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Abstract: This study establishes the statistical properties of a spectrum-based
Whittle parameter estimation procedure for locally stationary long-range dependent
processes. Both theoretical and empirical behaviors are investigated. In particular,
a central limit theorem for the Whittle likelihood estimation method is derived
under mild distributional conditions, extending its application to a wide range of
non-Gaussian time series. The finite-sample properties of the estimators are exam-
ined using Monte Carlo experiments with gamma and gamma-normal noise distri-
butions. These simulation studies demonstrate that the proposed method behaves
properly, even for small to moderate sample sizes. Finally, the practical application
of this methodology is illustrated using a well-known real-life data example.
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1. Introduction

Locally stationary processes play an important role in modeling and an-
alyzing nonstationary time series. This approach is based on the evolutionary
spectra developed by |Priestley| (1965)) and formally introduced in|{Dahlhaus) (1996,
. In this context, the parameters of the spectral density vary smoothly over
time, enabling nonstationary processes to be locally approximated by station-

ary models. Recent reviews of these processes are provided by Dahlhaus| (2012))
and Chapter 8 of . A large number of estimation and hypothesis-
testing methods have been developed based on these seminal ideas; see, for exam-
ple, Chandler and Polonik| (2017)), Paparoditis and Preuss| (2015)), |Guinness and|
Fuentes| (2015), |Chen et al| (2018), Fiecas and Ombao, (2016), [Song, Banerjee
land Kosorok (2016), Wu and Zhou| (2011), Puchstein and Preuss| (2016), Rosen,)
Wood and Stoffer| (2012)), Vogt and Dette| (2015)), Kreiss and Paparoditis| (2015)),
Preuss, Puchstein and Dette| (2015)), |Zhou/ (2014), Nason| (2013), Preuss, Vetter,
land Dette| (2013b]) (Guinness and Stein| (2013), |Giraitis, Kapetanios and Yates|
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(2014)), Preuss, Vetter and Dette (2013al), Zhou| (2013]), Roueff and Von Sachs
(2011)), Dette, Preuss and Vetter| (2011, Van Bellegem and Dahlhaus| (2006) and
Beran| (2009), among others.

However, most of these methodologies are designed for handling short-memory
Gaussian linear locally stationary processes such as time-varying ARMA models.
An extension of these techniques |[Palma and Olea (2010) to the long-memory
case is based on Gaussian input noise. Nevertheless, in many practical settings,
time-series data may exhibit nonstationary behavior, along with long-range de-
pendence and non-Gaussian distribution. Incorporating these three conditions
involves important technical challenges, and the literature on this field is still far
from complete. For instance, analyses of the linear functionals of these processes
lead to highly nonstandard asymptotic results; see Leipus and Surgailis| (2013),
Wu and Zhou (2014), and Palmal (2010)).

This study addresses a novel parameter-estimation technique for non-Gaussian
long-memory locally stationary processes. This method is based on a generalized
version of the quasi-likelihood introduced by Whittle| (1953). These estimates
turn out to be asymptotically normally distributed. Note that relaxing the Gaus-
sianity assumption increases the technical complexity of proving the large-sample
theory. Most of these difficulties are related to handling higher-order cumulants
of quadratic forms. In the Gaussian context, there is an explicit formula for these
cumulants. However, there is no such formulation for the general case. Conse-
quently, analyzing their asymptotic behavior becomes much more challenging.
Furthermore, the Whittle estimates are computationally efficient because they
can be calculated using the fast Fourier transform (FFT); see Palma and Olea
(2010). Monte Carlo experiments have shown that the estimates have very good
small-sample properties. Thus, this study provides a computationally efficient
framework for modeling and conducting statistical inferences for non-Gaussian
time-series data that exhibit nonstationarities.

The remainder of this paper is structured as follows. Section 2 discusses
a class of non-Gaussian long-range dependent locally stationary processes and
proposes a quasi-maximum likelihood estimator based on an extended version
of the Whittle spectrum-based methodology. Section 3 investigates their large-
sample properties, establishing a central limit theorem while Section 4 is devoted
to proving these results. Section 5 reports the results from several Monte Carlo
experiments to evaluate the finite-sample performance of the Whittle estimates.
A real-life data example is presented in Section 6 to illustrate the application of
the methodology and the difference with respect to assuming normality. Section 7



ESTIMATION OF LSLM PROCESSES 113

concludes the paper.

2. Methodology
Following |Dahlhaus (1997) and [Palma and Olea; (2010)), a class of locally

stationary processes is given by the infinite moving average expansion

v (g

where {e;} is a zero-mean and unit-variance white-noise, and {¢;(u)} are coeffi-
cients satisfying ¢ (u) = 1, ZJ Co Wi (u ) < oo; for all uw € [0, 1]. In this case, the
transfer function of process given by (2.1) is A(\,¢/T) = o (t/T) > 32 v; (¢/T)
o—iN

Given a sample {Y] 7,..., Y71} of the process in , we can estimate the
vector of parameters of the model, denoted by 6, by minimizing the following
Whittle log-likelihood function, as in |Palma and Olea (2010):

Lr 47TM/ Z {log foluj, A m} dX, (2.2)

where fo(u,\) = |A(u, \)|? is the time-varying spectral density of the process,
In(u, \) = |dn(u, \)|?/(27N) is the periodogram with
N-1

dn(u, ) = Z Yiur—Ny2tst1r € 0,
s=0

T = S(M— 1) —I—N, U; = tj/T, and tj = S(] - 1) —|—N/2, for ] = 1,...,M.
In this extended version of the Whittle estimation procedure , the sample
{Yir,...,Yprr} is subdivided into M blocks of length N, each shifting S places
from block to block. Then, the spectrum is locally estimated using the peri-
odogram on each of these M blocks and then averaged to form . Finally,
the Whittle estimator of the parameter vector 6 is given by

O = argmin L7(6), (2.3)

minimized over a parameter space ©.

3. Properties

This section examines the large-sample properties of the proposed estimators,
establishing their asymptotic normality in Theorem 1. The first assumption
concerns the time-varying spectral density of the process. The second is related
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to the higher-order cumulants of the process. The third assumption is concerned
with the block sampling scheme. It is assumed that the parameter space O is
compact. In what follows, K is always a positive constant that can vary from
line to line.

A1l. The time-varying spectral density of the process in ({2.1)) is strictly positive
and satisfies

fa(’LL, /\) ~ wa?u) ‘)\‘—ng(u)7
as |A| = 0, where C't(6,u) is a strictly positive function and dy(u) € (0,1). There
is an integrable function g(\), such that |Vglog fo(u, \)| < g(A) for all 6 € O,

u € [0,1], and X\ € [—m,7]. The function A(u, ) is twice differentiable with
respect to u and satisfies

/ A(u, N A(v, =X) exp(ikX) dX ~ C1(0, u, v) ke +de(v)=1

as k — oo, where |C1(0,u,v)| < K for u,v € [0,1] and § € ©. The function
fo(u, \)~1 is twice differentiable with respect to 6, u and A. Furthermore,

Yp(u) = o(u) ™t ! A(u, \) exp(ik) dX ~ Co(0,u) k=1,

-7

as k — oo, where ¢p(u) =1 and |C2(0,u)| < K for u € [0,1], and 0 € O.

A2. There is a constant ¢, such that gg(A1,...,A\g—1) = ¢x for all A\y,..., \g.

A3. The sample size T and the subdivision integers IV, S, and M all tend to infin-

ity and satisfy S/N — 0, vT'log? N/N — 0, VT /M — 0, and N3log? N/T? — 0.
Next we establish several large-sample properties of the Whittle estimator

described by (2.3). The proofs of these results are provided in Section 4.

Theorem 1 (Central Limit Theorem). Let 6y be the true value of the parameter
0. Under Assumptions A1-A3; the Whittle estimator O satisfies the following
central limit theorem:

VT (0 —60) = N (0,%) ,
where

S=T"Yr+w)rt=rt4rtwrt,

1 [t /
b= 47?/0 /_7r [V log fo(u, N)] [V log fo(u, \)]' dudA,

and

1 T Q !
w=94 [ Vo log fo(u, \) d)\} [ Vo log fo(u,A) dA| du.
0

s —T -7



ESTIMATION OF LSLM PROCESSES 115

Corollary 1. If the parameter vector 8 = (a, 3) is separable, such that the scale
parameter og = 04,3 depends only on the second component of the parameter
space, so we can write og. In addition I can be written as a block diagonal

A R
0 Ts

r-t= (F;l 1 _01 _1)7
0 T;'+T;' WsT;

matric

Then, we have that

where

T 1
Foz = 4];1'/ A [voé IOg f@(uv)‘)] [VOZ log f@('LL,)\)]/du d)\’

1 s 1
U= | [ (95 low fow V11V 1og foae V] ds .

and

1 e e /

Wﬁ—g‘*/ [/ \ logfg(u,)\)d/\} [/ Vs log fo(u, \) dA| du.
™ Jo T -

Proof. Note that, by the extension of Kolmogorov’s formula provided by The-
orem 3.2 of Dahlhaus (1996), [log fo(u,\)dX = 27rloga%(u). As a result,
J Valog fo(u, A) dA = 0 and, thus, the term W, vanishes from the asymptotic

variance.

Remark 1. Consider the LS-ARFIMA model given by

—1
_ ([t t t _ py-d/T)
vro(L)a(hn) o (L) mrema,

for t = 1,...,T, where for u € [0,1], ®(u,B) = 1+ ¢1(u)B + --- + ¢p(u)BF is
an autoregressive polynomial, ©(u, B) = 1460 (u)B+- - -+ 0 (u)B? is a moving
average polynomial, d(u) is a long-memory parameter, o(u) is a noise scale factor,
and {&;} is a white-noise sequence with zero mean and unit variance. As a
consequence of the preceding corollary, the asymptotic variance of the Whittle
estimators associated with d(u), ©(u), and ®(u) of the LS-ARFIMA model given
in are not affected by the distribution of the input noise. However, this is
not the case for the estimators corresponding to the scale parameter o(u). This
is illustrated in the following example.

Example 1. Consider an LS-ARFIMA model with time-varying spectral density
fo(u, A), such that og(u) = 8. In this case,
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1
du 2
'g=2[ ===,
S e

On the other hand, we have

[ tom ot 3) i = 210 [a;:)] |

—T

for all uw € [0, 1]. Therefore,

" 0% (u)
/ log fo(u, A) d\ = 27 log [ 5 } = 4mlog f — 27 log 2,
o ™
such that,
m 4
Vs log fo(u, \) dA = %
Therefore,
1 2
94 471') 2y
Wg=— — | du= ,
P 7 8x o < &) B2
and
2 2 2
Consequently,

2

Ty (Tp+ W)y = %(1 + 7g4).

Note that if the input noise corresponds to a centered I'(«, \)-distribution, the
excess kurtosis is 6/« which means x4 = (247%)/a and g4 = 3/(7a). Thus,
Iyt (g +Wp) Ty = s ( + 3) :
2 «
On the other hand, if the input noise corresponds to a centered log-normal dis-
tribution, the excess kurtosis is e* + 2e3 + 3¢ — 6. In this case,
et +2e3 +3e2 -6

kg = 4An? (et +2e3 + 3¢ —6), g4 = o

Therefore,
1 1 52 4 3 2
Ty (Tg+Wp) T = (e* +2¢° +3e* —14).

4. Proofs

Consider the function ¢ : [0,1] x [-m, 7] — R and define the functional
operator
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1 T
6) = /0 [ 60,20, 3) e (A1)

where f(u, A) is the time-varying spectral density of the limit process (1). Define
the sample version of J(-) as

/ é(u, N In(u, \) dAdu = — Z ¢ wj, NIy (uj, \) dX\ + o(1),

where M and uj, for j =1,..., M, are as given in Section 2.
Proof. (Theorem 1) We first prove that, for all £ > 3, we have
T!? cumy(Jp (), ..., Jr(d)) — 0,

as T — oo. For notational simplicity, we proceed with ¢ = 3; the result for £ > 4
follows analogously. Recall that

N
—ixt
A) = E Yurqer e
=1

and

oo
t

YuT+t,T = Yi—s | U+ = | €s,
T

S§=—00

with the convention that v;(u) =0 for all j < 0,0 < w <1, and 9y = 1. Thus,

).
—Z( S PO gy (u+;+§))g

(=1—-N
= Z@N—S(ua Na T: )\)587
s

where

: ¢ N
@j(u, N, T, X) e—1ZN¢j+€ <U+ 7+ T) e MEN),

Hence,

Ay (u, \) = / (1, N, T, A, w) 0TV g (o)

—T

with
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o(u, N,T,\,w) = Z ©;(u, N, T, \)e ™1,
J
Consequently,

|dn (u, \)? = / / (u, X, )@ (u, A, ") WTHN@=) qe () de (W),

where for, notation simplicity, we have dropped N and T from ¢(u, N, T, \,w).

Thus, the periodogram can be written as

1 i T ) ,
I ) = g [ [ d )t @) T () T

d
) = /7; /1 d(u, N In(u, \) du dA

i(uT+N)(w—w’)
27TN/ﬂ/,,/,r/¢U/\ (u, A, w)@(u, A, W' )e du

dé(w)
By defining
) = [ f 5, N A, Lot M) s,
we can write o
310 = g [ [ bl 0T () T,
Now, o

cum(Jr(¢), Jr(¢)

3 w
<27TN / / / h w17w2)h(W3,W4)h(W5,w6)
X Cum(df(wl )dE (wa), dE (w3) dE(wy), dE(ws) dE(we)

<27rN>3 ) /w/w/w/w/ﬂ w1, w2)h(ws3, wa) h(ws, we)

IEEH RIS

Va,V2 Va

+g§ Z CVS,V35<ij>5(ij)} dwi, ..., dwg

Vs3,V3

1 3
= <27T]V> (AN + By +CN),

dX

(4.2)
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say, where v; denotes a partition with j components, along with its respective con-
stant. Consequently, from Lemma 2, we have that cum(Jr(¢), Jr(¢), Jr(¢)) =
(1/27N)3 x O(1). Therefore,

VT

3
T3 cum(Jr(¢), Jr(9), Jr(¢)) = O (N) :

Note that, by assumption, VT /N — 0, Hence, T%/2cum(J7(¢), Jr(¢), Jr($)) —
0 as N,T — oo. On the other hand, for ¢ = 2, we have that

Tl (@), 6 = 0y 3 || swivstn)
jk=17 T/ =T
x cum[Iy (uj, A), In(ug, p)] dhdp = A + Br,

where A corresponds to the term involving the covariance, and Br corresponds
to the fourth cumulant term'

BT 27I'MN o AT N2 Z / ¢ u]7 (ukvﬂ)

m™wJ =T

X cum[dN(uj, A), dn(uj, =), dn (uk, ), dn (ug, —p)] dX dp.
By Proposition 2 of [Palma and Olea| (2010), A7 converges to

1 T
lim TAp = 4n / B (w, \)p(u, N) f(u, N)? dX du.
0 -7

T—o0

On the other hand, by defining

N-1 '
(u,w, A) Z A( >e”(“’_>‘),

we may write

dn(u, \) = /Tr b (u, w, \) e dg (w).

—T

Thus,

gaT z(u —ug)Tw
B § | b ju)Ten
7= 2nMN)2 /_ﬂ 9y Alun, /_7r /_ﬂ /_F w (g, w1, 2

X bN(Uj,w2, —)\)el(u"_u")Twsz(umws,M)bN(uk, —Ww) — w2 — w3, — )
X dAdp dwy dws dws.

Now, by integrating successively with respect to ws, ws, and w;, we obtain
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_27rg4TZ Z //qjuj, (up, o Z w<uk+ )

t,s=0 Jik=1 £,m,n,p=0
S(i— k) s—t

X <Uk + >1/1n <Uk + )1/1p <Uk + T) AE=m)Fiu(n=p) g\ dy.
Given that 0 < t/T < N/T — 0 as N,T — oo, we have that

. . 27Tg4T >
Th_rg;oBT:Th_)OO tz_:o ; / / P(uj, )@ (u, )é Z_OW(%)
S(j—k)=s—t e
x wmwkwn(uk)wp(uk) AT d)
N-
. 2w gsT — k)
Hm (VN2 Z Z /_W/_W¢1<Uk+ T >¢2(Ulmu)
be=0 S(— k’) s—t
x A(ug, )\)A(uk, =) Aug, 1) A(ug, —p) dX dp
2T S5t M—|p|
Jim Z Z S, [ om0 ) )
S

Now, by an argument analogous to that in the proof of Proposition 2 of [Palma
and Olea (2010)), we conclude that

1 T T
lim By = 2ngs /O / |0 Aot ) F ) A dp

= 1[ “otu i) | | [ ot i) da] du

—T —T

Lemma 1. Let (d,dy,...,ds) € (0,1/2)F for £ > 3, where d = d(u), d; = d(u;),
with u,u; € [0,1] fori=1,...,£, define the function

4
Chla"'a ij )H wj"l'hi(ui)?
i=1
and let dy = max{d,dy}. Then, for hl, o hy — o0,
C(ha,... he)| < Co APt hG ~ p2d L,

Proof. We first establish that the function C is well defined. Observe that, by
Assumption Al, for large hy, ..., hg, we have |1 1p, (u;)| < Kj%=1 and
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(o ¢] o0
|C(hy, ha,...,dy)| < szd—lJer:l(di—l) < szd+d1+d2+~--+dg—e—1_
j=1 Jj=1
Furthermore,

[e.e]

Zjd+d1+d2+"'+dz—f—1 < Knd+d1+d2+"'+de—€ < Kn(l—f)/2'
j=n
Consequently, given that this sum is convergent for all £ > 2, we conclude that
|C(h,...,he)| < oo.
Finally, because for i = 1,...,0 — 1, [j44, (us)] < Kh‘ii_1 we have

|C (1, ... he)] < KRS ndes 12;“’ Y+ hy)®t
7j=1

éKhllil—l.“hdg lzjdo 1]+h)d0 1
7j=1
di— de— do—
§Kh11 1"'h4511h? ° 17

as required.

Lemma 2. Let Zny = Ay + By + Cn, where these terms are defined as in (4.2)).
Then, under the assumptions of Theorem 1, we have that Zn = O(1).

Proof. We proceed by first proving the result for Ap; that is, we consider the
case where the frequencies satisfy the condition wi + - - - + wg = 0 such that that

wg = —w1 —wy — -+ — ws. Define the integral
I_/ / / / / (w1, w2)h(ws3, wy)
—T —T —T —Tr —Tr
h(ws, —w1 —wy — +++ — ws)dwy, . . . , dws.

Let wg = ws + - -+ + ws, and write

Il = / h(wl,wg)h(w5, —W1 — wo) dwl,

—Tr

I—/ / / / h(W3,W4)I1(w2,...,w5)dw1,..., dws.

Hence, by writing I} = I1 (w2, ...,ws), for simplicity, we have

Il = / h(wl, WQ)h(U)5, —W1 — wo) dw1

™ 1 pm 1,
:/_w/o /_w/o _W¢(u1,>\1)90(u1,)\1,w1)<p(u1,Al,w2)¢(u3’)\3)

such that
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XgO(Ug, /\3, W5)(p(U3, )\3, —Wwi — o.)[)) dw1 du1 d/\1 dU3 Cl)\g .
Observe that
™
/ @(u1, A1, w1 )p(us, Az, —w1 — wo) dwr

= /7r > pjlur, Ar)e
s

% § :SDIc u3’>\3) iwi k+iwok dwy

™

—ZZ ok U17)\1)90k(u3,)\3)/ e (h=7) duyy

—T

=27 Z el i (u1, A1) w;j(us, Az).
Therefore,

1 1 pm ™
b= / / / P(ur, Ad1)p(ur, A1, w2)(us, A3)p(us, A3, ws)

X 21 Z e“"‘” ul, )\1 (p] (U3, )\3) du1 dU3 d)\l d)\g

Now, integrating Wlth respect to \; yields

Z[ d(u1, Ar)p(ur, A1, w2)p; (ur, A )dAr | €497 @ (us, As).
j
Note that

d(u1, M)p(ur, A, w2)e;(ur, Adr)dA

=3 [ nlmn e o e )
k —T

In addition,

ub >\1 Z wk+g 7

{=

f/\
)= Dy e

p=1-N

Thus, by dropping u; from w,(cﬁ)re(ul) and writing v, (h) = ffﬁ é(u, N d, for

simplicity, we have
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™

<Z>(U1,>\1) (u1, A, w2)j(u, A1) dAg
= Zmeﬁp ok [ gl e an

1 —ZWQ
- Z Z ¢k+e J('+)pe Y6 —p).
k Lp

Consequently,

- Z Z warZ wg(erSO (ug, A3)ve (£ — p)eiw‘)j_i‘*’zk_
Jj kip
Now, by integrating I; with respect to wo, we have

/ﬂfl(m,..., 5) dus
—2W///_ﬁ/_wzz¢k+gw](2p¢]u37 3)

jk Lp
X %5(5 —ple iw2(d k)ﬂwwﬂwuﬂwwﬁb(% A3)o(u3, A3, ws) duy dug d3 dws

271- / / / Z Z ¢J+£¢]+p 80] us, )\3)’y¢(£ p) Z](w3+w4+w5)

x ¢(u3, A3)p(us, >\3, W5) duy dusz ds.

P(ur, A)p(ut, A1, w2)@j(ur, M) d)\l} " (ug, A3)

—T

Integrating with respect to A3 in the above expression yields

/ o3 (13, \3) (3, Aa)p (s, Ay ws) dAg

—T

= Z/ pj(us, A3)d(uz, As)pr (ug, Ag)e ™ F dAg,
k —T

where
0 0
)\ —z)\aq )\ —i>\37'b
j(us, A3) @Z)ﬁq . pr(us, A3) k+n :

Hence, we obtain

/ ¥j (u3, A3)d(u3, A3)p(u3, A3, ws) dAz = Z Z w](?jr)q k+n e wsk o

-n k gqn

¢<U3,A3> o= dpg = 3N gl o ey, (n - q).

k qn
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Define I5 as
™
Ir(ws3,wyq,ws) = / I (w2, ..., ws) dws.
—T
Consequently,

I (w?,, w4, w5 27T / / Z Z ¢]+g¢j+p7¢1 E p)

jk Lpgn

i (i
X¢J+q1/’k+n’7¢>7( — p)eieastiiwiticsU=k) gy dus.

Furthermore, by defining I3 as

13(w3,w4)=/ I (w3, wa, ws) dws,

—Tr

we obtain

I3(ws,wa) = //Zzwﬁwﬁp%lg p)

J fpgn

®3),,3)

XYL n Vs (n — p)e™sITi%s dyy dug.

On the other hand,

T 1
h(ws,wa) =/ / d(u2, A2)p(uz, A2, ws)p(ug, Ao, wa) dug dXg.
-7 JO

Thus, integrating with respect to ws, yields

" .
/ (g, Ao, w3)e™ dws = Zspk Uz, A2) / e—iwshtiws] g,

—Tr

= 27Tg0] (uz, \2).

Integrating with respect to wy, we get

/ o(ug, Ao, wa)dwy = 2mpj(ug, A2) .

—Tr

Thus, by defining I, as

I4 = / I4(W3,Ld4) dw;; dLU4

(27) /_ z Z ¢J+€¢J+p7p1 (£ - p)w3+q¢](+n’7¢3(h —p)%’(Uz, A2)

J {pgn
™

xduy dus dug dha d(us, Aa) [ d(ua, \a)pj(ua, Aa) do

—T

- Z Z wﬁs J+t / e t)¢(u2’ Az) d Z w] J+t7¢>2 (s =),

s,t
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we obtain,

1= 277' Z Z ///w3+g¢]+p7¢1(€ p)w§£s¢3(43t7¢2(8_t)

J Lpgn,st

X g(‘i)q@bg(ur)n%g (n — q) duy dug dus.

Furthermore, we can write

I = (2n) Z Z / / / U e (= DU u ),

j=o0 £,p,q,n,s,t=1

XY o (S - t)q/}]JrquJrn'ngS (TL - ) duy dug dus

27T Z / // Z%Jrﬁwy(i—)p J+n¢1+qu+twj+s

£..t=0
XY, (€ = ) Vo, (E = 8) 795 (n — q) duy dug dus.
Now, by writing hy = ¢ — p, ho = ¢ —n, and hy =t — s and applying Lemma 1,
we conclude that [ = O(1). The proofs of the remaining cases are analogous.

5. Monte Carlo Studies

The following simulation results are based on 1,000 repetitions from the LS-
FN model defined by the discrete-time equation

Yir =0 (;) (1—B)~ 4T, (5.1)

for t = 1,...,T, where {g;} is a white-noise sequence with zero mean and unit
variance. In these Monte Carlo experiments, the evolution of the long-memory
parameter is specified by d(u) = ap+ 1 v and the standard deviation is assumed
to be constant, o(u) = (. In addition, the white-noise sequence {e;} follows either
a gamma distribution or a log-normal distribution. For comparison purposes, the
tables also include the case of Gaussian white-noise. In all these cases, the input
noises have a zero mean and unit variance.

Figure 1 displays a simulated time series of 1,000 observations with gamma
input noise. The histogram and the estimated density of this series are shown
in Figures 3 and 4, respectively. Note the skewness in the empirical distribution
of {Y; r}. Similar behavior is observed for the log-normal case; see Figures 2, 5,
and 6.

Tables 3 and 2 report the results from several Monte Carlo simulations of the
Whittle likelihood estimates for the LS-FN models. The sample sizes are T' = 500
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Figure 2. Time series with a log-normal input noise.
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and T' = 1,000, respectively. The values of N and S are similar to those in
Palma and Olea (2010)). These tables show the averages and empirical standard
deviations for the Whittle estimates, as well as the corresponding theoretical
standard deviations. Given that d(u) = ag + aq u, in this case, the value of the
time-varying parameter d(u) moves from 0.10 to 0.30.

The theoretical standard deviations shown in these two tables are obtained
using the following general procedure. Assume the following specification:

d(u) = ag + aqu + -+ + apul, o(u) = Bo+ Bru+ -+ Bgul,

for w € [0,1]. In this case, the parameter vector is 6 = (ao, ..., ap, Bo,--.,0q)"
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Table 1. Whittle estimation: Sample size T' = 500, block size N = 125, and shift S = 30.

Parameters Estimates
Case Qg a; Bo Qo ay Bo
Gamma, 0.10 0.20 1.0 0.0983 0.1868 0.9946
Log-normal 0.10 0.20 1.0 0.1026 0.1817 1.0204
Normal 0.10 0.20 1.0 0.1002 0.1804 0.9987
Theoretical SD Estimated SD
Case O’(ao) U(al) 0’(/80) 8(@0) 8(&1) a(ﬂo)
Gamma, 0.0697 0.1207 0.0632 0.0830 0.1552 0.0636
Log-normal 0.0697 0.1207 0.2376 0.0888 0.1633 0.2175
Normal 0.0697 0.1207 0.0316 0.0847 0.1607 0.0321

Table 2. Whittle estimation: Sample size T" = 1,000, block size N = 160, and shift
S = 50.

Parameters Estimates
Case Q a; Bo Qg ay Bo
Gamma 0.10 0.20 1.0 0.0932 0.2001 0.9991
Log-normal 0.10 0.20 1.0 0.0923 0.2040 1.0204
Normal 0.10 0.20 1.0 0.0955 0.1942 0.9986
Theoretical SD Estimated SD
Case o(ap) o(ay) o (Bo) a(ao) o(ay) a(Bo)
Gamma 0.0493 0.0854 0.0447 0.0598 0.1109 0.0445
Log-normal 0.0493 0.0854 0.1680 0.0612 0.1140 0.1467
Normal 0.0493 0.0854 0.0223 0.0590 0.1117 0.0214

and the asymptotic variance—covariance matrix of the Whittle estimates of 6
corresponds to X ~!/T, is given by Theorem 1,

S=T'C+w)rt=rt4+rtwr

P (Te 0
0 Tp

w2 ! u™ du
ol o
6(i+7+1)]i-0. o (Bo+Brut -+ Bgud) ], iy .

wo (10
0 Wp

where Wj is given in Example 1.

with
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Figure 7. IBM daily transaction volume from 1962 to 1972.
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Figure 8. Estimated density of centered IBM daily transactions volume data.

Observe from Tables 1 and 2 that for both sample sizes and the three distri-
butions considered (gamma, log-normal and Normal), the estimates are close to
the true parameter values. Furthermore, the empirical standard deviations are
close to their theoretical counterparts provided by Theorem 1.

6. Data Illustration

To illustrate the proposed methodology, consider the IBM daily transaction
volume data for the period January 2, 1962, to December 31, 1972, depicted in
Figure 7. This decade-long period has been selected to avoid market fluctuations
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Figure 9. ACF of IBM daily transaction volume data. Panels: (a) sample ACF, (b)
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Figure 11. Rolling-window estimation of the long-memory parameter d(u) as a function
of w.

due to the oil crisis in 1973. Figure 8 shows the histogram of the centered
series. Note that the data do not seem to be normally distributed. On the
other hand, Figure 9 displays the sample autocorrelation function (ACF) of this
series, along with a variance plot. Both graphs suggest the presence of long-range
dependence. Moreover, Figure 10 shows three segments of data: a) observations
1 to 300; (b) observations 1,000 to 2,300 and (c) observations 2,000 to 2,300.
Note that the sample ACF seems to decrease over time. Based on this plot,
Figure 11 reports a rolling window estimation of the long-memory parameter
d(u) as a function of the standardized time u = ¢/T. These rolling-windows
correspond to estimates of d on successive blocks of 350 observations and shifts
of 100 days. Note that the long-memory parameter seems to decrease over time.
Consequently, a locally stationary process was selected using the AIC. The fitted
model is a LS-ARFIMA(1,d,0), defined as follows

Yir =B(1—¢B)~t (1 - B)~ /Mg,

with d(u) = ap + a1 u, and a centered log-normal input noise ;. The results of
the model fitting are reported in Table 3. Observe that the standard errors vary
significantly when assuming normality or log-normality.

A residual analysis indicates that the Box—Ljung test statistic is 15.165 with
10 degrees of freedom, producing a P-value = 0.1262. Finally, Figure 12 shows
a histogram of the residuals.
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Table 3. Whittle estimation, IBM transaction data.

Parameter Estimate Std. Error z-value P-value
¢ 0.1315 0.0361 3.6402 0.0003
g 0.4158 0.0302 13.7810 0.0000
oy -0.2140 0.0339 -6.3054 0.0000
B8 (Normal) 370,748.0189 5,253.0320 70.5779 0.0000
B (Lognormal) 370,748.0189 39,447.3300 9.3985 0.0000
0
[=}
©
[=}
2
R
8 [=}
p
S
< T T T T
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Figure 12. Estimated probability density of the residuals.

7. Conclusion

This study examines asymptotic and finite-sample properties of a spectrum-
based Whittle parameter estimation procedure for locally stationary long-range
dependent models. In particular, it establishes a central limit theorem for the
Whittle estimator. This result extends previous works on Gaussian time series
to the non-Gaussian cases. Finite-sample performance of the estimates is inves-
tigated using several Monte Carlo experiments, including gamma and log-normal
distributions. In these simulation studies, the proposed estimator exhibits a very
good performance and the empirical precisions obtained are close to their the-
oretical counterparts, as specified by Theorem 1. In addition, a real-life data
application is presented. Thus, we have shown that the Whittle methodology
can be applied to a much broader class of situations.
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