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Supplementary Material

S1 Proof of Propositions 1 and 2

Proof of Proposition 1: For a composite likelihood, it is sufficient to verify the same
regularity conditions as for the usual maximum likelihood estimators (Lindsay (1988)).
In the context of expanding domain asymptotics in spatial statistics, the spatial co-
variance function and its first and second derivatives need to be absolutely summable.
From Theorem 3 in Mardia and Marshall (1984), this condition holds for the exponential

covariance function that we are using here. (i) and (ii) follow immediately.
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Proof of Proposition 2: When the maximum composite likelihood estimator 1)
consistent and asymptotically normal, (i) and (ii) follow (Theorems 1 and 2, respectively,
in Chernozhukov and Hong (2003)). Hence the result follows directly from Proposition

1.

S2 Computation of P, and Q,

In this supplementary material, we describe the matrix computation for P,, = Cov (c@n ('w))

and Q, = E (cfn('tb)) For ease of computation, it is useful to rewrite the composite
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likelihood function when p = oo as
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where A; is a (n; — 1) x n; matrix such that
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and a; is a (n; — 1) x 1 vector such that
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Zp;) is a n; x 1 vector containing all the n; observational data in the ith spatial block
without omission, and Y7; is a n; x 1 vector of model output at 0" defined in the same
way. Omitting the part irrelevant to the data, the partial derivative of cf, (1) with

respect to the jth computer model parameter, 7, is given by
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where
B = G (%)

We let £ be the vector containing all the parameters in §,; as well as the emulator

parameter being re-estimated. The partial derivative with respect to the kth parameter
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in &, &, can be written as
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Inference on 0, our main goal, requires only calculating the asymptotic covariance
. B B .B
of 8, due to the asymptotic independence between 6, and §,, , the posterior modes of

0" and ¢ respectively. More specifically, for any j and k,

Ocly () Ocln(h)\
Cov( 69; T )—0,

because a linear combinations of zero-mean normal random variables and a quadratic
form of the same variables are uncorrelated to one another. As a result, @)f and éf have
zero cross-covariance in G,, and are asymptotically independent due to normality. Let
P be the part of P, the covariance matrix between partial derivatives with respect to
the parameters in 8" only. Likewise, let Q} be the part of Q,, that contains only the
negative expected Hessian of the parameters in 8. For inference on 0%, it is sufficient

to compute P}, and Q} instead of P,, and Q,,.
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~ B
We compute the (k,1)th element of P} by plugging in 1p,, in place of ¥ in
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where ZZ-ZJ- is the n; X n; covariance matrix between Z[i] and Zm, and Eiz’z is the 1 x n;
covariance matrix between Z and Z(;) under the probability model in (3). Similarly, the

second order partial derivative of ¢f,,(¢) with respect to 07 and 0} is given by
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The (j, k)th element of QF is computed by substituting 4 with 12)5 in
ety (1)) ov+\" 1 oY
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Computing P} and Q, requires finding the first-order derivatives of Y[*l]7 e



Computer Model Calibration Using Block Composite Likelihood

and Y*. Since they are unknown functions of 8%, we approximate them using the
corresponding derivatives of the emulator output. The approximated derivatives of Y*

and Ya] with respect to 67 are given by
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The derivative term

5e+~ is determined by the covariance function for the parameter
J

space. For the exponential covariance function used in our example, the derivative is
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where 1(-) is the indicator function, and 6;; is the ith parameter value of the jth design

point 6;.

S3 Details of curvature adjustment

The approach due to Ribatet et al. (2012) substitutes 1 in (3.2) with ™ = 1215 +
Dy — @Abf), where 1) is the posterior mode from (3.2). D is the matrix that satisfies
D7Q,D = Q,P;'Q,. This approach ensures that the resulting posterior distribution
has the same mode as the original composite likelihood ¢/, () and the asymptotic
covariance G !, as described in Proposition 2. (ii). The choice for D is not unique, and
Ribatet et al. (2012) suggested using D = Q?lb (QnPngn)%, where the square roots of
the matrices are computed using singular value decomposition. Here we use the open-
faced adjustment; the curvature adjustment approach can also be used but, as shown in

(Shaby (2013)), the difference between the two approaches is likely to be minimal.

S5
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S4 Guideline for choosing number of blocks

One heuristic approach is to ensure that the maximum distance within each block exceeds
the effective range (Eidsvik et al. (2013), Zhang and Zimmerman (2005)), which is the
spatial distance at which correlation reduces to 0.05. For the exponential covariance
function we use for the discrepancy term in this work, this corresponds to 3%. In
practice, however, it might be difficult to strictly follow this guideline due to the long
range dependence for the discrepancy process §. In such case, one needs to choose
the smallest number of blocks that still enables feasible likelihood computation. In a

simulated example below, we examine how this affects the inference results.

S5 Caveats

While our approach is helpful in mitigating computational issues for various calibration
problems, There is still more work to be done to make the computation more efficient.
As n continues to get large the number of spatial locations in each block may become
excessively large and evaluation of composite likelihood may not be computationally
tractable. Ome can consider increasing the number of blocks until the computation
becomes feasible, but then the convergence of the posterior modes may be very slow due
to too small block sizes (Cox and Reid (2004), Varin (2008)). Another perhaps simpler
approach is to use a composite likelihood framework that does not involve blocks though

this may involve the need for analytical work to establish posterior propriety.

Another possible issue is related to the use of a Gaussian emulator in place of the
true computer model in computing P, and Q,. Using a Gaussian process emulator,
we approximate not only the true computer model itself, but also its first and second
derivatives. In our particular example, this did not cause any problem due to very regular
behavior of the computer model output with respect to the input parameters. However,

this may not be true in general and therefore P,, and Q,, calculations may be inaccurate.

S6
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The asymptotic independence between input parameters and discrepancy parame-
ters does not usually hold in a finite sample. It is well known that calibration models
usually suffer from identifiability issues (Wynn (2001)). One way to avoid the issues is
to impose discrepancy prior information on the discrepancy term (Arendt et al. (2012))

as we did in Section 4.

The scientific result shown in Figure 3 requires some caution in its interpretation.
First, besides climate sensitivity, climate system response to changes in radiatively ac-
tive gases in the atmosphere also depends on the magnitude of the radiative effects of
these gases (“radiative forcing”), and on the vertical mixing of heat into the deep ocean
(Hansen et al. (1985), Knutti et al. (2002), Schmittner et al. (2009), Urban and Keller
(2010)). The parameters controlling the forcing and the vertical mixing were kept fixed,
respectively, at 0.1 and 1.5 in the model runs we use. Including these additional uncer-
tainties is expected to make the posterior density of CS more dispersed. The example
serves as a demonstration of computational feasibility of our approach when applied to
high-dimensional spatial datasets rather than providing an improved estimate of CS. Sec-
ond, the variability of the posterior density is sensitive to the prior information for the
discrepancy term; this is a common problem for many calibration problems, as discussed

earlier.
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Table S1: Summary of notation used in Section 2

Symbol | Definition
p number of design points in parameter space
n number of spatial locations for computer model grid
(C)] open set of all possible computer model parameter settings
0; parameter setting for ¢th model run
S spatial field of interest
S; jth location on computer model grid
Y (s;,0;) | model output at location s; for parameter setting ;
Y, model output for ith parameter setting, (Y (s, 0;),...,Y (sn, 0;))7
Z(sj) | observation at spatial location s;
Z observational data, (Z(s1),...,Z(sn))"
X covariate matrix
B vector of regression coeflicients
£, vector of covariance parameters for emulator
n(s,0) | emulator process at location s and 6
n(0) emulator output at parameter setting 6, (1(s1,0), ..., n(sn,0))"
0" true or fitted value of computer model parameter for observational data
o(s) model-observation discrepancy at location s
6 discrepancy process observed at grid locations, (8(sy), .. .,d8(s,))"
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Table S2: Summary of notation used for emulation model in Section 3

Symbol Definition

M number of blocks
n; number of spatial locations in ith block
Sij Jth spatial location in ith block

Y model output for ith block, (Y (s;1,-)", Y (si2, )7, ..., Y (Sin, -1, -)T)T

Y (sij,-) model output at location s”7 (Y(si5,61),. .. ,Y(sij,Op))T

Y mean vector for ith block, Z;L L (Y (565,01), ..., Y (si7,0,))"
Y vector of all block means, (Y(l)7 ... ,Y(TM))
&, parameters for spatial covariance function K

(s,s';&,) | spatial covariance function between s and s’ for emulator
& parameters for covariance function Ky

Ky(0,0';&,) | covariance function between 6 and 6’

rY covariance between the block means, H ® 3¢

H spatial covariance for block means,
{H}ij = o 20l X2y Ka(sin s €5)

Yo covariance between p parameter settings {Zg} Ky(0;,0;;&,)
?‘Y conditional mean of Y ;) given Y ;, (v /{H}“ e | )Y (0

E?ly conditional variance of Y ;) given Y( ) (I‘ —~® ( ) {H}”) ® Xy
A ®) spatial covariance between ith block mean and block locations,

(YO} = o Xkl Ka(sijosins &)

I; spatial covariance matrix for ith block, {T';};x = Ks(sij,8ik; &)
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Table S3: Summary of notation used for calibration model in Section 3

Symbol Definition
Z; observations for ith block, (Z(ss1), ..., Z(sin,))"
Z; ith block mean for observations
Z collection of block means for observations, (Z(l), ey Z(M))T
&4 parameters for spatial covariance function Ky
Kq(s,s';€,) | spatial covariance function between s and s’ for discrepancy
Q spatial covariance matrix for block means of discrepancy,
()i = 5 2kl 2202 Ka(sin, sjis€q)
Yo+p covariance between 8" and @
,u% mean vector for the block means Z, (IM ® 29*0251) Y
rZ covariance matrix for Z, H® (29* - 29*92‘9_12(7;*9) +Q
A spatial covariance between ith block mean and block locations for
discrepancy, {\}; = L300 Ky(sij, s €4)
A; spatial covariance for ith block locations for discrepancy,
) {Ai}je = Ka(sij,sir; €4)
iZ‘Z mean of Z;) given Z(i), )
(Ini71 & 29*929_1) Y(i) + (T(i) + )\(i)) {EZ}“_ (21 — {Nz}i)
nZlz covariance of Z;) given Z(i),

(T2 ® (So- — SomaTy ' BLg) + A) — (10 £ AD) (7 4 XO)T ) [543,
7 ® (So- — o055 55.)
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Figure S1: Comparison of posterior densities between three simulated examples with
different assumed magnitudes of the discrepancies: &% = 40000 (solid black curve),
Ky = 90000 (dashed red curve), and k¥ = 160000 (dotted-dashed blue curve). The
vertical line indicates the assumed true value, and the horizontal bars above show the
95% credible intervals. As the discrepancy grows, the densities become more dispersed
but the posterior modes stay similar.



