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1. Details of Cox Process

1.1. Second-order Properties

Second-order properties of a spatial point process indicate the spatial dependence of

events in D. The factorial moment measure of order two is

#
ay(Bi x By) = E| > I{(s1,%) € (B1,By)}|,

51,52€Y

#
where the sum Z is taken over all distinct pairs of events s; and s,. A second-order

51,52€Y
intensity density, py (1, sq), is similarly defined such that

Oéy(Bl X Bg) = / / py(Sl, Sz)dsldSQ.
B1 J Bg

With py (s1, s2) normalized by the first-order intensity values at s; and sq, a reweighted pair

correlation function of Y is defined as

~ py(s1,89)
gv (s1,82) = My (51) Ay (52)

Stricter conditions can be imposed on the spatial point process Y to facilitate estimation

of gy. In particular, a spatial point process Y is said to be second-order intensity-reweighted
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stationary (SIRWS) if the random process Ny (ds) Z Ay (s1)” 31 € ds) is second-order
s1€Y
stationary (Baddeley, Mgller, and Waagepetersen (2000)). If the pair correlation function

gy satisfies gy (s, s+ h) = gif(h) for some function ¢! : R? — RT then Y is SIRWS, and an
inhomogeneous K-function of Y can be defined as
- I([ls1 = sof| < 1)
Ky(t) = |B] E{ DS , 1)
s1€Y (B s2€Y\{s1} )\Y 81 /\Y(SQ)

where t > 0 and B is a bounded Borel set (Baddeley, Mgller, and Waagepetersen (2000)).

Essentially, Ky (t) gives the expected number of events to occur within distance ¢ of a given
event, normalized by values of the intensity function. Because Y is SIRWS, Ky (t) does not
depend on the choice of B. Further, if gy is isotropic, in the sense that g5f(h) = gi°(||h||)

for some function ¢g&° : R* — R*, then

t
K(t) = 2r [ ugi(w)du &)
0
(Guan and Shen (2010)).
1.2. Poisson Process
Let y1,...,y, denote the observed spatial point pattern data comprising a set of n loca-

tions of events in D, and let u(B) = / A(s)ds denote the intensity measure of the bounded
B

Borel set B C D. A fundamental statistical model for spatial point pattern data is the spa-

tial Poisson point process (henceforth, Poisson process) with intensity function A(-) defined

by the following conditions:

(1) Any bounded Borel set B in D has u(B) € (0,00) and N(B) ~ Poisson(u(B)).

(2) Conditional on N(B), the joint density f of the event locations yi,...,y, is pro-
portional to the product of the intensity functions A(y;): f(y1,...,yn|N(B) = n) x

H/\(yi)'

Thus, conditional on the number of events, the locations of the events are independent and

(B x By) = (/B )\(sl)d51></32)\(52)d82>,
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which implies p(s1, s2) = A(s1)A(s2) and g(s1,s2) = 1. For more on spatial Poisson point

processes, see Mgller and Waagepetersen (2004).

1.3. Neyman-Scott Process

Suppose a Poisson process (or, parent process) is generated with constant intensity func-
tion £ > 0. Then, given the location of a generated event c of the parent process, a Poisson

process Y. (or, child process) is generated with inhomogeneous intensity function

Ae(8; B,w) = h(s — c;w) exp {:p(s)Tﬂ},

where h(s—c;w) is a density function parameterized by w, with the covariate vector z(s) and
regression coefficient vector 3 defined as before. The superposition of the child processes Y =

U Y. defines a Neyman-Scott process with the intensity function A(s;3) = exp {x(s)Tﬁ*},
ceC
where * = (log(k) + Bo, b1, - - - ,ﬁp)T (Waagepetersen (2007)).

One example of a Neyman-Scott process is the Thomas process, with

h(s — c;w) = (2mw?) ' exp { — (2w s =) (s — c)}

Conditional on a parent event at location ¢, children events are normally distributed around
c. Smaller values of w correspond to tighter clusters, and smaller values of x correspond to
fewer parents and, hence, more children events per parent for a fixed sample size of children
events. The parameter vector § = (k,w)? is referred to as the interaction parameter as
it controls the spatial interactions (or, dependence) among events. The K-function of the

Thomas process is, in closed-form,
K(t;0) =7mt* + x 1|1 —exp { — ¢*/(4w?)}
(Waagepetersen (2007)). From (2), the reweighted pair correlation function is

g(t) =1+ (dmrw?)exp { — (4w®) 't}



2. Computational Aspects

2.1. Estimation of Weight Function
Guan and Shen (2010) showed that the WEE can produce efficiency gains relative to the

EE, and in particular, they proposed the weight function

w(s) = {1+ A(s)f(s)} (3)

where f(s) = [, {g(u—s) — 1} du and g(-) is the reweighted pair correlation function. These
weights were derived as minimizers of the trace of the asymptotic variance-covariance matrix
of AWEE When clustering is present so that g(u—s) > 1, the weights are larger at locations
where the intensity A(-) is higher. The expression in (3) can be simplified if the process
is assumed to be m-dependent, g(u — s) = 1 for ||u — s|| > m, in which case f(s) can be
approximated by K (m) —7wm? for all s. To estimate A(s), the solution S7F is substituted to
obtain the estimate A(s) = A(s; 3EE). Alternatively, a kernel estimate A(s) can be computed.
Further, K(m) can be estimated by

A Z [(O<Hy1—y2H<m)

: - 2 1,Y2)
. vryeey 0D XP [{$(y1) + :L'(yQ)}TﬁEE} Cyry

(4)

where e, ,, is an appropriate edge correction (Baddeley, Mgller, and Waagepetersen (2000)).

~

Essentially, K(m) is the number of events, yi,y, € Y (D, that are within distance m,
N |
adjusted for inhomogeneous intensity of events in space. Then, w(s) = {1 + A(s)f (3)} .

2.2. Standard Error Estimation

The asymptotic variance-covariance matrix of the penalized WEE estimates BWEE jg

S(w, B) = A(w, 8)"{B(w, ) + C(w, B) }A(w, §) ",

where
Aw,8) = [ wlpals)als) A B)ds,
B(w,p) = /Dw(s)zx(s)x(s)T)\(s;ﬁ)ds,
cws) = [ w(s)az(sws;ﬂ)[ [ w2 B){at ) - 1)duds.
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A Riemann sum approximation of A(w, 3) and B(w, [3) can be used for computation. If the

process is m-dependent, then
Clwp) = [ w0 [ w7 ) ol 5) - hdulds,
D D(s,m)
where D(s,m) = {u € R? : |ju — s|| < m}. Further, if the function w(s)z(s)\(s; ) is
assumed to be smooth, then when w is close to s, w(s)x(s)A(s; 5) ~ w(u)z(u)A(u; 3). Thus,
C'(w, B) can be approximated by

Clw.9)~ |

D

w6\ BN )| [ folu— )~ Lyl as

(s;m)
where fD(Sym){g(u —8) —1}du ~ K(m) —7mm? (Guan and Shen (2010)). This approximation
relies on the assumptions that the dependence range is not too large (e.g., m-dependence),
and the function w(s)x(s)A(s; ) is smooth in some sense. The advantage of this approxima-
tion is to avoid the computationally intensive evaluation of the double integral in C'(w, ().
The final estimate BWEE and the selected covariates are substituted to obtain the plug-in
estimates of the standard errors.

The standard errors of the penalized EE estimates can be obtained similarly. Since the
penalized EE method is a special case of the penalized WEE method with w(s) = 1 for all s,
the terms A(w, 8), B(w, ), and C'(w, #) can be computed analogously. Here, the standard
errors have been estimated without assuming a specific clustered spatial point process model.
In addition to the empirical estimation above, it is possible to estimate the standard errors
parametrically (Waagepetersen (2007); Guan and Shen (2010)). For more on exploring the
dependence structure of SIRWS point processes, see Baddeley, Mgller, and Waagepetersen
(2000).

3. Technical Details of Theorem 1

Let

. E{N(dsy)---N(dsg)}
A = 1
k(s1,...,58) lfs}ﬂg \dsy| -~ - |dsy]

.....




denote the kth-order intensity and let

, cum{N (dsy),...,N(ds;)}
G e =1
k(Sla 7Sk) \dfsﬁgo |: |d81|‘d8k|
denote the cumulant functions of X, where cum(Y7,...,Y}) is the coefficient of i*t; ...t in

k
the Taylor series expansion of log {E {exp(i Z Y]tj)}} about the origin. Let
j=1

Oé(p, k) = sup {|P(A1 N Az) — P(Al)P(AQ)‘ : A1 S F(El),AQ € .F(E2), EQ = E1 + s,
B\l = |Bs| < p,d(By, B) > k}

where the supremum is over all compact and convex subsets F; C R? and s € R?; here,
d(Ey, Ey) is the maximal distance between E; and E, and F(F) is the o-algebra generated
by the random events of N that are in £. Let f®(3) denote the ith derivative of f(3).

Consider the following regularity conditions.
(A.1) There exists 0< C; < Cy < oo such that C1n? < |D,| < Cyn? and Cin < |0D,,| < Con.
(A.2) supp talp; k) = O(k™) for some € > 2.
p
(A.3) A(s; ) is bounded below from 0.

(A.4) A®)(s; ) is bounded and continuous with respect to 3.

(A.5) sup/ / |Gr(s1,...,s)|dsg - -dsy < C for k = 2,3,4.
51 n n

Briefly, (A.1) ensures that the spatial domain expands in all directions and the boundary

is not too irregular. (A.2) is a mixing condition to control the rate of decay of depen-

dence between sub-domains. (A.3)—(A.5) control the higher order terms in the Taylor series

expansion of the score function.

Proof. First, note that 8 2 3° (Guan and Shen (2010)); consistency of 3 was assumed in



the proof of Guan and Loh (2007) but proven in Guan and Shen (2010). Let

w8 = 3 wy)aly) / w(s)a(s)A(s; B)ds

y€Y (Dn n
w3 = [ uls TA(s; 8°)ds
B, (w, 5°) = / w(s)2a(s)x(s)TA(s; 80)ds

Coliw, %) =
[ wls)ats)n: ) [ [ a2 ) g~ 5) ~ 1) ds
A Taylor expansion gives
IDAY2(B = 8°) = {—uld) (w, B)} Dyl 2w, 5°), 5)
where 3 is between [ and 5°. By arguments similar to Guan and Loh (2007),
E{—u{(w, 8°)} = Ap(w, 8%),

E{| Dy~ (w, 8%)} =
Var{|Dn| " ?u,(w, 8°)} = Bu(w, %) + Cy(w, ),

and | D,,|~"/?u,,(w, B°) converges to a multivariate normal distribution. Also,
| Dy~ A (w, 8%) = A(w, 5°),
| Dyl ™' Bu(w, 8°) — B(w, 8°),
| Dy~ Cra(w, B°) = C(w, 5%,
where A(w, %), B(w, 3°), and C(w, 8°) are finite limits. Thus,
1Dy~ P, (w, 8% & N(0, B(w, 8% + C(w, 8°)) (6)

The remainder of the proof bears similarity to Zhu et al. (2010), who proved a result for
normally-distributed lattice data. See details in Thurman (2013).
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AL SCAD Oracle

K Nominal Median Nominal Median Nominal Median

EE
4 5 0.52 0.53 0.52 0.53 0.53 0.50
10 0.39 0.39 0.39 0.39 0.40 0.38
50 0.20 0.18 0.20 0.18 0.20 0.17
16 5 0.56 0.54 0.56 0.54 0.56 0.52
10 0.37 0.38 0.37 0.38 0.37 0.37
50 0.17 0.16 0.17 0.16 0.17 0.16
WEE
4 5 0.39 0.33 0.39 0.33 0.40 0.31
10 0.28 0.25 0.28 0.25 0.28 0.24
50 0.19 0.15 0.19 0.15 0.19 0.15
16 5 0.34 0.28 0.34 0.28 0.34 0.27
10 0.25 0.20 0.25 0.20 0.25 0.20
50 0.13 0.11 0.13 0.11 0.13 0.11

Table S1:  For different values of the model parameters p (x100) and k (x107°), nominal
standard errors of estimates of 51 and median of standard error estimates of 1, under
adaptive Lasso (AL) and smoothly clipped absolute deviation (SCAD) penalties and the true
model (Oracle), using either estimating equations (EE) or weighted estimating equations

(WEE).



AL SCAD Oracle

K Nominal Median Nominal Median Nominal Median

EE
4 5 0.40 0.42 0.40 0.42 0.40 0.39
10 0.28 0.30 0.28 0.30 0.27 0.28
50 0.12 0.13 0.12 0.13 0.12 0.12
16 5 0.39 0.43 0.39 0.45 0.38 0.40
10 0.30 0.30 0.30 0.32 0.30 0.28
50 0.12 0.12 0.12 0.13 0.12 0.12
WEE
4 5 0.30 0.27 0.30 0.28 0.30 0.26
10 0.21 0.20 0.21 0.20 0.20 0.19
50 0.12 0.11 0.12 0.10 0.12 0.10
16 5 0.29 0.25 0.29 0.25 0.28 0.24
10 0.21 0.17 0.21 0.17 0.20 0.17
50 0.09 0.08 0.09 0.08 0.09 0.08

Table S2:  For different values of the model parameters p (x100) and k (x107°), nominal
standard errors of estimates of By and median of standard error estimates of (s, under
adaptive Lasso (AL) and smoothly clipped absolute deviation (SCAD) penalties and the true
model (Oracle), using either estimating equations (EE) or weighted estimating equations

(WEE).
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Figure S1: Estimates of the log intensity functions for the B. pendula data under adaptive
Lasso (AL) (row 1), smoothly clipped absolute deviation (SCAD) (row 2), and adaptive
elastic net (AENET) (row 3) penalties, using either estimating equations (EE) (column 1)
or weighted estimating equations (WEE) (column 2).
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