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Abstract: Random walk models driven by GARCH errors are widely applicable in
diverse areas in finance and econometrics. For a first-order autoregressive model
driven by GARCH errors, let <$n be the least squares estimate of the autoregressive
coefficient. The asymptotic distribution of an is given in Ling and Li (2003) when
the GARCH errors have finite variances. In this paper, the limit distribution of
$n is established as functionals of a stable process when the GARCH errors are
heavy-tailed with infinite variances. An estimate of the tail index of the limiting
stable process is proposed and its asymptotic properties are derived. Furthermore,
it is shown that the least absolute deviations procedure works well under the unit-
root and heavy-tailed GARCH setting. This research provides a relatively broad
treatment of unit-root GARCH models that includes the commonly entertained
unit-root IGARCH scenario.
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1. Introduction
Consider the models
Y, =o¢Y1 + &y, (1.1)
Y, =+ oYio1 + <1, (1.2)

where Yy = 0 and the ¢; follow a first-order generalized autoregressive conditional
heteroscedasticity model (GARCH(1,1))

&t = Ot, Ot > 07 (13)
ol =w+taot | +bel , w>0,a>0,b>0, (1.4)

where {n;} are i.i.d. symmetric random variables.

There is an extensive literature on unit-root estimation and testing for the
case a = b =0, i.e., {e} are i.i.d. random variables. For a concise review on the
recent developments on this topic, see [Chanl (2009) and the references therein.
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The unit-root problem for the case of non i.i.d. errors (a # 0 or b # 0) has also
been receiving considerable attention in the literature. One of the main reasons
for this is that when Y; in model ([IL1]) represents the log price of an underlying as-
set, then it is often found that the return process ¢; follows a GARCH(1, 1) model
as prescribed by ([3]) and (L4)), see for example Bernard et al. (2008). Under
these circumstances, the original testing for unit-root in (L)) is tantamount to
testing for unit-root with GARCH(1,1) errors. Motivated by this consideration,
extensive research have been conducted. For example, [Weiss (1986]) studied the
distribution of quasi-maximum likelihood estimation (QMLE) when Ee} < oo
for ARCH models. Hall and Yaol (2003) considered QMLE, and [Peng and Yao
(2003) studied the least absolute deviations estimation (LAD) when Ee? < oo
and En} = oco. [Ling and Li (T998) and [Sed (1999) considered the distribution
of the maximum likelihood estimation for non-stationary autoregressive moving
average time series with GARCH errors for the case Ee} < oo. [Ling and Lil (2003)
and [Ling, Li and McAleer| (2003) generalized the results to the case Ee? < oo
but En} < oo, and obtained the limit distribution of the estimated unit-root as a
functional of the Brownian motion. [Chan and Peng] (2005]) studied least absolute
deviations estimation for the AR(1) process with a = 0 and En? < co. Recently,
Wang| (2006]) studied the asymptotic distribution of the Dickey-Fuller test under
Ee? < o0, i.e., a + bEn? < 1.

Although the GARCH error model enjoys tremendous popularity in modeling
stock returns, one critical issue remains. In fitting the log returns to (L)), it is
often reported in the data that the estimates of the parameter a + bEn? are very
close to unity, see [Mikosch and Starical (2000). In this case, the model exhibits
the so-called IGARCH effect where Ee? = co. As a result, many of the previously
developed theories are not applicable. One of the main purposes of this paper
is to study the asymptotic distribution of unit-root estimators when {e;} is a
GARCH(1, 1) process with infinite variance. In particular, it is shown that when
a + bEn? > 1, the asymptotic distribution of the LSE converges to a functional
of a stable process, and when a + bEn? = 1, the asymptotic distribution of the
LSE converges to a functional of the Brownian motion, similar to the case when
a+bEn? < 1.

Another objective of this paper is to study the asymptotic properties of the
least absolute deviations estimators of the parameters a and b in (L)) when Ee? =
oo, extending results of Peng and Yao (2003). By completing the asymptotic
theory for both finite and infinite variance scenarios, we offer a relatively broad
coverage of the unit-root problem for the AR model driven by GARCH errors,
including the commonly entertained IGARCH case.
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The paper is organized as follows. Section 2 gives the main results. As the
limit process depends on an unknown parameter of the tail index, estimation
of parameters and the corresponding limit distributions are given in Section 3.
Properties of the least absolute deviations estimators of the GARCH parameters
are given in Section 4. Simulations are reported in Section 5. Section 6 presents
the proofs of the main theorems. Preliminary lemmas and a critical result of the
weak convergence of a stable process for strongly mixing sequence are relegated to
Appendix. In the sequel, we use the symbol C to denote an unspecified positive
and finite constant that may take a different value at each appearance.

2. Asymptotic Distributions

Given Yy = 0 and observations Y7,...Y,, to test ¢ = 1 against ¢ < 1, the
Dickey-Fuller (DF) test p,, based on least squares (LS) regression of ¥; on Y;_;

for model (I.TJ) is

pn=n(pn — 1) = <% Zn:Yz'2—1>1 (z”: 3/2—151'). (2.1)
i=1 i—1

Similarly, the unit-root statistic p,, for model (LZ) when there exists a drift in
the autoregressive model is

Pun = 1 —1) = (5 S0 = T2) (M1 - 1))
i=1 =1
= (% i}/f_l - (Y)2>_1 (i }/7;_161 — ? 3 51)7 (2 2)
=1 =1 =1

n
where Y = Z Y;—1/n. We impose the following assumptions.
i=1

H1. Elog(a + bn?) < 0.

H2. There exists a ko > 0 such that E(a + bn?)% > 1 and E(a + bn?)* log™ (a +
bn?) < oo, where log™ (z) = max{0, log(x)}.

H3. The distribution F' of 71 is a mixture of an absolutely continuous component
with respect to the Lebesgue measure A on R and Dirac masses at some
points u; € R,e=1,..., N, that is,

N N

dF = pid6,, + (1—p)fdX p; >0, Y pi=pel0,1),
=1 =1
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where f is a density of continuous component and satisfying
(2% — 8,29 U (28,28 +6) c {f >0} (2.3)
for some § > 0 and ¥ = sup{z|z < 0, f(z) >0}, 2} =inf{z|z >0, f(z)>0}.

The first result gives weak convergence for the partial sum process of the sequence
{e€i}. Herein, the symbol 194 denotes the convergence of the finite-dimension
distribution in D|0, 1]. Moreover, the symbol = denotes the weak convergence
in D[0,1] (the space of functions on [0, 1] which are right-continuous and have
left-hand limits, see Billingsley| (1999)).

Theorem 2.1. Under the conditions H1, H2 and H3, the following hold.
(a) There exists a unique o € (0, ko] such that E(a + bn?)® = 1.

(b) If a € (0,1), then

[nt] [nt]
1 1 fdd.
<(c1n)1/<2a> ;5 (crn)e ; E?) — (Zza(t), Za(t)>,

where Zay(t) is a stable process with index 2 and ¢; = coEln|*®

is a constant to be defined in Lemma A.1.
(¢) If « =1, then

, where cg

[nt]

LS s w),
=1

veinlogn
where ¢ = coEn? =: coo? and {W(t),0 < t < 1} is a standard Brownian
motion.

Applying Theorem 2.1 yields the asymptotic distributions of p, and ppn.

Theorem 2.2. Suppose that ¢ = 1 in model ([IT) or (¢, 1) = (1,0) in model (L2).
Under the conditions of Theorem 2.1, the following hold.
(a) For a € (0,1),

5 = n 1) 4 fol Z;a(t) dZ2a(1)
Pn = <¢n 1) fol Zga(t) dt ) (2'4)
ﬁ;m = n(&un - 1)
Cd Jo Zout) dZ3a(t) — Z2a (1) fy Zaa(t) dt 25)

Jol Z3,(8)dt — (fy} Zaalt) dt)?

where Z,,,(t) denotes the left-hand limit of Zo(t) and L, denotes conver-
gence in distribution.
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(b) For a>1,
Pn = n(ﬁ/b\n_ 1) — - W (2.6)
Pun = (qu - 1)
_a. fO fOl (2.7)
fo W2 dt— jo dt) '

Remark 2.1. Condition H1 is a necessary and sufficient condition for the exis-
tence of stationary solution of o7 (see [Nelsonl (1990)). If condition (H2) holds,
then condition (H1) is equivalent to E(a+ bn?)* < 1 for some p > 0 (see Remark
2.9 of Basrak, Davis and Mikosch| (2002))).

Remark 2.2. If there exists hg > 0 such that E|n;|"® = oo and Ejn|" < oo for
all h < hg, then conditions H1 and H2 are satisfied.

Remark 2. 3 If f(z) is positive in a neighborhood of zero, then (2.3) is true
with 29 = 29 % = 0. Condition H3 is the weakest condition among the existing
results on mixing conditions for GARCH(1,1) process. For more information,
refer to [Francq and Zakotan| (2000).

Remark 2.4. If a > 1, by condition H2, E|n; |>** < oo and as a result, En? < oo.
By virtue of Holder’s inequality, E(a + bn?) < [E(a + bn})®]Y/* = 1. Since n?
is non-degenerate, we have E(a + bn?) < 1. When En? = 1 and a + b < 1, the
asymptotic distribution of Theorem 2.2 is given in Wang| (2006]). Therefore, for
the proof of Theorem 2.2, it is enough to show the case that o = 1.

Remark 2.5. The limit distributions of Theorem 2.2 are the same as those in
Chan and Tranl (1989), in which the errors {g;} are assumed to be i.i.d. with
infinite variance.

Remark 2.6. To apply Theorem 2.1, one needs to estimate ¢y. By its definition
in Lemma A.l, it can be estimated by

n S (1B + @+ Bi)aR) — @+ bip)ai))
a1 S ((@+ Bi) log™* (@ + bip)

Y

where @, @, b, @ are consistent estimators of w, a, b, @, and 67 = G+ (a+bn2_1)o2 ;.

3. Hill Estimators

Note that the limit partial sum process of ¢ is a stable process with index 2,
which is unknown a priori. To apply Theorem 2.1, we need to estimate «. In this
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section, we construct a Hill estimator for « and study its asymptotic property
based on the empirical residuals &; = Y; — &5}/1-_1,@ =1,...,n, where $ represents
the LSE ngbn or qglm.

Let A = 1/(2«) be the tail index. Let maxj<j<p & = Epip > En—t1p > -+ >
En—k,m be the k, + 1 largest order statistics. Estimate A by

~ 1 En—i—1:
A= — N jog noiclin
kn2 ®

Theorem 3.1. Suppose the conditions of Theorem 2.1 hold and that there exists
some 3 > 0 such that

P(e; > z) = coz 2 (En?*) (1 + O(z™?)), = — oo (3.1)

For a > 1/2, logZnlog*(logn) = o(ky,) and k, = o(min{n?/(B+e) p2a/(1+a)ly
we have
VEa(& = 4) =5 N0, 5?),

where ¥2 = A?Var[}  (I(e; > F7Y(1 — ky/n)) — kn/n)]/kn, and F is the dis-
tribution of €1.

Remark 3.1. For the asymptotic normality of the Hill estimator, the second
order regularly varying condition is necessary. This condition is satisfied for a
GARCH model when (i) E(a+bn?)°+° < oo, and (i) g(i) = E(a+bn?)*T#, u e C
is analytic in a neighborhood of © = 0 and g(u) # 1 for —§ < Im(u) < 0 (m
is normal, for example). In fact, apart from a constant, [Goldie (1991]) shows
that under conditions (i) and (ii), o satisfies the second order regularly varying
condition ([B.)). Since g = oyny, it follows that under the same condition, ¢; also
has the second order regularly varying property.

Remark 3.2. To apply Theorem 3.1, it is necessary to give an estimate for
the variance ¥.2. To this end, we first estimate F' by the empirical distribution
F,(z) = Z;’Zl I(g; < x)/n based on the residuals {&;}. We suggest running m
replications {§§j), 1 <i<n,1<j<m} for the residuals {&;,1 < i < n}, and
estimating X2 by

52 = A%m! i [zn: [I(é” > Fol1— Py o ﬁ} (kn)lr.

j=1 Li=1

Remark 3.3. Another related problem to the Hill estimator is selecting the
binwidth k,. A natural choice would be the k,, that minimizes the mean squared
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error of the estimate A, k, = argmin,E[A — A]2. Since A is unknown, we sug-
gest using the bootstrap procedure of Danielsson et al. (2001) to select k.

Speciﬁcally, let ny < n and X, = {X7{,..., X } be resamples drawn from
X, = {X1,..., Xn} with replacement. Let X7, < X5, 6 < X denote the
order stat1st1cs of X7, and define
K* (k;) : long i+1,m1 M* 1 Zk: (IOng i— 1n1>2
" . k i=1 X;;l—kznl n1 k i=1 ni1—k,ni '

Then let k,, = argming, E((M,;, (k) — 2K;1(k)2)2|%n). It is shown in [Danielsson et
all (2001)) that such a k, is consistent and asymptotically optimal in terms of
attaining a minimum mean squared error.

4. Estimation of vy = (wo, ag, bo)

To fit the model, we need to estimate the parameters vy = (wy, ag, by) pre-
scribed in (1.4) from the data. Although there is an extensive literature on
this topic, most of it focuses on cases with stationary data. When models (T3]
and ([4]) are entertained, we are dealing with unit-root nonstationarity com-
pounded with heavy-tailedness. It is therefore interesting to investigate to what
extent the unit-root and/or the heavy-tailedness affects the asymptotic properties
of the estimates of a and b.

To estimate the parameters of a GARCH model, QMLE is usually applied
and this requires the existence of the fourth moment of the error 7; and the sec-
ond moment of &; in model (L4]). But when the unit-root is present and IGARCH
is entertained, these moment assumptions fail to hold. Other estimation proce-
dures should then be used. One commonly used alternative is the least absolute
deviations estimator. LAD is studied in [Peng and Yao| (2003) when Ec? < oo
and Eef = co. No result for the LAD, however, seems to be available for the case
of an IGARCH model when Ec? = oo

To this end, let &;(z) = Y; —2Y;_1, hi(v, 2) = 0?(w,a,b, 2) = w+aoc? {(w,a,b,
)+ bei_1(2)?, and set & = £;(¢), where ¢ is the LSE ¢, in model (II)) and QAS/m
in model ([[2). Let © be the parameter space of (w,a,b) satisfying a < 1 and
H,. We estimate 1y by the LAD estimator

~

UV = arg min (’ ‘ + =
VEG) /

and establish its limit distributions when Ee? = oo, which is encompassed by the
case E(a +bn?) > 1

log I (v ¢)), (4.1)
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Theorem 4.1. Suppose that (i) ¢ = 1 in model (1)) and (¢, ) = (1,0) in
model (L2); (i) E|n:| = 1 and En? < oo; (iii) © is a compact set containing
vg. Then we have the following.

(1) If E(ag + bon?)* = 1 for some a > 1/2, then U = 1.

(2) If E(ag + bon?)* = 1 for some a > 1, then

V(@ = vg) =5 2(N(0, A) — FQ) /B2 (wo)[W ()] "R ()], (4.2)

where A = E(|n;| — 1)2E[h7 (l/()l) [RL(10)|T hi(vo)], BL(v) = Ohi(v)/Ov, hi(v)
= hi(r, 1), F = E{(X52 boap ei—j) [ (v0)]"hi*(v0)}, and

fo (t)dW () fo W (t)dt

fo W2 (1) dE , for model ([ILT]),
C = 1
t)dW W(1) dt) d
(o W K ”(t,Q ( ffo 0 ;t)£0 e L for model (T2).

Remark 4.1. When « < 1, to establish the asymptotic distribution of 7 defined
in (@), the convergence rate of ¢ has to be n=1/271/(2%) for o < 1 and (nlogn)~t
for a = 1. But according to Theorem 2.2, the convergence rate of the 5 is only
n~1. This difficulty can be resolved if we estimate (v, ¢) simultaneously as

(7, —argmmzq ‘—i—flogh( ¢)>

5. Simulations

Numerical simulations were conducted to demonstrate the effectiveness of
the asymptotic results. Tables 1 lists the empirical percentiles of the limit distri-
bution of p,, and p,, in Theorem 2.2, where the data was simulated from model
(CI) and (L2)) with n = 1,000, w = 0.5,b = 0.7, a = 0.3, 0.5 and 0.1, and {n:}
were i.i.d. standard normal. Five thousand independent samples were generated
for each simulated series. Since {n;} was normal, bigger a resulted in a smaller
tail index a. Table 1 shows that the smaller is the tail index «, the heavier is
the tail of the density of p,, and p,,. Further, when oo < 1 (a = 0.5), the thick-
ness of the tail was more pronounced. When a > 1 (a = 0.1 and 0.3), not only
were the tails of the limit distribution thinner, but the changes of the tails were
also becoming less pronounced. These phenomena can be explained by virtue of
Theorem 2.2. As o < 1, the limit distribution of p, or p,, is a functional of an
integral of stable processes, but when o > 1, the limit distribution is a functional
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Table 1. Empirical percentiles of p,,, pun with w = 0.5, b= 0.7.

Probability of a smaller value

0.01 0.025 0.05 010 025 0.75 090 0.95 0.975 0.99

0.3 -23.25 -15.320 -11.28 -7.06 -3.09 0.30 0.93 1.34 1.700 2.26

pn 0.5 -102.11 -59.840 -36.25 -20.08 -6.46 0.30 1.06 2.07 4.430 12.72
0.1 -15.75 -11.080 -8.33 -5.88 -2.93 0.23 0.93 1.27 1.590 2.08

0.3 -37.28 -27.410 -19.80 -14.68 -8.72 -2.23 -0.83 -0.06 0.610 1.71

pun 0.5 -112.85 -71.780 -49.92 -29.69 -12.67 -1.81 -0.12 1.42 5.030 13.19
0.1 -25.47 -19.570 -15.79 -12.32 -7.78 -2.18 -0.72 -0.01 0.560 1.21

a

Table 2. Bias, variance, and MSE of A for different k,, when w = 0.5,a=0.3,b=0.7.

3 Number (k,,) of the order statistics

50 100 150 200 250 300 350 400 450 500 550
Bias 0.028 0.007 0.030 0.053 0.078 0.104 0.136 0.171 0.212 0.259 0.316
Var 0.027 0.017 0.012 0.009 0.008 0.007 0.006 0.005 0.004 0.004 0.004
MSE 0.028 0.017 0.013 0.012 0.014 0.018 0.024 0.034 0.049 0.071 0.103

of an integral of Brownian motions only. These results are similar to those of
Chan and Tran/ (1989).

To gain a further understanding of these phenomena, the probability density
functions of p, and p,, of the three cases reported in Table 1 are plotted in
Figure 1.

To shed some light on how the number (k,,) affects the Hill estimator (A), we
simulated model (L)) with n = 1,000 and 2,000 repetitions with normal {7;}.
Table 2 gives the bias, the variance and the mean squared error (MSE) of A for
various k, when w = 0.5,a = 0.3, and b = 0.7. Table 2 shows that A s very
sensitive to k,. To obtain a more robust /AX, ky,, cannot be too small or too large.
When £, is too small, it results in a small bias but a big variance; when k,, is too
big, it leads to a small variance but a big bias. Therefore, adequately choosing
ky is important in using the Hill estimator.

To assess the effect of k,,, the graphs of the bias (filled square), the variance
(filled triangle) and the MSE (filled circle) of A(ky,) for different values of ky,
are plotted in the left-hand panels in Figures 2-4. The marked dot on the MSE
curve corresponds to the selected k, when minimum MSE was achieved. For
such a selected kj, the estimated probability density function (solid line) and
the asymptotic normal limit (dashed line) are plotted in the right-hand panels of
the same figures. Figure 2 plots the case w = 0.5,a = 0.3, and b = 0.7 (o = 1),
Figure 3 is for the case w = 0.5, = 0.4, and b = 0.7 (o < 1), and Figure 4
is for the case w = 0.5,a = 0.1, and b = 0.7 (o > 1). These graphs show the
bias-variance trade off in k,. Comparing the three cases, we see that if the tail
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Figure 1. Probability density function of p,, and py.

Bias, var and MSE of Hill estimator when w = 0.5, a = 0.3, b = 0.7.
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Figure 2. Hill estimators A and their densities for w = 0.5, a=0.3 and b =0.7.

index « is small, then a large k,, should be chosen to minimize the mean squared
error. This observation concurs with the findings reported in [Danielsson et al.l
(2001)). An explanation for this phenomenon is that such a k,, is determined by
the quantity n%/(6+®) defined in Theorem 3.1. As a result, a small a leads to a
big k,. From Figures 2—4, we see that when the tail index a > 1, the pdf of the
limit distribution approximates the normal limit reasonably well; when the tail

index o < 1, however, the approximation becomes less satisfactory.

Finally, small-scale simulations for the LAD estimator were also conducted.
We simulated Y, t = 1,...,400 from model (LI]) and estimated ¢ by the LSE
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Bias, var and MSE of Hill estimator when w = 0.5, a = 0.4, b = 0.7. PDF of A when w = 0.5, a = 0.4, b=0.7.
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Figure 3. Hill estimators A and their densities for w = 0.5, a =0.4 and b =0.7.

Bias, var and MSE of Hill estimator when w = 0.5, a = 0.1, b = 0.5. PDF of A when w = 0.5, a = 0.1, b= 0.5
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Figure 4. Hill estimators A and their densities for w = 0.5, a=0.1 and b = 0.5.

an. Using residuals {&; = Y; — <$Yt_1}, we computed the LAD estimate and the
QMLE for (w,a,b). Three hundred independent samples were drawn for three
cases: Case 1, (w,a,b) = (0.5,0.6,0.3) and {n;} are standard normal; Case 2,
(w,a,b) = (0.5,0.6,0.1) and {n;} are t3; Case 3, (w,a,b) = (0.5,0.6,0.18) and
{m} are t5. The bias and MSE of LAD and the QMLE are presented in Table 3.
From Table 3, we see that the LAD estimate approximates the true (w, a, b) better
than the QMLE when the errors {¢;} are heavy-tailed. Even when £, has a light
tail (Case 1), the LAD estimate performs comparably well with the QMLE. From
these simulations, it seems reasonable to argue that the LAD estimate performs
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Table 3. Bias and MSE of estimator 7.

Parameter Case 1: N(0, 1) Case 2: t3 Case 3: t5
(w,a,b) 0.500 0.600 0.300  0.500 0.600 0.100  0.500 0.600 0.180
LAD Bias —0.018 —0.093 0.046 —0.019 —0.073 0.067 —0.007 —0.065 0.058
MSE 0.031 0.039 0.045 0.026 0.032 0.029 0.026 0.029 0.039
QMLE Bias —0.023 —0.072 0.058  0.015 —0.052 0.081 —0.005 —0.065 0.086
MSE 0.023 0.027 0.043 0.029 0.032 0.043 0.026 0.032 0.049

reasonably well when the errors are heavy-tailed, and is a viable alternative to
the QMLE for the light-tailed case.

6. Proofs
6.1. Proofs of Theorems 2.1 and 2.2

Proof of Theorem 2.1. Conclusion (a) follows from Lemma A.1, leaving parts
(b) and (c). For o € (0,1), let Sj,(t) = Zyﬂ z—:g/(cm)j/@a), j = 1,2, and let
Sn(t) = (Sin(t), San(t)). To show the finite-dimensional distributions of S, ()
converge to Z(t) = (Z24(t), Za(t)), it is enough to show that for any t1,...,t; €
(07 1]7

(Sn(t1)s- -, Sultn) 5 (Z(t1), ..., Z(ty)).

We only give k = 2 in detail, other cases can be shown similarly. It follows from
Lemma A.6 that for any given ¢t € (0, 1), S, () 4, Z(t). With the Cramér-Wold

device, to have (S, (t1),Sn(t2)) LR (Z(t1), Z(t2)), it is sufficient to show that
for any ¢ = (01,62),d = (dl,dQ) € R? and t1 < 92, C- Sn(tl) +d - Sn(tz) L
c-Z(t)+d- Z(ta).

Let a, = (c1n)Y/®®) then for any 6 > 0, P(lg;| > dan) < 672%/n. Tt
follows that for any m = o(n), Zﬁ’f[ﬂiﬁl(dlsi/an + dae?/a2) £ 0. Thus, when
m = ofn),

¢ Sp(ty) +d - Sn(ts)

[nt2]

= (c1 +d1)Sta(t1) + (2 + d2)Son(t) + > (dlgi + df?) +0p(1).

a a
i=[nt1]+1+m " n

By Lemma A.4 we have, for m large enough, the right side has the same distri-
bution as

[nt2]

(Cl + dl)Sln(tl) + (CQ + dQ)SQn(tl) + Z
i=[nt1]+1+m

dlsg X dg&?)

an a2
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where {£}} is an independent copy of {;}. Thus

¢ Spu(t1) +d- Snlta)
— (Cl+d1)ZQa(t1)+(CQ+dQ)Za(t1)+d1(ZQa(tQ)—ZQQ(tl))+d2(Za(t2)—Za(t1>)
= c-Z(t1)+d- Z(ta). (6.1)

This completes the proof of (b).

In the following, we apply a central limit theorem for a triangular array
of martingale difference sequences (see Theorem 18.2 of Billingsley| (1999)) to
deal with weak convergence for the case a = 1. Let a, = +/cinlogn, b, =

Veonloglogn and Gy = €;1(0; < by,)/+/cinlogn. Then

[nt] [nt]
- i = i ’L<b - i i b =i 0On Sp
an;€ an;a‘ o +an;€ o; > 1(t) + Sna(t).

It is easy to see that for any § > 0,

P( sup [Sp2(t)] > 0) < P( sup o; > b,) < nP(lo;| > b,) <

0<t<1 1<i<n ~ loglogn
(6.2)
So, it is enough to show that
[rt]
)= Cu=W(t) inD0,1]. (6.3)

If F; is the o—field generated by {e;,7 < t}, then E((u|Fi—1) = 0. Since En? < oo
by virtue of Hy, it follows that for any § > 0,

E E[¢21(|Cni] > 0)] = (c1logn) 'E[(e11(01 < bp))2I(|(e11(01 < by)| > day)]
i=1
oa

< (exlogm) ™ Elo (o < b)ER (| > 5

bn
= (1 logn)_l/o 2z[P(|o1| > z) — P(o1 > by)] dx

B[ 1m] > 2]

b
_ no day,
< (exlogm) ™ (1+ /1 2y~ dy B[ 1(Im| = 5
— 0. (6.4)
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By Theorem 18.2 of Billingsley] (1999)), for the proof of (6.3]) it is enough to show
that for any t € [0, 1],

[nt] [nt] O’ <b ) 1 [nt] ,
E(¢3|Fi—1) =E =l = 2I(o; < by, t.
i_zl (an|‘7: 1 7712 conlogngaz (U = ) B
(6.5)
Note that

bn
Eo?I(o1 < b)) :/ 22[P(|o1| > x) — P(o1 > by)] dz
0
bn
<1+ / 2coy~tdy ~ ¢ log n,
1
\/ﬁ
Eo?I(oy < by)) > / 2z[P(|lo1| > z) — P(o1 > by)] dx
1

vn
> / 2coy~ L dy — 1 ~ cologn.
1

Thus, for n large enough, Ec$1(o1 < b,)) ~ cologn, and (6.5) is equivalent to

showing
[nt]
1 2 2 P
E “1(o; < bp)—Eo I(o; <by)] — 0. 6.6

To this end, split 01.2[(01- <b,) — Ea?l(oi < by,) into two parts: &,; = aizl(ai <

Vny)—Eo2I(o; < /ny) and X,,; = 021(v/ny < 0; < by)—Ea?I(\/ny < o; < by),
where y > 0. Since af satisfies the S-mixing condition with exponential decay, it
follows that for n large enough and for any § > 0,

[nt]

B togn 2 )
[nt]  [nt]

- conlogn (ZE§”Z+2Z Z Egmfw)

i=1 j=1+1

2

< 2tn” 'ny®(cologn) *E(07 I(0; < by)) + 2tn ™" (cologn) ™ { ZEan 1€n,it1

[nt]
T Z NI (B, 1 |PHO)2/ ) 4 Eﬁn,lEfn,iJrl]}

1=m-+1

< 4ty*(cologn) ™t 4 4tn ™ mny®(co logn) !
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[nt]
+4tn71<60 log n)72pm6/(2+6) [(\/ﬁy)Q(lJré)E‘gn 1’]2/(2+6) Z pi6/(2+6)
i=1
— 0, (6.7)
for any ¢t € [0,1] by taking m = [-2logn/logp|] and y — 0. This implies that
for large n and small y,
1 [nt]

conlogn
om 0BT oy

By Lemma A.1, it follows that for large 2, P(0? > ) ~ cor~'. As with Theorem
4.1 of Davis and Mikosch! (1998), it can be seen that Conditions 1,2, 3 in Lemma
A.5 are satisfied for the process {o?}. Therefore, there exists a process N (see
Lemma A.5) such that

n
No=Y 8,2/ 5 N.
i=1
For any y > 0, let T': 3% 0y, — Y2y il(y, o) (|24]). Then T is continuous and
by the Continuous Mapping Theorem (see (3.8) of |Davis and Hsing] (1995))), we
have

c[)ln Z{Uf[(\/ﬁy <o) — E[U?I(\/ﬁy < o; <+/n)]} <, T(N) + logy.
=1

This implies that for any ¢ > 0,

1

conlogn

Z{O’QI Vny < 03) — Elo?I(v/ny < 0; < b))} == 0.
On the other hand, from (6.2]), it follows that for any § > 0,

1 " 9
- ‘ . < ‘ '
P{ conlogn ;UZI(U’ > bn) > ‘5} > P{fgféal > bt —0

Thus, (conlogn)~* Zyﬂ X,; = 0, which combined with (B.8) yields (6.8). This
completes the proof of (c) and the proof of Theorem 2.1.

Proof of Theorem 2.2. Note that under either ¢ = 1 in model (LI) or
(¢,p) = (1,0) in model (L2, V; = Vi1 + ¢ = E;Zl gj. This implies that
Yi16i = Y;1(Y; = Y;_1). Thus,
= (525/3_1) (Zn—ﬁi) = <52Y12_1> (ZYi—l(Yi _Yifl))v
i=1 i=1 i=1 i=1

(6.9)
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hn= (L2 ) (X v -vi)-TY). 6w
=1 i=1 =1

When a = 1, by (c¢) of Theorem 2.1 and the Continuous Mapping Theorem, we

have
pn = (:L;[(cln)‘l/%‘n_l]2>_l(;[(cm)‘m"}”z—ﬂ[(cm)‘l/Q“(Yi ~Yi-))
J 1 1 )
/O W(t) dW () /0 W2(1) dt. (6.11)

Similarly, by (6I0) and the Continuous Mapping Theorem, we have

~

Pun

d, Jo W (&) dW () — W (1) [y W(t)dt
JowR(eydt — (fy w(tyde)?

This, combined with Remark 2.4, completes the proof of (b) in Theorem 2.2.

1< -1r1 &
When a € (0, 1), rewrite 5, = (7 Zyﬁl) [5 (Yf _ Zem and
n
=1

~ 1 " 2 -1 Y,n2 ]. n 2 J— n

p;m:(ﬁZY;71> (?_QZE’_YZEZ>
=1 =1 =1

Let Yin(t) = S eil(e] < an)/an, You(t) = S eil(lei] > an)/an, and

Y, (t) = Yin(t) 4+ Y2, (t). By the symmetric assumption we have, for all n, {e;1(|e;]

< ap)/an} is a martingale difference sequence and sup,, supycp 1] E[Y1n(t)| < o0.

By Doob’s inequality, we have the following results.

(a) {maxo<i<1|Y1n(t)|} is stochastically bounded.

(b) For any a < b,a,b € R, if N%*(Yy,,) is the number of up-crossings of [a, b]
by the process Y1, then { N%*(Y3,)} is stochastically bounded.

If 3 =min{2a — 7,1}, 7 < 2a, and N**(Y5,) is the number of up-crossings of
[a, b] by the process Ya,, then

n
max B max [Yan(8)])? < maxa,” Z;E[\si\ﬁl(lei > ay)] < o0,
1=

E{N(Ya,)} <B( X Il > an)) = nP(le1] > an) < oo.

This implies that {maxo<;<1 |Y2n(t)|} and { N®®(Y3,)} are stochastically bounded.
Since

max |Y, ()] < max |Y1,(¢)| + max |Ya,(¢)]
0<t<1 0<t<1 0<t<1
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and the number N%(Y,,) of up-crossings of [a, b] by Y;, is no more than N%*(Y3,,)+
N®(Ya,), it follows that {maxg<;<1|Yn(t)|} and {N**(Y,,)} are stochastically
bounded sequences. By Theorem 3.2 of [Jakubowskil (1997), it follows that {Y,,(-)}
is uniformly S-tight in D[0,1]. Let 7, = {0 =ty 0 < tm1 < -+ < tik,, = 1}
be such that maxy, |ty  — tmr—1| — 0 and X, (t) = Zyﬂ 1/n. Along the lines of
Lemma 8 of [Jakubowskil (1996]), we have for any § > 0,

lim SllpPH( /0 1(Yn(t—))7m dX (1), /0 l(Yf(t—))Tm an(t))

m—oo p

1 1
_([;Y%“_)d&*wﬂé Y2 (t-)dXa(t))| > 6] =0, (612)

where (X, (t))™ is given by (X,(1))™ = X,,(1) and (X,,(t))™ = X, (tx) when
tp <t <tgpi1,k=1,...,m—1. By (a) of Theorem 2.1, we have

n

([ vy axato, [ ooy axan v, 30 %)

i=1
4 1 1
([ @t e, [ (B )7 dt Zaa1).20(0) (613)
0 0
By (612)) and (€13), we have (a) of Theorem 2.2, as desired.

6.2. Proof of Theorem 3.1.
By Theorem 2.1 of [Drees (2000)) it can be shown that

w )T k%f) = B(u) in D[0,1], (6.14)

\/Z—Zn:O(&ZFl(l—m
=1

where B(-) is a standard Brownian motion. By standard arguments (seede Haan
and Resnickl (T998))), for the proof of Theorem 3.1 it is enough to show that

knu

2 —1p _ Pty e g ey e |
oiﬁﬁlm;[“&>F (1= "25) = (e 2 P (1= =5)] 5 0. (6.15)
Let
Su0.8) = —= e > P 1= By Pty e s i Bt
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Let F; be the o-field generated by {n;,7 <t}. Then

E(Z;i(u,0)|Fi-1)
knu 0Y;_1 knu

= E{I[F‘l(l—T)—l— <& <FT (1—7)]

Yi_
—I[F_l(l—k”—u) <g <F'(1- k"“) 0¥
n n

I Fi1}

9Y7;_ (F~Y(1—knu/n))/o;
- E[I( L < 0)/ 01 f (o) dx’j:i—l}
n (F~Y(1—knu/n)4+0Y;_1/n)/0o;

(F~Y(1—knu/n)+0Y;_1/n)/0;

—E[I (GYi_l/n > 0> / oif (o) dx’]:i—l}
(F~1(1=kpu/n))/o;

=: Hy1 — Hp, (6.17)

where f(x) is the density of £. Note that sup;<;<,, [Yi|/n'/(22) = O,(1). Tt follows
from a > 1/2 that sup;<;<, Yi/n = 0,(1). By the continuity of f(-), we have

k u (95/;_1

Hiy 2 - f(F (1= ") (= 10y, < 0). (6.18)
Similarly, it can be seen that
Hi 2 f(F1(1— ’%“))(92—1)1(91@_1 > 0). (6.19)
Furthermore, for all |§] < M and 0 <wu <1,
™ ZE (ZF (u,0)|Fi—1) < :lzn;(Hﬂ + Hiz)
< max MY F(FI(1- 22
_ op(k’ll:a> = 0,(1). (6.20)

This implies that, for all |§] < M and 0 < u <1,

rZZue \ﬁZE (u,0)|Fiy) = \ﬁz i1 — Hp).  (6.21)

Similar to the argument as ([6.20)), the right side of ([6.21]) is Oy (kn o/ 2oL/ n~1) =
0p(1) by virtue of the condition that k,, = o(n(?*®/(@+1))_Since S, (u,#) has con-
vex sample paths in u and 6, the above convergence implies uniform convergence
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on compact sets (see [Pollard (1991))). Thus, (6.15]) follows from n(gzﬁ\— ®) = 0p(1)
by Theorem 2.2.

6.3. Proof of Theorem 4.1

Set 1,,(v) = n S0 (Jeil/v/hi(v, 1) + In\/hi(v,1)) and I(v) = El,(v). We

show the consistency of 7 via the followmg steps. F1rst, along the lines of Theorem
1 of ILumsdainel (I996), we have v as the unique minimization of [(r). Second,
by the Ergodic Theorem,

sup |ln(v) — l(v)| = 0p(1), (6.22)
ved

and we have

sup ‘% zn: &/ hi(v, @) + n A hi(v, &) — zn(y)\ —o,(1).  (6.23)
ve i=1

Note that the left side of (6.23]) is no more than

[l Vo R w\ ok ﬁ\]
vee M \/h Z(V,l)

hs(,3) — hi( DI 1 i, 8)— (o,
<§1€J‘gn2|: \/ Whl(,) +;’h( ;i)(yj}i)( 1)| \/»,(1 (b ‘:|

Since o > 1/2, it follows that Y, := maxi<i<n |Yi/n| = 0,(1). Thus,

[hi(v, &) = ha(v, 1)

max hi(v, 1)
b Sizha T R - Q)Y + (1 9V
= max -1 — i—1—j.2
i (wzjzoaﬂ+b2- a £9)
i—1
<Cln(1-¢ \Za’13/2Y*+C (1-¢ Zall] = 0p(1).
7=0

Thus, by > 7" |eil/n = Op(1), we have ([6.23). By (6.22) and (6.23)),

;; (h‘;‘@ 1/ ht @) ~La(w)|

= 1) ~ 1) + talw) - <|sz|/\/h 3) +1n\/hi(v.9))
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Hln(vo) = L(vo) + L) = U(V)
= 1(v) — 1(v0) | + 0p(1) (6.24)

holds uniformly for all v € ©. Thus, with vy as the unique minimization of I(v),

1< & = .
inf |~ <$+ln hi(v, qﬁ))—ln(yo)‘ = inf |I(v)—1(0)|+0p(1) = 0p(1).
veO In 4 n veo

i=1 hi(yy d))
From the definition of 7, it follows that
N ¢ Ei =2
D)~ 100)] = | 237 (A 1 1i2.)) )]+ 0p(1) = 0,00,

=1 hz (/V\7 ¢)

which implies that 7 —2 1. This completes the proof of the consistency of 7.
Next, we show (4.2). Let 6 = /n(V — 1p), © = (21,72, 73) € R3, and

~ |81| 1 Tr
g(x7¢): ( — +7loghi(y +77¢))
> o+ 2.0 2 Vm
(—EL + > log hi(v, 6)|
hi(v, @)

Then 6 minimizes g(z, 5) With 7; = &;/4/ hi(vo, 5), by a Taylor expansion and
elementary computations, it can be seen that under the conditions of Theorem
4.1,

9(0.0) = == > 2l = Vb (w0, B) B0, DT

2\/5 =1
o > = D00 ) 0090, 91"
e (0,30 ) K, 9"

1 — ~ - N n
~ 1 2@l = D (o, DA (vo, B)a” + 0p(1)
i=1

~ ~ ~ ~

=: Jl(a;, ¢) + Jg(x, gb) + J3(x, (b) — J4($, (b) + Op(l), (6.25)

where B (g, ) = 02h(v, 5)/8V2\,,:,,0. Let h'(v9) and h”(vy) be the first and
second derivative of h(v, 1) at vy, respectively. The conclusion of Theorem 4.1
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follows once the following assertions are established. For any M > 0,

s (e Z (Il = DI (vo) i ()] xF” Zn =0,(1)
(6.26)
s [a(@:9) - " ilxum — 1) (00) (o) B (0)aT| = 0,(1),  (6:27)
\;Zlilfu | Js(z, ¢) — — th (o) (Ws (1)) i (no)2T| = 0,(1), (6.28)
Sup | Ja(z, ¢) — % gx(\m\ — Dh; (o) hf (vo)z™ | = 0p(1), (6.29)

n

\/15 > (il = Dby o) [ (w0)] " = N(O, B(|mi| — 1)2E(h; 2 (vo) B (vo)] i (v0))),

= (6.30)
F” ZY L% R, (6.31)

- Z hi® (vo) (R (v0)) T R (v0) — E(h; > (vo) (R (v0)] " i (o)), (6.32)

— Z (In:| — 1A 2 (v0) (B (v0) T s(vo) 2T 2 0, (6.33)

- Zx(m — D) (o) kY (vo)2T 2 0. (6.34)

As in the proof of Theorem 2.2 in [Francq and Zakoian| (2004), it can be
shown that the second moment of h; '(vg)[Ri(1p)]T exists. Therefore, (G.30)
follows from the Martingale Central Limit Theorem (see Theorem 3.2 of Hall
and Heyde| (1980)), (6.31) follows from Theorem 2.2 and the Martingale Cen-
tral Limit Theorem for {Y;}, and (632)), (6.33]), and (6.34)) follow from the Er-
godic Theorem. When a > 1, we have £2 = & + O,(n™") + £,0,(n"'/?) and
hi(vo, §) = hi(vo)—i—hil/Q(vg)Op(n*l/z). With these, (6.28), ([6.27), and (629]) can
be derived similarly to the proof of Theorem C of [Ling and Li| (2003)). We give
only the proof of (6.26)) in detail. Note that

Ti(@,0) = - > (el = Dby (o) [ (o))"
NG
i=1
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g 2o = DI (o) 00T = B o0, 8) (K00, )

gl AT o,
T Nt (1Dl e M
2\/52“ Z+(1 ¢) i— 1’ ’ ’)h?/Q((VO’(Z)

ZV (v0) =/ a0, 6 h:;/;jo, ?)

=: I, + I2n + I3y + Lap + Isp. (6.35)

We show Iz, = 0,(1) for all z € R3. Let

In(2) = g Dl = DI ) i) = A 0.1 - )0, 1= 2]

n
== Z |Th - z

Note that for any M > 0,

sup bz Y (|Ini| = 1)(&(2)] < S bMHZ [nil = D& (),

jellzl<M i=1

and for any € > 0, 6 > 0,

P{f\!Z\ﬁz —D&(2)]| = &}
2
< 4E(|771’2 ) Z {H&( )H2I[ max D/| <n1/2+5}}

ne 1<j<i—
4E
Elm] =17 ZE{H& IPE] max (¥ > n/270]}
= El + \_‘2. (636)

If max;<j<;_1 |Y;| < n'/?*, we have when n is large, for all M > 0 and |2| < M,

w+ bs?(l —z/n) =w-+ b[&‘? +22Y; 165 /n+ (2Yj_1/n)%] > (w + bejz)/2, JjEN,

and

1€:(2)]] < On= Y220 kg (vo) I (vo)] T + 1), (6.37)



UNIT-ROOT AND INFINITE VARIANCE 1385
Thus,
= < On YR E{h72(w) [P (w)| T Ry (1)} =: C'n =120, (6.38)

Since a > 1, Y; = 23':1 €j is a martingale with zero-mean, and from the well-
known martingale inequality (see Theorem 2.4 of [Hall and Heyde| (1980)) we
have, as © — o0,

P{ sup |Yi| > 2n"/2T0} < B[V, |I(|Y,| > n'/270) /n1/2t0]
1<i<n

< {E|Yn|2/n1+25}1/2[P(|Yn] > n1/2+5)]1/2 < Cn—25(639)

Using y/(1+y) < y” for any 7 > 0 and y > 0 and some elementary computations,
we can show E([|&(2)]|?/?) < oo for any 6 > 0 and |z| < M. This yields

. 2 ) 1/246
El6(2)| 1], max | [¥5]>n"/2+7]}
< {B(lgi() /)Y {P] max | [¥5[>n!/2H10 < 2005, (6.40)
It follows that
2y < =200 (6.41)

Divide [-M, M] into [2M /A]+1 subintervals Q; =: [zi—1, ;] with interval length
A, such that zp = —M. By (6.38)) and (€.41)), it follows that

O(n—1+26 1 p—2(1-6)
P{ sup Z\m— )&i(2r H>5}§ ( A )
zT,OSTS[QM/A]—i-l

(6.42)
Let gi(s, t) =max{||h; (vo, s)h(vo, s)II, ||hi”" (vo, )i (vo, )|} and ¥y = maxi<j<i
|Y;|. Using 2|y| < 1+ y?, it can be seen that

I665) — &)1 < Cls — A1 + s ) + O

n2

Clearly, (1/v/n)> 0 (|nil — 1)|s — ¢t|(1 + gi(s,t))??/nQ = op(|s — t|). Further,
since g;(s,t) has all finite moments and E|e;|?® < oo for any 1 < § < «, we have
E[gi(s,t)Y n/n]? < co. This implies

>}

< Ce 2 s — t)? ZE[gi(s,t)?]Q = O(|s — t]). (6.43)

{fHZ (= Dl — (1 + (s )
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Thus, by taking A =n=°

)

;ﬁ\l ;(lml — D(&i(s) = &)l = op(ls — ). (6.44)

By (6:42), and (6.44]), we have I5,(z) = o0,(1) uniformly for all z € R. Because
n(l —¢) = Op(1), it follows that Iz, = 0,(1). Similarly, we have I3, = o0p(1).
We now show that Iy, = 0,(1). Let

z 1% —ZTLT z
Iin(7) = Z T L ke S PSS

From |z —y| — |z| = —ysgn(z) + 2 [J[I(x < t) — I(z < 0)]dt for & # 0 and
sgn(e;) = sgn(n;), we have

__*= - - 1sen(n; [h; (0,1 — z/n)]”

2n\/n ;Yll en{k) 22 (v, 1 = z/n)
n —2Yi_1/n h’.y,l—zn T
Z/ (I(ei <t) —I(e; < 0))dt [hié/(Qé)Vo, 1 —/Z/)T]L)

Iy (2) =

Tina (%) = ZY2 B0, 1= S hg (00,1 = Z)ng 2(00) + 0, (1)

holds uniformly for all z < M, M > 0. Similar to the argument for I5,, we have
I4n1(2) = o0p(1) holds uniformly for all z < M, M > 0. Thus, Is, = 0p(1).
For I5,, a Taylor expansion has

( hi( 1/0,1—* \/To>:fzh_1/2 V071_7)(ah(V0,1—z/n))7

where 9hi(vo,1 — 2" /n)/0z = (0hi(v, 1 — z/n)/@z)\z = z*, and z* lies between
0 and z. Since h;(vp,1 — z/n) = Z]_l(woao + boa})~ 1(6Z _i+2Yij_1/n)?), it
follows that

Ohi(vo,1 — z/n) i 2Yi 1. Y1
= 2bg Za{) (e’:‘i_j + J ) bty

0z / n n
J=1
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This gives that

€T & 3/2 z
a /= E hz ) \/ )]-_7 h’ 7]-_7
2y/n z’:l( (vo, 1 (o)A (v n’ "t (v n)

DD hﬁ@o)(ahi(yo’alz_ ) + 0y(1)
=1

i . Yi i
F200) (X boad iy = k(o) + 0,(1).
j=1

uniformly for all z € R. Thus,

b—1) & : j— Yioj— ’ -
I = %z (jzlboaa e ) () i w0) + 0,(1)

Along the lines of Theorem 2.1 of [Li and Li (2009), we have

1 n L i1 Yi_i B B 1 n
v 2 (X oed s =S e ) = S i

This gives
xFn(p—1
Is, = L ZYi*l +0,(1)
i=

and completes the proof of (6.26]).
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Appendix: Auxiliary Lemmas

Preliminary lemmas needed to prove the main theorems are stated and dis-
cussed in this section. We first note that {e;} of model (L3) is a stationary
sequence with regularly varying tails.

Lemma A.1. Under conditions H1, H2, and H3, the following assertions hold.
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(a) There exists a unique solution « € (0, ko] such that E(a + bn?)® = 1.

(b) 02 has a unique strictly stationary solution and o} satisfies the reqularly
varying condition lim, o, v*P{o? > x} = co, where

B([w+ (a+ bn?)o?]* ~ [(a + bn?)o?]*)

aE((a + bn?)a log™(a + bn?))

co =

Proof. Observe that 07 = w+ao? | +be? | =w+ (a+bn?_{)o? . By Theorem
4 of [Kesten! (1973)) (see also [Goldiel (1991))), we conclude (a) and (b) except for
the exact value of ¢y. However, ¢y can be deduced via Theorem 4.1 of [Goldie
(1991).

Lemma A.2. Let X,Y be independent random variables with E|X|? < oo for
some 3> 0 and Y satisfying the reqularly varying condition lim, . 28 P(|Y| >
x) = C for C > 0. Then, lim, .o 2°P(|XY]| > z) = CE|X|°.

Proof. This result can be easily proved by virtue of Proposition 3 of [Breiman
(1965). We thank a referee for pointing this out.

Lemma A.3. Under the conditions of Theorem 2.1,

P{le1| > 2} ~ coE|[m1[* ¥z ™Y as x — oo.

Proof. By Lemma A.1, we have P(o; > z) = P(0? > %) ~ copz 2 asz — oo.
Clearly, E(a+bn?)* log™ (a+bn?) < oo, a,b > 0 and « € (0, ko] implies E|n;|?* <
00. By virtue of Lemma A.2, we have the result.

Lemma A.4. Suppose that H1, H2, and H3 are satisfied. Then {e;} is a
B-mizing stationary sequence with Br = E[Suppey(e, >k [P(Blo(es,s < 0)) —
P(B)|] = O(p*) for some 0 < p < 1.

Proof. If Elog(a+bn?) < 0, we have that o7 has a stationary solution. Therefore,
{e:} = {oym4} is stationary. By Theorem 3 of [Francq and Zakoian| (2006]), we see
that under conditions H1 and H3, {0} is a f-mixing process with an exponential
decay. Since n; are i.i.d. random variables, {e;} satisfies the S-mixing condition
with an exponential decay. That is, By = E[suppey(e, i>k) [P (Blo(es, s < 0)) —
P(B)|] = O(p*) for some p < 1. The desired conclusion thus follows.

Let {X:} be a strictly stationary sequence, {ay}, {b,} be sequence of real
numbers such that lim, .o nP{|X1| > a,} =1 and b, = a2. Let S1,, = > 1 X;
and Son, =Y i X2

Lemma A.5. Suppose the following hold
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1. The finite-dimensional distributions of {Xy} are regularly varying with index
a > 0.

2. {Xy} satisfies the mizing condition A(n) : there exists a sequence of positive
integers {rn} such that r, 1 00, ky = [n/ry] 1 00 as n — oo, and

Bexp { - 3070} - (Bexp { - 357 Big)) ™ 0
i=1 " i=1 "

for any f € Gy, where Gy is the collection of bounded non-negative step func-
tions on [—00,0) U (0, o0].

3. lim hmsupP( sup | X;| > any

| Xo| > any> =0,y >0.

Then the following hold.

1. The extremal index v exists and

B(|60]* — supi<j< 6;]°)
v= lim k,P( sup |X;|>a,)= lim +
n—oo

1<i<rn koo E|[fg|* ’

where 0; = X;/(maxi<o<i<k | Xi|), 7 = 0,...,k, are the (k + 1)-dimensional
random vectors with values in the unit sphere S*.

2. If v > 0, the following hold.

(a) If 0, is a unit point measure at the point x and Ny = Y i dx, /4, then
d oo o
RIS 5
i=1 j=1

where Y2, dp, is a Poisson process on Ry with intensity measure v(dy) =
yoy~ " 1dy. Here {Z;i1 dq.; } s a sequence of i.i.d. point processes with
common distribution Q and independent of {P;} and

Q() = P(;(in/(Sup1gigrn 1X:|) € ‘ 1221" | X > a”)‘
(b) For o € (0,1),

() (o) (S S5 ma)

i=1 j=1 i=1 j=1
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(¢) For a € [1,2), if for all § > 0,

hm hmsupP{‘ ZXI | X;| < any) — EX; (|1 X < any)‘ > 5an} =0,

n—oo

then

1 " 1 n
(an 2(}( EX;I(|Xi| < an)), ™ ;(XE —EX2I(|X;] < an)))
i> (gavga/2)7

where & (Tesp., €,/2) is a stable variable given at (b), with index o (resp.,
a/2).

Proof. (a) follows from Theorem 2.7 of [Davis and Hsing (1995)). Using (a), (b)
and (c) can be shown similar to Theorem 3.1 of Davis and Hsing| (1995), see also
Mikosch and Starical (2000)).

Lemma A.6. Let ¢; = coE|m|?*®. Under the conditions of Theorem 2.1,

< (cin) 1/ (2a) ZE“71/04261') - <Z2a,Za),Oé € (0,1).
=1

cln

Proof. For the proof, it is enough to check that the conditions of Lemma A.5
are satisfied by {e;}. By Corollary 2.7 of Basrak, Davis and Mikosch| (2002)), for
any finite integer k, (02, ... ,O']%) are regularly varying with index «. It follows
that (o1,...,0p) are regularly varying with index 2c. Then using an induction
method similar to that in the proof of (B) in Corollary 3.5 of [Basrak, Davis and
Mikosch! (2002), we conclude that (e1,...,ex) = (o111, ...,0knk) are regularly
varying with index 2«. Condition 2 of Lemma A.5 (the mixing condition), follows
from Lemma A.4. Let a, = (c;n)/?% and A; = a 4 by? |. Since 07 = w +
(a+bn? {)o? 4, it follows that o7 = w + H;:l Ajol + Z;Zl Hin:jﬂ wAy,. This
implies that for any 0 < d < 1 and M > 0,

il > anyleo] > any) = P(supe? > a2y?|eo| > any)

Il

a2 i i 2,2
a
< P(sup | | Ajodn? > "4y ‘\50| > any> +P(sqp E | | wALn? > Zy )

il 5= il =1 m=jt1

(sup H Ajodn? > )

P( sup
E<|i|<rn
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7 2 9 00
a _ .
+P(sup [ Asozn > “2 ol > M o] > an) + Cralany) 2 S (BJA1 )2

lil =1 4 j=1
< Cny?® - -2 Z An2E(Z028 1 anly
<Cny® | >y P B([[(Am9)7) (=) (o0 > - 7)
i=k j=1 n

+Cny**[P(oo|no| > any, Ino| > M)] + Crypa, Py~
Tn

< M2 S BA) + CEllml (| > M)] + Croa %y~ — 0,
1=k

by taking 7, = o(n‘s/o‘), n — oo, then letting M — oo and finally & — o0,
where supy; is the abbreviation of sup,<|;<,, and the last inequality follows by
Karamata’s Theorem and Lemma A.2.

Along the lines of Theorem 4.1 of [Mikosch and Starical (2000]), we have

j—1
B (|2 — ;o [y 2 THZ 0+ b))

=1 > 0.
v mgnoo E‘n%a

Since ¢, is regularly varying with index 2«, by Lemma A.5 it suffices to show
that, as o € [1/2,1), for all § > 0, lim,_olimsup, . P{|> i eil(lei] <
any) — Eeil(lei] < any)| > dan} = 0. Let Fx = o(n;,i < t). By the sym-
metric assumption on 7, we have E[> " eil(le;] < any)] = 0 and X =
eil(leil < any) = il(|eil < any) — Eleil(|ei] < any)|Fi—1]. Furthermore, {X;;}
is a sequence of martingale differences. By Bahr-Esseen’s inequality and Kara-
mata’s Theorem, it follows that as n — oo and y — 0, for any a € [1/2,1),
P{|>" | Xi1] > ban/2} < 4n(da,) ?EX{ < Cy*2* — 0. Lemma A.6 follows.
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