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Abstract: In a completely randomized experiment, the variances of the treatment
effect estimators in a finite population are usually not identifiable, and hence not
estimable. Although some estimable bounds of such variances have been established
in the literature, few are derived in the presence of covariates. We consider the
difference-in-means estimator and the Wald estimator in completely randomized
experiments with perfect compliance and noncompliance, respectively. We also
establish sharp bounds for the variances of these two estimators when covariates
are available. Furthermore, we obtain consistent estimators for such bounds that
can be used to shorten the confidence intervals and improve the power of tests. The
confidence intervals are constructed based on the consistent estimators of the upper
bounds, and have coverage rates that are uniformly asymptotically guaranteed. We
use analyses based on simulations and real data to evaluate and demonstrate the
proposed methods.
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1. Introduction

Estimation and inference for the average treatment effect are extremely
important in practice. Many studies assume that the observations are sampled
from an infinite super-population (Hirano, Imbens and Ridder (2003); Imbens
(2004); Belloni, Chernozhukov and Hansen (2014); Chan, Yam and Zhang
(2016)). However, an infinite super-population seems contrived if we are
interested in evaluating the treatment effect for a particular finite population
(Li and Ding (2017)), for example, the patients enrolled in an experiment. In
such cases, and the finite-population framework is more suitable. This framework
views all potential outcomes as fixed, and the randomness of the data comes
solely from the treatment assignment (Imbens and Rosenbaum (2005); Nolen
and Hudgens (2011)). It also avoids assumptions about randomly sampling
from some “vaguely defined super-population of study units” (Schochet (2013)),
and the statistical analysis results under the framework are interpretable in the
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absence of a super-population. Theoretical guarantees in this framework rely on
the treatment assignment, rather than unverifiable on sampling assumptions,
such as the independent and identically distributed (i.i.d.) assumption. In
randomized experiments, the finite-population framework has been widely used
in data analysis since the work of Neyman (1990). A fundamental problem in
completely randomized experiments under this framework is that the variance of
the widely used difference-in-means estimator is unidentifiable. Thus, we cannot
obtain a consistent variance estimator, and the standard inference based on a
normal approximation fails. To mitigate this problem, Neyman (1990) adopted an
estimable upper bound for the variance, which leads to a conservative inference.
The precision of the bound is crucial for the power of a test and the width of
the resulting confidence interval (CI). Thus, it is important to incorporate all
available information to make the bound as precise as possible. The variance
bound with binary outcomes is fairly well studied by Robins (1988), Ding and
Dasgupta (2016), and Ding and Miratrix (2018), among others. For general
outcomes, Aronow, Green and Lee (2014) improved the results of Neyman (1990)
by deriving a sharp bound that cannot be improved without information other
than the marginal distributions of potential outcomes.

In many randomized experiments, some covariates are observed in addition
to the outcome. However, few approaches consider how to improve the variance
bound using covariate information; an exception is the work of Ding, Feller and
Miratrix (2019). Surprisingly, we observe that the upper bound for the variance
of the treatment effect estimator given by Ding, Feller and Miratrix (2019) can
be larger than that given by Aronow, Green and Lee (2014), in some situations.
This is illustrated in Example 1 in Section 2.

The first main contribution of this study is to derive a sharp bound for
the variance of the difference-in-means estimator in a finite population when
covariates are available, and to obtain a consistent estimator of the bound. The
proof of consistency is quite challenging. In our analysis of consistency, we
allow the cardinality of the covariate support to diverge with the population
size. This differs from the approach taken in many previous studies and increases
the difficulty of the proof, owing to the lack of tools for analyzing the sample
conditional quantile functions in such an estimator. Then, based on the consistent
estimator of the variance bound, we obtain a shorter CI with a more accurate
coverage rate. In addition, we show that the CI has an asymptotically guaranteed
coverage rate, and the asymptotic result is uniform over a large class of finite
populations. As discussed by Lehmann and Romano (2006), although this
uniformity is crucial for inferences based on asymptotic results, it is omitted
in many existing works.

The aforementioned results focus on completely randomized experiments in
which units comply with the assigned treatments. However, noncompliance often
occurs in randomized experiments. In such cases, the parameter of interest is
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the local average treatment effect (LATE) (Angrist, Imbens and Rubin (1996);
Abadie (2003)), and its inference is more complicated. For the LATE in a finite
population, estimators include the Wald estimator and those proposed by Ding,
Feller and Miratrix (2019) and Hong, Leung and Li (2020). The identification
problem also exists for the variances of these estimators. However, to the best
of our knowledge, no prior studies have derived a sharp bound for unidentifiable
variances.

Another main contribution of this study is to extend the aforementioned
results for the completely randomized experiment to the case with noncompliance.
We establish a sharp bound for the variance of the Wald estimator, and propose
a consistent estimator for the variance bound. The analysis of consistency is even
more involved in this case, owing to the complexity of the estimator. Based on the
consistent estimator of the upper bound, we construct a CI with a coverage rate
that is uniformly asymptotically guaranteed. Note that the sharp bound without
covariates can be derived as a special case of the resulting bound, which has not
been investigated in prior studies. Simulations and an application to two real
data sets from the randomized trial ACTG protocol 175 (Hammer et al. (1996))
and JOBS II (Vinokuir, Price and Schul (1995)) demonstrate the advantages of
our methods.

The remainder of this paper is organized as follows. In Section 2, we establish
the sharp variance bound in the presence of covariates for the difference-in-means
estimator in a completely randomized experiment with perfect compliance. A
consistent estimator is obtained for the bound. In Section 3, we consider the Wald
estimator for the LATE in a completely randomized experiment in the presence of
noncompliance; here, we establish a sharp variance bound for the Wald estimator
in the presence of covariates, and obtain a consistent estimator for the bound.
Simulation studies are conducted to evaluate the empirical performance of the
proposed bound estimators in Section 4, followed by some applications to data
from the randomized trial ACTG protocol 175 and JOBS II in Section 5. A
discussion on possible extensions of our results is provided in Section 6. Proofs
are relegated to the Supplementary Material.

2. Sharp variance bound for the difference-in-means estimator
2.1. Preliminaries

Suppose we are interested in the effect of a binary treatment on an outcome in
a finite population consisting of NV units. In a completely randomized experiment,
n out of N units are sampled from the population, with n; assigned randomly
to the treatment group and the other ng = n — n, assigned to the control group.
Let T; = 1 if unit ¢ is assigned to the treatment group, and 7; = 0 if the unit
is assigned to the control group; 7; is not defined if unit ¢ is not enrolled in the
experiment. For each unit ¢ and ¢ = 0,1, let y;; denote the potential outcome
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that would be observed if unit ¢ is assigned to treatment ¢. Let w; denote a vector
of covariates, with the constant 1 as its first component. The covariate vector
w; is observed if unit ¢ is enrolled in the experiment (i.e., 7; = 0 or 1). Then,
the characteristics of the population can be viewed as a matrix U = (y;, v, w),

where y, = (yu» Y12y - ale)Ta Yo = (y(n, Yo2, - - - 7y0N)T; and w = (wb cee 7wN)T-

For any vector a = (ay,...,an)", we let
1 & 1 &
_ 20 N _ 2
pla) = N ;au ¢*(a) = N ;(ai — p(a))”.
Letting 7; = y1; — yo; be the treatment effect for unit ¢ and 7 = (7,...,7x)", the

parameter of interest is the average treatment effect,

1 & 1<
0=p(r) = Nth - Nzyor
i=1 i=1

Note that all parameters discussed in this paper depend on N, unless otherwise
specified, and we omit the dependence in the notation for simplicity when there
is no ambiguity. The treatment assignment is unrelated to the covariates in
completely randomized experiments. Hence the average treatment effect can be
estimated by the difference-in-means estimator

~ 1 1
0:7117;912‘—”2?/02‘-

0 7—0

This estimator is widely used, owing to its simplicity and transparency, among
other practical reasons (Shao, Yu and Zhong (2010); Lin (2013)). Moreover, it
is the uniformly minimum variance unbiased estimator in the scenario presented
in (Kallus (2018)). Following the literature (Imai (2008); Aronow and Middleton
(2013); Shao, Yu and Zhong (2010); Kallus (2018); Ma, Tu and Liu (2020)), we
consider the inference based on the difference-in-means estimator because of its
popularity in practice and its theoretical importance.

According to Freedman (2008a), the variance of 6 is
1 N 2 N 2 2
T )+ ) - ()

and we denote this variance by o?/(N — 1). Under certain standard regularity
conditions in a finite population, previous works (Freedman (2008a); Aronow,
Green and Lee (2014); Li and Ding (2017)) have established that

VNo='(6—6) % N(0,1), (2.1)

as ni, ng, and N go to infinity. We can perform a statistical inference based
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on this asymptotic distribution. However, it is difficult to obtain a consistent
estimator for o?. According to standard results in survey sampling (Cochran
(1977)), ¢*(y:) can be consistently estimated by

2
N 1 1
— § i — — § ; 2.2
¢t ng — 1 (yt n, = yt]) ) ( )

T;=t

for t = 0,1. However, ¢*(7), and hence o2, is not identifiable, because the
potential outcomes y; and y, can never be observed simultaneously. To make an
inference for 6 based on (2.1), one can use an upper bound for 2 to construct
a conservative CI. Alternatively, one may use an estimable lower bound for o2
to obtain a shorter confidence interval. However, the coverage rate of such a CI
may not be guaranteed. To establish an estimable upper (lower) bound for o2,
it suffices to establish an estimable lower (upper) bound for the unidentifiable
term ¢?(7). We then derive the sharp bound for ¢*(7) and obtain its consistent
estimator.

2.2. Sharp bound for ¢?(7)

For any matrices a = (a1, ...,ay)", b = (by,...,by)" and vectors a, b that
have dimensions equal to the number of columns of a and b, respectively, define

1 N
=1

N
P(a:d):izl{ai:a},
Ni:l
N 7
P(a=&|b:i)):zi:11]\]{ai—a,bi o
> i1 1{b; = b}
N e
P(a§a|b:l_)):Zi:lljv{aiga,bi—b}’
S, 1{b; = b}

where 1{-} is the indicator function and “<” between two vectors corresponds
to the component-wise inequality. Note that, in this paper, P(-) and P(- | -) are
some quantities that describe a vector, and we use P(-) to denote the probability.

For any function H, we define H *(u) = inf{s : H(s) > u}. In this paper,
we adopt the convention inf ) = co. We let {&;, ..., &k} be the set of all different
values of w;. Clearly, K < N. We aim to derive bounds for ¢*(7) by using the
covariate information efficiently. Define 7, = P(w = &), for k = 1,..., K. The
quantities m, (k = 1,...,K) and the functions Fy, (t = 0,1 and k =1,...,K)
summarize the characteristics of the population and can be estimated using
observed data. To obtain estimable bounds for ¢?(7), we focus on the bound
that can be expressed as a functional of 7, and Fy, (t=0,1and k=1,..., K).
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Define the set of lower bounds

Bi, = {by, : by, is a functional of 7, and Fy, fort =0,1 and k =1,..., K;
b < ¢*(7)}.

Define the set of upper bounds By similarly. Then, the sharp bound is established
in the following theorem.

Theorem 1. A bound for ¢*(7) is [p%, %], where
¢i = Zﬂ'k/o (Ff‘kl(u) — Fof,i(u))Qdu — 9,
Ko
on = Zﬂk/o (Fij (w) = Fop (1= w))du — 62,

Moreover, the bound is sharp in the sense that ¢¢ is the largest lower bound in
By, and ¢¥ is the smallest upper bound in By.

See the Supplementary Material for the proof of this theorem. Here, we
compare this bound to previous bounds obtained by Aronow, Green and Lee
(2014) and Ding, Feller and Miratrix (2019). By using the marginal distributions
of the potential outcomes, Aronow, Green and Lee (2014) derive the following
bound for ¢?(7):

2y = / (F (u) — Fy ' (w)?du — 6° < 6%()

< [ F @ - B - 0)du— 6 = G
0

where F;(y) = P(y; < vy), for t = 0,1. The bound of Aronow, Green and Lee
(2014) is sharp given the marginal distributions of the potential outcomes. In the
presence of covariates, Ding, Feller and Miratrix (2019) proposed the following
regression-based bound that may improve the bound of Aronow, Green and Lee
(2014) in certain situations:

1
Ghy, = )+ [ (P ()~ Fy )du < 63(7)
0
1
< P+ [ E W) - F - w)du = by

0

where Tw = (wlj(’yl - 70)7"'7w]1;f(’71 - ’YO))T7 Fet(s) = P(et S 8)7 €t = (ytl -

WYty Yen — wWNY)", and 7y, is the least square regression coefficient of y;; on

w;. The lower bound of Ding, Feller and Miratrix (2019) is not sharp, because it
can be smaller even than that of Aronow, Green and Lee (2014), and thus may
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Figure 1. Comparison of three bounds under different values of p.

lead to more conservative Cls in spite of the available covariate information. This
situation does not occur with our bound. It can be verified that the bounds ¢3;,
dius 9L, and ¢y are all functionals of 7, and Fy, (t=0,1and k=1,..., K).
Thus, we have

Qsi > max{¢2AL’¢2DL}7 Qﬁ{ < min{¢2AH7¢%)H}7 (2.3)

according to Theorem 1. When there is no covariate, our bound reduces to
(0%, Pay] by letting K =1, & =1, and w; = 1, for i = 1,..., N. The following
example illustrates the improvement of our bound as the association between the
covariates and the potential outcomes varies.

Example 1. Consider a population with N = 600 units. Suppose the potential
outcomes and the covariate are binary, with P(w =1) =1/3, P(y; = 1) = 2/3,
Plyo=1)=1/3, Plyo=1|w=1)=3/4, and P(yy =1 | w = 0) = 1/8. Let
p=Ply=1|w=1) (pe{1/200,...,1}); then, P(y; =1 | w =0) = 1 — p/2.
Figure 1 presents the three bounds under different values of p.

Figure 1 shows that ¢7 > max{¢3;, ¢%.} and ¢f; < min{diy, ¢py} under all
settings of p, and in many situations, the inequalities are strict. For p < 143/200,
the bound of Ding, Feller and Miratrix (2019) is tighter than that of Aronow,
Green and Lee (2014). However, for p > 143/200, ¢3; < ¢3., even though
covariate information is used in the approach of Ding, Feller and Miratrix (2019).

2.3. Estimation of the sharp bound and the CI

To estimate ¢? and ¢? and study the asymptotic properties of their proposed
estimators, we adopt the following standard framework (Li and Ding (2017)) for
our theoretical development. Suppose there is a sequence of finite populations
Uy of size N. For each N, n; units are assigned randomly to the treatment
group, and ngy units are assigned to the control group. As the population size
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N — o0, the sizes of the treatment and the control groups satisfy n,/N — py,
no/N — po, with p1, po € (0,1) and p;+po < 1. Here, we assume that the number
of covariate values K is known and is allowed to grow at a certain rate with
the population size N. To accommodate continuous covariates, we can stratify
them and increase the number of strata with the sample size. We estimate m,
and Fy(y) using the empirical probabilities 71, = 1/n ZTie{O,l} Hw; = &} and
Fin(y) = 2p o Huu <y, w = &3/ g {wi = &}, respectively. By plugging
in these estimators, we obtain the following estimators for ¢ and ¢%:

. K 1 R A
o7 = Zﬁ'k/ (Fflkl(u) — Foi\kl(u)fdu — 9,
k=1 0
R K I ) )
Bo= Yo [ =) = Byt — . (2.4
k=1 0

These estimators involve sample conditional quantile functions Ftl_kl (u), which
have complicated statistical properties in the finite-population framework. Many
of the theoretical results for such functions in the super-population framework
cannot be applied to the scenario we consider. Moreover, the number of covariate
values K is allowed to diverge as the population size increases, which further
complicates the problem. Thus, it is not trivial to analyze the asymptotic
properties of these estimators. However, we observe that the first term of
these estimators is actually the weighted sum of the Wasserstein distances
between some distributions. By invoking a representation theorem of Wasserstein
distances, we prove the consistency results for the estimators with a careful
analysis of the error terms. See the Supplementary Material for more details.
We assume that the population Uy satisfies the following two conditions.

Condition 1. There is some constant C'y; that does not depend on N such that
1NN yh < Cup, fort =0,1.

Condition 2. There is some constant C, that does not depend on N such that
> Cr /K, fork=1,... K.

Furthermore, we assume K satisfies the following condition.
Condition 3. K?log K/N — 0 as N — oc.

Condition 1 requires that the potential outcomes have uniformly bounded
fourth moments. Condition 2 requires that the proportion of units with each
covariate value not be too small. Condition 3 imposes some upper bound on the
number of values the covariate may take. If the covariate w is some subgroup
indicator, then Condition 3 can be satisfied easily if the number of subgroups is
not too large. Continuous components in w can be stratified to meet Condition
3. If w contains many components, then the number of covariate values may
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be too large, even after stratifying the continuous components. In this case,
one can partition units with similar covariate values into subgroups, and use the
subgroup label as the new covariate to apply the proposed method. Alternatively,
one can first employ dimension reduction or variable selection methods to obtain
a low-dimensional covariate, and then apply the proposed method using the
obtained covariate. The following theorem establishes the consistency of the
bound estimators.

Theorem 2. Under Conditions 1, 2, and 3, we have
(91, 6%) — (41, 0h) = 0
as N — 0.

The proof of this theorem is relegated to the Supplementary Material. The
lower bound ¢ for ¢?(7) implies an upper bound for 0. The consistency result
of (5% is sufficient for constructing a conservative CI. A conservative 1 — « CI for
0 is given by

Iy = [é — Qa2 NTV2 G qa/Qa-N—l/ﬂ : (2.5)

where N N
2 [V g9 4V 99 99
o = <n1¢1 + no% ¢L>

and ¢./2 is the upper a/2 quantile of a standard normal distribution.

Next, we study the property of the CI Iy in (2.5). As discussed in (Lehmann
and Romano (2006)), inferences based on asymptotic results are not reassuring
unless some uniform convergence results can be established. We next show that
Iy is uniformly asymptotically level 1 — « over a class of finite populations.
For some constants L, Ly, L3 > 0, we introduce the following class of finite
populations:

Py = {U}‘V = (y1,yy,w") : Uy is of size N, and

(2.6)

=| &

1 N
(@) v >t SLii (0) 6*(y) = Loy (¢) Pw' = &) >
i=1
fort=0,1and k = 1,...,K}.

Under Conditions 1 and 2, if the variances of the potential outcomes are bounded
away from zero, then Uy belongs to Py, for some Ly, Lo, and L;. Constraint (a)
in the definition of Py requires that the fourth moments of the potential outcomes
be uniformly bounded. Bounded fourth moments are required for the theoretical
development in many existing works (Freedman (2008a,b)). Constraint (b)
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requires that the variance of the potential outcomes be bounded away from
zero. According to the Cauchy—Schwartz inequality and some straightforward
calculations, Constraint (b) implies that the variance of v/N(f — 0) is bounded
away from zero, at least for sufficiently large N, if Uy € Py. Constraint (c)
requires that the units with each covariate value not be too rare. Constraints (b)
and (c) ensure that the denominators of some quantities in the theoretical analysis
are not too small, which is important to establish the desired properties. The
set Py contains a large class of finite populations. For an illustration, suppose
(Y14, Yoi, w;), for i = 1,...,n, are ii.d. observations of some random variables
(Y1, Yo, W). Then, according to the strong law of large numbers, Uy belongs to
P for sufficiently large N with probability one, as long as (Y7, Yy, W) satisfies
E[Y} < Ly, var[Y;] > Lo, and P(W = &) > L3/K,fort =0,1and k =1,..., K.

Next, we show that Iy has a uniformly asymptotically guaranteed coverage
rate over Py for any Ly, Ly, Lz > 0.

Theorem 3. Under Condition 3, the CI I in (2.5) is uniformly asymptotically
level 1 — « over Py for any Ly, Lo, Lz > 0; that is,

liminf inf PO ely)>1-a.

N—oo UnEPN

The proof of this theorem is given in the Supplementary Material.

3. Sharp Variance Bound for the Wald Estimator
3.1. Sharp bound for the unidentifiable term in the variance

In the previous section, we discussed the variance bound in completely
randomized experiments with perfect compliance, where each unit takes the
treatment assigned by the randomization procedure. However, noncompliance
often arises in randomized experiments, resulting in some units taking a treatment
different to the assigned treatment, following their own will or for other reasons.
For each unit ¢ and ¢t = 0, 1, we let d;; € {0,1} denote the treatment that unit 4
actually takes if assigned to treatment ¢. In this case, the units can be classified
into four groups according to the value of (dy;, dp;) (Angrist, Imbens and Rubin
(1996); Frangakis and Rubin (2002)):

Always Taker (a) if dy; =1 and dy; = 1,

) Complier (c) if di; =1 and dy; = 0,
gi Never Taker (n) if dy; =0 and dy; = 0,
Defier (d) if dli =0 and dOi =1.

Let g = (g1,-..,9n5). Then, the characteristics of the population can be viewed
as a matrix U, = (y;,yo, w, g), where y;, yo, and w are defined in Section 2. For
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t=0,1,k=1,...,Kand h=a,c,n,d,let Fyjpn(y) =Py <y | w=~E,9=h),
e = P(w =&, | g = h) and, m, = P(g = h).

In this section, we maintain the following standard assumptions when
analyzing the randomized experiment with noncompliance.

Assumption 1. (i) Monotonicity: dy; > do;; (i) exclusion restriction: yi; = Yo
if dy; = do;; and (i) strong instrument: w. > Cy, where Cy is a positive constant.

Assumption 1 (i) rules out the existence of defiers, and is usually easy to
assess. For example, it holds automatically if units in the control group do
not have access to the treatment. Assumption 1 (ii) means that the treatment
assignment affects the potential outcome only by affecting the treatment that
a unit actually receives. Assumption 1 (iii) ensures the existence of compliers.
Assumption 1 is commonly adopted to identify the causal effect in the presence
of noncompliance; see Angrist, Imbens and Rubin (1996) and Abadie (2003)
for detailed discussions of Assumption 1. In a randomized experiment with
noncompliance, the parameter of interest is the LATE (Angrist, Imbens and
Rubin (1996); Abadie (2003)),

_YLiml{g=¢
Zil\; H{gi =c}

which is the average effect of the treatment for the compliers.

Under the monotonicity and the exclusion restriction, we have 1{g; = ¢} =
dii — do; and (dv; — do;)7; = 7 = y1; — Yoi- Thus,

N N

Te = %Z Hgi =c} = %Z(du — do;) = p(dy) — p(do),

i=1 i=1
1 & 1 &

~ Z(du — doi)Ti = Z i = p(7),

N N

and 0. = 77 '0. Hence, 0. can be estimated by the “Wald estimator”

A~

0. =710,
Where é = ZTi=1 yli/nl — ZTizo in/no and ﬁ'c = ZTizl dli/nl — ZTi:O d()i/no.
Let Z; = (ymyomdu, dOi)T, zZ = Zf\il ZZ/N, and
1N
The asymptotic normality is established under the following regularity condition.

Condition 4. There is some constant C) that does not dependent on N such
that the eigenvalues of Vy are not smaller than C,.
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Now, we are ready to state the asymptotic normality result.

Theorem 4. Under Assumption 1and Conditions 1 and 4, we have
VNo (6. —6.) % N(0,1),
provided that o2 is bounded away from zero, where
1 N
2 2 20~ 2~
ot = = (T8 + 100~ #(9))
U = (Yo — Ocdpyy - - o, s — Ocdin)™, for t =0,1, and T = §1 — Yo-

The proof of this theorem is provided in the Supplementary Material. Let
Ui = Yu — Ocdy; then, under the conditions of Theorem 4, ¢*(7;) can be
consistently estimated using

2
- 1 1
& = Ji—— > ) 3.1
! ntilTZ:t i Ny Ti=t & ( )

and 7, can be consistently estimated using #.. However, analogously to ¢*(7),

¢*(7) is unidentifiable. Here, we construct a sharp bound for ¢*(7) using covariate
information. Note that the sharp bound has not been obtained, even in the
absence of covariates. Define Ft‘k( y) = P(§: <y | w =&, g =c) as a set of lower
bounds for ¢?(7). Let By, = {bL : by, is a functional of ., Tk|e, and Fﬂk, for t =
0,1and k =1,...,K; b, < ¢*(7). Define the set of upper bounds By similarly.
Then, we can establish the following sharp bound for ¢?(7).

Theorem 5. A bound for ¢*(7) is [¢2, p%], where
3 = Z e [ (i) = Fgkt)
= me [ b - Bt

Moreover, the bound is sharp in the sense that QE% 1s the largest lower bound in
By, and ¢ is the smallest upper bound in By.

See the Supplementary Material for the proof of this theorem. If there is no
covariate, we let K =1 and & = 1, and define w; = 1, fori =1,..., N. Then, we
can obtain a bound without covariates, which has not previously been considered
in the literature.
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3.2. Estimation of the sharp bound and the CI

To estimate the bounds, we need to estimate 7., 7y, and Ft|k(y). Here, 7.
can be estimated using 7.. We let

N 1 1
A = — Z dil{w; = &} — — Z dos 1{w; = &}
L3 R} o =
R 1 1
Aok = — Z(l — doi) H{w; = &} — — Z(l — du) H{w; = &}
Mo 1770 LSt
Under Assumption 1, we estimate 7y, and Ft‘ k(y) as
Thje = ﬁgl;\1|k7

i (1 )
Fie(y) = )\1|Ilc (Th Z dyi {9 < ypl{w; = &}
Ti=1

1 .
- Z doil{goi < y}{w; = fk:}),
Nyo Ti=0
and

Z;—10|1c(y) = 5‘8“1« (1 Z (1 —doi) H{Go; < y}l{w; =&}

"0 1,20

_ Z 1 —dy; 1{3/1@ < y}l{wz - }>7

LS

where 9y = Y — écdti, fort=0,1andi=1,...,N.
We then obtain estimators for ¢ and ¢% by plugging these estimators into
the expressions of Theorem 5:

The estimator Fﬂk(y) may not be monotonic with respect to y, resulting in
difficulties in a theoretical analysis. However, ), HE '(u) is still well defined, and in
the next theorem, we show that the non-monotonicity of Ft| «(y) does not diminish
the consistency of ¢? and ¢%.

In the following asymptotic analysis, we denote U, by U, y. We assume that
U, y satisfies Assumption 1, Condition 1, and the following two conditions. The
following conditions are modified versions of Conditions 2 and 3 in the presence
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of noncompliance.

Condition 5. There is some constant Cy . that does not depend on N such that
e > Cro/ K, fork=1,... K.

Condition 6. K?log K max{C4%,1}/N — 0 as N — oo, where Cy = max; ; |ys|.

Then, we are ready to establish the consistency of the estimators proposed
n (3.2).

Theorem 6. Under Assumption 1 and Conditions 1, 5, and 6, we have

The proof of this theorem is relegated to the Supplementary Material. The
lower bound ¢; for ¢*(7) implies an upper bound for o2. By Theorems 4 and 6,
we can construct a conservative 1 — « CI for 6.,

IC,N = |:é QQ/QO-C 6 +QQ/20-CN_1/2j| ) (33)

where LN N
£2 _ Nogg AV 49 79 4
O 72 <n1 ¢ + n0¢0 ¢L> (3.4)

and ¢,/2 is the upper /2 quantile of a standard normal distribution. We then
show that I. y is uniformly asymptotically level 1 — a over a class of finite
populations. In the following asymptotic analysis, we denote U, by U, y. For
any finite population U} v = (v}, 95, w*,g*), we define g; similarly to g, for
t =0,1. Let A} be the smallest eigenvalue of

1
— 2 =z (=2 — z)7,
v 2! )

where 2¢ = (yi,, ¥ di, di)® and 25 = YN 2f/N.  For some constants

Lo, Ly, Ly, Ly > 0, we introduce the following class of finite populations:
Pen = {U:N = (Y1, Yo, w",g") : U y is of size N and satisfies
(a) Assumption 1; (b) Ay > Lo; ( Zy < Ly;

(d) ¢*(5;) = Lz;  and (e) P(w" =& | g" =c)P(g" =c) >

fort =0,1 andkzl,...,K}.
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Table 1. Bounds ¢31, ¢4n, Por, Pon, 95, and ¢% and the true value of ¢2(7) under
different population sizes.

¢)12AL ¢’,2AH ¢12)L ¢12)H ¢% ‘75%1 ¢52 (1)
N =400 0.98 58.14 1.02 58.04 9.04 4292 16.72
N =800 0.78 54.79 0.74 54.76 883 40.53 17.70
N =2,000 0.88 5823 0.86 5822 9.14 4225 18.56

Constraint (a) is required for the identification of the LATE. Constraint (b) is
a regularity condition that ensures the asymptotic normality of f.. Constraints
(c), (d), and (e) are similar to those in the definition of Py in Section 2.3. Here,
P.,n can be a large class of finite populations if Ly, Ly, and Ls are small and
L, is large. The class of finite populations P. y can be related to some class of
generic distributions in the same way as discussed before Theorem 3. The details
are omitted here. Similar arguments to those in the proof of Theorem 3 show the
following result.

Theorem 7. Under Condition 6, the CI I. y in (3.3) is uniformly asymptotically
level 1 — a over P, y; that is,

liminf inf POel.n)>1-—a.
N—oo U¢ NEPe, N

4. Simulations
4.1. Completely randomized experiments with perfect compliance

In this subsection, we evaluate the performance of the bounds and the
estimators <Z>L, qBH proposed in Section 2 using simulations. We first generate
a finite population of size N by drawing i.i.d. samples from the following data-
generation process:

(i) W takes a value in {1,2,3,4} with equal probability;

(i) for w = 1,2,3,4, Y, | W = w ~ N(ft,¢%), V| W = w ~ N(0,6 — ¢?),
Y LV | W, and Yy = 0.3Y; + V, where (u1, po, pi3, pa) = (3,0, —2,4) and
( %7¢§7¢§7¢421) = (27 1'575?4)'

The generated values are viewed as the fixed finite population. We take N =
400, 800 and 2000, to demonstrate the performance of the proposed method under
different population sizes. The following table shows the ¢?(7) and the true value
of different bounds under different population sizes.

It can be seen that the intervals [¢%;, Panl, [0Dr, Pyl and [¢F, ¢F] all contain
¢*(7), and hence the bounds are all valid. Under all population sizes, the lower
bound ¢? is much larger than the other two lower bounds, and the upper bound
@% is much smaller than the other two upper bounds.



1014 WANG ET AL.

Table 2. RMSE of the estimators for ¢? and ¢% under different population sizes (n; =
nog = N/2)

N =400 N =800 N =2,000
of 1.71 0.87 0.66
for 2.31 1.36 1.00

Table 3. Average widths (AWSs) and coverage rates (CRs) of 95% CIs based on the naive
bound, ¢3%;, ¢p1, and ¢f under different population sizes (ny = ng = N/2).

naive 3 P2 #?
M h AL DL L
ethod  — %R AW R AW COR AW (R

N =400 1.511  98.0% 1495 97.8% 1.493 97.8% 1.383  96.6%
N = 800 1.033  97.8% 1.025 97.7% 1.025 97.7% 0.945 96.7%
N =2000 0.674 984% 0.668 98.3% 0.668 98.3% 0.619 97.3%

The above results show the effectiveness of our bounds at the population
level. Next, we consider the performance of the proposed bound estimators in
completely randomized experiments. In the simulation, half of the units are
assigned randomly to the treatment group, and the other half are assigned to the
control group. Then, we estimate the proposed bounds using the estimators
defined in (2.4). The randomized assignment is repeated 1,000 times. The
root mean squared error (RMSE) of the bound estimator under different N is
summarized in Table 2, showing that the RMSE decreases as the sample size
increases, which confirms the consistency result in Theorem 2.

Next, we evaluate the performance of the bound estimators in terms of
constructing Cls. Different Cls can be constructed based on the asymptotic
normality in (2.1) and different lower bounds for ¢*(7). To obtain the Cls, we
use ¢2 defined in (2.2) to estimate ¢2(y,), for t = 0,1, and replace ¢(7) in o>
with the estimators of the different lower bounds. We also estimate the bounds of
Aronow, Green and Lee (2014) and Ding, Feller and Miratrix (2019) using plug-in
estimators, as suggested in these works, and estimate the proposed lower bound
using the estimators defined in (2.4). The following table shows the average width
(AW) and coverage rate (CR) of the 95% CIs based on the naive lower bound
zero (Neyman (1990)), the estimator of ¢3; (Aronow, Green and Lee (2014)),
the estimator of ¢3; (Ding, Feller and Miratrix (2019)), and the estimator of ¢7.

The Cls based on the estimator of ¢? are the narrowest, and the corre-
sponding coverage rate is the closest to 95% of the four CIs under all population
sizes. See the Supplementary Material for additional simulation results on the
performance of the proposed CI.
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Table 4. Bounds constructed with and without covariates, and the RMSE of their
estimators under different population sizes. LNC: lower bound without covariate; HNC:
upper bound without covariate; LC: lower bound with covariate; HC: upper bound with
covariate (ny = ng = N/2).

LNC HNC LC HC
Value RMSE Value RMSE Value RMSE Value RMSE
N =400 0.78 0.75 40.05 5.41 9.82 4.62 29.42 5.94
N =800 0.73 0.45 39.61 3.49 10.42 3.92 28.79 5.35
N = 2,000 0.72 0.27 37.19 2.10 9.52 2.45 28.45 4.55

4.2. Completely randomized experiments with noncompliance

Here, we show the simulation performance of the bounds and the estimators
b1, du proposed in Section 3. First, we generate finite populations of size N =
400, 800, and 2000 by drawing i.i.d. samples from the following data-generation
process:

(i) generate the compliance type G € {a, c,n}, with the probability that G = a,
¢, and n being 0.2, 0.7, and 0.1, respectively;

(ii) for h = a,c, and n, the conditional distribution W | G = h has
probability mass pip, pan, P3n, and py, at 1,2, 3, and 4, respectively, where

(pla7p2a7p3a7p4a) == (0157027037035)7 (p1c7p267p3c7p4c> =
(0.25,0.25,0.25,0.25), and (p1n, Pon, Pan, Pan) = (0.35,0.3,0.2,0.15);

(111) for w = 1a2a3747 le | W =w~ N(/Lw,gbi), where (M17M271u371u4) =
(3,0,—2,4) and (¢3, 93, 93, ¢3) = (2,1.5,5,4);

(iv) Yo | G=¢,W =w ~ N(0.3w,6 — ¢2), and Y, = Y; if G = a or n.

Theorem 5 can also provide a bound without using covariates. So to illustrate the
usefulness of the covariates, we compare the bounds constructed with and without
them. In the following, the lower bounds constructed with and without covariates
are denoted by “LC” and “LNC”, respectively, and the upper bounds constructed
with and without covariates are denoted by “HC” and “HNC”, respectively. As
in Section 4.1, half of the units are assigned randomly to the treatment group,
and the other half are assigned to the control group. Then, we estimate the
bounds for each of these random assignments using the estimators proposed in
(3.2). The randomized assignment is repeated 1,000 times. In the simulation
¢*(7) is equal to 9.97,10.41, and 9.56 when N = 400, 600, and 2000, respectively.
The following table shows the true values of various bounds and the RMSE of
their estimators under different population sizes.

Table 4 shows that LC is much larger than LNC, and HC is much smaller
than HNC. Therefore, covariates are useful in terms of sharpening the bounds.
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Table 5. Average widths (AWs) and coverage rates (CRs) of 95% Cls based on the
naive bound, HNL and HL under different population sizes. LNC: lower bound without
covariate; LC: lower bound with covariate (n; = ng = N/2)

naive LNC LC
AW CR AW CR AW CR
N =400 2.188  98.5% 2.168 984% 1.990 97.3%
N = 800 1.553  97.9% 1.542 97.8% 1.399  96.4%
N =2000 0980 982% 0.973 98.2% 0.893 96.6%

Method

In general, the RMSE of the bound estimators generally decreases as the sample
size increases, validating the consistency result in Theorem 6.

Next, we construct Cls based on the asymptotic normality in Theorem 4 and
different lower bounds for ¢?(7). To obtain the Cls, we use ¢? defined in (3.1) to
estimate ¢?(g;), for t = 0, 1, and replace ¢*(7) in o2 with the estimators of various
lower bounds. The following table shows the average width (AW) and coverage
rate (CR) of the 95% ClIs based on the naive lower bound zero and the estimator
of the lower bound in Theorem 5, construct with and without covariates.

The results show that the CI based on the estimator of LC is the narrowest,
and that the corresponding coverage rate is the closest to 95% of the three Cls
under all population sizes. This demonstrates the usefulness of covariates in terms
of constructing Cls.

5. Real-Data Applications
5.1. Application to ACTG protocol 175

In this section, we apply our approach proposed in Section 2 to a data set
from the randomized trial ACTG protocol 175 (Hammer et al. (1996)). The data
used in this subsection are available from the R package “speff2trial” (https://
cran.r-project.org/web/packages/speff2trial/index.html). The ACTG
175 study evaluated four therapies for subjects infected with the human
immunodeficiency virus whose CD4 cell counts (a measure of immunologic status)
were between 200 and 500 mm 2. Here, we regard the 2,139 enrolled subjects as
a finite population, and consider two treatment arms: the standard zidovudine
monotherapy (denoted by “arm 0”), and the combination therapy with zidovudine
and didanosine (denoted by “arm 1”). The parameter of interest is the average
treatment effect of the combination therapy on the CDS8 cell count, measured
at 20 £ 5 weeks post baseline, compared with that of the monotherapy. In the
randomized trial, 532 subjects are assigned randomly to arm 0, and 522 subjects
are assigned randomly to arm 1. The available covariate is the age of each subject.
In order to meet Condition 3, we divide the subjects into |N'/*| = 6 groups
according to age: less than 20 years old, between 21 and 30 years old, between
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31 and 40 years old, between 41 and 50 years old, between 51 and 60 years old,
and older than 60 years old. We then use age group, gender, and antiretroviral
history as covariates, and apply our proposed method. The proposed bounds ¢?
and ¢f are estimated using the estimators defined in (2.4). We also estimate the
bounds proposed in the literature (Aronow and Middleton (2013); Ding, Feller
and Miratrix (2019)). Bounds ¢2;, ¢an, 955, and ¢2y are estimated using
plug-in estimators, as suggested in Aronow, Green and Lee (2014) and Ding,
Feller and Miratrix (2019). The estimates of the lower bounds ¢3;, ¢%;, and
¢? are 0.12, 0.27, and 4.75, respectively; the estimates of the upper bounds
i, by, and ¢F are 70.79, 69.87, and 65.67, respectively (values are divided
by 10,000). The estimate of the proposed lower bound is the largest among
the three lower bounds, and the estimate of the proposed upper bound is the
smallest among the three upper bounds. The 95% CI constructed using zero
as a lower bound for ¢*(7) is [—13.27,92.79]. Using the lower bound estimate
of Aronow, Green and Lee (2014) leads to the CI [—13.25,92.77], and using
that of Ding, Feller and Miratrix (2019) leads to the CI [—13.23,92.75]. The
CI [—12.46,91.98] is obtained by using ¢? given in (2.4). The widths of the
four Cls are 106.07, 106.02, 105.98, and 104.44, respectively. Comparing the
CI width of the naive method with the widths based on the lower bound of
Aronow and Middleton (2013) and Ding, Feller and Miratrix (2019), and the
proposed lower bound for ¢?(7), the CI width reductions are 0.04, 0.09, and 1.62,
respectively. The reductions for the three methods are not very large compared
with that of the naive method. The reason may be that ngf/nl + ngg/no is
too large relative to the estimator of the lower bound for ¢?(7) in this specific
problem, where ¢2 and ¢2 are the estimators for ¢2(y;) and ¢2(yo), respectively.
Note that the CI width is proportional to \/N(Z)f/nl + ngg/no — q52B, where QB2B
is the estimator of the lower bound for ¢*(7). This implies that the lower bound
estimator ¢% does not play an important role in the CI width if N¢2/n;+ N2 /ng
is much larger than ¢3.

5.2. Application to JOBS I1

In this section, we apply our approach proposed in Section 3 to a data set
from the randomized trial JOBS II (Vinokuir, Price and Schul (1995)). The
data used in this subsection are available from https://www.icpsr.umich.
edu/web/ICPSR/studies/2739. The JOBS II intervention trial studied the
efficacy of a job training intervention in preventing depression caused by job
loss, and in prompting high-quality re-employment. The treatment consisted of
five half-day training seminars designed to enhance the participants’ job search
strategies. The control group receives a booklet with some brief tips. After
some screening procedures, 1,801 respondents were enrolled in this study, with
552 and 1,249 respondents in the control and treatment groups, respectively. Of
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the respondents assigned to the treatment group, only 54% participated in the
treatment. Thus, there is a large proportion of noncompliance in this study. The
parameter of interest is the LATE of the treatment on the depression score (a
larger score indicates more severer depression). We use gender, initial risk status
and economic hardship as the covariates, and apply our proposed method. The
estimates for éi and QB% are 0.23 and 0.81, respectively. The 95% ClIs constructed
using the naive bound zero and ¢, are [—0.2428,0.0271] and [—0.2360,0.0202],
respectively. Our method shortens the CI by 0.014. When testing the null
hypothesis that . = 0 against the alternative hypothesis that 6. < 0, the naive
method gives a p-value of 0.059, whereas our method gives a p-value of 0.049.
Thus, our method can detect the treatment effect at the 0.05 significance level,
whereas the naive method cannot.

6. Discussion

In this paper, we establish sharp variance bounds for the widely used
difference-in-means estimator and Wald estimator in the presence of covariates
in completely randomized experiments. These bounds can help to improve the
performance of inference procedures based on a normal approximation. We do
not impose any assumption on the support of the outcomes; hence, our results
are general and apply to both binary and continuous outcomes. The variances of
the difference-in-means estimator in matched pair randomized experiments (Imai
(2008)) and those of the Horvitz-Thompson estimator in stratified randomized
experiments and clustered randomized experiments (Miratrix, Sekhon and Yu
(2013); Mukerjee, Dasgupta and Rubin (2018); Middleton and Aronow (2015))
share a similar unidentifiable term to that considered in this study. Moreover, the
unidentifiable phenomenon appears in the asymptotic variance of the regression
adjustment estimators; see Lin (2013), Freedman (2008a), and Bloniarz et al.
(2016). The insights provided in this paper also apply in these settings, although
we omit the details here. It would be of great interest to extend our work to
randomized experiments with other randomization schemes, such as a 22 factorial
design (Lu (2017)) or some other complex assignment mechanism (Mukerjee,
Dasgupta and Rubin (2018)).

Supplementary Material
The online Supplementary Material contains further simulation results and
proofs for all theoretical results presented in this paper.
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