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As we mentioned in the mainbody of the paper, we will present the proofs of the
theorems and some additional simulation results here due to the page number restriction.

S1 Details of proving theorems

To present the proofs of the main results we first introduce and prove two lemmas. The
first lemma is due to Kapoor, Kelejian, and Prucha (2007).

Lemma 1 (i) Let Ry be a (sequence of) N x N matrices whose row and column sums
are bounded uniformly in absolute value, and let S be some k x k matriz (with k > 1
fized). Then the row and column sums of S ® Ry are bounded uniformly in absolute
value.

(i1) If Ay and By are (sequences of ) kN x kN matrices (with k > 1 fized), whose
row and column sums are bounded uniformly in absolute value, then so are the row and
column sums of ANBy and Ay +By. If Zn is a (sequence of) kN X p matrices whose
elements are uniformly bounded in absolute value, then so are the elements of ANZy

and (kN)_lzngNZN.

Denote
v N - T N i *T —1lrgs \—lrgpxT§1— 2w
By = ( &Mig XnN) 1XNM§}€[ Yy and Oy = (ZV ' Zy) ' ZV Sy (Yn —XnBy)

and my (u) = (MY y(u),- -, my N (u)" = ¢ (u)By, where ¢ (u) is defined in Section
2.

For B;}, and (MY 5 (+), -+, MY n(+))7, we have the following asymptotic properties.
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Lemma 2 Under Assumptions A to F, the following statements (i) and (i) hold.

(i) VNT(By —B) —p N(0,2%~1) as N — oo, where Q¥ is defined in Assumption
E.

—1 2\ _
(i) max iy = myl[3, = Op (kxN~" + @) = Op(max kyN~" +k3)

Proof. According to the model (1), we have
Yy =XNB+ZyOMy(Un)+eny =XnB+ZNON +{Zny O©Mn(Un)—ZyOn} +en,

where My (Uy) = (M5 (Un(1)),--- , M5 (Un(T)))". Therefore,
~w —1
VNT(By - B) = VNT {(X3M5Y Xn) XL M2 Y — )
o .
NTWRY Xy Mg2 ey + \/NTWJZVNXR,M%C’ (Zy © My(Uy) — Z560x),

1 —1 —1
where WiV = (X}VMgg XN) . By Assumption A, the item X}M?g X can be

decomposed as

X7 MEY Xy =A(Uy) MEN MY 4 MEY
WMz Xy =A(Uy) ™Mz A(Uy) + A(Un)" Mz +MzY A(Uy)

+ IS Ty — IS4 28 (ZV 24 28) T 28 Sy Ty
=hnN+-+I5nN,
where A(Uy) = ((Zy © pi1n(Un), -+, ZN © @,n(UnN)) = Zyvy) and ;5 (Un) =

(@;(U11), -+, @;(Un1), -+, ¢;(Unt))" with ¢;(-) = (pj1(), - ,94q(-))". Applying
the polynomial spline properties it is easy to see that

NTJl N >~ ]\;TA(UN)TA(UN) O([{}lv) = 0(]\]7%)

Applying Assumption F yields (NT) "1 Jy x = O (,{]—\]2]\]71/2) = o(N~V/2) and (NT) "1 J5 y =
o (’ﬁvQN_lﬂ) = o(N~1/2). In addition,

1 1 T *T gV - -1
~7 /5y <00 RISy "ZN(ZNZN) T ZN SN Iy = O (k3 N1 = o(N 7 2).
Therefore,
1 1
~7 M, XN = TnNlenN +0(1) = Q2+ o0(1).

By the same arguments, we obtain
=7 Mz* "A(Uy) = O(4) + O (k3,N"1) = o(N~ ).

It follows that . —1
VNT(X{My Xy) ' X5 MY A(Ux) = o(1).
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—1
For X}'VM%VV €N, it can be decomposed into
1 -1 1T
NT ?VM%VV en=Jen —J7. N + Wicia vENEn,
where Jo v = (NT)V2A(Un)" {Zy — SN Z(ZVEN'Zy) 1 Z7 SN b en and
1

J =
N NT

— * *T — * 0\ — *T — 1 T —
My SV ZN (ZV SV ZY) ' ZV S ey + ——=TI 2 en.

VNT

For Js n, we have
1 _
B Tf) = O(1) 57 A(UN)TA(U) = O(sy!) = (1)
implying that Js v = 0p(1). For J7 n, we have
1

B(Jr.nJin) = 57

0}, 25 2 (23 B3/ Z3) ' Z¥ B3 Ly = O (k4N 7Y).
implying that J7 y = 0p(1). As a result,

VNT(By — B) =VNTW'IIL S ey + 0p(1)
=VNTWRTILE {Ir @ (In — AWx) 7} (In @ 1n)py
+ VNTW R IIREG {Ir @ (In — AW ) vy +0,(1).
It follows from Assumption A, C and Lemma 1 that the elements of I} X /! {Ir ® (Iy — AWy) 1}

(1y®Ir) and IR 25" {Ir ® (Iy — AW ) ™!} are uniformly bounded in absolute value,
combining Theorem 30 in Potscher and Prucha (2001), we obtain

1 _ _ w
——TNLSy {Ir @ Iy = AWx) '} (12 @ In)py —p N(0,97)

VNT
and )
ﬁngz;vl {Ir Iy = AWy) " vny —p N(0,9Y) as N — oo,
where
N , - -1 5o
Qf = lim_ ﬁHNz:Nl {2115 @ (In = AWxN) T Iy — AWR) T} S5 Iy
and

1
QY = lim WH%EF {Ty ® Iy = AWpN) Iy — AWR) '} 2 Ty,

N —o00

Independence between two processes {y;}¥; and {v;;}Y, and the equality Q¥ + QY =
Q" lead to complete the proof of the results (i).
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We now prove (ii). Define ¢; = diag(0,---,0,1,0---,0) ® L. . According to the
——

j—1
definition of M, n(+), it can be expressed as

My () =Ch (e (ZVEN T Zy) T BN en + S (D (ZV SN Zy) T ZV XN (B - By)
+CNOG(ZNENTIZY) T ZY (Zy © My (Uy) — ZiOn) + Cn()e;0n-

Then

iy =l = [ () = m; ) 2
<2eNZN(ZNENTZN) TN {/ C?J(u)Cfv(U)du} G(ZNENTTZN) T ZN en

u
4208 - B XRzy (225070 { [ GRG0 o2 251230 2 X (8 - B)
u
+2B(UN)ZN(ZN =N ZN) ' {/MC*NT(U)C*N(U)CZU} G(ZVEN'Zy) ' ZYB(Uy)
+ 2/ (Cn(WeOn —mj(w)?du = Jg N + - + Ju,n,
u

where B(Uy) =Zy ©Mpy(Uy) — Z560n. Applying Assumption A and the polynomial
spline properties leads to Js vy = O(N"2)E(eNZyZVen) = O(kyN™') and Jion =
0(1117\,4). Applying Assumption A, Lemma 1 and the polynomial spline properties leads
to Jo.v = Op(N7') = o(kyN~'). Applying the polynomial spline properties causes

Jii,y = O(ky?). As a consequence, we have proved the result (ii).

Proof of Theorem 1. Theorem 1 can be proved in the same way as we prove Lemma
2. We here omit its details.

Proof of Theorem 2. The proof of the consistency of :\\N follows the same argument
as that in Kelejian and Prucha (2010). Applying Theorem 1, one can readily check
the conditions of Lemma 3.1 in Pé&tscher and Prucha (1997) for our problem. We now
establish the root-N consistency of Ay. According to the definition of R(A), () can be

written as e ~
g e (M (N ianCin(Nny
=By () = (Ve

where C; v(A) = Iy — AWR)A,; n(In — AWy),j = 1,2. By Assumption C and
Lemma 1, the rows and column sums of C; n(A) are uniformly bounded in absolute
value. Minimizing Qn = (A(A))” Y nA(A) with resect to A yields the first order condition

((’“)h(XN)/B/\) Y xh(Ax) = 0. Expanding only h(Ay) about A in the first order condition

and reorganizing terms yield

<ah<XN>>T 1y 2O R, - ) - - <3H(XN)>T T ()

o\ o\ oA
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where Ay lies between XN and A and Ay — \ = op(1) by the consistency of XN. Due to
the fact that 871( )/ON = —Wy (1 2)\) we have

ohON)\ ~ ORON) [ 1\ <, 1y
( P )TN ox  \ 2\ RN Ty v/

[

N-

Let Ey = (1 20) URYNTx (1 2))". Then we will prove ¥ = ¥y + 0,(1), T =
0(1), B =By = 0,(1) and VNA(N) = N§N+o,,( ), where &y = (2N ~'tr(A, NAj, N))

§N = N2VN with VN = (N 1/27’]NA1 NT’N N~ 1/27’]NA2 NT’N) andﬁN —D N(O,Ig)
With

N
~
=
=

2x27

q
i =i +XL(B—Bn)+ Y Zij(mi(Un) —injn(Un)), i=1,- N, t=1,- T,
J=1

and

S
S

q

X7,(8-By) + ZZ itj (mj(Uit) — MmN (Uit))

HMH

Zun =5 D ocu
=

S

1
:TZ i + AR + AR, i=1,
t=1

=

according to the definition of 121\117 ~, we decomposed it into

N
- 2
N = ( eENWRALNEN + 22 Z AN Wi D Aun Ay

1= 17,1 1 ig_l

N
2303 AW D A 23 3 A 3 A Al
i=11i1=1 121 11111 12=1
T

N N
+23° 3 AP Wi, Z A Ay + 22 Z ; Zame Z Avii, Ay

=1 ilfl 12 1 1= 111 1 = 12 1
T

+ 22 Z ALY Wi, Z Avits Zam + 22 Z ; Zsme Z A ALy

=1 1i,=1 10=1 1=11i=1 = 10=1

+ 2 Z Z A§12 NWul Z Alug T Z 5121&)

i=11i1=1 i2=1

=Jin+- -+ JonN.

It follows from According to Assumption C , Lemma 1 and Lemma C.1 (a) of Su (2012)
that

Jin = 2N 'Eey WA NyEx + Op(N72).
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Combining Assumption Al, C, Lemma 1 and Theorem 1 (i) causes

N N T T
J2=N_%2_Zl{ Z 11t6 /BN}Wm ZAluz{TZ zgt/B ﬁN} (Ni%)

’L21

Similarly, by Assumption Al, C, Lemma 1 and Theorem 1 (ii), we have

2
JS’N_OP{(JE;E((IKNN +(pN> }

Using Cauchy-Schwarz inequality yields Jy v = O, {(maxi<j<q iy N1 + %) N~1/2}
and Js n = O, {(maxlgqu kN~ + tp?\,) N’l/Q}. For Jg v, we have

Jon = IN" 12 {Z 3 < Zam> W 3 A (ii ) } B,

i=1141=1 i2=1

It is easy to see that
N N T
E {Z Z < Zgzlt> Wul Z Alug ( Z Zzt]> }
i=1i1=1 ia=1 =1

According to Assumption C and Lemma 1, for all j = 1,--- | p, there exists a constant ¢
such that

T
111 Z Al’LZz (T Z 12153)

121

Therefore, with Lemma 2, it holds that

N N 1 T 1 T

ar {Z Z <T Z 511t> Wul Z Alug (T Z X12t7> } (N)
i=1141=1 ia=1 t=1

This implies that

N N 1 T N 1 T 1
S8 (1) (fons) o

i=141=1 t=1 ip=1 t=1
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So Jo,n = Op(N1). Following the same argument, we can show that J; v = O,(N71)

as well. In addition, according to the definition of Al ~» we have

T q
2 1 -
AL =2 ST Zi {m(Ui) — (CU))T (0 x (-1 Do s O (g 19 )ON }

T t=1 j=1
T
S 2y (CW) (B Z3) B (2 © (M (Un) — )
t=1 j=1
T
S S 2 G (2 50 25X (B~ B
t=1 j=1

T q
1
- Z Z Zui(CUu))(ZNZN) ' ZNen = A(2)1 + 4 Af};l.
According to the properties of polynomial spline, it is easy to see that
NN T N )
- 2)1 2)2 1 _
ANTIY DT F D Wi D Aui (A +ARR) = Op(N5) - O(wy?).

i=141=1" t=1 ia=1

Same as for Jg v, we can show that

2N~ L Z Z Zletwul Z Al’LZz N =0 ( )

11111 t=1 i0=1

In a matrix form, we have

N Z Z ZEMW“I Z Alm iz, N

11111 t=1 i0=1

2 * *T
=3eN VT @ IN)WRA NZN(ZNZY)  Z en
2

" NI @ W) (T 117 @ IN)WRAL NZN(ZNVZY) 127 (Ir @ Wi ey

with Z% = Z% (7717 ® Iy). Denote
Ir@W)(T '1rRIN) WAL NZN(ZN ZN) ' ZN Ir@WN) = (@4, 4 (4 —1) Nyin+ (ta—1)N )

with ¢t1,to =1,...,T and 41,42 = 1,--- , N. According to Assumption C, Lemma 1 and
the properties of polynomial spline, we have maxi<i, i, <N, 1<t1,t2<T @iy 4(t1—1) Nyio+(ta—1)N =
O(knyN~1). Obviously,

N N T
( NT ZglltWle Z Alug l?ﬁ/‘)

i=14i1=1t=1 i2=1

N T
= %ZZ Z Wit (t1—1)N,i+(t2—1)N T, +_Zzwz+t DNt (0h +00) =0 (kyN ™)

i=1t1=1to#t; i=1 t=1
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and
| NN . 2
A4
555 5P SERITND P IYE
1=11i1=11t=1 i2=1
4 X T T T T
Yo ZE{ (Z it Z ztz) Wit (t1—1)N,i+(ta—1)N (Z Nits Z nzm) Wit (ta—1)N,i+(ta— 1)N}
i=1 t1=1 =1 =1 ta=l

N N T
+ % Z Z 7711751) (Z 7711152) <Z 771'2153) <Z 7712154) Wiiia, N —l—w“w N —|—w“12 N)

to=1 tz=1 ta=1

1
Wiyio, N :(wilJr(tl71)N,i2+(t271)Nwi1+(t371)N,i2+(t471)N
2
w’iliz,N :wil"r(tl—1)N,i1+(t2—1)Nwi2+(t3—1)N,i2+(t4—1)N
wz'gliz,zv =Wiy+(ty ~1)N,i1 +(t2—1) N Pig+(ts—1) N, +(ta= )N )-
. 1N N T N 2)4 _
This implies 2N~ >0 Zil 1 %Zt 1€ tWiiy ZZ—Fl AlmA( N=o0 o (N 1/2). So Js N =
op(N_1/2) Similarly, it hods that Jo y = o (N_1/2) As a result, we see that 11§y =

wll,N + Op(N 1/2) For ’lﬁlg N, ¢21 ~ and 1#22 N we can also prove that 1#12 N = ’lﬁlg N+
op(N~1/2), ¢21 N = a1, N +0,(N~1/2) and ¢22,NA— Yoo, N +0,(N71/2). So Uy =Wy+
op(N~1/2) = Wy +0p(1), ¥y = O(1) is obvious. By —En = 0,(1) follows from the con-
sistency of )\N, )\N, \IIN and the Slutsky lemma. According to the proof of \IIN =Wy +
0p(N~1/2), we can show that N'/2h(\) = NY2(N~'93,Ci v (M) n, N '03Con (N7 n) "+

op(1). Applying Theorem A.1 in Su (2012) gets Nl/Q(N_lﬁR,CLN()\)ﬁN, NI Con(Nny)" =
<I>}V/2§N + 0p(1). Above all, we obtain

~ ~ \ = 1 1
VNG=2) =831 (1 28x) BR Ty (®Rn +0,(1)) = TR TNIN) IR TN @R En+op(1).
Thus, the proof of Theorem 2 is complete.

Proof of Theorem 3. (i) Let J(N,T) = (NT,)~ !, where Ty = T — (s + 1), and
ts =t+ (s —1), then

s

N T.
QO,N:J(N;T)ZZ nltsa"'vnlt (nitsa"'vnit>

i=1 t=1
and
Ayn = X(B - BN) + Zipn(ma(Uir) — ma v (Ui)) + - -+ + Zizg(mg(Usr) — Mg, v (Uir)).
Since & n = Y — X;BN — Zinma, n(Ui) — -+ — ZiggmgnUit) = €it + Ajp.n and

N .
Nit = €it — AD_;,—1 Wiy €iye, Tie, v can be expressed as

N N
it N = Nit+ <Az‘t,N - A Z Wii, Am,N) +(A=An) Z Wiiy (€iye+ D0yt N) = 0ie + A% y

i1=1 i1=1



Panel Data Model with Both Spatial and Temporal Correlations S9

As a result, we have

M;ﬂ

N
Qo =Qon +J(N,T)Y D (Af v Afn) (Af v Afuw)

i=1t
T

1

Mz

* *
Wztsv"' anlt (Aits,N"" 7Ait,N)
1

~

T

Z zt No T th) (nitsv"'vnit)

—

.
Il

3

Mz

=1
=Qo,~ + J1,§v + Jo.n + J3.N.

~
—

Define

N N N
AN = {Ait,N —-A Z Wiis Aiye.n + (A — An) Z Wii, Ailt,N} + (A =An) Z Wi, €irt

ip=1 ip=1 i1=1

* 2
Azt N + Auf(N

Then

3

N T
x(1) *(1) \r *(1 *(1
Ji,n <2J N, T ZZ zt( SN 7Ait(,]\)f) (Ait(s,)Nv"' 7Ait(,J\)f)
=1 t=1

s

N T
2 *(2 *(2
+2J(N,T) ZZ lts’Nv"' zt(]\)/) (Ait(s,)Nv"' aAit(,J\)/)

=1 t=1

1 2
=+ 3

According to Theorems 1-2 and Assumption C, A:t(j\), =0, (N_1/2)+Op (\ /NN~ + cp?v)
and then J{ = O, (N™1) + O, (kyN~' +¢%) = 0, (N1/?) . In addition,

E}-V(ts)W}-VWN&'N(tS) tee €}-v(ts)W}-vWN€N(t)
~ L[ en(t+s)WiyWhen(ts) -+ ej(t+s)WyWyen(t)
I2 =20 - A2 | N o N
=1 . . .
E}-V(t)W}-VWNé‘N(tS) cee €}-v(t)W}-vWN€N(t)

According to Theorem 2, Lemmas 1 and 2, N7'el (t+(s—11) )WL Wyen(t+(s—12)) =
0,(1) for Iyl = 1,---,5. So, J = Op(N"') = 0,(N~V/2). Therefore, Ji,y =
op(N~1/2).
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For J; n we have

N T,
NTsJo N = Z Mty 5 Mit) (Dig, Ny 5 Die.N)
i=1 t=1
N T, N N
=3O it omat) T Wi A vy A D Wi Aie )
=1 t=1 =1 =1
N T, N N
+ (A= Aw) Z (Wit 777it)T(Z Wi €intgs- - Z Wii €ire)
i=1 t=1 i1=1 i1=1
N T, N N
+(A=An) SN ites - omi) O Wity Aiy vy 5 > Wiy Aiyen)
i=1 t=1 i1=1 i1=1
1 2 4
I+ T2+ I+ I

According to the definition of A n, it holds that

Ts

J(7 ZZ 7717557"'777115 ( Zts(/a_ﬁN)v"'7X;rt(ﬁ_BN))

=1 t=1
q q
+ Z(mtsa s ,nit)T(Z Zit,,i(mj(Use,) — My n(Uit,)), ,Z Zitj(m;(Uit) — iy n(Uir)))
it j=1 j=1
1)* 1) %%
I3 + I
Following the same routine as the proof of Theorem 1 yields
N T,
1
TJIN,T)D S Xipm it 2 mit) = Op(N72) for 0 <m < s — 1.
i=1 t=1

Therefore, Theorem 1(i) leads to J2(1])V* = 0,(1) = o(N'/?). Based on the definition of
mj n(Ust), we have

M-

Zitj (mJ(Uzt) - ﬁ'lj,N(Uit))

Jj=1
q
=" Zuj {m; (Uin) = (C(Uit,N)) (O -1y s T s O (- 1y ) (ZN Zi) V2N (Zv © Miy) }
Jj=1
q

- Z Zztj zt N ) (Oan(jfl)nNuImvaOKNX(qufl)nN)(Z*NTZ*N)_lz}k\;—eN

q

_Zzzt] th) (Oan(jfl)chuImvuORNX(qufl)nN)(Zy\;—zjv)_lz}ﬁ\}—XN(ﬁ_/GN)

=1 + P2 + 3.
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By the properties of polynomial spline we can show that

N Ts
ZZ Nites * »Nit) P1 = Op(N%)Op <m> = OP(N%),
i=1 t=1

Further,

N T
: — 1 T rg* KT s \— *T 5
ZZ Nity, > Mit) P2 = Op(N 1)+ NENZN(ZN Zy) 1ZN"3N :Op(’iN) = Op(Né)-

i=1 t=1

The /N consistency of BN and the same argument for Efil ZtTil(mts, o M) T 2
lead to SN SN Miess -+ i) "3 = Op(kn) = 0p(N/2) as well. Together we have
Jz(lj)v** = 0,(N'/?). As a result, Jz(lj)v = 0,(N'/?). Following the same line, we can show

that J2(2z)v = 0,(N'/?) and J2(,4])v = 0,(N'/2). Hence

N T. N N
Jo.n =J(N,T)(A = An) ID D it i) (Y Waisinens -0 Y Waiy€ige) +0p(N7%)
i=1 t=1 i1:1 i1:1
g [ T BTG W)
A=Ay o Eny(t+s)Wnen(ts) - Eni(t+s)Wyen(t) o
RS : : : +op(N73)
t=1 . . .
Eny(t)Wnen(ts) -+ Eny(()Wnen(t)
=(A = AN) o1 + 0p(N ).
Similarly, we have
N T
- ) R )
Jan = J(N,T)A-AN) DY C(Wh,en) C(W,en)+0,(N72) = (A=An)SG1,y+0p(N2),
i=1 t=1

where C(Wy,en) = (Egzl Wiy €iyty - ,E?I:l Wii, €iy¢). This implies that QO,N =
Qo.v + (A= AN)(So1,n + 71 n) +0p(N2) = Qo.n 4+ (A= Ax)So,n +0p(N~/2), where
So,n = So1,8 + 31 N

By the same argument, we can show that QLN = QLN—l-()\—:\\N)%LN—l-op(N*l/z),
where %1)]\] = %1171\[ + %‘{27]\[ with

; Eny(ts)Wren(t+s) -+ Eni(ts)Wyen(t+1)
E‘yuN_iZS EnN(t+s)WN6N(t+s) EnN(t—l—s)WNeN(t—i—l)
’ T, ~ : : ;
Eny(t)Wnen(t+s) -+ Eni(t)Wyen(t+1),

and Sz, n has the same definition as 11,5 except for switching e(t) with n(¢),

QZN =Qan+(A— XN)%QVN + op(N—%),
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where C\\S‘Q’N = C5217]\[ + %227N with
E’l’]}-v(t + 55— 1)WN€N(t + 8)
1 & Eny(t+ s)Wen(t + s)
Eny(t)Wnen(t +s)
and g2 v has the same definition as So1 n except for switching e(¢) with n(t), and
Qsnv = Qs v + (A= An)S3n + 0p(N72),
where %3)]\] = %3171\[ + %3271\[ with
Eny(ts)Wyen(t+s+1)
1 E | Eny(t+s)When(t+s+1)
Eny(t)Wnen(t+s+1)

and 32,y has the same definition as 31 n except for switching e(¢) with n(¢). As a
result, for py,

\/ﬁ(f’zv - P) = \/ﬁ { (QO,N - Ql,N)il (Q2,N - Q3,N) - P}

 UNT
CQon — QN

According to the definition of Qo v and Qi,n, we conclude that the statistic

[(Q2,ny —Q3n) — (Qon —Qin)p+ (A — XN)((QO,N —S,n) — (So,v — S.v)p)] + 0p(1).

Qon — Qi N =J(N,T) ZZ Mites > Mit) {Miegs =+ s Mie) = Migets), 5 Mice+1))

i=1 t=1

converges in probability to E{(ni,, - 1) [(Mites - s Mit) — Miegs) -+ > M)} €-

quivalently, E{(vit,, -, vit)"[(Vit,, - -+, Vi) = (Vi(e4s)s = s Vie+1)) } a8 N — oo. Accord-
ing to error model (2), we see that 1;,4.5) = p10it, + - -+ psNit+(1—p1—+ - -—ps) phi+€i(t4s)
and (¢4 (s4+1)) = P1Mi(t+s) T+ PsMice1) + (L= p1— -+ = ps) i + €i(44 (s41))- Therefore,

VNT: {Qa.n — Q3N —(Qo,ny — Quin) P}

\/— Z { (Vit, + iy Vit + 116)7 €i(eps) — (Vity + Hiy ==+ Vig + Mi)Tei(t+(s+1))}

Xi,Na

where {x;}¥, is an i.i.d. random vector sequence with mean 0 and covariance matrix

1 - T T
COV(Xi,N) = T COVZ {(Vits + iy Vig + i) (ei(t-i-s) - ei(t+(s+1)))} = 20’3 (Uilsls + Fs) )
S t—
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where 7, (j) = E(Vit, NVi(t+j),~). On the other hand, by Theorem 2, we have the con-
clusion that v NT(A = Aw)((So.x = S1,5) = (So,5 — Ss.v) p) = Op(1). Tn addition, it
follows from Theorem 2 that v NT ()\ Av) = Y NIN)IZ YN @ NV + 0p(1). By
simple calculations, we have E(vy Zi:l Xi n) = 0. Therefore, Theorem 3 (i) holds.

Next, we prove (ii). Since lig, N = it4s,N — 21y Pk, NTi(t+s—k),N» it can expressed
as

lit N =€j(145) + { (1- Zpk } +{(p1 — p1N)Nie, — - — (ps — Ps,N)Mit }

+{ Bl —PLNAL, v = = BBl }
=€i(t1s) T Jan + s v + Js N
As a result, we have

Ts

N
E zt,N =

i=1 t=1

i

WE

(eg(t-l-s) +Jin TN+ TE N+ 2€i0ss)Jan + 2ei(t+s)J5,N)

-~

1

[N
~~
]
n

_MZ
b

N
Il
-

+2 (eittts)Jo,Nn + JanTs,n + JanJon + J5 N6 N) -

t=1

Applying Theorem 3 (i) yields
Ts

N N T
T)Y > Bn=0,(N"") and 2J(N,T)> > eips5Jsn = Op(N71).

i=1 t=1 i=1 t=1

[’

It follows from Theorem 1, 2 and Lemma 2 that J(N,T) EZ Vs Jin = Op(NTh) =

0p(N~1/2). The Cauchy-Schwarz inequality tells us that 2J (N, T) Zi:l S Jsnden =
Op(N71) = 0,(N~1/2). In addition, it is easy to see that

N T N T

2J(N,T) ZZJ4NJ5N—_2JNT ZZJ4N{ (p1 —Ppi,n) — - = (ps — Ps,N) Fhti-

i=1 t=1 i=1 t=1
Following the same argument as proving for (i) we have
N T, N T, N
T) Z Z Cilirs) Jon =2\ = An)J Z €i(t+s) Z Wiii €, (t+)

i=1 t=1 i=1 t=1 i1=1

and

i

Ts s

N N N
T)Y Y Jandon =20 =AN)J(N,T)Y D (1= o Y Wiy 1)

i=1 t=1 i=1 t=1 k=1 i1=1
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So we obtain

~ s 1 5
_ 2 2 2
Ly = ZZ Cilt+s) T NJ(N,T) (=) pr)h
i=1 t=1 ’ i=1 k=1
N T, N T, N
+ 22 Zez (t4s)(1 — Zpk Jiti +2(X — )\N Z Zei(tJrs) Z Wiy €ir (145
i=1 t=1 i=1 t=1 =1
— #XN: 1—Zpk){(pl —PIN) == (ps — Pe.n ) Y13
NJ(N,T) P — ’ ® 5 ‘
N T s
)\ )\N Z 1 - Zpk i Z Wulgzl (t+s)-
=1 t=1 k=1 i1=1

By the same argument, we compute the cross-product item Zil ZtTil Zit,NlZ(tH)yN,
denoted by C'Ly, as follow:

. N T N s
CLN::§:§:€M+QQ¢H+1+ N,T) E: O
i=1 t=1 ’ z:l k=1
N T, s N Ts s
+ Zel (t+s)(1 — Zpk Hi +Zzez ts+1( Zpk)ﬂi
=1 t=1 = =1 t=1 k=1
N T N N Ts+1 N
A )\N Z Zez (t+s+1) Z Wulszl(t-i-s) + A AN Z Z ei(t-i—s) Wiil Eil(t-l-s-i-l)
=1 t=1 11=1 =1 t=1 i1=1

S

N
NTZ Zpk Pl—mN) "'—(Ps—ﬁs,N)}ﬂz2

1

s N N
Pk) i (Z Wi €4y (t45) + Z Wi, Eil(t+s+1)> .
1 t:1 k=1 =1 i1=1

3

Mz‘ﬁ

)\)\N

.
Il

It implies that

R - N T, N T,
(LN —CLy)) = Z 1157]\[ — Z Uiy, Uis i 4+1,N
i=1t=1 i=1 t=1
N T,
= Z [ Ci(t+s) — Ci(t+s)Ci(t+s+1) + (ei(tJrs) - ei(t+s+1))(1 - Z i) 14i]
i=1t=1 k=1
A=A
J(N,T)™ Y.
+ J(N,T)\M,N‘i‘op( (N,T) )

As a consequence, we obtain

VNT(G2 ) — \/_ZCZNJH/—()\ AN)San +0p(1),
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1T,
where g v = VIT, 13,2, {ef(tm — 02 = Ci(t4s) Ci(ttst1) — (Cittrs) — Ci(erstn) (1 — gy pk)ﬂi}-
It isn’t hard to see that ¢; v is an i.i.d. random vector sequence with mean 0 and variance

T
Var(s;,n) = T {Var( 2)+2(1 - Zpk 20303 + o }

k=1

On the other hand, by Theorem 2, we have the conclusion that v/ NT(\ — B\\N)%47N =
O,(1). In addition, it follows from the proof of Theorem 2 that v/ NT(\ — XN) =
JNYNIN)INY NP NV +0,(1). By asimple calculation, we have E(vy Zivzl G.n) =0.
Therefore, we have proved the part (ii) of Theorem 3.

Proof of Theorem 4. From to the definitions of ﬁx and B;ﬁ, it holds that

By —B =By — By + {Wy¥ — Wi~} ( ML - NM%:) (Zn © M)
+ {W%V - Wi”} &Mfgl(zN O Mpy) + Wi ( }Mfgl - NME;VV) (Zy @ My)
i ) (X e s [ W XM e
W <X§VM§§1 - xgmfg) ex,

where W?VN = (X?VM?ngN)_l. By Lemma 2 (i) and the fact that (A + aB)™! =

A=t —aA'BA! + O(a?) as a — 0, to prove Theorem 4 we only need to prove the
following equalities:

1 1

ﬁ ( M XN X M XN) = Op(N 2), (Al)

1 AN AN _1
NT WMz = XyMzY | (Zy ©My) = 0p(N"2), (A2)

1 P > R >t —1
NT X MZ% XN — XNMZRA; XN EN = Op(N 2), (A3)
— Xy MEN Xy = 0,(1) (A4)

NT zy N =Yp
and
1 1 1 bty

Mz* {(Zn ©My) = 0,(N~3), WMY en = Op(N %), (A5)

NT NT
According to the proof of Lemma 2(i) and the fact that f]g,l = (07 N171% + Ty) o

~ -~ o~ o~ s—1
{F(AN)F(AN)"}, where F(Ay) = IN—ANW y, the difference item (NT)_l(XR,Mig Xn—
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—1
XR,M?Z’VV Xy ), denoted by (NT)~'Dy, can be expressed as

1 1
NT N T NT
:—HT (62 x1717 + Tn) "L @ {FOW)F(An)" — F()F(A) I

(HTE 1 - HTER,lH) + o, (N~H)

T ~ T — T -1
I {(@ 1+ Tx) ™ = (071017 + 1) b @ (FOF ()T 4 0, (N2,
Since F(XN)F(XN) —~ FO)F(\) = (X? — A)WAWh — Ay — A)(Wy + W) and

(@2 N1r1p+TN) ' = (07 17174T) ! = 0,(N~1/2) from Theorem 3, we have (NT)'Dy =
O,(N~'/2). This implies that (A1) holds. Applying the polynomial spline properties

and

1

NT

) 1 T EN e AN «
z3 (ZNQMN) NT X MZ?\J _XNMZR, (ZNQMN—ZNON),

<X§VMZ* — XM
by the same argument as that for (A1), we can show that (A2) holds. Moreover, from
the proof of Lemma 2 we know that (A4) and (A5) hold as well. Therefore, to complete
the proof we only need to prove (A3). It is easy to see that

s ( WMy e ;VM%&Q) — 0p(N"3) + Jin + Jo + Jow,
where
Jin :—HT {G G(o? r)} {(X%V CA)WAWE — Oy — N (Wy + W;V)} en,
Jo.n :—H [G { 02— A)WAWT — Oy — (W + W;V)H e and
Jon =570 { G ~ G2 1) | @ {(Iy = AW (Ly ~ AW} ex

with G(o3,T) = (02117 +T) 1. Tt is easy to see that E{II" (t;)WyWxen(t2)} = 0 and
Cov{IT" (tl)WNWNeN(tg)} = O(N). Therefore, II" (t; ) WxWhen(ta) = O,(N'/?)
for 1 S tl,tQ S T.

Let G* = G(62,T) — G(02,T) = (g1, 4,) for 1 < t1,t < T. Then

%HT {G((??,f) - G(aﬁ,r)} ® {(X?V - A2)WNW§V} en

T
-7 Z Z — X)gh T (1) Wy When (f2) = O(N 1) - O, (N~3) - 0, (N %) - 0,(N'}).

Similarly, we can show that =I1" {G(&Z, ) — G(o2, I‘)}@{(XN - MWy + WR,)} EN =
O,(N~3/2). Namely, J; n = 0,(N~'/?). Following the same arguments, we can show
that Jo v = Op(N71) = 0,(N7Y/2) and J3 v = O,(N~1) = 0,(N~1/2). This shows that
(A3) holds. Thus, we complete the proof of the desired results.
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S2 Simulation results for those cases with 7' = 10

Table 1. Finite sample performances of the proposed WSLSE of regression coefficient
and WPSSE of nonprarmetric function m(-) under 7' = 10

N = 100 N = 200 N = 300
(\, p) (0.3,0.3) (0.6,0.6) (0.3,0.3) (0.6,0.6) (0.3,0.3) (0.6,0.6)
Bin est 1.0005  1.0025 0.9986  0.9993 1.0008  1.0030
std 0.0440 0.0856  0.0356 0.0658  0.0314 0.0578
estd 0.0438  0.0937  0.0355  0.0725 0.0309  0.0600
cp 0.9490 0.9400  0.9490 09450  0.9450  0.9520
Ban  est -1.4994 -1.5000  -1.4991 -1.5004  -1.5008 -1.5013
std 0.0271  0.0444  0.0223 00384  0.0213 0.0318
estd 0.0266 0.1434  0.0227 0.0411 0.0208  0.0326
cp 0.9450 0.9570  0.9480 0.9500  0.9390  0.9470
By est 1.0024 1.0017  0.9986  0.9983 1.0011  0.9999
std 0.0202  0.0181 0.0163  0.0141 0.0144  0.0125
estd 0.0199  0.0182 0.0165 0.0147  0.0144  0.0127
cp 0.9450 0.9540  0.9580 0.9600  0.9510  0.9580
By est -1.5013 -1.4981  -1.4988 -1.5017  -1.4998 -1.5004
std 0.0148 0.0126  0.0125 0.0104  0.0117  0.0090
estd 0.0148 0.0134  0.0125 0.0108  0.0114  0.0094
cp 0.9570  0.9600  0.9480 0.9570  0.9420  0.9520
Wy oest 1.0024 1.0017  0.9986  0.9982 1.0010  0.9999
std 0.0199 0.0179  0.0162 0.0141 0.0144  0.0124
estd 0.0197  0.0175 0.0164 0.0143  0.0143 0.0124
cp 0.9400 0.9420  0.9550 0.9500  0.9530  0.9530
By est -1.5013 -1.4982  -1.4988 -1.5017  -1.4999 -1.5004
std 0.0146  0.0125 0.0125 0.0104  0.0117  0.0090
estd 0.0147 0.0129  0.0124 0.0104  0.0113  0.0091
cp 0.9560 0.9510  0.9480 09510  0.9410  0.9520
By est 0.9998  1.0017 1.0019  0.9984 1.0026  0.9997
std 0.0301 0.0319  0.0228 0.0216  0.0185 0.0179
By n est -1.5022 -1.4958  -1.4999 -1.4967  -1.4993 -1.5009
std 0.0242  0.0244  0.0169 0.0158  0.0128 0.0138

mi,n(-) sm(RASE) 0.1916 0.2574 0.1712  0.2124 0.1487  0.1943
std(RASE) 0.0429  0.0659 0.0345  0.0512 0.0269  0.0416
mo n(-) sm(RASE) 0.1937  0.2373 0.1762  0.2140 0.1694  0.1967
std(RASE) 0.0297  0.0463 0.0207  0.0362 0.0179  0.0294
rvafN() sm(RASE) 0.1422 0.1311 0.1288  0.1173 0.1173  0.1113
std(RASE) 0.0243 0.0188 0.0181  0.0129 0.0138  0.0106
ﬁmng() sm(RASE) 0.1598 0.1535 0.1527  0.1485 0.1487  0.1445
std(RASE) 0.0138  0.0103 0.0098  0.0077 0.0077  0.0062
mng() sm(RASE) 0.1417  0.1304 0.1285  0.1170 0.1171  0.1111
std(RASE) 0.0242 0.0186 0.0178  0.0127 0.0137  0.0105
m’;N() sm(RASE) 0.1594  0.1532 0.1525  0.1484 0.1486  0.1444
std(RASE) 0.0136  0.0102 0.0097  0.0077 0.0077  0.0061
fﬁT,N(') sm(RASE) 0.1909  0.1853 0.1460  0.1444 0.1311  0.1297
std(RASE) 0.0422  0.0397 0.0248  0.0250 0.0187  0.0188
m;,z\r(‘) sm(RASE) 0.1933 0.1841 0.1632  0.1647 0.1551  0.1547
std(RASE) 0.0297  0.0244 0.0163  0.0163 0.0116  0.0112




S18

i + 05
03r 04
.
02} g 7£ i i i .
" igTag¥ ¢
0+ 1 L 01
12 3 4 5
0
1 04
0;2 1 i 7 03
01‘55 g ji % % % 02
B =
ol 1 N n 01
L2 3 4 5 ¢
(6
025} '
I 03
0 }‘F —
Fe= 1 T I B I
v % % 01
L2 3 4 5
Figure 1:

(M1, N (u), M2, (W), (MY (w), Mgy (w)"

in plot (f).
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(d)

-
??_%é%é
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b

Box plots of the RASE values for the three nonparametric function estimators

and (MY y(u), My (u))” with T = 10. Each boxplot
is based on the 1,000 RASE values for a particular combination. Indices 1, 2, 3, 4, 5 and 6 are for
N (u), Mo, N (u), MYy (w), My (u), MYy (u) and Wy (u), respectively. N = 100, (A, p) = (0.3,0.3)
in plot (a); N = 100, (X, p) = (0.6,0.6) in plot (b); N = 200, (X, p) = (0.3,0.3) in plot (¢); N =
200, (A, p) = (0.6,0.6) in plot (d); N = 300, (X, p) = (0.3,0.3) in plot (e); And N = 300, (A, p) = (0.6,0.6)




