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S1 Proof of Matrix Approximation

Theorem 1. If A(u,w) is d+ 1 times continuously differentiable in w for every w, then
|An(4) = Kn(A)|F = O(n'~19).
Proof. The covariance matrix A, (A) has entries
An(z,y) Z Az /n, w;)A* (y/n, w;) exp(iw)(z — y)).
JE€Ln

Define fz y(w) = A(x/n,w)A*(y/n,w) (the dependence of f on n is suppressed). Since
A(u,w) is d + 1 times continuously differentiable in w for every u, we can write

fa.y( Z Ca.y (k) exp(iw'k)

kezZd

with ¢z 4 (k) < T(max; |k;|)~4! for k # 0 for some T < oo (Kérnei, [1989). Then

Kn(x,y) = / chy Jexp(iw'(k 4+ & — y))dw = ¢z y(y — ).

kezd
Similarly,
Ap(z,y) = Z > caylk)explivjk+x—y) = coyly—z+Lon),
JELn keZd Lezd
where Lon = (¢1n1,...,l4ng). Therefore

An(way)_Kn(way) = Z Cw,y(y_w“'eon)'
£L€7Z9\0
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The difference in Frobenius norm is
1An = Knl =Y (An(@,y) = Kn(@,y)* =D | D cayly—a+Lon)| |
z,y z,y \£Lez4\0

where »_  denotes >, >, ., . We partition the inner sum into two parts,

ZN0 = {£:[¢;] <1Vj\0U{€: |¢;] > 1 for some j}
=S51US,

Then we rewrite

2
|An—Kn||%=Z<ch7yy x+Lon) +chy :c—i—fon))

Yy Sl
2
< 22 (Zcm,y(y—w+£0n)> +2Z <Zcm,y(y_w+£0n)>
T,y S1 x,y So
=2R1 +2R>

Treating Ry and Rs separately,

Ry ZZ <Z Cw,y(y_w‘FEO’n))

z,y \LES)
SB DY cyly—ztLon),
x,y LeS,

since S; contains 3¢ — 1 terms. Therefore,

T2
<(3%-1 .
) Z Z maxj |y] _ xj + gjnj|2d+2

£eS) =,y

Recall that for every £ € Sy, |I;| = 1 for at least one j, call this je.

72
—1) Z Z Yip — @3 + 15,2972

£csS; =,y
Nj, Mj,
=@3-1) Z Zz|y—x+n |2d+2
EESl t y=1z=1
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where the last inequality follows because n; — |h| < |n; + hl.

nufl

n | T? T2
Ry < (3d —1) — | —+2 _
lgé;l Njg | My }; (nje - h)2d+1

Reversing the order of the second sum gives

Nj,—
d n
RBi<(3 _1)Zn_, _+2 Z h2d+1
£eS, e
2 o0 2
d n |T T
<SE-DY =42 o
ecsy e LTe h=1
no,.4 T = T1?
<@ |42
1 £eS, 1 h=1

The second sum in the last expression converges for every £ € S7, and S has a finite
number of elements, so Ry = O(n/ny) = O(n'~/%).

Proceeding with Ra,

RQZZ (Z cm,y(y—w—kﬁon))

z,y \LES>
T 2
< .
wz; (g;z max; |y; — x; + 5j”j|d+1>
Express the set Sy = U , By, where By, = {€ : max; |{;| = k}. The set Bj, contains

/4 . . .

Bl = 3 (5) 20 = (-1 2]

j=1

elements, which is a polynomial in %k of degree d — 1, which we call P;_1(k). Then

2
= T
<) (Z 2 max; |y; — x; +£jnj|d“>

@,y \k=2£cBy
2

2 (X2 g
< — 1 n1 d+1 ’

x,y \k=2£eBy

since |y; — ;| < n; and ny < n; for every j. Finally,

2
TP 1(k
R2<n2d 22(2 ]:d+11 )> .
z,y
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The sum over k converges, and the sum over  and y contains n? terms, so Ry =

O(n?n2772) = O(n=%/%),
Therefore ||Ap, — Kp|/%2 = O(n'=Y/%), the size of R;. O

S2 Nearly Exact Simulation

Due to the integral representation of the locally stationary processes we study, exact
simulation is not possible, but we describe how to efficiently produce nearly exact sim-
ulations. Let J denote an integer and define wi; = 27j/(Jn1) and wor, = 27k/(Jn2).
If Z(w1j,war) are uncorrelated complex normal random variables, and J is sufficiently

large, then
Jni Jno
\/JZTNQX;;A x/m, Wi, war) exp(i(wyy, war) ®) Z (w1, wak)

is a good approximation to Yy, (x), and can be computed efficiently in O(Jnlog(Jn))
floating point operations with a two-dimensional fast Fourier transform. We have found
J = 8 to be sufficiently large in all of our simulations.

S3 Histograms for Square Root Transformation
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Figure 1: Histograms of wind speeds and square root wind speeds.
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