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Abstract: We propose a nonparametric density estimator based on data that are
repeatedly observed with independent measurement errors. We particularly focus
on cases where the Fourier transform of the error density has some zeros and shows
oscillations. Our estimator attains the same rates of convergence as obtains under
smooth error densities whose Fourier transform have the corresponding tails but no
zeros. We prove minimax results for estimating the distribution function and for
support estimation in the same model. A simulation study supports our findings.
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1. Model and Assumptions

Nonparametric density deconvolution is the problem of estimating a den-
sity function fx, or the corresponding distribution, based on contaminated data
under nonparametric conditions on fx. In the basic model, i.i.d. observations
Yi,...,Y,, generated by Y; = X; + ¢, are given. All Xy,e1,...,X,,&, are in-
dependent; the €; represent the measurement errors and have the known density
fe; the X have the density of interest fx. Kernel methods for the deconvolution
problem were introduced in [Carroll and Halll (T988) and [Stefanski and Carroll
(1990)).

A common condition on the error density f. is ff "(t) # 0 for all t € R,
where ¢/t denotes the Fourier transform of a generic function g. Also, one usually
imposes upper and lower bounds on fJ ¥ whose ratio is independent of ¢t. In the
case of polynomially decaying fgf t, the error density is called ordinary smooth;
densities with exponentially decaying Fourier transform are called supersmooth;
see [Fan| (1991, 1993). The Laplace density is an example of an ordinary smooth
density whereas the normal and Cauchy densities are examples of supersmooth
densities. We refer to both ordinary smooth and supersmooth f. as standard
error densities. Here, we focus on error densities whose Fourier transforms have
some zeros and show oscillatory or irregular behaviour. To better illustrate these
ideas we provide four examples of non-standard error distributions.
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(a) Uniform (continuous) distribution.

The density is

. = ifa<z<b,
fe (:Uv a, b) { 0, otherwise,

while the characteristic function, fgf t, satisfies

I(g) = exp(ibt) — exp(iat) _ 2 exp{i(a + b)/2} sin{(b— a)t/2}
€ it(b— Cl) t(b— a) .

(b) Uniform (discrete) distribution.
This distribution has a probability function

1 . .o .
on o itk=40+1,...,0+1-1,
(k j’l)_{O, for other &,

and the characteristic function

frgpy — pliths + (L= 1)/2)] sint/2)
= W= [ sin(t/2) ‘

(c) Ordinary smooth densities (e.g., Laplace density) convolved with a (conti-
nuous or discrete) uniform distribution.

(d) A density with characteristic function vanishing on some intervals.
The density

where o > 1 and ¢ > 0 is sufficiently large, has the Fourier transform

') = %(1 = [th+ +% S (i) (1t %\M

j=—00
which vanishes on the set (J;Z,[55/2—3/2,5j/2—1]U[1-55/2,3/2—55/2].

Uniform measurement error densities appear in astronomy. [Sun et al.l (2003)
describe an experiment where contaminated measurements on the velocity of halo
stars in the Milky Way are obtained. In some cases, the measurement error is
uniform if the contamination is caused by such effects as mechanical stiffness of
the spectrograph.

Nonparametric deconvolution estimators are usually obtained by a kernel
method, where the deconvolution step is carried out in the spectral domain via a
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division by fgf !, Some alternative approaches are based on splines, e.g., Mendel-
sohn and Ricel (1982)) and |Carroll, Maca and Ruppert| (1999)), and on SIMEX
methods, e.g., [Carroll, Maca and Ruppert| (1999), but here we choose to work
with an inverse-Fourier-type estimator.

In [Johnstone et al.l (2004) and [Kerkyacharian, Picard and Raimondo| (2007,
boxcar deconvolution problems, i.e. uniform deconvolution in a periodic setting,
are considered in a white noise model. The authors derive nearly optimal rates
under certain conditions on the ratio of the scaling parameter of the error density
and the length of true signal support. Note that the periodic framework in these
papers is significantly different from the usual deconvolution setting in density
estimation. In the usual density estimation based on additively corrupted data,
it has been shown by [Devroye| (1989) that consistent estimation of fx is possible
if the set N. = {¢t > 0 : ) = 0} has Lebesgue measure zero. Under the
even weaker condition that no open, non-void interval is included in N,, [Meister
(2005)) establishes consistency with respect to a specific topology on the densities.
However, if N, contains some open, non-empty intervals, as in example (d), then
fx is not identifiable (see [Devroye (1989)), from which it follows that there is
no consistent estimator of fx in example (d). [Hall and Meister! (2007)) consider
error densities when féf * has some isolated and periodic zeros (example (a) and
(b)). They show that the optimal convergence rates as derived in [Fan| (1991,
1993) for standard error densities remain valid for supersmooth f.; however, for
ordinary smooth f., these rates can be ensured only in rare cases.

The situation changes dramatically if repeated measurements, as in analysis
of variance models, are available. In the current paper, we consider the replicated
measurement model, where each X; is observed at least twice with different
errors. Therefore, the data Yjy, j € {1,...,n}, k € {1,2}, with

Yik =X +¢jk, (1.1)

are available, where the ¢ have the density f; and all X, ¢ are independent.
The replicated measurement model has been studied by [Horowitz and Markatou
(1996)), Li and Vuong (1998), Hall and Yad (2003), [Schennach! (2004albl), Neu-
manm (2007), Delaigle, Hall and Meister| (2008), where it has been shown that
fx can be consistently estimated in some cases even if f. is not known in ad-
vance. A similar problem is studied in [Neumann| (1997)) and [Efromovich! (1997,
where the error density is estimable from additional direct observations; this is
a major advantage in comparison to the basic deconvolution model where prior
knowledge of the error distribution is essential.

We show here that optimal rates of convergence are unaffected by oscilla-
tions of féf ! under model (LI). For all f. that satisfy (L2)), we obtain the same
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convergence rates as under ordinary smooth error densities whose Fourier trans-
forms have the corresponding tails, but no zeros. This phenomenon does not
occur in the case without any replications, rather the convergence rates usually
show deterioration under error densities with isolated zeros in the Fourier domain
(example (a)); see Hall and Meister| (2007). However, our estimator even attains
these rates for error densities such as example (d); inconsistency occurs here in
the basic deconvolution model without any replications. We further extend this
theory to the problem of estimating the probability of an interval and the support
of fx in model ([L.TJ).

To provide some intuition about the empirical information contained in the

data, we consider (Yj1,Yj2) and its characteristic function f(ij,th,g)(tl’t?) =

?(tl + t9) gft(tl) T'(t); the information about f)f(t(t) can be obtained from
f(J;%,l,Yj,z)(T’t — ) if fgft(T) and fgft(t — 1) are both nonzero. There is an im-
portant difference between the replicated measurement setting and the standard
deconvolution model as the parameter 7 can be selected for any ¢. In the Fourier
domain, deconvolving the density is carried out by dividing the empirically ac-
cessible function f{%,lv}/j,2)(7’ t—7) by fgft(T) gft(t — 7). Intuitively, the accuracy

of the estimator increases when | 1 “(r) 1 (t — 7)| becomes larger. Therefore, it

seems advantageous to select 7 so that the latter term is maximized. Division by
zero can also be avoided by an appropriate choice of 7.

To derive a general framework for studying unconventional error distribu-
tions we assume that

p(t) > C(1+[t])~¢, for some C' >0, a >0, (1.2)

where p(t) := sup, Eft(T) Eft(t —7')‘. In examples (a)—(d), (2) is satisfied;
more precisely, in example (a), we have a = 1; in example (b), we have a = 0; in
example (c), a is equal to the smoothness degree of the ordinary smooth density
plus 1 or 0 for continuous and discrete uniform distributions, respectively; in
example (d), « appears in the definition of the error density. Note that (L2 is
implied by the existence of an increasing sequence (Tj); T oo with Tp = 0 and
Thi1—T), < 85, for all k with a fixed § € (0,1) and S. = min{t >0 : f{*(¢) = 0},
so that

T > Co(1+ )~ (1.3)

holds for all integers k& > 0. When fsf ! has no zeros we set S = oco. It can
be shown that f. as in (d) satisfies (L3]) with S; = 1/2 and T}, = 5k/2; thus,
it satisfies condition ([2]). These conditions are significantly weaker than the
usual version of ordinary smooth densities in [Fanl (1991)), where the inequality
in (3] is assumed to be valid on the whole real line instead on the discrete set
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{T%}. Ordinary smooth error densities with parameter « are thus included in
our framework.

2. Density Estimation

On the basis of the observations (Y7 1,Y12), ..., (Y1, Yn2) obeying model
(L)), we take the estimator of the ith derivative of fx (I € NU{0}) to be

O (2) = Re | - / exp(—ita) (—it) Kt (thy)—2re AT L= 7(OF )
| 2 J o HHrop e -0}

(2.1)
where @y (s, t) = n~1 > j=1exp(isYj1+itYjo), K is a kernel function, h = hy, >
0 is a bandwidth parameter, and 7 is a function which satisfies | 1 Hr)} 1 -
7(t)}| > p(t)/2, and p as defined at (L2)). We recall that K/t denotes the Fourier

transform of K and, to simplify notation, we write fx,n (z) := A)(?)n(:n)

If one is sure that this supremum is also a maximum, e.g., if | f*(£)] — 0 as
|t| — oo, then one can select 7 such that

@Y - (1)} = sup () F1HE = )| = p(). (2.2)

In examples (a) to (d), 7(¢) in (2:2) has to be determined numerically, as no
explicit formula is available. However, an appropriate grid search can often be
restricted to certain compact intervals. In example (a), define g;(s) = | sin{(b —
a)s/2}sin{(b — a)(t — s)/2}| and hi(s) = |s(t — s)|. By definition, 7(¢) is the
maximizer of g;(s)/hi(s). The target function g;/h; is symmetric about ¢/2, the
function g; is 27 /(b — a)-periodic and, for ¢t > 0, h; is monotonously decreasing
on [t/2,t] and increasing on [t,00). For ¢ > 0, it suffices to search for 7(t) on the
interval [max{t/2,t — 2w /(b —a)},t + 27 /(b — a)].

In order to establish rates of convergence for the pointwise risk (MSE) at a
specific point zg € R, local smoothness assumptions in xg are required; they are
given by

fx € H(zo, 3, L) :={f: [ is a density with | 3] derivatives and
£ (o) — f1D ()| < Liag —y/~19), for all y € R},
where | 3] is the largest integer strictly less than 8. Of course, we have to assume

that [ in (21 does not exceed |3]. Then, we have a result about upper bounds
on the MSE.

Theorem 2.1. Let K be a kernel of order > |3] —1,1€{0,...,|B]} with

oo
[ KPRt < .

— 00
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Under (L2) with hy, = n~ Y2040 e have

2
Sup Epx J?)(?n(xo) - f;(? (l’o)’ =0 {n*2(ﬁ*l)/(2ﬁ+2a+1)} '
erH(m()»ﬂ:L)

These rates coincide with those derived for ordinary smooth error densi-
ties with the Fourier-tail behaviour described in [Fan! (1991). Therefore, the re-
peated measurement model (L)) allows one to relax the assumption of ordinary
smooth f. to (L2), while keeping the convergence rates.

This result can be extended to La(R)-risk (also known as MISE) when local
smoothness class H(xg, 5, L) is changed to the Sobolev class S(3, L), where

[e o]

fx € S(B,L) := {f: fis a density and / (14 [t)2°] 74 t)2dt < L},

—00

B> 0. (In the case of integer 3 this is a usual Sobolev class; otherwise we call it
generalized Sobolev class.)
As an analogue to Theorem 2.1, we have the following result.

Theorem 2.2. Suppose sup#O{\Kft(t) — 1t P} < 00, 1 €{0,..., 8]}, and

o0
/ |KTH @) 222 dt < oo

—00

Under (L2) with hy, =< n~1/28+2041) e haye

I I o X
Sup Efx||A;((?n - f)(()\|%2(R) -0 {n 2(8-1)/(28+2 +1)}.
fx€S(B,L)

This theorem yields coincidence of the rates when considering the MISE as
well, see e.g., [Fanl (1993) for a similar integrated risk under ordinary smooth f;.

As a fully data-driven choice of the bandwidth A, cross-validation methods
may be considered, involving minimization of the empirically accessible

V() = [ |Fenwit)| do= e [ KI@)Ip01 2 Dya{r (o) t=r (0}t (23

where 1//;)/7,7,(8, t) :={n(n — 1)}*1276%: exp {zs(Y]l — Y1) +it(Yj2 — Yk’Q)}.
J

Cross-validation has been proposed in density deconvolution without replications

by [Stefanski and Carroll (1990); a rigorous study is provided in [Hessel (1999).
Finally, we mention that our method is also applicable to the supersmooth

case of densities with exponential Fourier tails. Our method also attains the
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optimal logarithmic convergence rates; and it addresses those f., that are con-
volutions of supersmooth densities and uniform densities or, to be more general,
densities with exponential Fourier tails and zeros in the Fourier domain. The
ridge-parameter estimator of [Hall and Meister| (2007) also attains these logarith-
mic rates, and without replicates.

If a different number of measurements is given for each observation, say
k; measurements for the jth observation, we may generalize the definition of
estimator (ZI)). First, given the data Y., j=1,...,n, k=1,...,k;, we set

)= sw ]|
’ Tit TR =t H

Analogously, we choose a function 7;(t) = (%jyl(t), ... Tjk, (t)) such that
Sily Fik(t) =t and

T 7 0]= 242

Then, instead of estimator (|2:|:|) we suggest

;(p(x)—Re<2lﬂ/ exp(—itz) (—it) K (thy,) [Z‘Hfft{w w7

- 7j=1 k=1
n kj ks
> exp {Z > %j,k(t)yj,k} 1T fft{—%j,k(t)}dﬂ
=1 k=1 k=1

as the estimator of f)(p (z). This estimator is inspired by the heteroscedastic
estimator introduced in Delaigle and Meister| (2008)). It is still well-defined if we
have just one measurement (k; = 1) for some of the data. The investigation of
the asymptotic properties of this procedure is left open for future research.

3. Distribution Estimation

In this section, we study the asymptotic risk for estimating

b
Pa7b:/ fx(x)dx

for some arbitrary but fixed a < b. The related problem of estimating the
cumulative distribution function was studied in [Zhang| (1990), Fanl (1991]), and
Hall and Lahiril (2008) for ordinary smooth f.. Considering P, as the La(R)-
inner product of fx and the indicator functionT, ; we obtain by the Plancherel

isometry that .
[ r@ig@is = o [ g
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for all f,g € La(R) (see e.g., Yosidal (1968))), and that

1

Pav = [Ban@ix@)ds = o [ w00

where W, p(t) :]If;t’b] = { exp(ibt) — exp(iat) } /(it). This motivates an estimator
for P, as

ﬁmng/hwemwwwgﬁﬁg%;jﬁ%ﬁ- )

Its asymptotic performance is studied in the next theorem. Here we need global
Holder smoothness, setting

H(B,L) = () H(x, 3, L).

z€R

Theorem 3.1. Suppose K is a kernel of order |[3]+1, 8> 0 and [*_|K'!(t)?
(1+ [t])?*72dt < oo. Under ([L2) with

O{n~1/(26+2)} ifa< %7
h,, = {%}1/(2ﬁ+2)7 Zfa:%7
n~1/(26+2a+1) ifo> %7
one has
o), fo<t
iy x Fatn = Paal? = § Of =52, if a =3,
O{n~2(A+1)/(26+20+1)1 ifa> L.

Note that no smoothness assumptions on fx (i.e., 3 = 0) is needed to obtain
the rate n~! or =%/t in cases a < 1/2 or a > 1/2, respectively. However,
smoothness restrictions on fx accelerate the rate of convergence in the latter case.
Therefore, as in the case where X1,..., X, are directly observed, the problem of
distribution estimation is different from density estimation, as considered in the
previous section, and the rates can be arbitrarily slow in absence of smoothness.

For a > 1/2, the bandwidth selection in Theorem 3.1 that leads to optimal
rates converges to zero at the same rate as the rate-optimal bandwidth in density
estimation with respect to the MISE; see Theorem 2.2. The cross-validation
bandwidth minimizes the MISE asymptotically in standard density deconvolution
(see [Hessel (1999)). Therefore, in practical applications it seems appropriate to
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use cross-validation in order to select the bandwidth in distribution estimation
as well.

4. Support Estimation

We consider the problem of estimating the support of fx. We restrict our
consideration to that part of the support that is included in [0, 1], denoted by Sx.
If fx vanishes outside [0, 1] then Sx becomes the support of fx. However, non-
compactly supported fx are also included in our framework. If a different interval
is of interest, the data can be transformed to [0, 1] with no loss.

Our assumptions are the following.

(S1) Sx =[a,b] C [0,1], where a < b.

(S2) fx(xz) =0 for all x € [0,1]\Sx and fx(x) > ¢y > 0 for all x € Sx, where
cy is a known constant.

(S3) fx(z) < cmax < oo for all z € [0,1].

Note that fx is bounded away from zero on Sx and may have jump disconti-
nuities at its endpoints. No smoothness conditions on fx are imposed. Condition
(S1) restricts the complexity of the support inside [0, 1] but no other assumptions
on the support are required. For deconvolution support estimation for standard
error densities, see e.g.,|Goldenshluger and Tsybakov| (2004)), Delaigle and Gijbels
(2006)), and [Meister| (2006]).

To construct an estimator of Sx, we consider the function T'(A4) := [, fx (x)dx
—cfA(A)/2, where X denotes Lebesgue-Borel measure and A C [0, 1]. We notice
that T takes its maximum at A = Sx. Functions such as T are referred to as
excess mass functions in the literature, see e.g., Hartigan| (I987), [Miiller and Saw-
itzkil (1991)), Nolan! (1991)), [Polonikl (1995) and [Cuevas, Manteiga and Rodriguez
Casall (2006]). Excess mass has been used to estimate level sets of a density, i.e.,
those regions where the density has some given lower bound, but are also ap-
plicable to support estimation for multivariate data. So far most considerations
have been restricted to cases where the data are measured without any error.

We introduce equidistant grid points a; = jh,, and the set of intervals
Gn = {(aj,ar) : j,k = 0,...,[1/hy]}. As an estimator of [, fx(x)dx for
A € G, we employ ﬁA,n = ﬁawak,n, where A = (a;,a;) and ﬁa,b,n is defined as
in the previous section. As an empirically accessible version of T', we take

-~ C
To(A) := Py, — Ef)\(A).

Then, our estimator S x,n of Sx is taken to be that element of G, that
maximizes T;, within the collection G,,. In the case of several maximizing sets,
we choose just one of them as Sx .
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The densities satisfying (S1)—(S3) are collected in the class S, The

convergence rates are given as follows.

Theorem 4.1. Under (L2), if

max,Cf *

JERT@PA+[E)?02dt < 0o and [T |KTHE)|(1 + [¢])>dt,

n~t, if a < %,
o< (b ey
n~1/(2et1) if o> 3,
then
O{n*1/2}, if a < %,

O{nfl/(2a+1)}, ifOé > L,

where AAB = (A\ B)U (B \ A) denotes the symmetric difference of the sets A
and B.

The selection of the bandwidth according to Theorem 4.1 does not require
knowledge of the smoothness degree 3. However, the constant ¢y must be known
in order to construct the estimator S X,n; it is sufficient to know just a lower bound
on the restriction of fx to its support, not necessarily the infimum. Choosing ¢
based on the data and constructing an adaptive estimator is a difficult problem.
In the error-free setting, [Cuevas and Fraimanl (1997)) study support estimation
based on the empirical level sets of a kernel density estimator; therein, the con-
stant cy is treated as a smoothing parameter.

In the current problem, it is also possible to derive a reasonable data-driven
selector as

¢ =sup{ce0,1] : Qulc) < Qu(0) + pn},
where

~ 1 ~ ~
QH(C):/O maX{|fX,n(x)|’C}|fX,n(x)|dx7

and the density estimator fxm is defined at (21]). Its bandwidth can be chosen
according to the cross-validation method introduced in (2.3]). We may select the
sequence (pp)n < (logn)~! arbitrarily. This empirical selector of ¢; is motivated
by the fact that Q(c), the term we obtain by replacing ]?X’n by the true density
fx, is a constant function on [0, ¢ f|, where ¢ ¢ is equal to the largest constant
cy that satisfies (S2) and, for ¢ > ¢ ¢, the function Q(c) is increasing. We can
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prove that P(Ef € [co,f — d,co,f + 5]) converges to one for any 6 > 0 if fx has
a bounded, continuous and integrable derivative except at the boundaries a and
b. We propose to set ¢ equal to the empirically accessible quantity ¢y in the
construction of S X,n-

5. Lower Asymptotic Risk Bounds

We establish lower asymptotic risk bounds in order to show that our estima-
tors attain the optimal convergence rates with respect to an arbitrary estimator
based on the given data structure. To derive these bounds, we specify appro-
priate finite-dimensional subclasses of the considered nonparametric distribution
classes; these subclasses are comprehensive enough to capture the difficulty of
the nonparametric estimation problem. In particular, the lower asymptotic risk
bounds derived for these subclasses coincide with the upper bounds established
for our estimators.

In the two cases of pointwise density estimation and probability estimation
it suffices to consider one-dimensional subexperiments. To generate potential
densities for the X;’s, we start with a density of the so-called Pearson type VII,

I'(r) c

7o) = G i T T ) (5.1)
where 1/2 < r < 1. Two competing densities are now obtained as
x
Fxo(@) = folw) +0cOH(5), (5.2)

where 6 € {0,1}, 6, < n~ /(2842041 and the function H satisfies
(A1) (i) HD(0)#0,forl=0,...,|8], and [°  H(z)dz =0,
(ii) H € H(B, L),
(ili) /% H(z)dz = 0,
(iv) H'(t) =0, if [t] & [1,2],
(v) supy [(H/D(t)] <00 (j=0,1,2),
(vi) H(z) = O(
It follows from the arguments in [Fan! (1991) that a function H with these prop-
erties exists and that fx, fx1 € H(B, L) if the constant ¢ in (5.1]) and (5.2)) is
sufficiently small.

For the error distribution we assume a bounded density f. and a character-
istic function satisfying

(A2) (1) [I(f: (M)A (t — 7)[Pdr = pUr32)(t) = O {(+ Jt))72},
J1,J2 = 0,1,

=}

2|77,
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(ii) fo(z) > C/(1+2%)", wherer’ =2—r.
Remark 1. Condition (A2)(i) differs from (), it follows from (fI")@(¢) <

C(1+t))~«, for all t € R,j € {0, 1}, for some C > 0. Such a condition is in Fan
(19911, 1993). In general (A2) is needed to bound the Hellinger distance by the

Ls(R)-distance of the densities so that Parseval’s identity may be applied.

Lemma 5.1. Suppose that (A1) and (A2) hold. If go(y,z) = [ fxe(z)f-(y —

2) fo(z—x)dz, 6 = 0,1, then He?(go, g1) = O(n™"), where He (f,9)={(1/2) [ (VT
—\/§)2}1/2 denotes Hellinger distance.

On the basis of this lemma, we can now derive a lower asymptotic risk bound.

Theorem 5.1. Suppose that (Al) and (A2) hold. Then

2
(i) inf max Eg‘ — (0)‘ > O~ 2B8-0/(28+2a+1)
7O oe{on)
f By By Pups) > L7 0 if a <3
i — >
(ll) Plnb 6‘161}%)%} 9( a,b,n a,bﬁ) - Cn—Q(ﬁ+1)/(2,8+2a+1)’ Z'foz N %

In the case of density estimation in Lo, different subclasses of target densities
must be used in order to establish optimal lower bounds. We consider densities

of the form
M,

fxo(x) = folx) + Y 0;e00 H(+ (5. =9 (5.3)
J=1

where @ = (01,...,0h,)" € {0,1}Mn, 5, < n~=1/(2B+22+1) and M,, = [1/5,]. The
function H is assumed to satisfy
(A1) (i) 0< [|HYP(z)dz < o0, for 1 =0,...,|A],

(ii) H € S(8,L),

(iii) [ H(x)dz = 0,

(iv) HI'(t) =0, if 1] £ [1,2],

(v) sup, |[(H/)W ()] <00 (j=0,1,2),

(vi) H(z) = O(||~>").

It follows again from the arguments in [Fan| (I991)) that such a function H

exists and that fx g € S(3,L) for all @ € {0,1}* if the constant ¢ in (53] is
sufficiently small.

Lemma 5.2. Suppose that (A1’) and (A2) hold. If ge(y,z) = [ fx.e(x)
z)f-(z — x)dx, @ € {0,1}Mn | then

2 -1
max He {99...9/ ,9(0 1=0;,0; 41,00 }:On :
0{0,1}Mn 1<;< M, (01505001, )2 901,005 -1,1-0;,0541,...,001,, ) ( )
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This lemma leads to a lower asymptotic bound for the MISE.
Theorem 5.2. Suppose that (A1’) and (A2) hold. Then

2
nf E H“(l) _ H S Op—208-0/(26+2a+1)
}ﬁgn peloa)rn |7 X Ixe L@ =

With respect to the convergence rates in support estimation (Section ), let

1 1

)]I[En/S,l] (7) + %1 1 22)

fu(z) = 21 —2,/8)

T 0,17 ()
with ¢ := fR\[O 1](1 +22)~tdz, for some sequence (g,,),, | 0 still to be determined.

Let Q(x) = {1 —cos(z)}?/(nz?)?, with Fourier transform Q/* twice continuously
differentiable and supported on [—2, 2], and consider the densities

Fal@) = fu(@) + cos(CZHQ(L)

€n En

with Fourier transforms
~ € 2 € 2
) = 1) + 2 QM ent — )+ 2 QM ent + ).
2 En 2 €n

We easily verify that all f,, f, are contained in S, for some appropriate

max,Cf

parameters cf, Cmax. We use (fr)n and ( fn)n as the competing sequences for fx.
We show the lower bound matching Theorem 4.1 for o > 1/2.

Theorem 5.3. Suppose that (A2) holds with r = 1. Then, for any estimator
Sxn of Sx, we have

max_ E{A(SxnASx) } = Cn /o),
er{fnafn}

6. Simulations

To illustrate the potential of our density estimator, we present the results
of a small simulation study. The implementation was done on the basis of the
statistical software package R; see R Development Core Team| (2007]).

We considered the estimator fX,n = j/’}o,)n defined by (21 with the sinc
kernel Kft(t) = I_; ;)(t). The bandwidth was chosen by the cross validation
criterion (2.3). We were particularly interested in cases where traditional kernel
deconvolution estimators fail. Accordingly, we chose a uniform distribution on
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[—1,1] for the errors, one that has a characteristic function ) = sin(t)/t,
with isolated zeros at ¢t = kw, k = £1,42,....

Suppose we have data Yj, = X; 4 €, with two replications, k € {1,2}.
As an alternative to our estimator, one could perhaps average these data first,
Y; = (Y;1 + Yj2)/2, and apply some deconvolution technique afterward. Since
the characteristic function of the errors of the averaged data has again isolated
zeros, we take as an alternative estimator the one proposed by [Hall and Meister

(2007):

ol
an exp(—itx)dt,
2”/ [maxc{ 7't >\,h<t>}]3

where ]?ét(t) =n-! > exp(itY;) and h(t) = kt?. The isolated zeros of fgft are
taken into account by the ridge function h, where the parameter x is chosen as
a minimizer of the cross validation function

V() = [ \Fxale) s

% ft )2
1 / [fz ()] 3 exp{—i(Y; — Yi)}dt.
j#k

mn(n = 1) J oo (max{|fZ*(t)], t2})3

Note that ff ! has isolated zeros at ¢ = 2k, for k = £1,+2, ... . To demonstrate
possible problems with these zeros we chose a target densfcy fX as

{1 — cos(u) {1 + cos(27ru)}'

mTu?

fx(u) =

The characteristic function
¢ {@—Jt+2m))4 + (1 — |t —27))4+}
L) =0 — 1t + 5 ,

has considerable mass around the points +2m; see Figure 1.

In view of the difficulty of the estimation problem, we expect that relatively
large sample sizes are required to obtain good results. Therefore, we tried a
sample size of n = 1,000. Table 1 shows estimates of the mean squared error of
both estimators based on N = 1,000 Monte Carlo replications.

Figure 2 shows the target density (thick solid line), and shows estimates
corresponding to a moderately favorable sample (with the 250th smallest sum
of ISEs, dashed line), an average sample (with the 500th smallest sum of ISEs,
dotted line), and a moderately unfavorable sample (with the 750th smallest sum
of ISEs, dot-dashed line).

These plots indicate that fX,n estimates the target quantity reasonably

well in many instances, while J?X,n tends to approximate a different density,
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Figure 2. Left: target density fx (solid) and three of our estimates, right:
target density fx (solid) and three estimates from [Hall and Meister| (2007).

Table 1. MSE, n = 1, 000.
y MSE, n = 1,000 |

our estimator fxm 0.0506

estimator fx.,, in [Hall and Meister (2007) 0.1067

Ixwrong(u) = (1 — cos(u))/(mu?). Figure 3, which contains corresponding es-
timates of the characteristic function, f)f(tn and ff(tn, reveals what happens in
both cases. Here we indicate the real parts of the estimates by dashed lines
and the imaginary parts by dotted lines. While f)f(tn tends to estimate ff i N)f(tn
merely approximates (1—|¢|)4, the characteristic function of the density f waron;.
This is of course the expected effect of the ridging that was introduced by [Hall

(2007) in order to deal with zeros of the characteristic function of
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Figure 3. Left: char. function f )f(t (solid) and three of our estimates, right:

char. function f )f(t (solid) and three estimates from [Hall and Meister! (2007)).
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Figure 4. Left: target density fx (solid) and three of our estimates, right:
target density fx (solid) and three estimates from [Hall and Meister| (2007).

Table 2. MSE, n = 3, 000.
y MSE, n=3,000 |

our estimator fxyn 0.0189

estimator fx ., in [Hall and Meister] (2007) 0.0697

the error density.
These effects become even more pronounced for large sample sizes; see Ta-
ble 2 and Figures 4 and 5 for analogous results with n = 3, 000.
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Figure 5. Left: char. function f)f(t (solid) and three of our estimates, right:
char. function f)f(t (solid) and three estimates from [Hall and Meister| (2007)).

7. Proofs
Proof of Theorem 2.1. We have that

’Tl) . _ 1 OOeX Citee)(—it LT PyniT(t),t —7(t)}
By F (o) = o [ expliteo) (! whayy e S T

1 [o.¢]
:2/ exp(—itao) (—it) K (thy) fL (t)dt
™ —00

I A e AW
‘/oohnK< ™ )fX(y)dy‘

This implies that

B o) — 1) = [ ok (%) {100 - 100 by

Furthermore, we find

Var {79, (@0) } < n(zlw)zxafx / exp(—itao) (—it) K/ (thy)

><exp(itXl exp{iT( )e11 }expli{t — 7(t) }e12] &t 2
I - T(0)
n(;ﬂ)zEfX /_ | /_ exp(ity) exp(—itzo) (—it) K (thy,)
exp{i7(t)e11} expli{t — 7(t )}512] it J
Oy
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< LL](C;H;;EJ‘X /_OO }/_oo exp(ity) exp(—itzo)(—it) K/ (thy)

><exp{in(tt)an}exp['{t —7(t) }e12] dt!zdy.
It — (1)}

Applying Plancherel’s identity, and taking into account that sup ey g,y | flloo <

oo (see, for example, Lemma 1 in Bickel and Ritovl (I988)), we obtain that

Var {f)(?n (xo0) }

C oo
< 7Efx /
n —o

c [ _
<O [ PR ) ot

-0 (n—lh;Qa—Ql—1> ’

exp{iT(t)e11} exp[i{t — T(t)}slg}

L3 e - 70}

exp(—itxzo)(—it) KTt (th,,) dt

which completes the proof.

Proof of Theorem 2.2. As in (1)), we have that

B fle) - 100 = [ b (S {10 - 10w an

o P

which implies by Parseval’s identity that

2
B 70, — 19
H PIXon TIX Ly T 2n

<c / KTt (thy) — 1[2[¢20-9) 4128| £ (1) Pt
—00

/ ‘{Kft thy) — 1}(—it)" ft()‘ dt

=0 [sup{|Kft(thn) - 1y2|t|2<l—ﬁ>}]
t
—o{mrhy.
Furthermore, we have, again by Parseval’s identity, that
> I > ! I

1
27T

<¢ / i (Kft(thm(—z't)l/p(t)fdt

_E \Kft (tha) (=it {xn(®) - £} at
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</ Kt (th)|2(1+ )20 2

_ <71h 2020~ 1)

Proof of Theorem 3.1. We have that

~ 1
EfXPa,bn = 5= / v, b(_t)Kft(thn)f)f(t(t)dt

/hl ( >fx(90— y)dydz
%
R
hn,

Therefore,

Efxﬁa,b,n - Pa,b = /

(s
_ / han <;jn) {Fx(a—y)— Fx(a)}dy
-0 (hﬁ-l-l) . (7.2)

The variance of Py, can be estimated as

Var (Pabn)

dt

1
< -E
—an

:11@/
HfXHoo /‘\I/ Kft th)/plt )‘2 ”
~0 HfXHOO/‘Kft tha)(1+ |t))*~ 1) dt)

if a < 5,
O{n‘1 log (- )} if =

(n=thl= 20‘ it a >

U, () K (th, ) SREX) DT ()en ) expli{t — 7(t)}e1o]
/ o Ty — (1)}

2
exp(i _ ft exp{iT(t)e11} expli{t—7(t)}e12]
/ P Laa (=Rt Tyt — (1)) dt‘ Felo)dy

(7.3)

w\»—l M\'—‘
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Proof of Theorem 4.1. Let a = a%(fx),0° = (fx) € {a; : i =0,...,[1/hn]}
be such that A(SxAl[a®,b°]) is minimal. It is clear that

sup  A(SxA[a®, b)) < hy.

erSCmaxﬂf

It follows from the definition of the set S, that estimates hold uniformly
in fX S SC

max,c- Dirst, there exists some constant C; < oo such that, for all
0<3j <k <[1/hal,

cp(BY — a?) crlag — aj)
{Pa07b0 _ f2} — {Pa]-,ak _ ffﬂ
c ‘
> Ef)\ ([ao,bo]A[aj,ak]) — Cihy =:d(j, k).

Note that ﬁa,b,n — Eﬁayb can be written as 2?21 Zy,j, wWith

% / U p(—t) KT (thy) (eXp[Z;t@}g;};;t{{tt__i(z)}}n 2l _ ;f(t(t)) dt .

Znj =

SN

Then
esssup |Zy ;| = O {n_l / |KTE(thy)| (1 + |t|)°‘_1dt}
=0 {n_lh;"‘} ,

which implies, in conjunction with (3]), that

O(n~*h,**) if a < 3,
EZj; <BZZ jesssup|Z, 2 = Ofn~tlog(L)hil}  ifa =14,
O(n~*hy*?) ita> 1.

Therefore, again in conjunction with (Z.3]),

~ ~ 4 n 4
E (Pa,b,n - E-Pa,b,n) = E( Z Zn,j)
j=1

n 2
=3{Var (Y 2.,)} +n{EZL, - 322}
j=1

O(n=2 4+ n=3h; %) if o < §
= O[n"*{log(n)}? + n=3log(n)h;!] if 0 = 3
O(n=2h2-4> 4 n=3p2) if o> 1
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O(n=2) if o<
= ¢ O[n~?{log(n)}?] if o = 3§

O(n=2p2~4a) if > 3
= O(hy,)

~

4
This implies, in conjunction with (Z.2)), that E, <Pa7b7n — Pa,b) = O(h?) holds
uniformly in a,b. Therefore, for all j,k with (c;/2)A([a®, b Ala;, ax]) > Cihn,

~ Cf(bo—ao) ﬁ _ Cf(ak —aj)}
aj,ag,n

Pfx (‘/S\X,n = [aj’akD < Pfx {Pao,bo,n - B

IN

2

~ d(g, k
< Py {Pa07b0 — Ppopon > (‘72’ )}
d(j, k)

+Pfx {Pflj,llk - ﬁajﬂk,n > 9 }
ha

< .
=CaG. R

This, however, implies
Eyy (SxndSx) < hu + By (Sxnla,0)
<P+ > Al[ag, ar] Ala®,0°)) Py (Sxn = [aj. ax])
o),

uniformly in fx € S,

max,Cf *

Proof of Lemma 5.1. Recall that, for (Y;1,Y2) = (X; +¢j1,X; +¢j2),
a0:2) = [ fole)fuly = )1z — )i

91(y, 2) = go(y, 2) + cdf / H(%)fa(y —7)fe(2 — x)da.

‘We can show that

C
14+y2)(1+22)

90(y,2) > ( (7.4)

Actually, assume without loss of generality that |y| > |z|. Then

C, C C

w22 | T g e e
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C C p
/{1—|- )2} (14+22)" {1+ (z —y +x)?}" x

S {1 T
C
e (R R Sl Ry sy

Therefore,

0o 00 _ 2
2He*(g1, o) S/ / 919.2) 90,2 )
—o00 J—o0 gU(y7Z)

<o [ [ e R)lame) - m ) dyds
< C/ / 91y, 2) — go(y, 2)|* dy d=
o OO?OOOO 2 2
+C/ / y-91(y, 2) — go(y, 2)|" dy dz
+C/ / 2191y, 2) — goly, 2)|* dy d=

+C/ / 222 \g1(y, 2) — goly, 2)|* dy dz
=C{L+- -+1}.

Since g1(y, 2)—go(y, z) = co5 [ H(z/6y,) f-(y—x) f-(2—x)dx has Fourier trans-
form cda{H(-/6 >}ft<t1+tz> H1(00) £ (12) = e HIH{ (1 + 1) 1 (1) £ (12),
by Parseval’s identity,

2
n= a0 [ [l + w4 )| anan
2
s | ’Hft(tdn) A 24— )|
—eg [ [Tt
" {t:1<|t|<2}

=0 2+ / / h fit det
{t:1<lt<2} oo

-0 (535”““) 0. (7.5)

2
drdt

On

(M=)

Similarly, since y{g1(y, z) —go(y, z) } has Fourier transform céﬁ“(l/i)(@/@tl)



DENSITY DECONVOLUTION 1631

HI(t1 + t2)6,} 11 (1) 11 (¢2), again by Parseval’s identity,

2
dtydts

n=cgr [ '8Hft{<t1 + t2>§:}f!t<t1> I (t2)
1

=520 [ [ fa. (0 + 5. £ 001 12

FHI (0 ) LY (0) £ 02)|

00 2
= 2625%ﬂ+3 /{t' 1<Jt<2} / '(Hft)/(t) aft(T) Eft((si B T) drdt
sz = 2
t
t o5 /{ v / 'Hft(t)( 1Y (0 I )| drat

f!%r)fg‘t((; 1)

e8] 2
=02 §28+3 / / drdt
{t: 1<[t|<2} J =00

00 2
t
+0 {525“ [ ey dfdt}
{t:1<]t|<2} J —o0 n
-0 (5721,3-1-2014-3 + 572L,3+2a+1) -0 (n—l) . (76)

Analogously,
Iy=0(n""). (7.7)

Finally, since yz{¢1(y,2) — go(y,z)} has Fourier transform et =2

(82/0t10t) HIH{(t1+12)0, } £ (t1) £ (t2), we obtain in complete analogy to (Z.0)

that
[e'e) 2
I =04 62045 / / drdt
{t:1<|t[<2} J—o0
') 2
vodas | / ‘(Jt)’(ﬂ L[ drar
{t:1<]¢|<2} /=00 577,

28+1 * 1ty (7 ft/i_TQT
+0{6n [ |0ty G0 dt}
=0 (n), (7.8)

S (5 =)

which completes this proof.

Proof of Theorem 5.1. Let g(gn)(y) = [Ij=1 90(y;), & = 0,1, be the two
possible densities of (Y11,Y12...,Y,1,Ys2), where y = (y1,...,yn) . It follows
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from Lemma 5.1 and standard arguments that

[ min{ag” (), 01" (w)hy = €. (7.9)

for some C' > 0. Therefore, for any estimator A(n) ,.(0) of f)(é?g(O),

70 0y _ O o]
. By [ 712,0) = £105(0)
1 n
=5 {\&,L(o;w—f%?o(mﬁ
R2n

+ 70 0:9) = 1)} minfgl” (). o (y) }dy

1 n n
27 ‘fﬁﬁ?o( ) = )é,l(o) / min{g" (y), 9" () }dy.
R2n

Since, by construction, |f)(?0(0) — fg)1(0)| > COn~(B=0/(2B+2e+41) " e obtain as-
sertion (i).
In complete analogy to the above calculations we can show that

~ 21 2 .o (n) (n)
E Pa n - Pa 2 - Pa - Pa 9 d 9
eg}%,}i} 9( b, ,b,@) 4( 5,0 b,1) /R% min{gy " (y),9;  (¥)}dy

which proves (ii).

Proof of Theorem 5.2. Denote by gén)(y) = H;L:l ge(y;), 0 € {0,1}Mr the
possible densities of (Y11,Y12,...,Yn 1, Y5 2)". We obtain from Lemma 5.2 that

: N () (n)
96{071}1\%HSJSMn /RQn mm{g((ﬁww(’Mn)(y)’ 9(917~-~19j—171—9j,9j+1,--~:9Mn)(y)}dy 2 C,

for some C' > 0. Now for any estimator Ag)n of f)(?,

max Eg ‘ ﬁ?n

96{0 1}Mn La(R)
]6n 2
> / ‘ (x)‘ dz
j=17G-1)

My
> E inf
(91, 051,041,001, )€{0,1} Mn—1

L e 70 2
= E
2{/(j—1)6n (01105100 310-001,) |

@
Xn(x)_fx,(01,...,ej,l,o,ejﬂ,...,eMn)(x) dx

)
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e ) 0 2
+ ( (01,+,05-1,1,054+1,.-,.001,, ) X,n(x)_ X,(Gl,...,Bj,l,1,0j+1,...,9Mn)(x) z

§=1)én
> On-2(8-/(28+2a+1),

Proof of Theorem 5.3. We have

max B A(S nAS
Fx€{fn.fn} { (S X)}

> ;A(SnAgn)/---/min{g(yl)mg(yn),§(y1)---§(yn)}dy1---dyn,

where S, and S, denote the intersection of [0 1] with the support of f,, and fn,

respectively, and ¢ yg717yg, = [ fu(@)f-(yj1 — 2) f(yj2 — x)dz, with § obtained
by replacing f,, by fn. Using LeCam’s inequality (see e.g., Devroye| (1987, p.7)),
we obtain that

max _ E{)\(gx,nASX)} > const.)\(SnAgn) > const. &,,. (7.10)
Ix€{fn.fn}

if the Hellinger distance He (g, g) satisfies
He(g,) = O(n"Y). (7.11)

To show (.I1]), we apply (A2), part (ii), to get
w20 [ @) 1 ) e

> const. / fn(x) (1 + Qy% + 2332)—1 (1 ) 2y§)—1dx
{a: |z[<1}

> const. (1 + y%)f1 (1 + y%)fl ,

leading to
He?(g,7)
< / l9) — 3| lo()]dy

{y:9(y)>0}
< const. / ‘g 1+y1 —i—yg +y1y2)dy
Hirtiz §irtiz 2
< const. max / gt (t) — fgft(t) dt
(r.72)€{0.112 Jre2 | 9 Ot oty otl?
<O0(£2) max

" (j1,42)€{0,1}2,j3€{0,1,2}
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. 2 . . 2
L@ euttr b+ 20329 0 (4299 1)
+O(e? max
(jl7j2)€{071}2aj3€{0,1,2}
A m A ) 2
/[R @5 ety + 12 = IO @) (90 22) | at

n

<O0(e?)  max /
(71,92)€40.1} J[—2/e, +2n /e ,2/en+2m Jen]

— O(é_}L-FZoz) ’

162909695 - o) fasa

where we have used Parseval’s identity and (A2), part (i). Therefore, ([C.I1)) is
satisfied under the selection &, = n~1/(2*+1) and we can establish the desired

rate by (.I0).
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