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S1 Proof of Theorem 1

To prove Theorem 1, we need the following lemma to simplify the calculation.

2
Lemmal: If (X,Y) ~ N (( 0 ) , < 1 pglfz )),then Cov[X?2,Y?] =2(Cov[X, Y])Q.

0 pPO102 Iop

. G poL 2 211 — (1 — 22\02 & (L7LY\2
Proof: Since X|Y ~ N(221Y, (1 - p?)), E[X?[Y] = (1 - p*)of + (521Y)

o2
Cov[X?,Y?] = E[X?Y?] - E[X?|E[Y?]
= E{E[X*Y?|Y]} - o}03
ag
= BV =)ot + () - ofod
= (1-p))odo? + (212304 — o203

02

= ZpQUfUS

— 2(Cov[X,Y])%.

To establish the asymptotic results for the local polynomial regression estimator, which
will be in Section 3, we rely on the following analytical properties of K, (*5*),

n—1 T—T\
LYo K.(5%) =1,
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2. Y0 @ — ) K (52) = 0, for any j = 1,....p,
3. Kp(-) =0for all |z — ;| > A,

4. Kp(3%) = O((nA)~") uniformly for all 2 € [0,1],

Y (K (552)) ! = O((nA) ).

ot

Property 5 can be derived from property 4 and the Cauchy-Schwartz inequality.

Proof of Theorem 1, recall A; = h='(Dj ; — 202), where Dy ; = Z(x;) — Z(xi + h).
So
BID ) = oth+ {o]as + 07 V2 + 202 + o(h?),

Thus

EA] Eh' (D3 ; —202)]
= W o?h+ {0 + o7 Yh? 4 o(h?)]

O'Z-2 + {01(1)2;@- + J?(l)}h + o(h).

The bias of 63 (z;02) = > 1] 'K, (£5%)A; can be calculated as

E[63(r:07) —0*(x)] = 3 Ku(—H{EA] -0’ (@)}

n—1

- ¥ Ko (2
i=1
n—1

= Y .2
i=1 =1
+( W2y 4 0-2(1))h +

:ZK

where the third equality is obtained by Taylor expansion of 02 = o%(z;) at = and the
assumption that o2 € C'F, and the last equality follows by Property 2 of K,,(*5*). Note
that

T {0? = 0% (2) + (0w + a2k + O(h?)}

020 (x

) (@, — 2y + O(zi — 2?)

- LB
T

J J!
O(h*)}

)+ (0% + o7 h + 0(r2)},

xT
s — x|

g —alf| < 31Kl
PO

ile—xi| <A

= o)

n—1
> K
=1

IN

)

where the second inequality comes from Property 3 of K,(*5*). So Bias term is
O(max(h, \?)).
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To simplify the notation, let o; 5, = o(z; + h), 0; 21 = o(x; + 2h),
Var[D}zm-] = Var[(Z(z; + h) — Z(x;))?]

= 2{ofx; + aih(mi + h) — 20,0, pri + 20212

= 2{o?h+ (O’§1>2ZE¢ + 0?(1))h2 +O(h®) +202}2,
where the second equality follows from Lemma 1. For j =i+ 1,

Cov[Ai,A;] = h™*Cov[Dj ,;, D j]
= 2h?[Cov{Dp.i, Dy ; }]?
2h~ 252,

For j > i+ 2, Cov[A;,Aj] =0. Thus

n—1ln—1

Varlgd(@io?)] = Y3 Ka(* ) Ka(= ) Cov[A A

i=1 j=1

n—1

_ Z Ko (E ;z 2Var[A]

2y KX T, (2 ;\mj)C’ov[Ai7Aj]

n—1
= > Kn(%)%*z{afh + (0V22; + 62 D)h2 + O(h?) + 202)?
=1

n—2
xr — X T — Tij41 _92 4
2 K, K, 2h
P2 K (2

= 0 ((7;)\)71 'max{l,n272a}) )

where the last equality is obtained by Property 5 of K, (*5*). If a > 1, the bias
term is O(max(h, A\?)) and the variance term is O((n\)~!), the optimal bandwidth is
A = O(n=1/0+28)) ‘under which the mean squared error is O(n=A/(1+28))

If 1 < a < 1, the bias term is O(max(h, \?)) and the variance term is O((nA)~!n?2%),
the optimal bandwidth is A = O(n~(2¢=1/(1+26)) "under which the mean squared error
is O(n=2(1+8-2)/(1428))  Theorem 1 follows.

S2 Proof of Theorem 2

Proof: Let an; = Kn(*5%) and & = A;. Check the following conditions as in Theorem

2.2 in Peligrad and Utev (1997).

1. maxi<i<n |an;| = 0 as n — oo and this condition holds since
xr — X

K, \

) =0((nA)71),
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2. sup,, > i, a2, < oo and this condition holds since

> (Ka(F5)" = 0™,

3. For a certain § > 0, {|¢|>*°} is uniformly integrable and this condition can be
easily verified by the fact that

A;=h"H(D}; - 207)
and

Dy =2 — Ziz1 ~ N(0,u;),

where u; = o?h + (Ugl)Qa:i + o'iz(l))h2 +O(h?) +202. So E{Dj, ;} = 15u}, then it is
easy to check that

sup E{|&[*} < oo,
1<i<n
which guarantees that {|¢;|?*°} is uniformly integrable.

The CLT in Theorem 2 follows.

S3 Proof of Theorem 3

To prove Theorem 3, we can write

- 0 1 - 1 A
2 _ - T AaATs-1
U@?) = gz(-glosls]—5d™S7d)
1 = 1 e .
5w(z*lB) + 5dTE*HBE*M, (S3.1)
0 -1 0 0
-1 0 0 O
where B = : , and
0 0 0 -1
0 O -1 0
Dpa(w1)  —o? 0 0
—0'52 Dh’)\(xg) 0 0
0 0 ﬁh7/\($n—2) —062
0 0 —062 Dh’A(xn,l)

Since 62 satisfies U(62) = 0, by the mean value theorem, we have
0 = U2

= U(Uio) + U(U?*)(&g - 0'62,0),
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where o2* is the value between o2 and 672, and
U(a?) = 0U(0?)/00?
= %tr{(fﬁlBV} —dTy'BeiByld. (S3.2)
So
57 =0ty =—{U(02)} ' U(02)). (S3.3)

Follow the same argument in proof of Theorem 1, we can establish
Dy (x) = Dypa(z) + O, (nflfﬁ/<1+2ﬁ>> ,

So we have
S=%+10, <n7176/<1+2ﬁ>> D,

where D is some constant diagonal matrix. Using the property of matrix inverse, if € is
a small number then

(V+eF) =V —eVIFV =t + O(&).

We have
271 — 271 + Op(nflfﬂ/(1+25))E*1szl.

Replacing 3! by the above expression in terms of ¥~ in (S3.1) and (S3.2), we obtain

Uo?) = —%tr ({2—1 + Op(n—l—ﬁ/““ﬁ))2—11)2—1}3)

1 _ 1 _ _ _ 1 _ _
+ §dT{E 1—|—Op(n 1 5/(1+2ﬁ))2 IDE 1}B{E 1+Op(7’l 1 ﬁ/(1+2ﬁ))2 1DZ 1}d,

: 1
Ue?) = tr ([2—1+Op(n—l—ﬁ/“”@)z—lpz—l}B]Q)

— dY{Z 4+ 0, (n AR Dy BN 4+ 0, (n 1A/ 12 - py Ty
B{X7! 4 0,(n"17A/0+20) -1 py—11q.

Now we will discuss the order of (S3.3) case by case.

1.a > 1: 7' = O(n) and O, (n~1=#/0+20)\-1 D=1 = O, (n'~A/(1+28)) " thus
U(02) = —Ltr (21 B)+1d7S1BS1d, and U(02) = Ltr{(S~1B)’}-d7S 1 BE-1Bx-d.

€

So
~2 2 ~ N 1 -1 | A -1
o, —0o.g = —-FE {U(Ue)} {—§tr (E B) + §d Y7'BX'd}

= (e g7 gt ms )
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We claim that
[tr{(Z7'B)?} " Htr(Z7IB) —dTE1BYId} = 0,(n~%/?)
in probability as n — oco. Since
E(tr{(='B)*}] {tr(X7'B) —d"S7'Bx"'d}) =0
and

Var ([tr{(S7'B)*}]""{tr(27'B) —d"7'Bx'd})
=tr{(Z7'B)*}| *Var (dL~'BX'd)
=tr{(Z7'B)*}|*tr {(X7'B)*}
=tr{='B)2 !
=0(n™?)

. a <1 Y7 =0(n®) and O,(n~1=#/020)2-1 Dy~ = O, (n?*~1=F/(1428)) The
inequality 2o — 1 — 8/(1 + 28) < « always holds in case of o < 1, regardless of
B> 0. So

1

. —1 1

~2{Ue)} {1t (27B) + LT BYa)
2 2
1 -1 1 1
— {Qtr{(ElB)2}} {_gtr (Ele) + §delezfld}.
We claim that
[tr{(7'B)?} | Htr(27'B) —dTE'Buld} = Op(n—(l+2a)/2)

in probability as n — oco. Since

E(tr{(='B)*} "{tr(=7'B)—d"s'Bx"!d}) =0

and
Var (tr{(Z7'B)*}] " {tr(x7'B) —d"v7'Bx'd})
=tr{(Z7'B)*}| *Var (dL~'BX'd)
=[tr{(=7'B)*}]*tr {(7'B)?}
=tr{(=7'B)*}™
=0(n~ (1429,
Thus

52— U?,o = Op(n7(1+20‘)/2).
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S4 Proof of Theorem 4

Recall
_ T -1
p(zo) = C(o) {V(a)} 'z,
where o= (01y...,0n,00,0¢), 09 = o(x0),
g100 min(xl,xo) z1
0200 min(xg, $0) Z9
C(g) == : y L= : )
000 Min(x,, o) Zn
and
O'%J,j + 062 010921 cee 010,21
010221 O’%IQ + 052 cee 020,22
V(o) =
010,21 020 ,T2 cee U%xn + 062

The plug-in kriging predictor is given by

Pas) = COT{V(©) 'z
where 6 = (61,...,0n,00,0¢). Using Taylor expansion technique, we have
min(zy,20)(61 — 01) o1 min(xy, xo)
min(xg, xo) (62 — 02) oo min(xa, xo)
C(6) = C(o)+ 0o , + . (60 — 00)
min(zy, o) (6, — op) O Min(Zy,, o)

C(o) +O(n"P)E,
Similarly, we can have
V() = V(o)+O(n 9F,

where p is the convergent rate of &, in the case when o > 1, p = 3/(1 + 23), and in the
case when 1/2 < a <1, p= (2a —1)/(1 + 2p), g is the minimum convergent rate of &
and 6, i.e. ¢ = min{p,2a} = p considering 2a: > p always holds, E and F are constant
matrices. Using the property of matrix inverse, if € is a small number then

(V+eF) ' =V —eVTIFV =L £ O(%),

We have
(V(6)™ = V(o)™ + O~V (a) " FV(a) .
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So

Pee) = {Clo)+O0m™)E}T{V(0) + O )F) 'z
= C(0)"V(0) 'z + O(max(n,n"1))

Furthermore, we know the simply kriging predictor p(xg) is consistent to o(zo)W (zo)
with convergence rate O(n~'/2). Combine the above two facts, we have

p(xo) = o(wo)W (o) + O(max{n_f”n—l/Q}).

In our consideration, p < 1/2 always holds. So the convergence rate is O(n~?). Theorem

4 follows.

S5 Figures from the Simulation Study

Kriging vs Nonp kernel prediction with variable bandwidth, n=200
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Figure 1: Plot of prediction and smoothing with 02 = 0.1/n; grey— true process

o(x)W(x), red=kriging, blue=ALPRE, and green=LPRE.
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Kriging vs Nonp kernel prediction with variable bandwidth, n=200
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Figure 2: Plot of prediction and smoothing with 02 = 1/n, grey= true process o (x)W (z),

red=kriging, blue=ALPRE, and green=LPRE.

Kriging vs Nonp kernel prediction with variable bandwidth, n=200

o o
° True '
> | . - i 4
= \ R Kriging ) H
¥ e o © Adaptive smoothing v
\ he o| -=-- Smoothin <
Al e °o o 0 190 Smoo 9 o ° 4“
PN fl ° o, 5
o~ © ' [ [ oy o o
0 o L N R op.. o 1%y A
S 4 g ERNY
1 ) T, i ke A
oly,© o011 15 B\ A e "--é‘r”'u';‘v\, v b 01‘: R
2 TR T g ° 0. o 7] @
N . F " A ] ° % @\| v
oV 0 ﬂ’.Lv“E‘\no" ' VA A .\JD I N l‘
P oo e S, " o ol elngl W ’ o
P 60, AV 0 o o o it ot | 4
o oo ML ° 'ty o ° o ° ° YRS oy .
< ) % Vs o R RN T
| oy o Wy Lo o 1, © i0h iy
AP " 1370 4, ol o NN
<y 0 \ ) a A
'y ' ¥ P v
AL L ° ° y ey
Ve Vo
o Ml /1 o 1 °
s
0 e i °
Anii| l Y o ©
| o
o o
o
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 3: Plot of prediction and smoothing with o2 =
o(x)W (x), red=kriging, blue=ALPRE, and green=LPRE.

10/n, grey= true process



