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Abstract: We prove that the fluctuation limit of a sequence of Galton-Watson
branching processes with immigration can be an Ornstein-Uhlenbeck type process
under some assumptions on the offspring and the immigration laws. The asymptotic
properties of the conditional least square estimators of the offspring mean and the
immigration mean are studied when the limit process is an Ornstein-Uhlenbeck
diffusion process.
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1. Introduction

Let {¢(1,7)}1,5>1 and {n(l)};>1 be independent sequences of independently
identically distributed nonnegative integer valued random variables. A Galton-
Watson branching process with immigration (GWI process) {Y (1) };>¢ is defined
as

Y(1-1)

Y()= Y i) +nl), I=12...,

j=1

where Y (0) is a nonnegative integer valued random variable independent of
{C, ) b j=1 and {n(l)}1>1. We call the expectations m = E[(([,j)] and A =
E[n(l)] the offspring mean and immigration mean, respectively, if they exist.
Meanwhile, the GWI process {Y (I)};>¢ is called subcritical, critical, and super-
critical, respectively, when the offspring mean m < 1, = 1, and > 1. When a
sequence of GWI processes {Y% (1) }i>0, for £ = 1,2,3,..., is given, it is called
nearly critical if the corresponding offspring mean sequence my = E[(x(,7)] — 1
as k — 00. See [Arthreya and Ney| (1972) for more details.

A spectrally positive homogeneous Ornstein-Uhlenbeck (O-U) type process
is defined as a real-valued cadldg Markov process {X(¢)};>0 with generator A
given by

Af(@) = —pef (@) +af @) + | {f(e+u)— f(@) —uf @)} oldu),

0+
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where p and ¢ are two nonnegative constants and p(du) is a o—finite measure on
(0, 00) such that fooi(u A u?)po(du) < oo. A realization of this O-U type process
can be given as the unique solution to the stochastic differential equation

dX(t) = dL(t) — pX (t)dt,  t>0,

where {L(t)}+>0 is a spectrally positive caddlag Lévy process with L(0) = 0 and
its increment distribution determined by

[e.o]

Efexp{-A(L(r + t) — L(r))}] = exp {t(qv s [T Au>u0<du>)}

n
for any A > 0. The connection between O-U type processes and Lévy processes
was found in the study of the limit distributions for sums of certain random
variables in [Sato and Yamazato (1984) and Wolfel (I982). See also Bertoin
(1996) for more on Lévy processes.

Studying the functional weak limit theorem for branching processes has an
extended history. In [Feller (1951]), a procedure for obtaining diffusion processes
as limits of a sequence of Galton-Watson processes was formulated. [Kawazu and
Watanabel (1971) characterized the continuous state branching processes with
immigration (CBI processes) by its Laplace transformation and proved that a
sequence of GWI processes converges in finite dimensional distributions to a
stochastically continuous and conservative continuous time CBI process under
some suitable conditions. [Li (2006) extended this result to the case of weak
convergence in the Skorokhod space. In addition, (Grimvall (1974), [Sriraml (1994)),
and [Wei and Winnickil (1987, 1990) established the relationship between GWI
processes and CBI processes in some special cases.

By virtue of Laplace transforms, [Li (2000) considered the fluctuation limit
theorem for branching processes. He proved that under certain conditions the
fluctuation limit of a sequence of continuous time discrete state branching pro-
cesses with Poisson immigration is an O-U type process. [spany, Pap, and Zuijlen
(2005) proved that under some suitable moment conditions the fluctuation limit
of a sequence of GWI processes is a continuous inhomogeneous O-U type process
driven by a time changed Wiener process by means of the Martingale Central
Limit Theorem and the Continuous Mapping Theorem. It was also proved in
Li (2009) that the fluctuation limit of a sequence of Jifina processes with im-
migration, the discrete time CBI processes, is an O-U type process under some
moment conditions.

The main purpose of this paper is to establish the functional fluctuation
limit of a sequence of GWI processes to a homogeneous O-U type process when
some constraints about the moment generating functions for the offspring pro-
cesses {Cx(-, ) }x>1 and the immigration processes {n;(-)}r>1 are satisfied. The
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main result of this paper is different from the existing ones in [Li (2000, 2006)
and [Ispany, Pap, and Zuijlen| (2005) mentioned above, and we also employ the
different method to prove it. We present some examples in Section 3.

The functional limit theorems of branching processes can be used in such
fields as queueing theory, mathematical finance, and statistical inference for
stochastic processes. Indeed, based on the weak convergence results of GWI
processes, many asymptotic properties can be obtained for the estimators of the
offspring mean m and the immigration mean \. For example, using their func-
tional weak limit theorem, Wei and Winnickil (1987, 1990) proved that, in the
critical case, the various conditional least square (CLS) estimators for m are not
asymptotically normal but consistent, and that the CLS estimator for A is not
consistent. [Sriram| (1994)) established a functional weak limit theorem for the
critical branching process, and successfully illustrated the invalidity of the para-
metric bootstrap method for critical GWI processes. |[spany, Pap, and Zuijlen
(2005) discussed the CLS estimators’ asymptotic properties for a sequence of
nearly critical branching processes using their functional fluctuation limit theo-
rems. We give, in Section 4, an application of our functional limit theory to the
asymptotic properties of the CLS estimators for a sequence of GWI processes
that converge to an O-U diffusion process.

The paper is organized as follows. In Section 2, we prove that the functional
fluctuation limit of a sequence of GWI processes is an O-U type process when
the offspring and the immigration laws are subject to constraints. We present
some examples in Section 3, and discuss the asymptotic properties of the CLS
estimators for offspring mean and immigration mean in Section 4. Some of the
technical details are reported in the appendix.

2. Main Results

Let {Yx(D)}i>0, k=1,2,... be a sequence of GWI processes whose one-step
transition probability is determined by

B[ MeD] = Bl ME52 G@mMl) = G (e )2 Hy(e ™)

)

where G (-) and Hy/(-) are the moment generating functions of (x(1,5) and 7 (1),
respectively. We assume

(HO): Hy(1) = ka(1 — G,(1)), E[Yx(0)] = ka,
(H1): k*(1 — GR(1)) — a,

(H2): K2G (e 7) = 11 (),

(H3): kH, (e %) = To(N),
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as k — oo. Here a is a positive constant, « is a nonnegative constant, i = /—1,
and T;, j = 1,2, are continuous complex-valued functions of A. Note that we
use the notation Gy (o) = OG()/0%|r—zy, Gy(T0) = I*Cr(x)/02%| 1=z, and
likewise in this paper. Under assumptions (H2)—(H3), both Y1 (\) and T2(\) are
characteristic functions of finite measures on [0,00). Then there is a probability
measure /1 on [0,00) such that

ace +aY1(A) + To(A) /oo n
= My (du).
a0t aTh(0) 4 o)~ fy € )

Let b = p1({0}), pu(du) = p1(du)/u? for u > 0, and ¢ = aa + a¥1(0) + Y2(0).
Let C2°(R) be the set of infinitely differentiable functions with compact support
on R.

To formulate our fluctuation limit theorem, we define the random step func-
tions

Xp(t) = /fl/z{Yk(Lk%j) - ka}, £>0, k=1,2,...,

where |x] denotes the integer part of x. The following is the main result of the
paper.

Theorem 1. If assumptions (HO)—(H3) hold and X(0) converges weakly to
X(0) as k — oo, then the sequence { Xy ()} x>0 converges weakly in the Skorohod
space Dg[0,00) to a generalized O-U type process with a generator A that satisfies

Af(x) = —axf (z) + ~(aa + bo) [ (x)

2
be [ {40~ @)~ uf (@)huldu) (2.1)
0+

for all f € CX(R).

The proof of the theorem needs the following two lemmas, whose proofs are
given in the appendix. Let & (z) = ka + Vkx, which is treated as non-negative
integers by properly choosing x, and

Zi(xy) = k~Y2{V3,(1) — ka — VExp} = K7V, (1) — &uxp) )

Lemma 1. If z;, — oo as k — oo, then

1 14
Beon| [ (- 0" (0 + el ZEo)du] — 0

Lemma 2. If{L‘k —x < oo as k — 00, then
1
oo | [ (1= 0 01+ 0240 2]

— plaabf @)+ [ {f )~ f@) - uf (@)huldu).
0+
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Proof of Theorem 1. Note that Xj(-) is a Markov chain taking values in
By, = [-Vka, +00). Define

TS (2) = By [ 4 (K7/204(1) — ko) |

By Duffie, Filipovi¢ and Schachermayer] (2003)) Theorem 2.7, C2°(R) is a core for
the generator A of an O-U type process. So by [Ethier and Kurtzl (1986, p.31,
p.233), it is sufficient to show that if E > z; — = € RU {co}, then

lim ‘kQ[ka(a:k) ~ flx)] - Af(xk)‘ —0, VfeCO®(R).

k—o0

By Taylor’s expansion,
K2 [T (or) — flow)] = KB ) [ £ (W7 12(00(1) = o)) = £ (o)
1
— B, (o) | K2 (@8) Zi(ax) + /0 (1= w)k?f" (@ + w2 (2) 2 (wx)duw .

Because k*Eg, (1,)[Zk(zk)] = k2aGL (1) — 1] — —arliy, ooy and Af(zg) —
Af(2)1{y, —r<oo}, using Lemma [Iland Lemma [ one obtains Theorem [Il

Remark 1. The scaling used in this theorem is k2 in time, rather than the
commonly used k. But one can prove similarly that

Xi(t) = k~5(Yi (k%)) — k"a)

converges to an O-U type process when positive constants d, r, and s are properly
chosen, and similar assumptions to (H0)—(H3) are given.

Remark 2. The limit process would be an O-U diffusion process if we assumed
that T1(A\) and T2(A) in assumptions (H2) and (H3) are positive constants. One
typical situation that lead to positive real values for T1(A) and To()\) is when
both the offspring number and the immigration number take nonnegative integer
values no larger than 2. Examples that converge to O-U type processes according
to our weak convergence theory, either when T1(A) and Y3(\) are real values or
complex functions of A, are given in Section 3.

Remark 3. Since our limit processes are of O-U type, which are special cases
of the affine processes suggested by [Duffie, Filipovi¢ and Schachermayer] (2003)
we can try to do some option pricing work based on our convergence result.
Specially, it is interesting to consider the pricing and hedging problems under
model ([B)), namely the Vasicek model with Poisson jumps, by considering the
convergence problem of the prices under the corresponding GWI processes.
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Remark 4 In Section 4, we present studies of this fluctuation limit theorem for
statistical inference for the parameters of the GWI process.

3. Examples

In this section, we give some examples of convergence to O-U type processes
according to Theorem [l We use g, and hj to denote the probability distribution
corresponding to the moment generation functions Gy and Hj for the offspring
processes and the immigration processes, respectively. Also write {B;}+>0 for the
standard Brownian motion.

3.1. Limit processes without jumps

The first two examples are extremely simple cases with only two possible
states for both the offspring processes and the immigration processes.

(I) Let the offspring processes be a sequence of independently identically
distributed 0 — 1 random variables with g;(0) = ak=2 and g,(1) = 1 —ak™2, and
the immigration processes be a sequence of independently identically distributed
0 — 1 random variables with hj(0) = 1 — aak™! and hi(1) = aak™!. Here, a
and « are positive constants. Then G;i(l) =1-a/k? and H,;(l) = aa/k. So
H,(1) = ka(1 — G} (1)), and we have

(1= Gy(1) = o, K2Gy(e™ ) =0, ki (™) =0,

Ti(A To(A
ax + a 1()+ 2():aQ+GXO+O:1:>b:1,M:O.
ac+aY1(0) +T2(0) aa+ax0+0

Hence,
Xp(t) = k12 (Yk(LthJ) - ka) X (1),

where { X (t)}+>0 is an O-U diffusion process with generator Af(z) = —axf (z)+
aq f"(x) or, equivalently, that satisfies the stochastic differential equation

dX(t) = —aX(t)dt + V2aadB,.

(IT) Let the offspring processes be a sequence of independently identically
distributed 0 — 1 random variables with g;(0) = ak=2 and g(1) = 1 —ak2, and
the immigration processes be a sequence of independently identically distributed
0 — 2 random variables with hj(0) = 1 — aak™!/2 and hi(2) = aak™'/2. Here,
a and « are positive constants. Then G} (1) = 1 — a/k? and H, (1) = aa/k. So
H, (1) = ka(1 — G(1)), and we have

1/2

k21— Gi(1)) = a, K2Gr(e™*y =0, kH (e ") = aa, b=1, p=0.
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Hence,
Xp(t) = kY2 (Yk(LthJ) - k:a) ~X(1),

where {X(t)}+>0 is an O-U diffusion process that satisfies the stochastic differ-
ential equation
dX(t) = —aX(t)dt + V3aadB;.

(ITI) Let the offspring processes be a sequence of independently identically
distributed random variables with g;(0) = 3ak™2/4, gi(1) = 1 — ak™2, and
gr(2) = ak™2/4, and the immigration processes be a sequence of independently
identically distributed 0 — 1 random variables with hx(0) = 1 — ack™1/2 and
hi(1) = aak™!/2. Here, a and « are positive constants. Then G} (1) = 1— a/2k?
and H, (1) = aa/(2k). So H,(1) = ka(1 — G,(1)), and we have

’ 1 0o p— 1 0o
(1= G(D) = Ja, BG(e™ ) = Do kE{(EM) =0, b=1, =

Hence,
Xp(t) = k=12 (quzf?u) - ka) ~X(1),

where { X (t) }+>0 is an O-U diffusion process that satisfies the following stochastic

differential equation
1
dX(t) = —ZaX ()t + \/?)QTadBt.

(IV) Let the offspring processes follow the same law as in (I) and the immi-
gration processes be a sequence of independently identically distributed Poisson
random variables with mean H, (1) = ka(1 — G}(1)) = aa/k. Then

1/2):M

- ac/k)(iINk~1/2=1) _, 0

KH, (e el

and one has the same limit process {X(t)}+>0 as in (I).

3.2. Limit processes with jumps

(I) Let the probability law corresponding to the independently identically
distributed offspring processes be

200 o

gk(O) 312 e

and the immigration sequences be determined by distribution law

hM:1$+m®§Fth:$_m$@

a2

() =173, o) = g5, allVE]) =35,
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_ _ ax
where a, a1 and ag are positive constants. Then
! \/EJ a1
K21 — G (1) = & _ ezl @
(1-Gy(1) =3 - 22 . oL
7" . 2 -1
kZGk(ez)\k 1/2) . aL+a QL\fJ(L\ka ) z/\(ij -2)/Vk _, 3a1+042€>\
kH];'(ei)\k—l/Q) agq + |VE(IVE] - 1)%3/\&\/@—2)/\/% - % + aome™,
2 .
b+ eMu({1}) = —rell® ©__

70[1/64‘2@2 7C¥1/6+20[2€

So the corresponding limit process has the realization
dX(t) = =37 ta1 X (t)dt + d {\/3aa1/23t + Nt — 2aant |, (3.1)

where {N;}+>0 is a Poisson process with rate parameter 2acg independent of the
Brownian motion {B;}+>o.

(IT) We note as in [Li (2000) that when « in (Z1]) is 0, the limit process is a
Lévy process. Let the offspring law be

201 9 aq aq

gk(0) =
and the immigration law be
hi(0) = 1 — acy /(3K%?) + aca | VE|E™2,  hi(1) = aa/(3k%?) — aas| V| k™2

where a, aq, as are positive constants. Then

" oy 7.— , \/EJ
LH. (e —0,k2(1 - G.(1) = o1 _aQL 0,

F (@) (1= G = ST = P
RGN = ;\0}1 oy L\/EJ(L\k/EJ — D) ix(\VEI-2)/VE _, ey

b+ Au({1}) =
So the corresponding limit process has the realization
Xi(t) DX (t) = Ny — aant,

where {N;}1>0 is a Poisson process with rate parameter aas.
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4. Applications to Statistical Inference for GWI Processes

Consider a sequence of GWI processes satisfying Theorem [II When the

immigration mean A, = H, (1) = E[n(1)] is known,

K2 9

k / /

> %0 —Em@IFN)] = 66, Hy(), (4.1)

=1
where ©(u,v) = Zl 1 Y ) uYj(l — 1) — v)*. Then the CLS estimator 7y, of
the offspring mean my, = G.(1) = E[¢.(l, )] is

’

e S LY - D{Y(0) — H (1)}
S Yl - 1))2 ’

which minimizes ©(u, H,(1)). If the immigration mean )\, is unknown, then the
joint CLS estimators for (my, Ax), which could be gained by minimizing ©(u,v)
with respect to u and v, have the form
k2 Y,
- " YR (= D{Ye(l) — Vi ~ _ -
iy = S5 G- 14 ()7*2}7 Ak = Y — Yy,
> {Yk(l—1) =Y}
where i = k23 M (1), Y =k2YF (- 1).
Based on Theorem [l the following three asymptotic properties could be
established by using the Continuous Mapping Theory and the Martingale Trans-

form Theorem. This method has been suggested in [[spany, Pap, and Zuijlen
(2003allb, 2005) and [Strasser| (1986)).

Theorem 2. Suppose that, for a sequence of GWI processes {Yi(I1)}i>0, k =
1,2,3,..., Theorem[Il holds with an O-U diffusion process {X (t)}+>0 as the limit
process, with generator

Af(z) = —oz:vf,(x) + aafu(:v), for all f(-) € CZ(R),

where a, v are two positive constants and E[X(O)2] < 0o. Then

25 —m D N(1 fol
k= (g — my) X du ~ {fo du}2 (4.2)
D aM (1 fo du — aN( )

k)\—)\
=) =Ty du—{fo W)

K52 (g, — my) 2 a’lM(l),
where M(t) = X (t)— X (0 —|—a Jy X (w)du, N(t) = e~ X (0)M(t)+X(0) [ M(u)
de= 4 e2(1=0T(¢) +f0 I(u)de*(1~ ). Here S(t) = eV X (t)—e~*X(0), ['(t) =

JyS(t)ydM(t
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Proof of Theorem 2. Let

Xt = k7Y2(v(1) — ka),

)

My = Xy — E[X | F5)] = kY2 V() — GL()Yi(l — 1) — Hy(1)}.
Then

2 2 2
k [Zle X1 My — (1/K?) S0 Xyt X Y0, Mk,l]

k3 [(1/k2) f; X/?,z—l - <(1/k‘2) Z;ﬁl Xk,l—l)Q]

i — Gi(1) = (4.3)

We need to consider the weak convergence of each item in the last equality.
By using the Continuous Mapping Theory, we have

k? 1 1

1 D

Fe) E Xii-1 —/ X (u)du —>/ X (u)du,
Y 0 0

k? 1 1

1 D

72 > Xii1= /0 X (u)du —>/0 X2 (u)du,
1=1

|_k:2tj LthJ/kZ
Mi(t) = 3 Mg = Xi(t) — Xu(0) + {1 - G (1)} k2/ X (u)du
=1 0

DXt - X(0)+ a/tX(u)du = M(1).
0

Here, M(t) is obviously a square-integrable martingale.
When the limit process is an O-U diffusion process, by similar reasoning as
in Lemma [Il we can see that {M;,;};>1 satisfies

[kt]
Py,
Z E[’Mk,l‘1{\Mk,l\>s}‘f.k,l*1]—>07 Ve > 0.
=1
Define Sg(t) = Sy 2y = Sy Gy (1)F~1 My Then

Sk(t) = GL)FFUX, oy — G Xy 0 DD X (1) — e 72X (0) = S(1),
and, by the Martingale Transform Theorem,

k2t ‘
Tr(t) =Ty ppzey = > Sta1 My / S(H)dM (t) = T(¢).
=1 0
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Using the Continuous Mapping Theorem, we get
[kt)

t
3" Xpio1Mig 2 e X (0)M(t) + X(0) / M (u)de™"
=1 0

t
+eDD(t) 4 / [(u)de® %) = N(t).
0

A further application of the Continuous Mapping Theory to (£3]) completes the

proof of (4.2).

Similarly, we can prove that
k(A — Hy (1))
2 2 2 2
=k [1&/2 I My g o0y Xy + 2 X, My 7 S, X
2 2 2
k32 LS Xy Sy X1 My — K2a ), Xk,l—le,l}/
2 2 2

[7‘53{137 f:leg,zq - (;%2 f:1 Xk,l—l) H
p aM(1) [} X(u)du —aN(1)
- b

oy X2(u)du — { [} X (u)du}?

and
K52 (g — G)(1))
k2 k2
_ 52, B3 Xiio1 My + K20 3520 My, 2 )
B k2 X2 42k 2a - k2 Xy + ka2
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Appendix

Proof of Lemma 1. When z; — oo, without loss of generality we can assume
that |z| > 6. We first prove

e | (1 Wk + wZ()) 23 )|
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< 7 By [F{Y21) — x(e) G 1) — L) } 1)
where
UR = (%(1) — u(e0)Gh(1) — H (L) 2 K2 (|a4 G (1) — 6)).

Note we assumed the support set for an arbitrary function f € C°(R) is [, ],
which contains the set where f(z) # 0 and f” (z) # 0, so

{f"(zg + wZg(xk))| > 0, when 0 < w < 1}
C{-d <z +wZi(zr) <, when 0 < w < 1}
{21 <0 —ap, (0 — )/ Zr(ar) Sw <1}, x>0
- {{Zk > =0 — ap, (=0 — 2p) [ Zi(wg) Sw < 1} 2 < =6

When x5 > §, we have
1
!Esm) [ / (1 — w)k?f" (wp + ka(xk))zg(xk)dw} ‘
0

1
< Egy (ar) [/O (1 — w)k?| " (xx + ka(xk))\Zif(xk)1{|f~<zk+wzk(xk>)|>0}dw}
1
<E¢ (. / 1— WK N Z2(26) i 2, (o) <5—wp 1AW
aonl [, A0 Z @0 s s ]

_Lie, o T2l 2 5 ’
= §Hf | (k) _k { k(Tk) — +xk} 1{Zk($k)<5—xk}}
1

r 2
= §Hf”\|E§k(xk) _kQ{kfl/QYk(l) — k72 () — 0 + xk} 1U,§]

1 r B _ 2
= S 1By [ R 20(1) = 6 = K72k K 2a0) 4+ 1

= ey o [ {R772%1) = 6 — K72 (kB2 G (1)

! ! 2
P2 ha(GL(1) — 1) + kak(l)} 1%]

1 [ _ _ ’
= §Hf””E§k(xk) _k‘z{k Y2V, (1) — k72 (2k) G (1)

kT PH(1) — (65— 2GR (1)} 1]

1 " [ _ _ ’ _ ’ 2
< Sl I Egy () _k‘Q{k V2y5,(1) = k728, (2) Gl (1) — ko 1/2Hk(1)} lUd
]_ " [ ’ ’ 2
< Sl 1By [ Ye(1) = (@) G(1) = H(D)} L]
where

Up = {Vie(1) — &(zx) < KY2(6 — 2p) },
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U = {%(1) = &) Gi(1) — Hy(1) < K12(5 — G (1)) .

By the same arguments, (AJ]) also holds when zj < —4.
Now we prove that

/ / 2
Jm Ee, ) [’f{Yk(l) — &) G (1) — Hk(l)} 1U,g] =0.
According to the definition of GWI processes, let
&k (@

Wi= Y
J

7

)
4(17])7 Mk :nk(l)

Then E[e="Wr] = G(e 2)&#) | E(e k) = Hy(e ). Let

I = {Wi + m — & (@) Gy, (1) — Hy(1)] > k2(|24] G, (1) — 6)},
1 = (Wi~ Glen)Gh()] > SR (a6 (1) — ),

1} = {lne — Hi(1)| > 5K G (1) — 6)).

Then based on the assumptions (H2) and (H3) and a Taylor expansion, one
obtains that

e, o) [£{ Yi(1) — 66(z)Gh(1) — H (1)} 1]
= B[k Wi+ e — ()1 ~ HL(D)} 1]
< 9E [k[{wk &) + - mo) ] 1,4

+2E [k[{Wk ~ &G} + {n- HO) ] 114

aB | {ne— H,))

B el (1) — 5} |
1B [{w; ~ 6]
E{ il G(1) - 5}2 ]

4E[{nk - H,;(l)}QH

H{lenlGy 1) - 5}

< 9B [k{Wi ~ (o)L ()} 1] x [1 +

+2E[k{nk - H,;(1)}2112} X [1 +

} 4k

<2E[{ Wi~ &G} ONCAIE
x| G (1) —

2><[1+
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+2E[{77k—H1;(1)}4} ik [1 n 4E[{Wk_§k(xk)%(1)} H

E{ el Gy(1) 5} ) E{JeslG(1) 5}

Since the right side of the above inequality goes to 0 as k — oo, the above
inequality implies that Lemma [ holds.

Proof of Lemma 2. Because Eg, (,,)[Z7(21)] < 00 lz}nd f € C°(R), we have by
Fubini’s Theorem and the uniformly continuity of f that

k—o00

lim Ee, 4, [/01(1 - w){sz”(xk + wzk(xk))z,‘g(xk)}dw]
= lim 1(1 —w)E¢, () [k:2f”(ﬂ: + ka(a:k))Z,%(mc)} dw.

k—oo Jo
We first prove that when & — oo,

o d” N (r) >
— BB, [ A) — aa+ b+

u%“‘“u(du)}. (A.1)
0+

Note condition (H1) and (H2) ensure that Gk(ei)‘kim) # 0. Let Lp(\) =
—iNk Y28 () + &g () log Gk(ei’\k_m). By using the Dominated Convergence
Theorem,

Eg, (o)) 22400 22 ()]

_ —kzj)\nggk(xk)[ei/\Z’“(xk)] _ _kzj; [eLk(A)Hk(ei)\k—l/Q)}

_ _kQL;()\)eLk()\)Hk(ei)\k—l/Q) . k2(L;C()\))26Lk()\)Hk(ei)\k‘1/2)
_QkQL;C(A)eLk()\)HI;(ei/\k1/2)(ie:\i€/_21/2>
R2elr ) B (R ik (_%)
7k26Lk(A)H]’€(6i)\k_1/2)6i)\k_1/2(_%).

So we can deduce that, as kK — oo,

d2

iINZ (T
_de)\2]E£k(mk) [6 k( k)}
é Tk €2i)\k_1/2 1", izk—1/2 iXk—1/2
- e

1" Sy .— N 7.— 1
taq — k26Lk(A)Hk (ez)\k 1/2)621)\k 1/2(_E)
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1/2 1/2

_k26Lk(>\)H];(6i)\k_ YeiAk™

() + ()
_ k2a62z‘)\k—1/2G;(ei>\k—l/2) +aa+ k;H];/(eiAk_l/Q)e%)\k*l”
+kH,;(ei>‘k71/2) +o(1)
— 2ac 4+ aT1(A) + To(N). (A.2)

What is more,

1/2 1/2 1/2 1

", o iN—1/2 P\ fo— Y L— iNe—1/2
ka (ez)\k )eQzAk + k2ae21/\k Gk (ezAk )
d2

d\?

= Z km2ei)‘k_1/2mhk(m) + k%a Z m(m — 1)ei>‘k_1/2mgk(m)
m=0

m=0

+ kH};(eiAk—l/2>eiAk—

— 2 Hk(e“‘kfm) + k2a€2iAk*1/2G;(ei/\k*1/2)

o
= i~/ ?m [km?hy,(m) + k*am(m — 1)gk(m)] ,

m=0
which is proportional to the characteristic function of a nonnegative integer val-
ued process with factor kH, (1) + kH, (1) + k*aG, (1). Here gi(-) and hy(-) are
the distribution laws corresponding to the generating functions Gy (-) and Hy(-),
respectively. Observe that kH,:(l)%—kH,;(l)—i—kQaG;;(D — ¢. So, according to the
Lévy Continuity Theorem, these ensure the existence of a probability measure
(1 such that

—k2(d?/dN?)Eg, () [€2 7] — aa
kH, (1) + kH, (1) + k2aG) (1)

- [ M),
0

and hence ([A.T)) holds. Alternatively, based on ([A.2) and (H2)—(H3), we know
T, j=1,2, are characteristic functions of finite measures on [0,00), and hence
there exists a probability measure p; on [0,00) such that
d? A o
{—k2d)\2E§k(xk)[eMZ’“(x’“)]—aa}c_l—>{aa+aT1()\)+T2(A)}c_1:/ ey (du).
0

Therefore, (AJ) follows.

Next, it is an elementary matter to see that () converges weakly to () based
on this convergence result, where Q, k = 1,2, ... and ) are measures defined as
follows: for any measurable set O C R,

Qi(0) =Eg, (o) [K*ZE (x1) L0 (Zk(x1))] /By (ap) K7 Zit (x1)] » and

QO) = {(aa +bc)10(0) + c/(m(o o u%(du)} (aa +¢)7 L
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This implies, for all f € C°(R),

o0

B, (wp) [K°f (Zi(21)) ZE (k)| — (ac + be) £(0) + ¢ /0 X u? f (u) p(du).

Finally, applying the Dominated Convergence Theorem again, we have

1
lim [ (1—w)Ee, () [k:Q Fl o+ ka(xk))Zg(xk)} duw

k—oo Jo

"

1
= /0 (1—w) leH;O Ee, (21 [ka (x+ ka(a:k))Z,%(a;k)} dw

1 " "
= [Fa-w{(aa o @ e | 2 @ wnuin fa
= glactbas @ e [ f (1= wf (o + wu)dwp(du)

— ylaatb0f @) +e [ {5+ - @) - uf @)huldu),
0+

and hence Lemma [2] follows.
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