= veriap |
[
Lemma S2.5. Let L(A) = DA be the transition matrix of A, and dp. =
max|D;;|, dmin = min[Dy;]. Then
HL(A)H S V dmax/dmin~
Proof. From the definition of L(A) we have
IL(A)| = ID~2D"2AD": D3|
< ||D2|||D"=AD"# || D% |
d 1 1
< "D 2 AD 2|
dmin
It can be easily checked that ||[D~'/24D~'/2|| = 1. This completes the proof. O

Similar to Theorem 1.2 in [Le et al| (2017), we can bound |[D~'A — D~'P| as
follows.

Lemma S2.6. Let Ay be a random matrix generated from the SBM. For any C” > 0,
there exists some C' > 0 such that

) log d
ID*A — D'P|| < /28

with probability at least 1 —n~¢" uniformly over 7 € [C1d, Cyd] for some sufficiently
large constants C', Cy, where d = npya. + 1 and ppe. = max P,,.
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Proof. First, there is a set of nodes with degrees close to their expected degree. From
Lemma we can find a set J containing all but at most n/d nodes from [n| which

satisfies:
Vdlogd(d + 21 + /dlogd)
2

T

(DA — D7'P) | < Cy(

).

Now, let us deal with the residual. We consider nodes with a high degree in the
original network first. By applying the SLIM with regularization, we have already
changed the degree of these nodes to 7. From Lemma we can find a set J;
containing at most n/(47) nodes from [n] which satisfies:

) - C
(DA = D7'P) gy pju(inl—an) xn || < \/—4;

In addition, it is easy to show that J N J; = 0. Let J, = [n] — J; — J. We have
max{d, : u € Jo} < 47. Then we decompose the left nodes into two blocks J5 x [n]
and ([n] — Ja) x Ja. The first block has at most n/d rows, so Lemma [S2.10| indicates
that

IL(A sl < | 2D E T g ) gl < 8( S 4 YR 08
min{d, :u € Jo} + 7 Vd NG

).

Similarly, from Lemma [S2.11], we have

max{d, :u € Jo} + T 2 2
L(P:) pyxmll < : P sl < 3(—= + —).
” ( )J2><[ ]H \/mln{du = J2} ipe ||£( )J2><[ }H 3(\/3 + \/F)

As for ([n]—J3) x Ja, we can bound it in the same way. Finally we complete the proof

using the triangle inequality and taking 7 = C5d with a sufficiently large constant
05 > 0. ]

Lemma S2.7. For any C’ > 0, there exists some C' > 0 such that with probability at
least 1 —n~", there exists a subset .J C [n] satisfying n — |J| < n/d, max |d, — d,| <
ve

Cv/dlogd and
Vdlogd(d+ 21 4 \/dlogd)
2

T

(D7'A—D7'P) | < C(

),

where d = npe: + 1.
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Proof. The existance of such a subset J satisfying n — |J| < n/d and max \d, —d,| <
vE

C'y/dlogd can be proved by Lemma 14 in |Gao et al. (2017) from the beginning to
inequation (85). Now let

A= (A7), D= ([)T)JJv P=(FPr)ys, D=(D:)y.

We have [|[D7!| < 1, ||P|| < d+ 7. We also have

€ dy+T d,+T T2 '
Finally, we obtain
|ID'A—D™'P|| = |[D'A—D''A+D'A—D7'P|
< D7 = D7 Al + [ DTH|A = P
< D7 =D+ 1A= Pl) + [ DH[IIA - P|
< C<\/dlogd(d + 27 + \/dlogd))
< =
for some constant C' > 0. This completes the proof. O

The following result is Lemma 11 in |Gao et al. (2017).

Lemma S2.8. For any 7 > C(1 + nppna,) with some sufficiently large C' > 0, we

T

with probability at least 1 — e~ for some constant ¢’ > 0.

Lemma S2.9. For any 7 > Cd with some sufficiently large C' > 0, J; = {u € [n] :
dy > 7}, there exists a positive constant Cy. We have

L - c,
(D™ A = D™'P) gy xuun -y | < NG

with probability at least 1 — e~ for some constant C’ > 0.

Proof. From Lemma |J1| < n/7 with probability at least 1 — e~¢"" for some
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constant C’" > 0.

~

I(D7'A = D7'P) jyxpom—mxnll < I(D7"A = D7'P) jysimpon—ayxon || 7

1 1 T
< 2n|J —— — (P + =
< \/ lhlmas(s — o (P + 1)
Von 1 1 T
< - —\Pmazx -
4 o+ 1)
Cy
< 2L
p— \/?
for some positive constant Cf. O

The following lemma is derived from Theorem 4.1 in Le et al.| (2017).

Lemma S2.10. Let Ay be a random matrix from the SBM. Then for any r > 1
the following holds with probability 1 — 2n72". Any sub-matrix £(A,)zxs of the
regularized Laplacian £(A,) with at most n/d rows or columns satisfies

2 40r log d

IL(A)zx 7| £ —= + ——F—=—— for any T > 0.

Vd VT
Here £(A) = D~Y2AD~'/? is the symmetric normalized Laplacian of A.
Similarly, we can bound the Laplacian of the regularized P;.
Lemma S2.11. Let matrix P as assumption. Then any sub-matrix £(P;)zxs of

the regularized Laplacian £(P;) with at most n/d rows or columns satisfies

2 2
(P )zx 7] < ﬁ + ﬁ for any T > 0.

Finally, we are ready to prove Theorem 3.1 now.

Proof. From Lemma we have UQ = O0XQ = OX' where || X, — X.|| =
V1/ni +1/n;. Here Q is a K x K orthogonal matrix. Then, we choose dp =

\/n,gl +max{n; : [l # k}~! in Lemma [S2.2 so that n 07 > 1 for all k. We have
L(0,,0) <K Sk (ngt +max{n; : | # k} 1) < 4(4+2¢)|| U, —UQ||%. Then, using
Lemma [S2.3, we have L(©,,0) < C1||M — M||*(Yr.x — Vr.x11) 2 for some positive
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constant (. Following Lemma , we have L(C:)T, 0) < C’||lA)*1A — D 'P||(yric —
Yr.ic+1) 2. We obtain the final result by applying Lemma [S2.6]
O
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List of Notation

Adjacency matrix A, which is an nxn 0—
1 symmetric matrix.

Ar = A+ Z117 and then set A, ;. =
zand A,y = .
K x K matrix with b;; indicating the
connecting probability between a pair of
nodes from community ¢ and j.

The expected degree diagonal matrix
which is equal to diag(P11).

The expected regularized degree diago-
nal matrix which is equal to diag(P,11).
For a matrix F' and index sets Z C [n],
F7, is the sub-matrix of F' consisting of
the corresponding rows.

The K x K identity matrix.
Ji={ueln]:d, >}

Number of communities.

For any matrix F, L(F) = D' F which
is the transition matrix of F'.

The overall proportion of mis-
classification nodes,  L(©,0) =
n~'minjep, [|©J — Olo.

M = 3((I = D7*Pa) + (I — D' Pa)™).
M, = %((I—D;lPTa)—i—(]—D;lPTa)T).



List of Notation

P

=& OB §> o R

>

=

n,K

diag(F)

n;

pmaaz

1k

Edge probability matrix P, with P =
eBOeT.

P, =P+I11T

Membership matrix, © € F, g, and
;4 = 1.

a=e .

The degree diagonal matrix which is
equal to diag(A11).

The regularized degree diagonal matrix
which equal to diag(A,11).

M, = Y(I-D;"A )+ (I - D' Aa)7).
M= 1(I—-D'Aa) + (I — D'Aa)7).
Estimated membership matrix, © €
F. k.

The degree of node 7, which is lA)H

The regularized degree of node i, which
is lA?T“

The collection of all nx K matrices where
each row has only one 1 and (K —1) 0's.
The regularization number which is in
[C1d, Cyd] for relatively large positive C
and C5.

d = NPmas + 1.

For any matrix F, diag(F) denotes
the matrix obtained by setting all off-
diagonal entries of F' to 0.

Number of nodes.

Number of nodes belonging to commu-
nity .

Pmaz = max Pyy.

The K ><_1 vector of 1’s.
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