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As we mentioned in the mainbody of the paper, we will present the proofs of the
theorems and some additional simulation results here due to the page number restriction.

S1 Details of proving theorems

To present the proofs of the main results we first introduce and prove two lemmas. The
first lemma is due to Kapoor, Kelejian, and Prucha (2007).

Lemma 1 (i) Let RN be a (sequence of) N ×N matrices whose row and column sums
are bounded uniformly in absolute value, and let S be some k × k matrix (with k ≥ 1
fixed). Then the row and column sums of S ⊗ RN are bounded uniformly in absolute
value.

(ii) If AN and BN are (sequences of) kN × kN matrices (with k ≥ 1 fixed), whose
row and column sums are bounded uniformly in absolute value, then so are the row and
column sums of ANBN and AN +BN . If ZN is a (sequence of) kN × p matrices whose
elements are uniformly bounded in absolute value, then so are the elements of ANZN

and (kN)−1Zτ
NANZN .
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Lemma 2 Under Assumptions A to F, the following statements (i) and (ii) hold.
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√
NT (β̃

w
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Proof. According to the model (1), we have
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implying that J7,N = op(1). As a result,
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combining Theorem 30 in Pötscher and Prucha (2001), we obtain
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Independence between two processes {µi}Ni=1 and {νit}Ni=1 and the equality Ωw
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2 =
Ωw lead to complete the proof of the results (i).
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We now prove (ii). Define ιj = diag(0, · · · , 0︸ ︷︷ ︸
j−1

, 1, 0 · · · , 0) ⊗ IκN
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where B(UN ) = ZN ⊙MN(UN )−Z∗
NθN . Applying Assumption A and the polynomial

spline properties leads to J8,N = O(N−2)E(ετNZ∗
NZ∗τ

N εN ) = O(κNN
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O(κ−4
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−1). Applying the polynomial spline properties causes
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N ). As a consequence, we have proved the result (ii).

Proof of Theorem 1. Theorem 1 can be proved in the same way as we prove Lemma
2. We here omit its details.

Proof of Theorem 2. The proof of the consistency of λ̂N follows the same argument
as that in Kelejian and Prucha (2010). Applying Theorem 1, one can readily check
the conditions of Lemma 3.1 in Pötscher and Prucha (1997) for our problem. We now

establish the root-N consistency of λ̂N . According to the definition of ~(λ), ~(λ) can be
written as
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where λ̄N lies between λ̂N and λ and λ̄N − λ = op(1) by the consistency of λ̂N . Due to

the fact that ∂~(λ̂)/∂λ = −Ψ̂N

(
1 2λ
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, we have
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N∑

i2=1

A1ii2Λ
(2)
i2,N

+ 2

N∑
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It follows from According to Assumption C , Lemma 1 and Lemma C.1 (a) of Su (2012)
that
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Combining Assumption A1, C, Lemma 1 and Theorem 1 (i) causes
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Similarly, by Assumption A1, C, Lemma 1 and Theorem 1 (ii), we have
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So J6,N = Op(N
−1). Following the same argument, we can show that J7,N = Op(N

−1)

as well. In addition, according to the definition of Λ
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Λ
(2)
i,N =

1

T

T∑

t=1

q∑
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,0κN×(q−j−1)κN
)θN

}

− 1

T

T∑

t=1

q∑
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According to the properties of polynomial spline, it is easy to see that

2N−1
N∑

i=1

N∑

i1=1

1

T

T∑

t=1

εi1tWii1

N∑

i2=1

A1ii2 (Λ
(2)1
i2,N

+ Λ
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Same as for J6,N , we can show that
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In a matrix form, we have
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T∑

t=1

εi1tWii1

N∑

i2=1

A1ii2Λ
(2)4
i2,N

=
2

N
ετN (T−11T ⊗ IN )Wτ
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and
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(2)4
i2,N

)2

=
4

N2

N∑

i=1

E

{(
T∑

t1=1

ηit1

T∑

t2=1

ηit2

)
̟i+(t1−1)N,i+(t2−1)N

(
T∑

t3=1

ηit3

T∑

t4=1

ηit4

)
̟i+(t4−1)N,i+(t4−1)N

}

+
1

N

N∑

i1=1

N∑

i2=1

(
T∑

t1=1

ηi1t1

)(
T∑

t2=1

ηi1t2

)(
T∑

t3=1

ηi2t3

)(
T∑

t4=1

ηi2t4

)
(ω1

i1i2,N + ω2
i1i2,N + ω3

i1i2,N )

=O(N−3κ2N ) +O(N−2κ2N ) = o(N−1),

where
ω1
i1i2,N =(̟i1+(t1−1)N,i2+(t2−1)N̟i1+(t3−1)N,i2+(t4−1)N

ω2
i1i2,N =̟i1+(t1−1)N,i1+(t2−1)N̟i2+(t3−1)N,i2+(t4−1)N

ω3
i1i2,N =̟i2+(t1−1)N,i1+(t2−1)N̟i2+(t3−1)N,i1+(t4−1)N ).

This implies 2N−1
∑N

i=1

∑N
i1=1

1
T

∑T
t=1 εi1tWii1

∑N
i2=1A1ii2Λ

(2)4
i2,N

= op(N
−1/2). So J8,N =

op(N
−1/2). Similarly, it hods that J9,N = op(N

−1/2). As a result, we see that ψ̂11,N =

ψ11,N + op(N
−1/2). For ψ̂12,N , ψ̂21,N and ψ̂22,N we can also prove that ψ̂12,N = ψ12,N +

op(N
−1/2), ψ̂21,N = ψ21,N +op(N

−1/2) and ψ̂22,N = ψ22,N +op(N
−1/2). So Ψ̂N = ΨN +

op(N
−1/2) = ΨN+op(1), ΨN = O(1) is obvious. Ξ̂N−ΞN = op(1) follows from the con-

sistency of λ̂N , λ̄N , Ψ̂N and the Slutsky lemma. According to the proof of Ψ̂N = ΨN +
op(N

−1/2), we can show thatN1/2
~(λ) = N1/2(N−1η̄τ

NC1,N (λ)η̄N , N
−1η̄τ

NC2,N (λ)η̄N )τ+
op(1). Applying Theorem A.1 in Su (2012) getsN1/2(N−1η̄τ

NC1,N(λ)η̄N , N
−1η̄τ

NC2,N (λ)η̄N)τ =

Φ
1/2
N ξN + op(1). Above all, we obtain

√
N(λ̂N−λ) = Ξ̂−1

N

(
1 2λ̂N

)
Ψ̂τ

NΥN

(
Φ

1

2

NξN + op(1)
)
= (Jτ

NΥNJN )−1Jτ
NΥNΦ

1

2

NξN+op(1).

Thus, the proof of Theorem 2 is complete.

Proof of Theorem 3. (i) Let J(N, T ) = (NTs)
−1, where Ts = T − (s + 1), and

ts = t+ (s− 1), then

Q0,N = J(N, T )
N∑

i=1

Ts∑

t=1

(ηits , · · · , ηit)τ (ηits , · · · , ηit)

and

∆it,N = Xτ
it(β − β̂N ) + Zit1(m1(Uit)− m̂1,N (Uit)) + · · ·+ Zitq(mq(Uit)− m̂q,N (Uit)).

Since ε̂it,N = Yit − Xτ
itβ̂N − Zit1m̂1,N(Uit) − · · · − Zitqm̂q,N (Uit) = εit + ∆it,N and

ηit = εit − λ
∑N

i1=1Wii1εi1t, η̂it,N can be expressed as

η̂it,N = ηit+

(
∆it,N − λ

N∑

i1=1

Wii1∆i1t,N

)
+(λ−λ̂N )

N∑

i1=1

Wii1 (εi1t+∆i1t,N ) = ηit+∆∗
it,N .
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As a result, we have

Q̂0,N =Q0,N + J(N, T )

N∑

i=1

Ts∑

t=1

(∆∗
its,N , · · · ,∆

∗
it,N )τ (∆∗

its,N , · · · ,∆
∗
it,N )

+ J(N, T )
N∑

i=1

Ts∑

t=1

(ηits , · · · , ηit)τ (∆∗
its,N , · · · ,∆

∗
it,N )

+ J(N, T )

N∑

i=1

Ts∑

t=1

(∆∗
its,N , · · · ,∆

∗
it,N )τ (ηits , · · · , ηit)

=Q0,N + J1,N + J2,N + J3,N .

Define

∆∗
it,N =

{
∆it,N − λ

N∑

i1=1

Wii1∆i1t,N + (λ − λ̂N )

N∑

i1=1

Wii1∆i1t,N

}
+ (λ− λ̂N )

N∑

i1=1

Wii1εi1t

=∆
∗(1)
it,N +∆

∗(2)
it,N .

Then

J1,N ≤2J(N, T )

N∑

i=1

Ts∑

t=1

(∆
∗(1)
its,N

, · · · ,∆∗(1)
it,N )τ (∆

∗(1)
its,N

, · · · ,∆∗(1)
it,N )

+ 2J(N, T )

N∑

i=1

Ts∑

t=1

(∆
∗(2)
its,N

, · · · ,∆∗(2)
it,N )τ (∆

∗(2)
its,N

, · · · ,∆∗(2)
it,N )

=J
(1)
1,N + J

(2)
1,N .

According to Theorems 1-2 and Assumption C, ∆
∗(1)
it,N = Op

(
N−1/2

)
+Op

(√
κNN−1 + ϕ2

N

)

and then J
(1)
1,N = Op

(
N−1

)
+Op

(
κNN

−1 + ϕ2
N

)
= op

(
N−1/2

)
. In addition,

J
(2)
1,N = 2(λ− λ̂N )2J(N, T )

Ts∑

t=1




ετN (ts)W
τ
NWNεN (ts) · · · ετN (ts)W

τ
NWNεN (t)

ετN (t+ s)Wτ
NWNεN (ts) · · · ετN (t+ s)Wτ

NWNεN (t)
...

...
...

ετN (t)Wτ
NWNεN (ts) · · · ετN (t)Wτ

NWNεN (t)


 .

According to Theorem 2, Lemmas 1 and 2, N−1ετN (t+(s− l1))Wτ
NWNεN (t+(s− l2)) =

Op(1) for l1, l2 = 1, · · · , s. So, J
(2)
1,N = Op(N

−1) = op(N
−1/2). Therefore, J1,N =

op(N
−1/2).
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For J2,N we have

NTsJ2,N =
N∑

i=1

Ts∑

t=1

(ηits , · · · , ηit)τ (∆its,N , · · · ,∆it,N )

−
N∑

i=1

Ts∑

t=1

(ηits , · · · , ηit)τ (λ
N∑

i1=1

Wii1∆i1ts,N , · · · , λ
N∑

i1=1

Wii1∆i1t,N)

+ (λ− λ̂N )

N∑

i=1

Ts∑

t=1

(ηits , · · · , ηit)τ (
N∑

i1=1

Wii1εi1ts , · · · ,
N∑

i1=1

Wii1εi1t)

+ (λ− λ̂N )
N∑

i=1

Ts∑

t=1

(ηits , · · · , ηit)τ (
N∑

i1=1

Wii1∆i1ts,N , · · · ,
N∑

i1=1

Wii1∆i1t,N)

=J
(1)
2,N + J

(2)
2,N + J

(3)
2,N + J

(4)
3,N .

According to the definition of ∆it,N , it holds that

J
(1)
2,N =

N∑

i=1

Ts∑

t=1

(ηits , · · · , ηit)τ (Xτ
its(β − β̂N ), · · · ,Xτ

it(β − β̂N ))

+
∑

i,t

(ηits , · · · , ηit)τ (
q∑

j=1

Zits,j(mj(Uits)− m̂j,N (Uits)), · · · ,
q∑

j=1

Zitj(mj(Uit)− m̂j,N (Uit)))

=J
(1)∗
2,N + J

(1)∗∗
2,N .

Following the same routine as the proof of Theorem 1 yields

J(N, T )

N∑

i=1

Ts∑

t=1

Xi,t+m(ηits , · · · , ηit) = Op(N
− 1

2 ) for 0 ≤ m ≤ s− 1.

Therefore, Theorem 1(i) leads to J
(1)∗
2,N = Op(1) = o(N1/2). Based on the definition of

m̂j,N(Uit), we have

q∑

j=1

Zitj(mj(Uit)− m̂j,N (Uit))

=

q∑

j=1

Zitj

{
mj(Uit)− (ζ(Uit,N ))τ (0κN×(j−1)κN

, IκN
,0κN×(q−j−1)κN

)(Z∗τ
N Z∗

N )−1Z∗τ
N (ZN ⊙MN )

}

−
q∑

j=1

Zitj(ζ(Uit,N ))τ (0κN×(j−1)κN
, IκN

,0κN×(q−j−1)κN
)(Z∗τ

N Z∗
N )−1Z∗τ

N εN

−
q∑

j=1

Zitj(ζ(Uit,N ))τ (0κN×(j−1)κN
, IκN

,0κN×(q−j−1)κN
)(Z∗τ

N Z∗
N )−1Z∗τ

N XN (β − β̂N )

=℘1 + ℘2 + ℘3.
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By the properties of polynomial spline we can show that

N∑

i=1

Ts∑

t=1

(ηits , · · · , ηit)τ℘1 = Op(N
1

2 ) ·Op

(√
κNN−1 + ϕ2

N

)
= op(N

1

2 ).

Further,

N∑

i=1

Ts∑

t=1

(ηits , · · · , ηit)τ℘2 = Op(N
−1) +

1

N
ετNZ∗

N (Z∗τ
N Z∗

N )−1Z∗τ
N εN = Op(κN ) = op(N

1

2 ).

The
√
N consistency of β̂N and the same argument for

∑N
i=1

∑Ts

t=1(ηits , · · · , ηit)τ℘2

lead to
∑N

i=1

∑Ts

t=1(ηits , · · · , ηit)τ℘3 = Op(κN ) = op(N
1/2) as well. Together we have

J
(1)∗∗
2,N = op(N

1/2). As a result, J
(1)
2,N = op(N

1/2). Following the same line, we can show

that J
(2)
2,N = op(N

1/2) and J
(4)
2,N = op(N

1/2). Hence

J2,N =J(N, T )(λ− λ̂N )
N∑

i=1

Ts∑

t=1

(ηits , · · · , ηit)τ (
N∑

i1=1

Wii1εi1ts , · · · ,
N∑

i1=1

Wii1εi1t) + op(N
− 1

2 )

=
λ− λ̂N
Ts

·
Ts∑

t=1




Eητ
N (ts)WNεN (ts) · · · Eητ

N (ts)WNεN (t)
Eητ

N (t+ s)WNεN (ts) · · · Eητ
N (t+ s)WNεN (t)

...
...

...
Eητ

N (t)WNεN (ts) · · · Eητ
N(t)WNεN (t)


+ op(N

− 1

2 )

=(λ− λ̂N )ℑ01 + op(N
− 1

2 ).

Similarly, we have

J3,N = J(N, T )(λ−λ̂N )

N∑

i=1

Ts∑

t=1

C(WN , εN )τC(WN , εN )+op(N
− 1

2 ) = (λ−λ̂N )ℑτ
01,N+op(N

− 1

2 ),

where C(WN , εN ) = (
∑N

i1=1Wii1εi1ts , · · · ,
∑N

i1=1Wii1εi1t). This implies that Q̂0,N =

Q0,N +(λ− λ̂N )(ℑ01,N +ℑτ
01,N)+op(N

−1/2) = Q0,N +(λ− λ̂N )ℑ0,N +op(N
−1/2), where

ℑ0,N = ℑ01,N + ℑτ
01,N .

By the same argument, we can show that Q̂1,N = Q1,N+(λ− λ̂N)ℑ1,N+op(N
−1/2),

where ℑ1,N = ℑ11,N + ℑτ
12,N with

ℑ11,N =
1

Ts

Ts∑

t=1




EητN (ts)WNεN (t+ s) · · · Eητ
N (ts)WNεN (t+ 1)

Eητ
N (t+ s)WNεN (t+ s) · · · Eητ

N (t+ s)WNεN (t+ 1)
...

...
...

Eητ
N (t)WNεN (t+ s) · · · Eητ

N (t)WNεN (t+ 1),




and ℑ12,N has the same definition as ℑ11,N except for switching ε(t) with η(t),

Q̂2,N = Q2,N + (λ− λ̂N )ℑ2,N + op(N
− 1

2 ),
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where ℑ2,N = ℑ21,N + ℑ22,N with

ℑ21,N =
1

Ts

Ts∑

t=1




EητN (t+ s− 1)WNεN (t+ s)
Eητ

N (t+ s)WNεN (t+ s)
...

Eητ
N (t)WNεN (t+ s)




and ℑ22,N has the same definition as ℑ21,N except for switching ε(t) with η(t), and

Q̂3,N = Q3,N + (λ− λ̂N )ℑ3,N + op(N
− 1

2 ),

where ℑ3,N = ℑ31,N + ℑ32,N with

ℑ31,N =
1

Ts

Ts∑

t=1




Eητ
N (ts)WNεN(t+ s+ 1)

EητN (t+ s)WNεN (t+ s+ 1)
...

Eητ
N (t)WNεN (t+ s+ 1)




and ℑ32,N has the same definition as ℑ31,N except for switching ε(t) with η(t). As a
result, for ρ̂N ,

√
NT (ρ̂N − ρ) =

√
NT

{(
Q̂0,N − Q̂1,N

)−1 (
Q̂2,N − Q̂3,N

)
− ρ

}

=

√
NT

Q0,N −Q1,N
[(Q2,N −Q3,N)− (Q0,N −Q1,N )ρ+ (λ− λ̂N )((ℑ0,N −ℑ1,N )− (ℑ2,N −ℑ3,N )ρ)] + op(1).

According to the definition of Q0,N and Q1,N , we conclude that the statistic

Q0,N −Q1,N = J(N, T )
N∑

i=1

Ts∑

t=1

(ηits , · · · , ηit)τ{(ηits , · · · , ηit)− (ηi(t+s), · · · , ηi(t+1))}

converges in probability to E{(ηits , · · · , ηit)τ [(ηits , · · · , ηit) − (ηi(t+s), · · · , ηi(t+1))]}, e-
quivalently, E{(νits , · · · , νit)τ [(νits , · · · , νit)− (νi(t+s), · · · , νi(t+1))} as N → ∞. Accord-
ing to error model (2), we see that ηi(t+s) = ρ1ηits+· · ·+ρsηit+(1−ρ1−· · ·−ρs)µi+ei(t+s)

and ηi(t+(s+1)) = ρ1ηi(t+s)+ · · ·+ρsηi(t+1)+(1−ρ1−· · ·−ρs)µi+ei(t+(s+1)). Therefore,

√
NTs {Q2,N −Q3,N − (Q0,N −Q1,N )ρ}

=
1√
N

N∑

i=1

[
1√
Ts

Ts∑

t=1

{
(νits + µi, · · · , νit + µi)

τei(t+s) − (νits + µi, · · · , νit + µi)
τei(t+(s+1))

}
]

=
1√
N

N∑

i=1

χi,N ,

where {χi}Ni=1 is an i.i.d. random vector sequence with mean 0 and covariance matrix

Cov(χi,N ) =
1

T s
Cov

Ts∑

t=1

{
(νits + µi, · · · , νit + µi)

τ (ei(t+s) − ei(t+(s+1)))
}
= 2σ2

e

(
σ2
µ1s1

τ
s + Γs

)
,
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where γν(j) = E(νit,Nνi(t+j),N ). On the other hand, by Theorem 2, we have the con-

clusion that
√
NT (λ − λ̂N )((ℑ0,N −ℑ1,N ) − (ℑ2,N −ℑ3,N )ρ) = Op(1). In addition, it

follows from Theorem 2 that
√
NT (λ − λ̂N ) = (Jτ

NΥNJN )Jτ
NΥNΦNvN + op(1). By

simple calculations, we have E(vN

∑N
i=1 χi,N ) = 0. Therefore, Theorem 3 (i) holds.

Next, we prove (ii). Since ℓ̂it,N = η̂it+s,N −
∑s

k=1 ρ̂k,N η̂i(t+s−k),N , it can expressed
as

ℓ̂it,N =ei(t+s) +

{
(1−

s∑

k=1

ρk)µi

}
+ {(ρ1 − ρ̂1,N )ηits − · · · − (ρs − ρ̂s,N )ηit}

+
{
∆∗

i(t+s) − ρ̂1,N∆∗
its,N − · · · − ρ̂s,N∆∗

it,N

}

=ei(t+s) + J4,N + J5,N + J6,N .

As a result, we have

L̂N ≡
N∑

i=1

Ts∑

t=1

ℓ̂2it,N =
N∑

i=1

Ts∑

t=1

(
e2i(t+s) + J2

4,N + J2
5,N + J2

6,N + 2ei(t+s)J4,N + 2ei(t+s)J5,N

)

+ 2

N∑

i=1

Ts∑

t=1

(
ei(t+s)J6,N + J4,NJ5,N + J4,NJ6,N + J5,NJ6,N

)
.

Applying Theorem 3 (i) yields

J(N, T )

N∑

i=1

Ts∑

t=1

J2
5,N = Op(N

−1) and 2J(N, T )

N∑

i=1

Ts∑

t=1

ei(t+s)J5,N = Op(N
−1).

It follows from Theorem 1, 2 and Lemma 2 that J(N, T )
∑N

i=1

∑Ts

t=1 J
2
6,N = Op(N

−1) =

op(N
−1/2). The Cauchy-Schwarz inequality tells us that 2J(N, T )

∑N
i=1

∑Ts

t=1 J5,NJ6,N =
Op(N

−1) = op(N
−1/2). In addition, it is easy to see that

2J(N, T )

N∑

i=1

Ts∑

t=1

J4,NJ5,N = −2J(N, T )

N∑

i=1

Ts∑

t=1

J4,N{(ρ1 − ρ̂1,N )− · · · − (ρs − ρ̂s,N )}µi.

Following the same argument as proving for (i) we have

2J(N, T )

N∑

i=1

Ts∑

t=1

ei(t+s)J6,N = 2(λ− λ̂N )J(N, T )

N∑

i=1

Ts∑

t=1

ei(t+s)

N∑

i1=1

Wii1εi1(t+s)

and

2J(N, T )

N∑

i=1

Ts∑

t=1

J4,NJ6,N = 2(λ− λ̂N )J(N, T )

N∑

i=1

Ts∑

t=1

(1 −
s∑

k=1

ρk)µi

N∑

i1=1

Wii1εi1(t+s).
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So we obtain

L̂N =

N∑

i=1

Ts∑

t=1

e2i(t+s) +
1

NJ(N, T )

N∑

i=1

(1−
s∑

k=1

ρk)
2µ2

i

+ 2

N∑

i=1

Ts∑

t=1

ei(t+s)(1−
s∑

k=1

ρk)µi + 2(λ− λ̂N )

N∑

i=1

Ts∑

t=1

ei(t+s)

N∑

i1=1

Wii1εi1(t+s)

− 2

NJ(N, T )

N∑

i=1

(1 −
s∑

k=1

ρk){(ρ1 − ρ̂1,N)− · · · − (ρs − ρ̂s,N )}µ2
i

+ 2(λ− λ̂N )

N∑

i=1

Ts∑

t=1

(1−
s∑

k=1

ρk)µi

N∑

i1=1

Wii1εi1(t+s).

By the same argument, we compute the cross-product item
∑N

i=1

∑Ts

t=1 ℓ̂it,N ℓ̂i(t+1),N ,

denoted by ĈLN , as follow:

ĈLN =
N∑

i=1

Ts∑

t=1

ei(t+s)ei,t+s+1 +
1

NJ(N, T )

N∑

i=1

(1−
s∑

k=1

ρk)
2µ2

i

+
N∑

i=1

Ts∑

t=1

ei(t+s)(1 −
s∑

k=1

ρk)µi +
N∑

i=1

Ts∑

t=1

ei,t+s+1(1 −
s∑

k=1

ρk)µi

+ (λ− λ̂N )

N∑

i=1

Ts∑

t=1

ei(t+s+1)

N∑

i1=1

Wii1εi1(t+s) + (λ− λ̂N )

N∑

i=1

Ts+1∑

t=1

ei(t+s)

N∑

i1=1

Wii1εi1(t+s+1)

− 2

NJ(N, T )

N∑

i=1

(1 −
s∑

k=1

ρk){(ρ1 − ρ̂1,N )− · · · − (ρs − ρ̂s,N )}µ2
i

+ (λ− λ̂N )

N∑

i=1

Ts∑

t=1

(1−
s∑

k=1

ρk)µi

(
N∑

i1=1

Wii1εi1(t+s) +

N∑

i1=1

Wii1εi1(t+s+1)

)
.

It implies that

(L̂N − ĈLN )) =
N∑

i=1

Ts∑

t=1

ℓ̂2it,N −
N∑

i=1

Ts∑

t=1

ℓ̂it,N ℓ̂i,t+1,N

=

N∑

i=1

Ts∑

t=1

[e2i(t+s) − ei(t+s)ei(t+s+1) + (ei(t+s) − ei(t+s+1))(1−
s∑

k=1

ρk)µi]

+
λ− λ̂N
J(N, T )

ℑ4,N + op
(
J(N, T )−1

)
.

As a consequence, we obtain

√
NT (σ̂2

e,N − σ2
e) =

1√
N

N∑

i=1

ςi,N +
√
NT (λ − λ̂N )ℑ4,N + op(1),
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where ςi,N =
√
TT−1

s

∑Ts

t=1

{
e2i(t+s) − σ2

e − ei(t+s)ei(t+s+1) − (ei(t+s) − ei(t+s+1))(1−
∑s

k=1 ρk)µi

}
.

It isn’t hard to see that ςi,N is an i.i.d. random vector sequence with mean 0 and variance

Var(ςi,N ) =
T

Ts

{
Var(e2it) + 2(1−

s∑

k=1

ρk)
2σ2

µσ
2
e + σ4

e

}
.

On the other hand, by Theorem 2, we have the conclusion that
√
NT (λ − λ̂N )ℑ4,N =

Op(1). In addition, it follows from the proof of Theorem 2 that
√
NT (λ − λ̂N ) =

(Jτ
NΥNJN )Jτ

NΥNΦNvN+op(1). By a simple calculation, we have E(vN

∑N
i=1 ςi,N ) = 0.

Therefore, we have proved the part (ii) of Theorem 3.

Proof of Theorem 4. From to the definitions of β̂
w

N and β̃
w

N it holds that

β̂
w

N − β =β̃
w

N − βN +
{
WΣ̂N

N −WΣN

N

}(
Xτ

NM
Σ̂

−1

N

Z
∗

N

−Xτ
NM

Σ̂
−1

N

Z
∗

N

)
(ZN ⊙MN )

+
{
WΣ̂N

N −WΣN

N

}
Xτ

NM
Σ̂

−1

N

Z
∗

N

(ZN ⊙MN) +WΣN

N

(
Xτ

NM
Σ̂

−1

N

Z
∗

N

−Xτ
NM

Σ
−1

N

Z
∗

N

)
(ZN ⊙MN )

+
{
WΣ̂N

N −WΣN

N

}(
Xτ

NM
Σ̂

−1

N

Z
∗

N

−Xτ
NM

Σ
−1

N

Z
∗

N

)
εN +

{
WΣ̂N

N −WΣN

N

}
Xτ

NM
Σ

−1

N

Z
∗

N

εN

+WΣN

N

(
Xτ

NM
Σ̂

−1

N

Z
∗

N

−Xτ
NM

Σ̂
−1

N

Z
∗

N

)
εN ,

where WΣ̂N

N = (Xτ
NM

Σ̂
−1

N

Z
∗

N

XN )−1. By Lemma 2 (i) and the fact that (A + aB)−1 =

A−1 − aA−1BA−1 + O(a2) as a → 0, to prove Theorem 4 we only need to prove the
following equalities:

1

NT

(
Xτ

NM
Σ̂

−1

N

Z
∗

N

XN −Xτ
NM

Σ
−1

N

Z
∗

N

XN

)
= Op(N

− 1

2 ), (A1)

1

NT

(
Xτ

NM
Σ̂

−1

N

Z
∗

N

−Xτ
NM

Σ
−1

N

Z
∗

N

)
(ZN ⊙MN) = op(N

− 1

2 ), (A2)

1

NT

(
Xτ

NM
Σ̂

−1

N

Z
∗

N

XN −Xτ
NM

Σ
−1

N

Z
∗

N

XN

)
εN = op(N

− 1

2 ), (A3)

1

NT
Xτ

NM
Σ

−1

N

Z
∗

N

XN = Op(1) (A4)

and

1

NT
Xτ

NM
Σ̂

−1

N

Z
∗

N

(ZN ⊙MN ) = op(N
− 1

2 ),
1

NT
Xτ

NM
Σ̂

−1

N

Z
∗

N

εN = Op(N
− 1

2 ). (A5)

According to the proof of Lemma 2(i) and the fact that Σ̂−1
N = (σ̂2

µ,N1T1
τ
T + Γ̂N )−1 ⊗

{F(λ̂N )F(λ̂N )τ}, whereF(λ̂N ) = IN−λ̂NWN , the difference item (NT )−1(Xτ
NM

Σ̂
−1

N

Z
∗

N

XN−
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Xτ
NM

Σ
−1

N

Z
∗

N

XN ), denoted by (NT )−1DN , can be expressed as

1

NT
DN =

1

NT

(
Πτ Σ̂−1

N Π−ΠτΣ−1
N Π

)
+ op(N

− 1

2 )

=
1

NT
Πτ (σ̂2

µ,N1T1
τ
T + Γ̂N )−1 ⊗ {F(λ̂N )F(λ̂N )τ − F(λ)F(λ)τ }Π

+
1

NT
Πτ
{
(σ̂2

µ,N1T1
τ
T + Γ̂N )−1 − (σ2

µ1T1
τ
T + Γ)−1

}
⊗ {F(λ)F(λ)τ}Π+ op(N

− 1

2 ).

Since F(λ̂N )F(λ̂N ) − F(λ)F(λ) = (λ̂2N − λ2)WNWτ
N − (λ̂N − λ)(WN + Wτ

N ) and

(σ̂2
µ,N1T1

τ
T+Γ̂N )−1−(σ2

µ1T1
τ
T+Γ)−1 = Op(N

−1/2) from Theorem 3, we have (NT )−1DN =

Op(N
−1/2). This implies that (A1) holds. Applying the polynomial spline properties

and

1

NT

(
Xτ

NM
Σ̂

−1

N

Z
∗

N

−Xτ
NM

Σ
−1

N

Z
∗

N

)
(ZN⊙MN) =

1

NT

(
Xτ

NM
Σ̂

−1

N

Z
∗

N

−Xτ
NM

Σ
−1

N

Z
∗

N

)
(ZN⊙MN−Z∗

NθN ),

by the same argument as that for (A1), we can show that (A2) holds. Moreover, from
the proof of Lemma 2 we know that (A4) and (A5) hold as well. Therefore, to complete
the proof we only need to prove (A3). It is easy to see that

1

NT

(
Xτ

NM
Σ̂

−1

N

Z
∗

N

ε−Xτ
NM

Σ
−1

N

Z
∗

N

ε

)
= op(N

− 1

2 ) + J1,N + J2,N + J3,N ,

where

J1,N =
1

NT
Πτ
{
G(σ̂2

µ, Γ̂)−G(σ2
µ,Γ)

}
⊗
{
(λ̂2N − λ2)WNWτ

N − (λ̂N − λ)(WN +Wτ
N)
}
εN ,

J2,N =
1

NT
Πτ
[
G(σ2

µ,Γ)⊗
{
(λ̂2N − λ2)WNWτ

N − (λ̂N − λ)(WN +Wτ
N )
}]
εN and

J2,N =
1

NT
Πτ
{
G(σ̂2

µ, Γ̂)−G(σ2
µ,Γ)

}
⊗ {(IN − λWN )(IN − λWτ

N )} εN

with G(σ2
µ,Γ) = (σ2

µ11
τ+Γ)−1. It is easy to see that E{Πτ (t1)WNWτ

NεN (t2)} = 0 and

Cov{Πτ (t1)WNWτ
NεN (t2)} = O(N). Therefore, Πτ (t1)WNWτ

NεN (t2) = Op(N
1/2)

for 1 ≤ t1, t2 ≤ T .

Let G∗ = G(σ̂2
µ, Γ̂)−G(σ2

µ,Γ) = (g∗t1,t2) for 1 ≤ t1, t2 ≤ T . Then

1

NT
Πτ
{
G(σ̂2

µ, Γ̂)−G(σ2
µ,Γ)

}
⊗
{
(λ̂2N − λ2)WNWτ

N

}
εN

=
1

NT

T∑

t1=1

T∑

t2=1

(λ̂2N − λ2)g∗t1t2Π
τ (t1)WNWτ

NεN (t2) = O(N−1) ·Op(N
− 1

2 ) ·Op(N
− 1

2 ) · Op(N
1

2 ).

Similarly, we can show that 1
NT Π

τ
{
G(σ̂2

µ, Γ̂)−G(σ2
µ,Γ)

}
⊗
{
(λ̂N − λ)(WN +Wτ

N)
}
εN =

Op(N
−3/2). Namely, J1,N = op(N

−1/2). Following the same arguments, we can show
that J2,N = Op(N

−1) = op(N
−1/2) and J3,N = Op(N

−1) = op(N
−1/2). This shows that

(A3) holds. Thus, we complete the proof of the desired results.
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S2 Simulation results for those cases with T = 10

Table 1. Finite sample performances of the proposed WSLSE of regression coefficient β
and WPSSE of nonprarmetric function m(·) under T = 10

N = 100 N = 200 N = 300
(λ, ρ) (0.3, 0.3) (0.6, 0.6) (0.3, 0.3) (0.6, 0.6) (0.3, 0.3) (0.6, 0.6)

β̂1,N est 1.0005 1.0025 0.9986 0.9993 1.0008 1.0030
std 0.0440 0.0856 0.0356 0.0658 0.0314 0.0578
estd 0.0438 0.0937 0.0355 0.0725 0.0309 0.0600
cp 0.9490 0.9400 0.9490 0.9450 0.9450 0.9520

β̂2,N est -1.4994 -1.5000 -1.4991 -1.5004 -1.5008 -1.5013
std 0.0271 0.0444 0.0223 0.0384 0.0213 0.0318
estd 0.0266 0.1434 0.0227 0.0411 0.0208 0.0326
cp 0.9450 0.9570 0.9480 0.9500 0.9390 0.9470

β̂w
1,N

est 1.0024 1.0017 0.9986 0.9983 1.0011 0.9999

std 0.0202 0.0181 0.0163 0.0141 0.0144 0.0125
estd 0.0199 0.0182 0.0165 0.0147 0.0144 0.0127
cp 0.9450 0.9540 0.9580 0.9600 0.9510 0.9580

β̂w
2,N

est -1.5013 -1.4981 -1.4988 -1.5017 -1.4998 -1.5004

std 0.0148 0.0126 0.0125 0.0104 0.0117 0.0090
estd 0.0148 0.0134 0.0125 0.0108 0.0114 0.0094
cp 0.9570 0.9600 0.9480 0.9570 0.9420 0.9520

β̃w
1,N

est 1.0024 1.0017 0.9986 0.9982 1.0010 0.9999

std 0.0199 0.0179 0.0162 0.0141 0.0144 0.0124
estd 0.0197 0.0175 0.0164 0.0143 0.0143 0.0124
cp 0.9400 0.9420 0.9550 0.9500 0.9530 0.9530

β̃w
2,N

est -1.5013 -1.4982 -1.4988 -1.5017 -1.4999 -1.5004

std 0.0146 0.0125 0.0125 0.0104 0.0117 0.0090
estd 0.0147 0.0129 0.0124 0.0104 0.0113 0.0091
cp 0.9560 0.9510 0.9480 0.9510 0.9410 0.9520

β̂∗

1,N
est 0.9998 1.0017 1.0019 0.9984 1.0026 0.9997

std 0.0301 0.0319 0.0228 0.0216 0.0185 0.0179

β̂∗

2,N
est -1.5022 -1.4958 -1.4999 -1.4967 -1.4993 -1.5009

std 0.0242 0.0244 0.0169 0.0158 0.0128 0.0138
m̂1,N (·) sm(RASE) 0.1916 0.2574 0.1712 0.2124 0.1487 0.1943

std(RASE) 0.0429 0.0659 0.0345 0.0512 0.0269 0.0416
m̂2,N (·) sm(RASE) 0.1937 0.2373 0.1762 0.2140 0.1694 0.1967

std(RASE) 0.0297 0.0463 0.0207 0.0362 0.0179 0.0294
m̂w

1,N
(·) sm(RASE) 0.1422 0.1311 0.1288 0.1173 0.1173 0.1113

std(RASE) 0.0243 0.0188 0.0181 0.0129 0.0138 0.0106
m̂w

2,N
(·) sm(RASE) 0.1598 0.1535 0.1527 0.1485 0.1487 0.1445

std(RASE) 0.0138 0.0103 0.0098 0.0077 0.0077 0.0062
m̃w

1,N
(·) sm(RASE) 0.1417 0.1304 0.1285 0.1170 0.1171 0.1111

std(RASE) 0.0242 0.0186 0.0178 0.0127 0.0137 0.0105
m̃w

2,N
(·) sm(RASE) 0.1594 0.1532 0.1525 0.1484 0.1486 0.1444

std(RASE) 0.0136 0.0102 0.0097 0.0077 0.0077 0.0061
m̂∗

1,N
(·) sm(RASE) 0.1909 0.1853 0.1460 0.1444 0.1311 0.1297

std(RASE) 0.0422 0.0397 0.0248 0.0250 0.0187 0.0188
m̂∗

2,N
(·) sm(RASE) 0.1933 0.1841 0.1632 0.1647 0.1551 0.1547

std(RASE) 0.0297 0.0244 0.0163 0.0163 0.0116 0.0112
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Figure 1: Box plots of the RASE values for the three nonparametric function estimators
(m̂1,N (u), m̂2,N (u))τ , (m̂w

1,N
(u), m̂w

2,N
(u))τ and (m̃w

1,N
(u), m̃w

2,N
(u))τ with T = 10. Each boxplot

is based on the 1,000 RASE values for a particular combination. Indices 1, 2, 3, 4, 5 and 6 are for
m̂1,N (u), m̂2,N (u), m̂w

1,N
(u), m̂w

2,N
(u), m̃w

1,N
(u) and m̃w

2,N
(u), respectively. N = 100, (λ, ρ) = (0.3, 0.3)

in plot (a); N = 100, (λ, ρ) = (0.6, 0.6) in plot (b); N = 200, (λ, ρ) = (0.3, 0.3) in plot (c); N =
200, (λ, ρ) = (0.6, 0.6) in plot (d); N = 300, (λ, ρ) = (0.3, 0.3) in plot (e); And N = 300, (λ, ρ) = (0.6, 0.6)
in plot (f).


