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S1 Proof of Theorem 1

Proof.

RaMST = |T |−1
∑
τ∈T

Rτ

= |T |−1
∑
τ0∈T0

∑
τ1∈T1

· · ·
∑

τK∈TK

[Rτ0 +Rτ1 + · · ·+RτK ]

= |T0|−1
∑
τ0∈T0

Rτ0 +

K∑
k=1

[ ∑
τk∈Tk

Rτk/Smk

]
. (S1.1)

First consider the quantity
∑
τk∈Tk Rτk/Smk . Since all pairs of subjects in a given

category have the same distance (= 0), the edge between them should appear in the
same number of trees. There are in total mk(mk−1)/2 possible pairs and each spanning
tree for Ck has mk−1 edges. Hence, the edge between each pair of subjects in Ck appears
in exactly

Smk(mk − 1)

mk(mk − 1)/2
=

2Smk
mk

trees. Thus, ∑
τk∈Tk

Rτk
Smk

=
∑

i,j∈Ck:i<j
Igi 6=gj

2Smk/mk

Smk
=

2naknbk
mk

. (S1.2)

Next consider the summation over T0. For any i ∈ Cu, j ∈ Cv, if (u, v) ∈ τ∗0 , then the
edge (i, j) appears in

K∏
k=1

m
|Eτ
∗
0
k |

k /(mumv)
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elements in T0, since any of the mumv possible edges connecting categories u and v
appear in equal number of graphs in T0. Thus,

∑
τ0∈T0

Rτ0 =
∑
τ∗0∈T ∗0

∑
(u,v)∈τ∗0

∏K
k=1m

|E
τ∗0
k
|

k

mumv

∑
i∈Cu

∑
j∈Cv Igi 6=gj

=
∑
τ∗0∈T ∗0

∏K
k=1m

|Eτ
∗
0
k |

k

∑
(u,v)∈τ∗0

naunbv+navnbu
mumv

. (S1.3)

Combining (S1.1), (S1.2) and (S1.3) gives (7).

S2 Proofs for Lemmas and Theorems in Permutation
Distributions

S2.1 Proof of Lemma 1

Proof. Define

RA =

K∑
u=1

1

mu

∑
i,j∈Cu

Igi 6=gj ,

and

RB =
∑

(u,v)∈C0

1

mumv

∑
i∈Cu,j∈Cv

Igi 6=gj .

We have

EP[RC0
] = EP[RA] + EP[RB ]

=

K∑
u=1

1

mu

∑
i,j∈Cu

PP(gi 6= gj) +
∑

(u,v)∈C0

1

mumv

∑
i∈Cu,j∈Cv

PP(gi 6= gj).

Since PP(gi 6= gj) =

{
0 if i = j
2nanb
N(N−1) if i 6= j

, thus

EP[RC0
] =

K∑
u=1

1

mu
mu(mu − 1)

2nanb
N(N − 1)

+
∑

(u,v)∈C0

1

mumv
mumv

2nanb
N(N − 1)

= (N −K + |C0|)
2nanb

N(N − 1)
.

Now, to compute the second moment, first note that

EP[R
2
C0

] = EP[R
2
A] + EP[R

2
B ] + 2EP[RARB ].
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Expanding the right-hand-side in above,

EP[R
2
A] =

k∑
u,v=1

1

mumv

∑
i,j∈Cu, k,l∈Cv

PP(gi 6= gj , gk 6= gl),

EP[R
2
B ] =

∑
(u,v)∈C0

1

m2
um

2
v

∑
i,k∈Cu, j,l∈Cv

PP(gi 6= gj , gk 6= gl)

+ 2
∑

{(u,v),(w,y)}⊂C0

1

mumvmwmy

∑
i∈Cu, j∈Cv, k∈Cw, l∈Cy

PP(gi 6= gj , gk 6= gl),

EP[RARB ] =

K∑
u=1

∑
(v,w)∈C0

1

mumvmw

∑
i,j∈Cu, k∈Cv, l∈Cw

PP(gi 6= gj , gk 6= gl).

Since

PP(gi 6= gj , gk 6= gl) =



0 if i = j and/or k = l

2nanb
N(N−1) = 2p1 if

{
i = k, j = l, i 6= j
i = l, j = k, i 6= j

nanb
N(N−1) = p1 if


i = k, j 6= i, l
i = l, j 6= i, k
j = k, i 6= j, l
j = l, i 6= j, k

4na(na−1)nb(nb−1)
N(N−1)(N−2)(N−3) = p2 if i, j, k, l are all different,

we have

EP[R
2
A] =

K∑
u=1

1

m2
u

∑
i,j,k,l∈Cu

PP(gi 6= gj , gk 6= gl) +

k∑
u=1

∑
v 6=u

1

mumv

∑
i,j∈Cu, k,l∈Cv

PP(gi 6= gj , gk 6= gl)

=

K∑
u=1

1

m2
u

[2mu(mu − 1)(2p1) + 4mu(mu − 1)(mu − 2)p1 +mu(mu − 1)(mu − 2)(mu − 3)p2]

+

k∑
u=1

∑
v 6=u

1

mumv
mu(mu − 1)mv(mv − 1)p2

= 4

(
N − 2K +

K∑
u=1

1

mu

)
p1 + (N −K − 4)(N −K)p2 + 6

(
K −

K∑
u=1

1

mu

)
p2,

EP[R
2
B ] =

∑
(u,v)∈C0

1

m2
um

2
v

∑
i,k∈Cu, j,l∈Cv

PP(gi 6= gj , gk 6= gl)

+
∑

(u,v),(u,w)∈C0, v 6=w

1

m2
umvmw

∑
i,k∈Cu, j∈Cv, l∈Cw

PP(gi 6= gj , gk 6= gl)

+
∑

(u, v), (w, y) ∈ C0

u, v, w, y all different

1

mumvmwmy

∑
i ∈ Cu, j ∈ Cv
k ∈ Cw, l ∈ Cy

PP(gi 6= gj , gk 6= gl)
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=
∑

(u,v)∈C0

1

m2
um

2
v

[mumv(2p1) +mumv(mu +mv − 2)p1 +mu(mu − 1)mv(mv − 1)p2]

+
∑

(u,v),(u,w)∈C0, v 6=w

1

m2
umvmw

[mumvmwp1 +mu(mu − 1)mvmwp2]

+
∑

(u, v), (w, y) ∈ C0

u, v, w, y all different

1

mumvmwmy
mumvmwmyp2

=
∑

(u,v)∈C0

1

mumv
[(mu +mv)p1 + (mu − 1)(mv − 1)p2]

+
∑

(u,v),(u,w)∈C0, v 6=w

1

mu
[p1 + (mu − 1)p2]

+ 2|{(u, v), (w, y)} ⊂ C0 : u, v, w, y all different|p2

=

K∑
u=1

|EC0
u |2

mu
(p1 − p2) + |C0|2p2 +

∑
(u,v)∈C0

1

mumv
p2,

EP[RARB ] =

K∑
u=1

∑
(u,v)∈EC0

u

1

m2
umv

∑
i,j,k∈Cu, l∈Cw

PP(gi 6= gj , gk 6= gl)

+

K∑
u=1

∑
(v,w)∈C0\E

C0
u

1

mumvmw

∑
i,j∈Cu

∑
k∈Cv,l∈Cw

PP(gi 6= gj , gk 6= gl)

=

K∑
u=1

∑
(u,v)∈EC0

u

1

m2
umv

[2mu(mu − 1)mvp1 +mu(mu − 1)(mu − 2)mvp2]

+

K∑
u=1

∑
(v,w)∈C0\E

C0
u

1

mumvmw
mu(mu − 1)mvmwp2

= |C0|(N −K)p2 + 2(p1 − p2)

(
2|C0| −

|EC0
u |
mu

)
.

VarP[RC0 ] follows by combining the above in computing EP[R
2
C0

], and then subtracting
E2

P[RC0 ].

S2.2 Proof of Theorem 3

To prove Theorem 3, we first prove a simpler result: Asymptotic normality of the statistic
under the bootstrap null, defined as the distribution obtained by sampling the group
labels from the observed vector of group labels with replacement. Let PB, EB and VarB
denote respectively the probability, expectation and variance under the bootstrap null.
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Lemma 1. Assuming condition 1, under the bootstrap null distribution, the standardized
statistic

RC0
−EB[RC0

]√
VarB[RC0

]

converges in distribution to N(0, 1) as K →∞, where EB[RC0 ] and VarB[RC0 ] are given
below.

EB[RC0
] = (N −K + |C0|)2p3, (S2.4)

VarB[RC0
] = 4(p3 − p4)

(
N −K + 2|C0|+

K∑
u=1

|EC0
u |2

4mu
−

K∑
u=1

|EC0
u |
mu

)
(S2.5)

+ (6p4 − 4p3)

(
K −

K∑
u=1

1

mu

)
+ p4

∑
(u,v)∈C0

1

mumv
,

where

p3 =
nanb
N2

, p4 =
4n2an

2
b

N4
= 4p23. (S2.6)

The proof of Lemma 1 relies on Stein’s method. Consider sums of the form W =∑
i∈J ξi, where J is an index set and ξ are random variables with E[ξi] = 0, and

E[W 2] = 1. The following assumption restricts the dependence between {ξi : i ∈ J }.

Assumption 1. [Chen and Shao, 2005, p. 17] For each i ∈ J there exists Si ⊂ Ti ⊂ J
such that ξi is independent of ξSci and ξSi is independent of ξT ci .

We will use the following existing theorem.

Theorem 1. [Chen and Shao, 2005, Theorem 3.4] Under Assumption 1, we have

sup
h∈Lip(1)

|Eh(W )−Eh(Z)| ≤ δ

where Lip(1) = {h : R→ R}, Z has N (0, 1) distribution and

δ = 2
∑
i∈J

(E|ξiηiθi|+ |E(ξiηi)|E|θi|) +
∑
i∈J

E|ξiη2i |

with ηi =
∑
j∈Si ξj and θi =

∑
j∈Ti ξj, where Si and Ti are defined in Assumption 1.

Proof of Lemma 1. The mean and variance of RC0
under the bootstrap null, (S2.4) and

(S2.5), can be obtained following similar steps as the proof of Lemma 1, noting that,
under the bootstrap null,

PB(gi 6= gj) =

{
0 if i = j
2nanb
N2 = 2p3 if i 6= j

,
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and

PB(gi 6= gj , gk 6= gl) =



0 if i = j and/or k = l

2nanb
N2 = 2p3 if

{
i = k, j = l, i 6= j
i = l, j = k, i 6= j

nanb
N2 = p3 if


i = k, j 6= i, l
i = l, j 6= i, k
j = k, i 6= j, l
j = l, i 6= j, k

4n2
an

2
b

N4 = p4 if i, j, k, l are all different .

To prove asymptotic normality, we first define more notations. For any node u of C0, let

Ru =
2naunbu
mu

, du = EB[Ru] = 2(mu − 1)p3,

where p3 is defined in (S2.6). Similarly, for any edge (u, v) of C0, let

Ruv =
naunbv + navnbu

mumv
, duv = EB[Ruv] = 2p3.

Let σ2
B = VarB[RC0

], ξu, ξuv be the standardized mixing potentials,

ξu =
Ru − du
σB

, (S2.7)

ξuv =
Ruv − duv

σB
. (S2.8)

Finally, we define the index sets for ξu and ξuv:

J1 = {1, . . . ,K},

J2 = {uv : u < v such that (u, v) ∈ C0},

and let J = J1 ∪J2. Since RC0
=
∑K
u=1Ru +

∑
(u,v)∈C0

Ruv, the standardized statistic
is

W :=
∑
i∈J

ξi =
∑
u∈J1

Ru − du
σB

+
∑
uv∈J2

Ruv − duv
σB

=
RC0 −EB[RC0 ]

σB
.

Our notation follows those of Theorem 1 and Assumption 1. For u ∈ J1, let

Su = {u} ∪ {uv, vu : (u, v) ∈ C0},
Tu = Su ∪ {v, vw,wv : (u, v), (v, w) ∈ C0}.

For uv ∈ J2, let

Suv = {uv, u, v} ∪ {uw,wu : (u,w) ∈ C0} ∪ {vw,wv : (v, w) ∈ C0},
Tuv = Suv ∪ {w,wy, yw : (u,w), (w, y) ∈ C0} ∪ {w,wy, yw : (v, w), (w, y) ∈ C0}.
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Su, Tu, Suv, Tuv defined in this way satisfy Assumption 1.

Since Ru ∈ [0, mu2 ], p3 ∈ [0, 14 ], and Ruv ∈ [0, 1], we have du ∈ [0, mu−12 ], duv ∈ [0, 12 ],
and therefore |ξu| ≤ mu

2σB
, |ξuv| ≤ 1

σB
. Hence,∑

j∈Su

|ξj | ≤
1

σB
(mu + |EC0

u |), u ∈ J1,

∑
j∈Tu

|ξj | ≤
1

σB
(mu +

∑
v∈Vu

mv + |EC0
u,2|), u ∈ J1,

∑
j∈Suv

|ξj | ≤
1

σB
(mu +mv + |EC0

u |+ |EC0
v |), uv ∈ J2,

∑
j∈Tuv

|ξj | ≤
1

σB
(mu +mv +

∑
w∈Vu∪Vv

mw + |EC0
u,2|+ |E

C0
v,2|), uv ∈ J2.

As in Theorem 1, let ηi =
∑
j∈Si ξj and θi =

∑
j∈Ti ξj . Then

EB|ξiηiθi| = EB|ξi
∑
j∈Si

ξj
∑
k∈Ti

ξk| ≤ EB|ξi|
∑
j∈Si

|ξj |
∑
k∈Ti

|ξk|,

|EB(ξiηi)|EB|θi| ≤ EB|ξi
∑
j∈Si

ξj |EB|
∑
j∈Ti

ξj | ≤ EB|ξi|
∑
j∈Si

|ξj |EB

∑
j∈Ti

|ξj |,

EB|ξiη2i | = EB|ξi
∑
j∈Si

∑
k∈Si

ξjξk| ≤ EB|ξi|
∑
j∈Si

|ξj |
∑
k∈Si

|ξk|.

Thus, for i = u ∈ J1, the terms EB|ξiηiθi|, |EB(ξiηi)|EB|θi|, and EB|ξiη2i | are all bounded
by

1

σ3
B

mu(mu + |EC0
u |)(mu +

∑
v∈Vu

mv + |EC0
u,2|),

and for i = uv ∈ J2, the terms EB|ξiηiθi|, |EB(ξiηi)|EB|θi|, and EB|ξiη2i | are all bounded
by

1

σ3
B

(mu +mv + |EC0
u |+ |Ev|)(mu +mv +

∑
w∈Vu∪Vv

mw + |EC0
u,2|+ |E

C0
v,2|).

Hence,

δ ≤ 5

σ3
B

(
K∑
u=1

mu(mu + |EC0
u |)(mu +

∑
v∈Vu

mv + |EC0
u,2|)

+
∑

(u,v)∈C0

(mu +mv + |EC0
u |+ |EC0

v |)(mu +mv +
∑

w∈Vu∪Vv

mw + |EC0
u,2|+ |E

C0
v,2|)

 .

Since σB is of order
√
K or higher, under condition 1, δ → 0 as K →∞.
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Proof of Theorem 3. To show the asymptotic normality of the standardized statistic un-
der the permutation null, we only need to show that (RC0

, nBa ) converges to a bivariate
Gaussian distribution under the bootstrap null, where nBa is the number of observations
that belong to group a in the bootstrap sample. Then asymptotic normality of RC0

under the permutation null follows from the fact that its distribution is equal to the
conditional distribution of RC0

given nBa = na. The standardized bivariate vector is(
RC0
−EB[RC0

]√
VarB[RC0

]
,
nBa −Npa

σ0

)

with pa = na/N, σ
2
0 = Npa(1− pa). By the Cramér-Wold device, we only need to show

that

a1
RC0
−EB[RC0

]√
VarB[RC0

]
+ a2

nBa −Npa
σ0

is asymptotic Gaussian under the bootstrap null for all a1, a2 ∈ R, a1a2 6= 0.

Let ξi, i ∈ J be defined in the same way as in the proof of Lemma 1. Let J3 =
{|J |+ 1, . . . , |J |+K}. For i ∈ J3, let

ξi =
nai′ − pami′

σ0
, i′ = i− |J |.

We use Theorem 1 to show the asymptotic Gaussianity of
∑
i∈J a1ξi +

∑
i∈J3

a2ξi. We
need to redefine the neighborhood sets to satisfy Assumption 1.

For u ∈ J1,

Su = {u, u+ |J |} ∪ {uv, vu : (u, v) ∈ C0},
Tu = Su ∪ {v, v + |J |, vw,wv : (u, v), (v, w) ∈ C0}.

For uv ∈ J2,

Suv = {uv, u, v, u+ |J |, v + |J |} ∪ {uw,wu : (u,w) ∈ C0}
∪ {vw,wv : (v, w) ∈ C0},

Tuv = Suv ∪ {w,w + |J |, wy, yw : (u,w), (w, y) ∈ C0}
∪ {w,w + |J |, wy, yw : (v, w), (w, y) ∈ C0}.

And for u ∈ J3,

Su = {u, u′} ∪ {u′v, vu′ : (u′, v) ∈ C0}, u′ = u− |J |,
Tu = Su ∪ {v, v + |J |, vw,wv : (u′, v), (v, w) ∈ C0}.

From the proof of Lemma 1, we have

|ξu| ≤
mu

2σB
, ∀u ∈ J1; |ξuv| ≤

1

σB
, ∀uv ∈ J2.
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For u ∈ J3,

|ξu| ≤
mu′

σ0
, u′ = u− |J |.

Let σ = min(σB, σ0), then

∑
j∈Su

|ξj | ≤
1

σ
(2mu + |EC0

u |), u ∈ J1 ∪ J3,

∑
j∈Tu

|ξj | ≤
1

σ
(2mu + 2

∑
v∈Vu

mv + |EC0
u,2|), u ∈ J1 ∪ J3,

∑
j∈Suv

|ξj | ≤
1

σ
(2mu + 2mv + |EC0

u |+ |EC0
v |), uv ∈ J2,

∑
j∈Tuv

|ξj | ≤
1

σ
(2mu + 2mv + 2

∑
w∈Vu∪Vv

mw + |EC0
u,2|+ |E

C0
v,2|), uv ∈ J2.

Thus, for i = u ∈ J1 ∪ J3, the terms EB|ξiηiθi|, |EB(ξiηi)|EB|θi|, and EB|ξiη2i | are
all bounded by

1

σ3
mu(2mu + |EC0

u |)(2mu + 2
∑
v∈Vu

mv + |EC0
u,2|),

and for i = uv ∈ J2, terms EB|ξiηiθi|, |EB(ξiηi)|EB|θi|, and EB|ξiη2i | are all bounded by

1

σ3
(2mu + 2mv + |EC0

u |+ |Ev|)(2mu + 2mv + 2
∑

w∈Vu∪Vv

mw + |EC0
u,2|+ |E

C0
v,2|).

Define Wa1,a2 =
∑
i∈J a1ξi+

∑
i∈J3

a2ξi. The value of δ in Theorem 1 has the form

δ =
1√

EB[W 2
a1,a2 ]

(
2
∑
i∈J

(EB|a1ξiηiθi|+ |EB(a1ξiηi)|EB|θi|) +
∑
i∈J

EB|a1ξiη2i |

+2
∑
i∈J3

(EB|a2ξiηiθi|+ |EB(a2ξiηi)|EB|θi|) +
∑
i∈J3

EB|a2ξiη2i |

)
,

where ηi =
∑
j∈Si ξj(a1Ij∈J + a2Ij∈J3

), and θi =
∑
j∈Ti ξj(a1Ij∈J + a2Ij∈J3

).
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Let a = max(|a1|, |a2|), we have

EB|a1ξiηiθi|, EB|a2ξiηiθi| ≤ a3EB|ξi
∑
j∈Si

ξj
∑
k∈Ti

ξk|

≤ a3EB|ξi|
∑
j∈Si

|ξj |
∑
k∈Ti

|ξk|,

|EB(a1ξiηi)|EB|θi|, |EB(a2ξiηi)|EB|θi| ≤ a3EB|ξi
∑
j∈Si

ξj |EB|
∑
j∈Ti

ξj |

≤ a3EB|ξi|
∑
j∈Si

|ξj |EB

∑
j∈Ti

|ξj |,

EB|a1ξiη2i |, EB|a2ξiη2i | ≤ a3EB|ξi
∑
j∈Si

∑
k∈Si

ξjξk|

≤ a3EB|ξi|
∑
j∈Si

|ξj |
∑
k∈Si

|ξk|.

Thus,

δ ≤ 40a3

σ3
√
EB[W 2

a1,a2 ]

(
K∑
u=1

mu(mu + |EC0
u |)(mu +

∑
v∈Vu

mv + |EC0
u,2|)

+
∑

(u,v)∈C0

(mu +mv + |EC0
u |+ |EC0

v |)(mu +mv +
∑

w∈Vu∪Vv

mw + |EC0
u,2|+ |E

C0
v,2|)

 .

Since σ2
B is at least of order K and σ2

0 is of order N , σ2 is at least of order K by
Condition 2. If EB[W

2
a1,a2 ] is uniformly strictly bounded from 0 for any a1a2 6= 0, then

under Condition 1, δ → 0 as K →∞.

We next show that under Condition 2, EB[W
2
a1,a2 ] is uniformly strictly bounded

from 0 for any a1a2 6= 0.

Let W1 =
∑
i∈J ξi,W2 =

∑
i∈J3

ξi, then

EB[W
2
a1,a2 ] = a21EBW

2
1 + a22EBW

2
2 + 2a1a2EB[W1W2]

= a21 + a22 + 2a1a2EB[W1W2]

Thus, we only need to show that the absolute correlation betweenW1 andW2 is uniformly
strictly bounded from 1. Notice that, in the theorem, we require na/N to be bounded
from 0 and 1, so pa and pb are both bounded from 0 and 1.
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Correlation between RC0
and nBa : Observe that

RC0
nBa =

 K∑
u=1

1

mu

∑
i,j∈Cu

Igi 6=gj +
∑

(u,v)∈C0

1

mumv

∑
i∈Cu,j∈Cv

Igi 6=gj

 N∑
x=1

Igx=a

=

K∑
u=1

1

mu

∑
i,j∈Cu

(
Igi 6=gj

N∑
x=1

Igx=a

)
+

∑
(u,v)∈C0

1

mumv

∑
i∈Cu,j∈Cv

(
Igi 6=gj

N∑
x=1

Igx=a

)
.

For any i 6= j,

EB

[
Igi 6=gj

N∑
x=1

Igx=a

]
= EB

Igi 6=gj ,gi=a + Igi 6=gj ,gj=a +
∑
x 6=i,j

Igi 6=gj ,gx=a


= PB(gi = a, gj = b) + PB(gi = b, gj = a) +

∑
x 6=i,j

PB(gi 6= gj , gx = a)

= papb + papb + 2papbpa(N − 2) = 2papb(Npa + 1− 2pa).

Hence
EB[RC0

nBa ] = (N −K + |C0|)2papb(Npa + 1− 2pa).

Since EB[RC0
] = (N −K + |C0|)2papb and EB[n

B
a ] = Npa, we have

CovB(RC0
, nBa ) = (N −K + |EC0

|)2papb(1− 2pa). (S2.9)

If pa = 1/2, then CovB(RC0 , n
B
a ) = 0. Since VarB[RC0 ] and VarB[n

B
a ] = Npapb are

positive, CorB(RC0 , n
B
a ) = 0, clearly bounded from 1. We consider pa 6= 1/2 in the

following.

VarB[RC0
] = 4papb(1− 4papb)

(
N −K + 2|C0|+

K∑
u=1

|EC0
u |2

4mu
−

K∑
u=1

|EC0
u |
mu

)

+ 4papb(6papb − 1)

(
K −

K∑
u=1

1

mu

)
+ 4p2ap

2
b

∑
(u,v)∈C0

1

mumv

= 4papb(1− 4papb)

(
N − 2K + 2|C0|+

K∑
u=1

(|EC0
u |/2− 1)2

mu

)

+ 8p2ap
2
b

(
K −

K∑
u=1

1

mu

)
+ 4p2ap

2
b

∑
(u,v)∈C0

1

mumv
.

Since

N

K∑
u=1

(|EC0
u |/2− 1)2

mu
=

K∑
u=1

mu

K∑
u=1

(|EC0
u |/2− 1)2

mu
≥

 K∑
u=1

√
mu

(|EC0
u |/2− 1)2

mu

2

=

(
K∑
u=1

||EC0
u |/2− 1|

)2

≥

(
K∑
u=1

(|EC0
u |/2− 1)

)2

= (|C0| −K)
2
,
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we have

VarB[RC0
]VarB[n

B
a ] ≥ 4p2ap

2
b(1− 4papb)[N −K + |C0|]2 + 4p3ap

3
bN

∑
(u,v)∈C0

1

mumv
.

Hence,

|CorB(RC0
, nBa )| ≤ 1√

1 +
papbN

∑
(u,v)∈C0

1
mumv

(1−4papb)[N−K+|C0|]2

.

When N, |C0|,
∑

(u,v)∈C0

1
mumv

∼ O(K), |CorB(RC0
, nBa )| is bounded by a value smaller

than 1.

S2.3 Proof of Lemma 2

Let G be the uMST on subjects, and EGi = {(i, j) : (i, j) ∈ G}. Then |EGi | = mu +∑
Vu mv − 1, |G| =

∑K
u=1mu(mu − 1)/2 +

∑
(u,v)∈C0

mumv. Since EP[TC0
] = |G|2p1,

and the result follows.

Now, we compute the second moment.

EP[T
2
C0

] =
∑

(i,j),(k,l)∈G

PP(gi 6= gj , gk 6= gl)

=
∑

(i,j)∈G

PP(gi 6= gj) +
∑

(i,j),(i,k)∈G,j 6=k

PP(gi 6= gj , gi 6= gk)

+
∑

(i, j), (k, l) ∈ G
i, j, k, l all different

PP(gi 6= gj , gk 6= gl)

= |G|2p1 +

N∑
i=1

|EGi |(|EGi | − 1)p1 + (|G|2 − |G| −
N∑
i=1

|EGi |(|EGi | − 1))p2

= (p1 − p2)

K∑
u=1

mu(mu +
∑
v∈Vu

mv − 1)(mu +
∑
v∈Vu

mv − 2)

+ (p1 − p2/2)

 K∑
u=1

mu(mu − 1) + 2
∑

(u,v)∈C0

mumv


+ p2

 K∑
u=1

mu(mu − 1) + 2
∑

(u,v)∈C0

mumv

2

.

VarP[TC0
] follows by EP[T

2
C0

]−E2
P[TC0

].
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