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S1 Proof of Theorem 1

Proof.
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(S1.1)

First consider the quantity ZmeTk R;, /Sm,. Since all pairs of subjects in a given
category have the same distance (= 0), the edge between them should appear in the
same number of trees. There are in total my(my —1)/2 possible pairs and each spanning
tree for Cy, has my —1 edges. Hence, the edge between each pair of subjects in Cy, appears

in exactly
Smk (mk — 1) _ QSmk

trees. Thus,
R, 25m 2ng
Z - = Z Tgi9, o/ _ 20 Ly (51.2)
mp . .. ’ Smk mk}
TR €Tk 1,j€CK1I<]

Next consider the summation over 7y. For any i € C,, j € C,, if (u,v) € 77, then the
edge (4,7) appears in

K o
1€:° 1

H my*(mymy)

k=1
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elements in 7g, since any of the m,m, possible edges connecting categories u and v
appear in equal number of graphs in 7y. Thus,

— Hk 1 mk o
2 : RTO - ZTJETO* Z(um)ETO My, My ZZEC Z]GC 9i#g;
T0€To

K 10 by Nan Ny
= 2mery e ™ Xuwyeny “ o mme (S1.3)

Combining (S1.1), (S1.2) and (S1.3) gives (7). O

S2 Proofs for Lemmas and Theorems in Permutation
Distributions

S2.1 Proof of Lemma 1

Proof. Define

Ry = Z Z 9i#gj>

1, €Cu
and
1
R S D I
(u,w)eCo Y i€CL,JEC,
‘We have
Ep[Rc,) = EP[RA] + Ep[R5]
1
SIELD SR SIRTIRID D SR )
4,j€Cy (u,w)eCy 1€Cy,jE€Cy
0 ifi=j
Si Pr(g; ) = n.n e, th
ince Pp(g; # g;) { 2(]\(; m_ i j us
ad 1 2ngn 1 2n,n
p[Reo] = - _ 1y 2lal® - m, U#
o] Z::m INN=1) ( Z)gc mamy TV N(N — 1)
2n,Mp
= (N - K+ |Cy|) —=——.

Now, to compute the second moment, first note that

Ep[RZ,] = Ep[Ry] + Ep[RE] + 2Ep[RARpB].



Graph-Based Tests for Categorical Data

S3

Expanding the right-hand-side in above,

k 1
EP[RA] - My,
uwo=1""""" ey, kleC,

EP [RQB} = Z mglmg Z

(u,v)eCo UV 4 keECy, j,lEC,
+2 >
{(u,v),(w,y)}CCg
K 1
E = _
rlRafis] =D MMy My
u=1 (v,w)€eCy
Since
0
2n,np
N(N-1)
Po(gi # 95,9k # q1) = .
N(N-T)

Ang(ng—1)ny(ny—1)

Po(gi # 95, 9x # G1),

Pr(gi # 95,9k # 91)

: )
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Ps(g: # 9j, 9x # 91)-

>

4,jE€Cw, KEC,, IECy,

ifi=jand/or k=1

o Ay
P= kAl
B =10k
= T kil
j=Li gk

if 7,4, k, 1 are all different,

we have
K1
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my ..
u=1 Y 4,4 kIlEC,
-y
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u=1 My
~ 1
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u=1v#u

K
1
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1
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(u,w)ECH

>
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u, v, w,y all different keCuw, l€Cy
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1
= Z m2m?2 [mumv(Qpl) + mum’U(mu + My — 2)p1 + mu(mu - 1)mv(mv — 1)p2]
(u)€CH Y

1
+ g m[mumvmwpl + My (Mg, — 1)mymy,ps]
(u,v),(u,w)€Co, v#W u'TUITiw
1
+ Z 7mumvmwmyp2
mumvmwmy

(u,v), (wz y) € CD
u, v, w,y all different
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:Z :1 (p1 —p2) +1Col"p2 + Z P2
u=1 w (uw)eCo Y

K
Ep[RARp| = Z Z L Z Pr(gi # 95, 9% # 91)
v)eE
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K
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K
1
= Z Z 2. [2mu(mu - 1)mvp1 + mu(mu - 1)(mu - 2)mvp2]
v
v)eE

K
+ Z Z ému(mu - 1)mvmwp2

— TN MMy Moy
u=1 (v,w)€C0\EL°

1£57 |
= |Co|(N — K)p2 + 2(p1 — p2) ( 2|Co| — )

u

Varp[R¢,] follows by combining the above in computing Ep [cho], and then subtracting
E% [RCO]' O

S2.2 Proof of Theorem 3

To prove Theorem 3, we first prove a simpler result: Asymptotic normality of the statistic
under the bootstrap null, defined as the distribution obtained by sampling the group
labels from the observed vector of group labels with replacement. Let Py, Eg and Varg
denote respectively the probability, expectation and variance under the bootstrap null.
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Lemma 1. Assuming condition 1, under the bootstrap null distribution, the standardized

statistic
RCO - EB[RCO}

VGTB[RCO]

converges in distribution to N(0,1) as K — oo, where Eg[R¢,] and Varg[Re,] are given
below.

Es[Rc,] = (N — K + |Col)2ps, (S2.4)
K K
ECO 2 SCO
u=1 My u=1 My
Ko 1
+ (6pa — 4p3) <K - Z m) + P4 Z —
u=1 (u,v)€Co
where -
Ng M dnin
Ps =g Pa= —hpo =40 (S2.6)

The proof of Lemma 1 relies on Stein’s method. Consider sums of the form W =
> ic &i» where J is an index set and ¢ are random variables with E[¢;] = 0, and
E[W?] = 1. The following assumption restricts the dependence between {¢&; : i € J}.

Assumption 1. [Chen and Shao, 2005, p. 17] For each i € J there exists S; CT; C J
such that &; is independent of {se and s, is independent of &re.
We will use the following existing theorem.

Theorem 1. [Chen and Shao, 2005, Theorem 3.4] Under Assumption 1, we have

sup |ER(W)—Eh(Z)] <4
heLip(1)

where Lip(1) = {h: R = R}, Z has N(0,1) distribution and
6=2 Z(E|§mz'9i| + [E(&mi) | E[6:]) + Z E|&n}|
1e€J 1€J
with ni =3 ;c6, & and 0; = cp. &, where S; and T; are defined in Assumption 1.
Proof of Lemma 1. The mean and variance of R¢, under the bootstrap null, (52.4) and

(S2.5), can be obtained following similar steps as the proof of Lemma 1, noting that,
under the bootstrap null,

o0 ifi=j
PB(Qi?égj)_{ %Zng ifi£j "’
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and
0 ifi=jand/or k=1
2nany ’ . Z:k7.]:la7’7é]
N2 —2]93 1f{Z:l,]:k,Z7é]
i= kil
Polgi # 990 #9) = g ) i=LiFLk
2T R kil
4nin§_

gt =pg it 4, g, k1 are all different .

To prove asymptotic normality, we first define more notations. For any node u of Cp, let

2 au U
R, = M7 dy, = Eg[R,] = 2(m, — 1)ps,

My,
where p3 is defined in (S2.6). Similarly, for any edge (u,v) of Cp, let

NauNby T NavNbu
Ry = , dyy = Eg [Ruv] = 2p3.
My My

Let 02 = Varg[Rc, ], &u, Euw be the standardized mixing potentials,

Cup = 210 (S2.8)

0B

Finally, we define the index sets for &, and &,.:
J={1,...,K},

J2 = {uv : u < v such that (u,v) € Cp},

and let J = J1 U Ja. Since R¢, = 25:1 R, + Z(u,v)eCO R, the standardized statistic

1S

W=y =y Fomde g Fude R~ FalRa]

g,
ieT wed B wWETs B B

Our notation follows those of Theorem 1 and Assumption 1. For u € Ji, let

Sy = {u} U{uwv,vu : (u,v) € Co},
Ty = Sy, U{v,vw,wv : (u,v), (v,w) € Cy}.

For uwv € Ja, let

Suw = {uv, u, v} U {uw,wu : (u,w) € Co} U{vw,wv : (v,w) € Cp},
Tuv = Suv U {w7wy7yw : (U,U)), (’LU, y) € CO} U {’LU, wy,yw : (’U,UJ), (wvy) € 00}
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Su> Ty Suv, Ty defined in this way satisfy Assumption 1.

Since R, € [0, %5+, p3 € [0, i] and R, € [0, 1], we have d,, € [0, m“Q_l], duv € [0, 3],
and therefore |, | < iy |Euvl g . Hence,

— 203’

1
S 16 < —(m+ €. we T,

B

JESu
1
D l&1S mat Do motIEL]), we
jeTu vEVu
1
DGl < —(mu+my +EP|+IECD, we .
FESuw B
1
Do IGlS lmut et 30 e+ ES+IETD), ww € o
JE€ETuw WEVy, UV,

As in Theorem 1, let n; = Zjesi ¢ and §; = ZjeTi, &;. Then

Es|¢mifil = Bsl& Y & Y &l <Bsl&l D161 &),

jESi keT; ]651 keT;
s (&) | Eel0i] < Bal& > &IEel > &I < Eel&l > 1&1E: Y 11,
JES; JET; JES: JET;
Esl&mf| = Esl& Y D §&kl < Esl&l D161 1€l
jESi keS; jGSi keS;

Thus, for i = u € Jp, the terms Eg|&;n;0:|, |Es(&n;:)|Es|0:|, and Eg|&;n?| are all bounded
by

1

—zma(my + EC° ) (mu + Y my + €73,

OB VEVy
and for i = uv € Ja, the terms Eg|;1;0:|, |Ez(&:n:)|Eg|0:|, and Eg|&;n?| are all bounded
by

1
(mu+mv+|€c“|+|€|(mu+mv+ > mu+ES+ (€D

weV, UV,
Hence,
5 K
sg(z S+ D a3+ 125%))
- u=1 VEV,,
Y (mutmy +[EX |+ E) (m + s+ Y M + [ESY] + |ECS])
(u,v)€Coh wWEV, UV,

Since o is of order v/K or higher, under condition 1, § — 0 as K — oo.

S7
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Proof of Theorem 3. To show the asymptotic normality of the standardized statistic un-
der the permutation null, we only need to show that (R¢,,nZ) converges to a bivariate
Gaussian distribution under the bootstrap null, where nZ is the number of observations
that belong to group a in the bootstrap sample. Then asymptotic normality of R¢,
under the permutation null follows from the fact that its distribution is equal to the

conditional distribution of R¢, given nZ = n,. The standardized bivariate vector is

(Rcu — Es[Re,] nP - Npa>

\/Varg[Re,| 00

with p, = nq/N,0% = Npy(1 — p,). By the Cramér-Wold device, we only need to show
that 5
RC(J B EB[RCO] + a2na - Npa

Varg[Rc,] o

is asymptotic Gaussian under the bootstrap null for all a1, a2 € R, ajas # 0.

Let &,i € J be defined in the same way as in the proof of Lemma 1. Let J3 =
{T+1,...,|T|+ K}. For i€ Js, let
g =" TP =i,
o0
We use Theorem 1 to show the asymptotic Gaussianity of . g0+ >
need to redefine the neighborhood sets to satisfy Assumption 1.

ic€Ts agfi. We

For u € J1,

Sy ={u,u+ T} U{uv,vu: (u,v) € Cp},
T, = Sy U{v,v+ |T|,vw,wv : (u,v), (v,w) € Cy}.

For uv € Ja,

Suv = {uwv,u,v,u +|T|, v+ |T|} U {vw,wu : (u,w) € Cp}
U {vw,wv : (v,w) € Cy},

Tuy = Sup U{w,w +|T|, wy, yw : (u,w), (w,y) € Co}
U{w,w+ T, wy,yw : (v,w), (w,y) € Co}.

And for u € J3,
Sy = {u, v’} U{uv,ou : (v v) € Co}, W =u—|T|,

T, = Sy U{v,v+ |T|,ow,wv : (v, v), (v,w) € Cy}.

From the proof of Lemma 1, we have

m 1
|§u| < B u, Vueﬁ; |£uv| < s Yuv € Jo.
OB OB
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For u € Js,

ma
Gl < 22, W =u— 7]
0

Let 0 = min(os, 0p), then

S l61 < S ma+EXD), we U,

JESu

> 161 < cma+2 Y mo+IES), ue S U,

JEeT, VEV,,

S 161 < 2 (2ma + 2m, + [ED |+ EC7]), w e B,
JE€ESuv

Z ‘€j| < §(2m1t+2mv+2 Z mw+|5502|+‘55%|), uv € Jo.
JET v wEV, UV,

Thus, for i = u € J1 U J3, the terms Eg|&n;0;|, |Eg(&im:)|Esl6;|, and Eg|¢n?| are
all bounded by

1 c
;mu@mu + |€fo‘)(2mu +2 § My + |€u%‘)7
vEVy

and for i = uv € Ja, terms Eg|£;m;0;|, |Eg(&m;)|Eg|0;|, and Eg|&n?| are all bounded by

1
F(Qmu +2my + |E ]+ E) @ma +2my +2 > may + [ESS] 4+ ESY)).
weV, UV,

Define Wo, o, = > ic 7 18+ Ziej?’ as&;. The value of 0 in Theorem 1 has the form

1
§ = ——— (2 > (Balar&mifi] + [Ba(a1&mi) [ Eel0;]) + Y Balar&im?|
Es[W7 o] \ ic7 e

ay,az

+2 ) (Bs|astmibi| + |Es(astim:)[Es|6i]) + > E302§¢771'2|> ;

€T3 €T3

where 1; =35 §i(a1ljes + azljeg,), and 0; =37 1 §i(a1ljer + azljeg,).
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Let a = max(|ai], |az|), we have

Esla1&imifil, Eslac&ini6i| < a®Bsl¢; > & Y &l

JES; keT;

< a®Bsl&l Y 1€ ) Ikl

JES: kET;

|Es(a1&imi)[Es|6i], [Ea(astim)[Es|0i] < ¢*Eslé; > &[Es| Y &l
JES: JET:

< a®Bslé| ) 161Es ) 141,

JjES; JET;

Es|a1&m} |, Bslaodin?| < a®Bsl¢; > Y &kl

JjES; kES;
> Lkl

< a®Bgl&i| Y ¢

Thus,
4043 K
0 — — (Z M (Mo + [ES ) (mu + Y my + [E55])
o\ JEs[WZ 4,] \u=1 =

+ Y (mu e+ [EC HIEC N (mu +mu+ S ma +1ESY] + 1ES)
(u,v)€Co weV, UV,

Since o7 is at least of order K and o3 is of order N, o2 is at least of order K by

Condition 2. If Eg[W? ,,] is uniformly strictly bounded from 0 for any ajas # 0, then
under Condition 1, § — 0 as K — oo.

We next show that under Condition 2, Eg[W?2 , ] is uniformly strictly bounded

ay,az
from 0 for any ajag # 0.
Let Wl - Zlej gi, W2 == Ziejg E’i? then
Es(W7 .,] = aiEsW? + a3EsW5 + 2010, E[W1 W]

= a% + a% + 2a1a2EB[W1W2}

Thus, we only need to show that the absolute correlation between W7 and Wj is uniformly
strictly bounded from 1. Notice that, in the theorem, we require n,/N to be bounded
from 0 and 1, so p, and p, are both bounded from 0 and 1.
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Correlation between Rc, and nZ: Observe that

N
RCo a = Z Z Tgizg; + Z Z Ty, ngm:a

My, My

4,jECy (u v)€Cyh 1€Cy,JECy r=1
K N
1 1
- E :mi E Lgig; E :Igz:a + § o—— § Lgig; E Igo=a | -
u=1"""jjec, z=1 (uw)eCo Y i€CL,5EC, z=1

For any ¢ # j,
N
Igﬁﬁgj Zlgm:a = Eg Igi;ﬁgj,gi:a +1 i#g5,05=a T Z I i#Gj gz =0
x=1 T#£1,]J

=Ps(gi =a,9; =b) + Pe(gi =b,gj =a)+ Y _ Pa(gi # gj, 9. = a)
wHi,j
= PaPb + PaPb + 2PaPbPa (N — 2) = 2paps(Npa + 1 — 2pg).

Eg

Hence
Es[Royng | = (N — K +|Co|)2paps(Npa + 1 = 2pa).
Since Ez[Rc,] = (N — K + |Cy|)2papy and Eg[nZ] = Np,, we have
Covs(Re,,n2) = (N — K + |Ec,)2paps(1 — 2pa). (52.9)
If p, = 1/2, then Covg(R¢,,n2) = 0. Since Varg[R¢,] and Varg[n?] = Np,p, are

positive, Corg(R¢,,n2) = 0, clearly bounded from 1. We consider p, # 1/2 in the
following.

|5C°\2 1£5°|
Varg[Rc,) = 4paps(1 — 4papy) | N — K + 2|Co| + E E -
u :1 u

K

1 1
+ 4papy(6papy — 1) (K -> m) iy Y, —

u=1 (u,v)eCo

u

K
E0]/2—1)?
= 4papy(1 — 4paps) (N — 2K +2(Co| + ) | W)

u=1

Ko 1
+ 8p2p; <K -> m) A Y,
u=1 " (u,w)eCo 7Y

Since
2
K K K c
(|€C° /2 —1)? (|EC0| /2—1 (1€:°]/2 — 1)2
N Z I DL y (B2 Z L
u=1 u=1 u=1

= <Z|I5u0”|/2—1> 2 <Z(5f°|/2—1)> = (|Co| = K)*,

u=1
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we have

Varg[Re, | Varg[nZ] > 4p2p? (1 — dpaps) [N — K + |[Col]* + 4pipiN >

—_—
(u,v)€Co MuMMy

Hence,

1
14 PaPbN X yecy moms
(1=4paps)[N—K+|Col]?

~ O(K), |Corg(Rc,,nB)| is bounded by a value smaller

|Cora(Rey, ny)| <

When N, |Cyl, Z(u v)€CH mu
than 1.

Moy

O

S2.3 Proof of Lemma 2

Let G be the uMST on subjects, and £F = {(i,5) : (i,j) € G}. Then [EC| = m, +
Zvu My — |G| Zu 1 mu(mu - ]‘)/2 + Z(u v)€CyH My My Since EP[TCO] |G|2p17
and the result follows.

Now, we compute the second moment.

Ep[T,] = Z Pe(gi # 95,91 # 91)

(4,9),(k,1)€C
= > Pelgi#g)+ > Pe(9i # 95, 9: # )
(4,4)€CG (4,9),(i,k)€G, j#k
+ > Ps(9: # 95, 9k # 1)

(i,5), (k1) € G
1,7, k, [ all different

N N
= |Gl2p1 + > IEFIET | = Vpr + (IGP = |Gl = Y IEFIET | — 1))pa
i=1 i=1
pl P2 Zmumu+zmv71 mquvafQ
VEV, VEVy

+ (p1 — p2/2) Zmu my—1)+2 > mym,
(u,v)€Co
2

K
Z mu(mu - 1) +2 Z My My
u=1

(u,v)eCo

Varp[T¢,] follows by Ep[TE | — EZ[T¢,).
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