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Abstract: This study considers testing for two-sample mean differences in high-
dimensional temporally dependent data, which we then extend to the one-sample
situation. To eliminate the bias caused by the temporal dependence in the time
series observations, we propose a band-excluded U-statistic (BEU-statistic) to esti-
mate the squared Euclidean distance between the two means that excludes cross-
products of data vectors of temporally close time points. We derive the asymptotic
normality of the BEU-statistic for the high-dimensional setting with “spatial”
(column-wise) and temporal dependence. We also develop an estimator built on
the kernel-smoothed cross-time covariances to estimate the variance of the BEU-
statistic, facilitating a test procedure based on the standardized BEU-statistic.
The proposed test is nonparametric and adaptive to a wide range of dependence
and dimensionality, and has attractive power properties relative to those of a self-
normalized test. A numerical simulation and a real-data analysis on the return and
volatility of S&P 500 stocks before and after the 2008 financial crisis demonstrate
the performance and utility of the proposed test.

Key words and phrases: High dimensionality, long-run variance estimation, Lo-type
test, spatial and temporal dependence, U-statistics.

1. Introduction

High-dimensional data characterized by simultaneous measurements of many
variables are common in social, economic, and environmental studies, especially
in spatial econometrics (Arbia, 2016) and financial econometrics (Fan, Ke and
Wang), [2020)). The data are usually temporally dependent, and there is depen-
dence between the high-dimensional components at each cross-section of time.
Examples include high-frequency financial data on asset returns (Fan, Lv and Qi,
2011; |Liu and Chen, [2020), economic panel data (Stock and Watson) 2002) with
a large number of recorded variables, and large-scale spatio-temporal data from
atmospheric environmental and climate change studies (Xu, Chen and Wu, 2020).
Thus, we require inferences for mean vectors with both high dimensionality and
temporal dependence in order to evaluate the treatment effects in such studies
(Fan, Liao and Yaol 2015).

This study aims to provide an effective testing procedure for detecting
differences in the means of two groups under various treatments, where the
data exhibit temporal dependence and high dimensionality. The conventional
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Hotelling’s test, published when the author became an economic professor at
Columbia University, and designed for independent and identically distributed
(i.i.d.) data with a fixed dimension, cannot be used to evaluate a high-dimensional
treatment effect (Bai and Saranadasa, 1996)). Two-sample mean tests for high-
dimensional data have been proposed, largely for i.i.d. data, including the L,-
type tests of |[Bai and Saranadasa) (1996) based on a bias-corrected Euclidean
statistic, and |Chen and Qin (2010) formulated with U-statistics. These tests
avoid using the sample covariance, owing to its adverse effects in high-dimensional
settings. See also |(Chen et al. (2011), |[Feng et al.| (2015), and Wang, Peng and Li
(2015) for other formulations of Lo-type tests. Another test procedure is the L,
(maximum)-test, which takes the maximum standardized difference between all
dimensions of the two sample means (Chernozhukov, Chetverikov and Kato, 2013;
Cai, Liu and Xia, 2014} (Chang et al.l 2017). A third type is the L, thresholding
test (Zhong, Chen and Xu, [2013; Qiu, Chen and Nettleton) 2018} Chen, Qiu and
Zhang) 2023)), which improves on the higher criticism tests (Donoho and Jinl 2015;
Hall and Jin, 2010). These tests apply a thresholding procedure in the marginal
differences of two-sample means to exclude non-signal-bearing dimensions, and
thus enhance the signal-to-noise ratio for better power under the sparse and faint
signal setting; see also Huang et al.| (2021) for high-dimensional mean tests.
Compared with studies on independent data, few works test for high-
dimensional means in temporally dependent data, which are common in eco-
nomics, mainly because of the difficulties in dealing with the temporal de-
pendence, while accounting for the column-wise dependence between the high-
dimensional components. (Chernozhukov, Chetverikov and Kato| (2019)) extended
the Gaussian approximation results for the maximum statistics to weakly de-
pendent data under the S-mixing conditions. Using this result, they constructed
an L.-test using a kernel-based multiplier bootstrap procedure; see |(Chang et
al. (2018)) and |Qiu and Zhou| (2022) for global and multiple testing procedures
for high-dimensional precision and partial correlation matrices. However, the
maximum test is less advantageous for detecting weak signals. For Lo-type tests,
Ayyala, Park and Roy| (2017)) extended the procedure of Bai and Saranadasa
(1996) to m-dependent Gaussian data, under the moderate dimensionality where
p and n are of the same order. Wang and Shao| (2020) considered one-sample
testing for a high-dimensional mean using a U-statistic formulation under physical
dependence with a geometric decaying rate. Instead of estimating the variance of
the statistic, [Wang and Shao (2020) constructed the test using self-normalization.
In this study, we consider testing for two-sample means in high-dimensional
weakly dependent time series data, without the Gaussian assumption, while
allowing for exponential growth of the dimension. The Lo-type U-statistics
originally proposed by |Chen and Qin! (2010) for independent data are no longer
unbiased for ||u; — pu2||?, the squared Euclidean distance between two population
means p; and po. Thus, for temporally dependent data, we construct a band-



MEAN TESTS FOR HIGH-DIMENSIONAL TIME SERIES 173

excluded U-statistic (BEU-statistic) for the two-sample setting that removes pairs
of temporally close observations. We derive the asymptotic normality of the
proposed test statistic under general weak column-wise dependence and temporal
dependence, where the dimension can be much larger than the sample size. We
also develop a kernel-smoothing method over the cross-time long-run covariances
to estimate the variance of the test statistic, and propose a testing procedure
with data-driven tuning parameter selection for the exclusion and smoothing
bandwidths. We establish the theoretical properties of the proposed test under
the null and alternative hypotheses, showing its proper asymptotic size control
and power for dense and weak signals. The power of the proposed test is analyzed
under both local and fixed alternatives. Then, we extend the test formulation
to the one-sample setting, which is shown to be more powerful than the self-
normalized (SN) test of Wang and Shao| (2020)) in both theoretical results and
numerical simulations. Simulation studies are used to evaluate the performance
and confirm the theoretical properties. Under the capital asset pricing model, we
apply the proposed method to compare the adjusted returns of S&P 500 stocks
by market index, and their specific volatility, before and after the 2008 financial
crisis. Our results indicate that the crisis did not lead to a significant difference
in the adjusted returns, but it did increase the volatility.

The remainder of the paper is organized as follows. Section 2 outlines the
assumptions on the data distribution and the temporal dependence. The U-
statistic formulation is introduced in Section 3, with the theoretical result on its
asymptotic normality. Section 4 constructs the variance estimator of the proposed
statistic and shows its ratio consistency. Section 5 provides the implementation
and data adaptive tuning parameter selection for the proposed test. Section 6
analyzes the power of the proposed test and compares it with that of the SN test.
Sections 7 and 8 report results from simulation studies and a real-data analysis,
respectively, on S&P 500 stock returns. All technical proofs are relegated to the
Supplementary Material.

2. Preliminaries

Suppose we observe p-dimensional stationary time series {X,,};~; from two
populations for ¢ = 1 and 2, where X, ; = (X1, Xi12,...,Xisp)", and ny and
ny are the respective sample sizes. We assume mutual independence between
the two samples, and allow temporal dependence within each sample. Let p; =
(fi1s-- -, pip)" and X; o be the mean and covariance matrix, respectively, of X ;.
Define the cross-covariance matrices X; , = Cov(X; ¢4k, Xit) = (0ikj1js)pxps fOT
k= —(m;—1),...,n; — 1, and ¥,, is the marginal covariance. Let X, ., =

T Bk = (Gicojrja)pxp De the long-run covariance matrix of X, ,, provided

k=—o0

{0i.k.j,j. } are summable over k for all ji, jo.



174 ZHANG, CHEN AND QIU

Our aim is to test

H() D = Mo VS, H1 M # Mo (21)

These are global hypotheses for two-sample means, which are studied extensively
under independent data (Donoho and Jin, 2004; Chen and Qin), 2010; Feng et al.,
2015; [Wang, Peng and Li, 2015). However, except for the work of |Ayyala, Park
and Roy]| (2017) for m-dependent data, the two-sample mean test for temporally
dependent high-dimensional observations has not been studied sufficiently in the
literature.

We make the following assumptions in the analysis.

Assumption 1. (i) ni/(ny + na) — Ko € (0,1) as ny, ny — oco. (i) For a
positive integer ¢ and a constant A > 0, max;<;<o1<j<p B/9(|X; ;]9 < A.

Assumption 2. Each X, is generated from a linear innovation model such that
X =1.Z, +p;, fori=1,2, where'; is a p x r matriz with r > p such that
T =% o, and Z;; = (Zi+1,Zit2y- - Zixr)" is the innovation random vector
with E(Ziﬁt) =0. For each j, {Z;;;}i~, is a second-order stationary time series
with unit long-run variance, and max,<j<, B(Z, ;) < A, for a positive constant
A, and i =1,2. Furthermore, Z;,, ;, and Z;,, ;, are uncorrelated for any t, and
ty if j1 # ja. For any sequences of time points {ti1,... ,t1a, }y- s {tin, -+ tia}
with 22:1 ar < 8 and distinct j1, ..., i,

l l
E{H (Ziytklajk e Zi7tk:ak. 7jk)} = H E(Zi7tk1,jk e Zi;tkaka)' (22)
k=1 k=1

Assumption 1 (i) is a conventional assumption in two-sample problems, and
(ii) is needed for the Davydov’s inequality (Davydov, 1968) to control the tem-
poral correlation between X, and X,,, under mixing conditions. Assumption
2 extends the linear innovation models of Bai and Saranadasal (1996)) and |Cui
et al. (2020) for i.i.d. data to temporally dependent data. Assumption 2 uses a
linear process model for data generation, with {Z; ;},, as the innovation process.
The linear process is widely used in time series analysis (Brockwell and Davis,
1991)). Although a linear generation of multivariate data is considered in Bai and
Saranadasal (1996|) and other works for the independent setting, in contrast to
these works, the innovation process here is temporarily dependent. For each time
t, the innovation vector Z, ; is assumed to be nearly independent to allow wider
forms of innovation distributions. We could just assume Z,; has an independent
column vector. However, the theoretical derivation can be made without the full
independence, and assuming the weaker equation is sufficient. Examples of
for non-independent cases can be found for non-Gaussian distributed data.

Let X7, = Cov(Z;4x,Z:+) be the cross-time covariance for any integer k,
and X7 = >2_ X7, be the long-run covariance of Z;,. Under Assumption
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2, X7, is diagonal, satisfying X7 , = X7, and X7 = I, where I, is the r x r
identity matrix. Moreover, %, = I'¥7, '} and %, . = I3} T'f = II'}, for
i = 1,2. The condition of a unit long-run variance of {Z,, ;} for each j is not
essential, because we can apply rescaling on I'; and X7 | simultaneously to make
it so. Note that the so-called column-wise dependence between the components
of X is mostly induced by the matrices I';, whereas the temporal dependence of
X results from the temporal dependence of the univariate innovations {Z;; ;}
over time for all j = 1,...,r. If the elements of ¥, ., are bounded and the
diagonal values of ¥7, decrease to zero uniformly as the time lag k increases, this
leads to all elements in ¥, ;, decaying to zero uniformly.

In spatial and temporal statistics, separability is a common assumption
on covariances. The covariance structure of X,; implied from Assumption 2
includes the separable covariances as a special case. To see this, let X; =
(X7, X7, .., X7,,)" be the vectorization of the data over all time points.
Correspondingly, let Z; = (Z7,,27,,...,Z;,,)" and G; = diag(l';,...,T;) =
I,, ® T';, where ® denotes the Kronecker product. It can be shown that
Var(X;) = G;Var(Z;)G;. Let X7, = diag{o},,...,07,,.}, with diagonal
elements {07, ,}i_,. If 0}, = -+ = 0}, = o}, for all k, we have Var(Z) =
C; ®1I,, where C; = (07}, _1,)n.xn,- This implies that Var(X;) = C; @ I'T,
where C; and I''T"] are the temporal and spatial dependence, respectively, of X;.
Therefore, if the diagonal elements of X7, are identical for each k£, meaning all the
univariate innovation time series {Z;; ;} have the same cross-time covariances,
X; has a separable covariance matrix.

We assume the temporal dependence in the innovation time series {Z,,} is
[-mixing, with the mixing coefficient

i) —swi{ s [P(BIF L) - ().

BeF3

where F} = 0(Z;s,s < t) and F§,, = 0(Z;s,s > t + k) are the o-fields

generated by {Z; s}s<; and {Z; s} 5541k, respectively. The S-mixing condition is
as follows.

Assumption 3. For a,c > 0, the B-mixing coefficients of the innovation process
{Z,.} satisfy max{B;(k),55(k)} < cexp{—ak}, for all positive integer k.

Let 87 (k) be the f-mixing coefficient of {X;;}. Because {X, .} are generated
linearly by {Z, +}, 57 (k) < 57(k). Thus, Assumption 3 implies max{37 (k), 85 (k)}
< cexp(—ak). This condition is needed by the coupling method to derive
the asymptotic distribution of the test statistic under time-dependent data.
Similar conditions are made for high-dimensional inference in|Chang et al.| (2018)),
Chernozhukov, Chetverikov and Kato| (2019)), and Wong, Li and Tewari (2020).
Note that the exponential decay can be relaxed to a polynomial decay, with more
involved technical derivations. We discuss the polynomial decay further after
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presenting the main theorems.

Under the fixed-dimension scenario, the [-mixing condition is a mild as-
sumption in the time series literature. It is known that causal ARMA pro-
cesses with continuous innovation distributions, stationary Markov chains with
certain conditions, and stationary GARCH models with finite second moments
and continuous innovation distributions all satisfy the S-mixing condition; see
Doukhan| (1994) and Bradley| (2005). Under the high-dimensional scenario,
where the dimension increases with the sample size, the S-mixing condition is
more restrictive. Theorem 3.2 in Han and Wu| (2023) provides a lower bound
B(k) > 1 — 2exp(—&p72*) on the S-mixing coefficient for a high-dimensional
stationary vector AR model Ztyj = %Zt’j + €&,5, for j =1,...,p, with a common
coefficient 7 and i.i.d. innovation noises {€; ;}, where ¢; is a positive constant.
It implies that inflim, 8(n) > 0 if lim, log(p7>") > log2/¢,. However, under
the condition of b > ¢;(logn + logp), for some ¢, as assumed in Proposition 1,
this lower bound becomes trivial if ¢; > —(2log x)~*, which can be achieved by
choosing a sufficiently large ¢;. Hence, the S-mixing condition in Assumption 3
is not violated. At the same time, the asymptotic results of the proposed tests
should still be valid, under certain conditions on the 7-measure of dependence
(Dedecker and Prieur, 2005), following a similar investigation in |Qiu and Zhou
(2022), although the theoretical proof is more involved.

Assumption 4. For any i,i1,i, € {1,2} and p;,, p;, such that pl3; op;, # 0,
there exists a Cy > 0 such that

tr(Z; 5, 2 o i kbbis
max{hmsup Z ]r( 1 Bis) hmsup Z |,u“ b }gC’O.

potoo = tr(22 ) p—too T I,u“ Zoo,uzg|

Assumption 5. For two positive constants n and Cy, min(A min, A2min) >
Cip™", where \; min 5 the minimum eigenvalue of ¥; o, for i =1,2.

Assumptions 4 and 5 are mild technical conditions for deriving the
asymptotic distribution of the proposed test statistic. Note that tr(Ef’oo) =
D ik T(Bi g, Big,).  Assumption 4 requires {tr(Z;, Xix,)/tr(X7 )} to be
summable, which is analogous to the absolute summable condition on cross-
time covariances of univariate time series. Similar conditions are made in [Wang
and Shao (2020) for one-sample testing. Assumption 5 puts a lower bound on
the minimum eigenvalue of ¥; ., which is allowed to diminish to zero.

3. BEU-Statistic

We consider the Lo-type statistics estimating ||p, — po||2 = (81 — po) ™ (p1 —
i2), the overall difference between the two population means. Let X, =
m Xii/ni = (Xi,...,Xip)" be the sample means for i = 1,2. Under
Assumptions 2 and 3, it can be shown that )_(i,j is asymptotically normal with
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mean j; ; and variance o; o j;/n;, for all j = 1,...,p. The leading-order term
of E(ij) is ,uf,j + ol 0.jj/Mi, where the bias o; o j;/n; accumulates in the mean
of the Ly-statistic >°7_ X2 ;> and diverges when the dimension p is much larger
than the sample size

To reduce the bias induced by the temporal dependence, we construct

Z 1t1 ltz,j (31)

( s 8%

Ui (b

as an estimator for “?,j’ for ¢ = 1,2 and j = 1,...,p. Here, b is a positive
tuning parameter that defines a temporal exclusion band of width b to exclude
products X7, X, in t; and ¢, that are less than b apart in the above statistic,
and n;(b) = (n; —b)(n; —b+1) is the number of terms in the summation of (3.1).
We take b — oo as n; — oo.

Let V;(b) = Uy ;(b) + Uy j(b) —2X, ;X5 ; be the estimator of (u; — s ;)?, for
j=1,...,p. Summing V;(b) over j, we propose the BEU-statistic

sz)z (3.2)

Z X1t1X1t2 2(b) Z X2t1X2t2_ ZZX1t1X2t2

n
[t1—t2|>b [t1—ta|>b nine =

as an estimator for ||u; — poll3.

Note that T(0) = (X; — X,)"(X,; — X3) is the Ly-statistic used in Bai
and Saranadasal (1996), and 7'(1) is the U-statistic proposed by |Chen and Qin
(2010) for independent observations. The exclusion band of |t; — t5| > b removes
pairs of observations X, and X, in that are more strongly correlated.
This effectively mitigates the bias of T'(b) induced by the temporal dependence.
Bias reduction is the key to constructing L.-type statistics for high-dimensional
data, because the accumulation of the bias from each component decreases the
asymptotic performance of the Ly-statistics if p is much larger than n (Feng et
all, [2015)).

Let T1(b) = ni(b)™" X2, 1,56 X141, X1+, be the first term on the right-
hand side of . Then, T;(b) can be used to test the one-sample hypothesis
Hy : py =0 vs. Hy : py # 0, and a location shift enables us to test Hj :
p1 = pio vs. Hy @ py # po, for a known pyy. Note that T7(b) is the statistic
considered in (Wang and Shao| (2020) for testing Hy, : p; = 0 under geometric
regularized physical dependence. Instead of estimating the variance of T} (b), they
use a self-normalized technique to formulate the testing procedure. We present
a power comparison between the proposed test and the SN test in Section 6 for
the one-sample case.

Our plan is to derive and estimate the variance of T'(b), and to construct
a test for the hypotheses based on a standardized version of T'(b). For a
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positive integer k, let

+oo
M, =ky'S1+ (1 — ko) '8y, and M = Z M, (3.3)

k=—o0

be the weighted lag-k cross-covariance and the weighted long-run covariance,
respectively, of the two-sample time series. The following proposition provides
the mean and variance of the BEU-statistic T'(b), which shows that T'(b) is
asymptotically unbiased for ||p; — po||3.

Proposition 1. Under Assumption 1 with ¢ > 4 and Assumptions 2-5, iflogp =
o(n) and the exclusion bandwidth satisfies b= o(n) and b > ¢;(logn + logp), for
a positive constant ¢y, we have as n,p — 00,

2 n;—1

E{T(b)} = [l — ol + Z 0 Z (ni — k)tr(Xi ) and

Var{T(b)} = {202t (M2.) + 4n~ ( — ) "M (1 — p2) H{1 + (1)}

In Proposition 1, we allow an exponential growth rate of p relative to
n. The proposition shows that the bias of T'(b) is asymptotically equal to
2n~1 3", o, tr(M}) by noting that n;(b) = (n; —b)(n; —b+1), which is determined
by the auto-covariance of {X;,} and {X,,} with time-lag larger than b. This bias
term diminishes to zero at a polynomial rate of p and n if b > ¢;(logn + logp),
for sufficiently large c¢;, under Assumption 3.

Corollary 1. Under the conditions of Proposition 1 and the null hypothesis of

1),
2

Var{T(b)} = {2tr(2§m) - %tr(zgm) +

nl ’I’L2 nl n2

tr(ELOOEZOO)} {1+0(1)}. (3.4)

Corollary 1 provides the variance of the BEU-statistic under the null hy-
pothesis. An estimator of this variance is constructed in Section 4, and is used
to formulate the proposed testing procedure for hypotheses . For the one-
sample problem, from the proof of Proposition 1, it can be shown that the leading
variance of Ty(b) is 2ny *tr(37 ).

To derive the asymptotic normality of the BEU-statistic 7'(b), we use the
coupling method for time series and the martingale central limit theorem (Hall
and Heydel [1980) for the U-statistics. For both samples, we partition the time
points {1,...,n;} into a sequence of large segments of length a;, followed by
small segments of length ay, where ay = o(ay). Let d; = |n;/(a; + az)] be the
total number of large and small segments, for i = 1,2, where |- | denotes the floor
function. Let X i.m be the average of X, over the mth-largest segment, for m =
1,...,d; and ¢ = 1,2. By the coupling method, )_(”m and Ximz can be regarded
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as independent, because they are separated by at least one small block. Therefore,
the averages {X i,m}%:l over the large blocks can be regarded as independent,
and the martingale central limit theorem for independent observations can be
applied to show the asymptotic normality of 7'(b) under temporally dependent
data. Detailed technical derivations are provided in the proof of Theorem 1 in
the Supplementary Material.

To obtain the limiting distribution, we impose a condition on the trace of
the long-run covariance ¥; ., which is used to bound the higher moments of the
data. A similar condition is made on ¥, for independent data in [Feng et al.
(2015) and |Wang, Peng and Li| (2015).

Assumption 6. tr(X;, o2, c0Xi; 00 Bis0) = 0t {(B1 00 + B,00)?} ], for iy, ia,
inis = 1,2,

Let A; min and A; jmax be the minimum and maximum eigenvalues, respectively,
of ¥, .. Assumption 6 is valid if all the eigenvalues of ¥, ., are bounded from
zero and infinity. If \; ;.. are bounded away from infinity and A; 1., = O(p"), one
needs 7 > —1/4 to ensure Assumption 6. On the other hand, if A; ,,;, are bounded
from zero and \; . = O(p®), Assumption 6 is valid if £ < 1/4. More generally,
if the eigenvalues are diverging such that A; nin = 719" and A; max = ’ympf for
some positive constants v; ; and ; 2, then

(B, 00Xt 00 D500 D4 ,00) < Vir 2 Vig,2Vin,2Yig 2D ET !
tr2 {(El,oo =+ 22700)2} - (71,1 + 72,1)4

for il,ig,i3,i4 S {1,2} and lf& -n < 1/4
The following theorem states the asymptotic normality of the BEU-statistic
T(b).

—0 asp— o0

Theorem 1. Under the conditions of Proposition 1 and Assumption 6, we have

Var{T(b)} ’

as m,p — oo.

Under Assumption 3, our proposed BEU-statistic can be used for ultrahigh-
dimensional series. A weaker condition on the mixing coefficients, say a poly-
nomial decay, will put restrictions on the dimension p of the series, leading to
more involved technical derivations. The challenge is mainly due to the slower
convergence rate of the cross-covariance induced by the Davydov’s inequality
under the polynomial decay condition, compared with that under Assumption 3
for the exponential decay. This makes terms such as -, | 1o g [t0(Zix, ik, )|
in Lemma 2 in the Supplementary Material converge at a slower rate. In
the polynomial decay case, it can be shown that >, | sk [t0(BixEik,)| =
o{tr(¥7 )}, for K being of a polynomial order with respect to n under p <
an®, for some constants a,b > 0. Hence, for series with stronger dependence,
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which corresponds to the polynomial decay, our proposed BEU-statistic is still
applicable, with more restrictions on the polynomial increase of p with respect
to n.

The current L, proposal is for temporally dependent data. Another impor-
tant choice of the test statistic is based on the thresholding procedure (Chen,
Li and Zhong, 2019). L,-type statistics such as the proposed BEU-statistic
and the thresholding-type statistics target different signal regimes. The former
are powerful for dense but weak signals, where the signal strength from each

component can be much smaller than the order n~'/2

, whereas the latter are
powerful for sparse signals with strength of order at least {(logp)/n}'/2. To
establish a thresholding test similar to that of |Chen, Li and Zhong| (2019) for
dependent data requires first establishing moderate deviation results, which are
not yet available, after which, a similar thresholding test can be developed for
dependent time series data.

Based on the asymptotic normality, we can construct a test for the null
hypothesis in by obtaining a ratio-consistent estimator for the null variance

of T'(b). The latter task is the focus of the next section.

4. Variance Estimation

Under H, of (2.1)), from (3.4), the leading-order null variance of T'(b) is
determined by tr(¥7 ), tr(X3 ), and tr(X; X2 ). In order to formulate a
test, those trace quantities need to be estimated, which amounts to estimating
tr(X; 5, ik, ) and tr(X 5, X2 ,) in the expansions

tr(E) = Y, @inDik) and (D) = Y, (S Do)
kl,kzzfoo k17k2:700

(4.1)

To estimate tr(X; ,3;x,), we apply a similar band-exclusion technique to
that used to construct T'(b) in (3.2). Let |[N| denote the cardinality of a set N.
For ¢ = 1,2 and another positive exclusion bandwidth parameter b, let

G¢,1(7<717k2;l~7) = ’M,l(kl,kz;g)rl Z Xz'T,tz
(t1,t2)EN;G 1 (K1 k2;b)
Gia(k;b) = |N;a(ks b)) 3 X7, X0 X5, Xy, and (4.2)
(t17t2,t3)€Ni,2(k;5)
Gia) = Na®)| Y XD, X XD, X,

2,t3
(t1,t2,ts,ta)EN; 3(D)

T
Xi7t1Xi7t17k1Xi7t2+k2 )

be the estimators for tr{E(X; s, 1 X7 ) E(Xik,+1X7 1)}, i B(X i, X7 )1, and
(pFui)?, respectively, where |k, |k2|, |k] < min(n;, ns)/2, and
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M,1(k17]€2;b)
= {(t17t2) Dt — o] > b+ |k1] + kol 1 < t1,t0 — ki, to, to + ko < ni}7
M2(kal~7)

= {(t1,t2,t3) : _min |t

1<51<52<3

_tj2| > [;+ ’k|71 < tl;tl - kat27t3 < ni}a and

J1
Nis(b) = {(t1,t2,t3,t4) : 1S}f1<i§l2§4|tjl —t,| > 0,1 < ty,to, b3, <y}

are the index sets with certain time separation. These index sets are designed to

ensure sufficient temporal distance to reduce the temporal dependence. For ex-

ample, the set NV; 1 (k1, ko; b) makes Xio X7, g, and X0, X7, in Gy (Ko, ka3 D)

at least b apart. Let

&(Ei,klzi,kg; 5) = Gm(lﬁh ks 5) - Gi,Q(kl; 6) - Gi,g(kh; b) + Gi,3(b) (4-3)

be estimators of tr(X;,,¥;x,), for ¢ = 1,2. Similar to the diminishing bias
attained by T'(b), as shown in Proposition 1, the bias of tr(; s, X 4,; b) diminishes
to zero as b — oo. Specifically, under Assumption 3, it suffices to choose b at the
order of logp.

Similar estimators can be constructed for tr(3;;,X,,). Because observa-
tions from different groups are independent, band exclusion is not needed between
two samples. Thus, we construct estimators for tr{E(X x, 11 X7 ) E(X 2 5,41X5 1)},

PIE(X 2 51 X5 )1, p3E(X 1 XT ) ) o, and || [|3]|p2]l5 as

Ga(kh k2) = ‘Na(klg k2)’_1 Z X;t2X1’t1Xit1—k1X2,t2+k27
(t1,t2)ENG (k1,k2)

Gea(k;b) =ni () ' Ne2(B) ™ >0 > X1, X020, X3, (X,

t1ENe 2 (k) [ty —t5]>b

Gea(k;b) =ma(B) ' Nea(B) T > > X3, X1, X7, 1 X>y, and
t1ENG 1(k) |ta—t3|>b

Ga(b) =ni(0) " ma(0)™ Y > XY, X0, X7, Xoy,,

‘t17t3‘21~7 ‘t27t4|25

respectively, where n;(b) = (n; — b)(n; — b+ 1), Ny(ki,ks) = {(ti,t2) : 1 <
titr — ki < iyl < to, by + ko <o}, and Nog(k) = {t: 1 < 6t — k < n},
for ¢ = 1,2. Then, based on these statistics, we construct the estimator for
tr(Xq 5, Xak,) as

&(217](;1227]@,; I;) = Ga(kb kz) — Gc7l(k2; ZN)) — Gc7g(k’1; b) + Gd(b> (44)

Because the elements in X, ;, decay to zero as |k| increases under Assumption
3, and according to (4.1]), we consider a weighted sum of ﬁ(2i7k12i7k2;b) and
(S5, S0k, b) to estimate tr(¥7 ) and tr(X; X2 ). The weights are deter-
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mined by a kernel function such that a larger (smaller) weight is allocated for
terms with smaller (larger) |k;| and |k2|. This idea is connected to the kernel-
type estimator for fixed-dimensional long-run covariances of |Andrews| (1991), and
the smoothing of periodograms method for estimating the spectral density at a
zero frequency for fixed-dimensional time series (Priestley, [1981)).

Let KC(-) be a symmetric function on R that is continuous at zero and satisfies
K(0) = 1, sup,eg |[K(u)] <1, and [7_|K(u)|du < co. We propose the following
kernel-smoothing estimators:

n;—1 n;—1
(Efooab 30) Z Z < >K<lz2>€(21k12, k2,b) and
0

ki=—n;+1 ko=—n;+1

ni—1 na—1
N N 1— 2— k k _
tr(2170022700; b, SO) = E E ’C (;) K<52> (21 ;ﬁZz kz’ b)
0 0

ki=—ni1+1 ke=—na+1

(4.5)

for tr(X7 ) and tr(X; X2 ), respectively, where sq is a smoothing bandwidth
diverging to oo as n,p — 0o. According to the expression of the null variance in
(3.4), we propose the smoothed band-exclusion statistic (SBE-statistic)

2
V(b s0) = —tr(%2

2
b tr(X? b
n2 1,00 s0) + n2 ( 2,00° s0) + 1Ty

t/}<21,0022,oc; 57 SO) (46)

for estimating Var{7'(b)} under H,.

Andrews| (1991)) studied the kernel weighted estimator >, IC(k‘/sO)fJi’k of the
long-run covariance ¥; ., for various kernels under the fixed-dimension case, where
ZA]“C is the sample cross-time covariances, and showed that the quadratic spectral

(QS) kernel
25  (sin(6mu/5) 6mu
Kas(u) = 127202 { 6mu/5 o8 (5) }

is optimal for the long-run covariance estimation, in the sense of minimizing the

asymptotic truncated mean squared error. We use the QS kernel in the numerical
implementation, and a data-driven procedure to select the smoothing bandwidth
So in the next section. Simulation results reported in Section 7 show that the
BEU-statistic 7'(b) with the smoothed band-exclusion variance estimator V,, (b, so)
and the QS kernel performs well in high-dimensional scenarios. Note that there
are other estimation methods for long-run covariances under fixed-dimensional
settings, including the moving block bootstraps (Lahiri, |2003; Nordman and
Lahiri, [2005). Using these other methods to estimate the variances of the Lo-type
statistics for high-dimensional time series is worth further investigation.

To show the ratio consistence of the SBE variance estimator, we impose the
following mild technical condition on the eigenvalue of the innovation loading
matrix I'; in Assumption 2.
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Assumption 7. Let B; = T'T; = (b; 5, )rxrs Bi = (|60 rxrs nd Amax(B;) be
the mazimum eigenvalue of By, for i = 1,2. There exist two positive constants,

Y and Cy, such that max{)\max(él), )\max(Bg)} < CopY.

Note that Apax(B) = Amax(Zio0). This assumption describes the maximum
eigenvalue of the absolute matrix of B, which is allowed to diverge to infinity at
a polynomial rate of p. The following theorem shows the ratio consistency of the
proposed SBE variance estimator.

Theorem 2. Assume the exclusion bandwidth b and the smoothing bandwidth sg
satisfy b= o(n'/®) and b > cy(logn+logp+sy), for a positive constant c,. Under
Assumption 1 with q > 8, Assumptions 27, and the null hypothesis of ([2.1),

Vn(ga SO)

W — 1 in probability as n,p — oco.

From Theorems 1 and 2, the proposed BEU test rejects the null hypothesis

in ([2.1) if
T(b) > 2.V, (b, s0), (4.7)

where z, is the upper a quantile of N(0,1). Note that the requirements on the
moment ¢ and the exclusion bandwidth b in Theorem 2 are more restrictive than
those in Theorem 1. This is because establishing the consistency of the variance
estimator needs to control higher order moments than those needed to derive the
properties of the BEU-statistic 7'(b).

As discussed in the second paragraph after , the statistic

Ti(b) =ni ()™ > X7, X1

can be used to test the one-sample hypotheses Hy : gy = 0 vs. H, : p; # 0.
Following the same derivation as Proposition 1, it can be shown that Var{T}(b)} =

2ny *tr(37 ), which can be estimated by 2nf2ﬁ(2%,m; b, so) from (4.5). There-
fore, similarly to the two-sample test in (4.7)), the one-sample BEU test rejects
the null hypothesis g; = 0 if

Ty(b) > zony H{26r(X2 b, 50) 12 (4.8)

1,007

For this one-sample hypothesis, we compare the power of the BEU test with that
of the self-normalized test of [ Wang and Shao (2020)) in Sections 6 and 7.

5. Computation and Tuning Parameter Selection

In this section, we discuss computation and implementation aspects of the
proposed BEU test, and propose a data-driven procedure to select the tuning

parameters b, b, and s;. When calculating the test statistic, matrix operations
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should be used wherever possible to improve the computation efficiency. Recall
that X; = (X;1,...,Xin,)" is the n; x p data matrix for the ith sample. Let
W(b) = (Wi tyt5)n;xn; be an indicator matrix, with w; 4, = 1 if |t; — t2] > b, and
zero otherwise. Let o denote the Hadamard product of two matrices with the
same dimensions. Then, the summation >Z, , -, X7, X, in the BEU-statistic
T(b) in can be computed by summing over all elements in (X, X[) o W,(b).

To estimate tr(X;,X;,), the estimators in can be computed on the
centered data {X,;; — X}, so that G;,(k;b) and G, 5(b) become smaller order
terms that are negligible in the construction of the variance estimator. If the
computing resource is a constraint, we can only compute Gi71(k1,k2;l;) on the
centered data in the estimator tr(X; , X; 4,;b) in ([.3). Note that G, (k; b) and
ng(i)) require computation complexity of order n® and n*, respectively. Center-
ing the data can greatly reduce the computational burden. Similar arguments
apply when estimating tr(X; ;, X 4,) in .

Note that Gi71(k1,k2;8) in can be computed using matrix operations
as well. Let Alc; @ ¢o,] denote the sub-matrix of A with the ¢;th row to the
coth row. For any integer —n; < k < n;, let Z;(k) be a row-shifted matrix of
X; in the following way. If k& = 0, there is no shift and Z;(0) = X;; if £ < 0,
the first |k| rows of Z;(k) are zero and Z;(k)[|k| + 1 : n;,] = X [1 : n; — |k, ]; if
k > 0, the last k rows of Z,;(k) are zero and Z;(k)[1 : n; — k,] = X;[k+ 1 : n;,].

Then, the summation of X7, X, X7, 1 Xty over (t1,t2) € Nj1(k1, ka3 b) in
(4.2) can be computed by simply summing over all the elements in (X, X]) o
{Z,(—k1)Z:(ky)"} o Wi(b+ |k1| + |Ko|). A similar algorithm can be applied for
the statistic G, (k1, k2) in .

The tuning parameters b, b, and s, required in the proposed BEU test are
chosen adaptively based on the time course data. In particular, the exclusion
bandwidths b and b used in the BEU-statistic T (b) and its variance estimator may
be determined by using the sample autocorrelation function (ACF). Specifically,
for each dimension j, we calculate the sample ACF of the univariate time series
{Xii;}iiy, denoted as AC, (k). Let AC;(k) = max;<j<,|AC; (k)| be the
maximal absolute sample ACF at time lag k, and let Z* be the set of all positive
integers. Let

b; = min{k € Z* : AC;(k) < mAC;}

be the first time lag such that AC,(k) is smaller than a data-driven threshold
mAC;. Here, mAC; = Median{AC;(k) : n/10 < k < n/4} is the median of
the maximal absolute sample ACF with large time lags, such that the time
dependence between observations is fairly weak. We choose b = max{by, by}
and set b = b. The optimal bandwidth using the QS kernel to estimate the
long-run covariances is derived in |Andrews (1991). We choose the estimated
optimal bandwidth based on the data-driven procedure introduced in (6.2) and
(6.4) of |Andrews| (1991)) as the smoothing bandwidth sy in Vn(l;, S0). The results
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of our simulation in Section 6 show that the proposed BEU test with adaptively
chosen exclusion and smoothing bandwiths works well, with accurate size and
good power.

6. Power Analysis

Theorem 1 allows us to discuss the power properties of the proposed test.
We consider two forms of alternative hypotheses for g # po. The first one is

(1 — p2)"M o (1 — po) = of{n""tr(M2))} as n,p — oo, (6.1)

which describes the so-called local alternative. The second one is
n~tr(MZ) = o (pty — p2) "M o (1 — p2) } as n, p — o0, (6.2)

which may be viewed as the fixed alternative, because it allows stronger signals.
Note that (@1 — po)" M o (1 — p2) is a weighted distance between g, and po, and
measures the strength of signals in terms of identifying p; and p,. The local
alternative represents a weak signal case, so that this weighted distance is
at a smaller order of n~'tr(M?). The fixed alternative implies that the
weighted distance between p; and p, is at a larger order than n~'tr(M?2 ), which
is a reverse of the local alternative condition in ([6.1)).

Let B(p1, o) = P{T(b) > z,V/2(b,so)|s # m} be the power of the
proposed test. From Theorem 1, we have Var{T'(b)} = 2n2tr(M%){1 + o(1)}
under the local alternative (6.1), and Var{T'(b)} = 4n~'(p — po) ™Moo (1 —
p2){1+ o(1)} under the fixed alternative (6.2). Let ®(-) be the standard normal
distribution function and A,.. be the largest eigenvalue of M.,. The following
two theorems describe the power of the test under the two forms of alternatives.

Theorem 3. Under the conditions of Theorems 1 and 2 and the local alternative
(6.1), the power function of the proposed test is

Bl ) = 0{ = 2+ —E R o), (©:3)

and B, ) = B(=20 + E/VE) if nllis — ps 32 (M2) — @2 € [0, +50).

Theorem 4. Under the conditions of Theorems 1 and 2 and the fixed alternative
(6.2), the power function of the proposed test is

s — a3

() = 0 {10} (6.4)
VA= (g — o) "M o (1 — po)

In Theorems 3 and 4, note that n||u; — pol2tr=/2(M2) and /nllp, —

o |2 (1 — po) ™M oo (1 — po)}~1/? are the signal-to-noise ratios of the proposed

test for the two-sample hypotheses (2.1)) under the local and fixed alternatives,



186 ZHANG, CHEN AND QIU

1.00

Theoretical power
(=] (=]
o 5
< [}

ot
[}
wn

0.00

Signal to noise ratio

Alpha — 0.01 -~ 0.05 Method Proposed + SN

Figure 1. Theoretical power curves of the proposed test By.,(d1) = ®(—24 + d2/V/2)
(red curve) and the self-normalized test Bgx(d1) of [Wang and Shao (2020) (blue curve,
labeled as SN) for the one-sample hypothesis Hy : g1 = 0 vs. g1 # 0 under the local
alternative.

respectively, for weak and strong signals. From Theorems 3 and 4, the power of
the proposed test is bounded from below by

n|lp —#2”3) <\/ﬁ”l¢1 —#2”2)
>O| —zy+ ———"T2 d , > Q| ———F———
B(I‘lel‘l?) - < Zo + \/%)\max al B(I‘Ll /"’2) 2@

under the local and fixed alternatives, respectively. Let p be the number of
noNZero fy ; — foj, for j =1,...,p. If |y j — po ;| = & for all nonzero 1 ; — po 5,
then ||p; — p2|l2 = v/p0. In this case, the lower bounds of the power function are

> — o U = ¢35
B, p2) > q>< Za T+ \/%Am) and (g1, po) > ‘1><2 /\ma)

under the local and fixed alternatives, respectively. If the nonzero components of
1 — W are dense, so that p is of the same order as p and A,., is bounded, the
proposed test can detect the difference & as weak at the order n=/2p~/4 under
the local alternative.

Let B,..(d) = ®(—z, + d*/v/2). Theorem 3 shows that f,.,(d) is the
limiting power of the proposed test under the local alternative of the two-sample
hypotheses specified in , where d? = n||py — po||2tr=/2(M?).

When testing the one-sample hypotheses Hy : 1 = 0, the proposed test based
on has the same power function as f,,.,(d;) under the local alternative,

where d} = nq|p||3tr~"/?(23 ) is the signal-to-noise ratio of testing p; = 0.
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Table 1. Empirical sizes of the proposed test, the APR test (Ayyala, Park and Roy,
2017), and the CQ test (Chen and Qin, |2010) for the two-sample hypotheses under the
temporal dependence parameter p,;,. = 0.1,0.3,0.5, ng = 100, 150, p = 100,400, and the
MA and AR models.

Peime Uunder MA Prime Under AR

0.1 0.3 0.5 0.1 0.3 0.5
) 0.069 0.045 0.065 0.061 0.074 0.076
) 0.064 0.062 0.073 0.081 0.078 0.077
) 0.079 0.056 0.070 0.075 0.053 0.059
) 0.067 0.055 0.071 0.073 0.075 0.050
) 0.057 0.051 0.066 0.068 0.077 0.266

150,100) 0.068 0.055 0.069 0.078 0.102 0.221
)
)
)
)
)
)

Method (no,p)

Proposed

0.053 0.046 0.050 0.055 0.066 0.453
0.047 0.043 0.061 0.062 0.113 0.449
0.191 0.603 0.802 0.245 0.844 1.000
0.204 0.662 0.847 0.285 0.858 0.999
0.473 0.978 1.000 0.513 1.000 1.000
0.486 0.971 0.997 0.546 1.000 1.000

CcQ

(
(
(
(
E
APR
(
(
(
(
(

Theorem 3.11 in Wang and Shao (2020) shows that

{B(1) +d3/v/2}*
[ {B(u2) — uB(1)}2du —

/BSN(dl) =P

1,

is the asymptotic power function of the SN test under the local alternative, where
B(u) denotes the standard Brownian motion for u € [0, 1], and 21 , is the upper a-
quantile of B(1)? [fol{B(UQ) —u?B(1)}?du]~'. Asshown in Figure 1, given the same
signal-to-noise ratio d;, the power of the one-sample BEU test given in is
higher than that of the SN test, such that 3,.,,(d;) > Bsx(dy). Specifically, Figure
1 plots the two power functions against the signal-to-noise ratio under a = 0.01
and 0.05, which shows the superiority of the proposed test.

7. Numerical Studies

This section reports results from simulation experiments designed to evaluate
the empirical size and power of the proposed test for the two-sample hypotheses
([2.1). For comparison purposes, the test of [Chen and Qin| (2010) (CQ) for
independent data and the test of |Ayyala, Park and Roy| (2017) (APR) for m-
dependent data are considered in the two-sample case. We also compare our
proposed test with the SN test of [Wang and Shao| (2020) under the one-sample
scenario.

First, we consider the two-sample case, where we use the moving average
(MA) model and the auto-regressive (AR) model to generate temporally depen-
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dent data:
o MA model: X1 ; =€1,; + pimc€1,—1 and Xo; = fo + €34 + Prime€2,1-1;

e ARmodel: X;; = pymeX1.:-1+(1 _Pame)l/%l,t and Xo; = plo+ pume X 2,4—1+
(1—p2,.)" %eas;

where {€;};2; are i.i.d. p-dimensional random vectors from N(0,%,.), and p,,.
is the temporal dependence parameter that characterizes the strength of the
temporal dependence. We set p,.. as 0.1, 0.3, and 0.5 in the simulation. The
spatial dependence is given by £, = (0., ,,), where o j,;, = 0.71772l, By default,
p1 = 0. Under the alternative hypotheses, we consider different combinations
of signal strength and sparsity for p,, where the first §, proportion of the
components in u, are set as 1y, and the rest are set to zero. We choose §; = 0.2
and 0.3, and ry takes values from a sequence ranging from 0.05 to 0.3, with
increments of 0.05. Here, §, and ry denote the signal sparsity and strength,
respectively. We set ny = ny, = ng = 100 and 150, p = 100 and 400, and the
significance level to be 0.05. All simulations are repeated 1,000 times under each
setting. The MA model satisfies the m-dependence assumption required by the
APR method, whereas the AR model is not m-dependent. The time dependence
lag parameter m in the APR test is chosen as two, as suggested by [Ayyala, Park
and Roy| (2017)), based on their simulation studies.

Table 1 reports the empirical sizes of the proposed, APR, and CQ tests under
MA and AR models with different time dependence parameters p,;... The CQ
test is designed for independent data. We include it to gain empirical information
about the consequences of ignoring temporal dependence in two-sample tests.
Table 1 shows that the proposed test controls the size for testing the hypotheses
around the nominal level for all cases considered. It is not unexpected
that the CQ test, designed for independent samples, cannot control the size with
severe size distortion as p,... increases. Thus, the consequence of ignoring the
time dependence is severe. The APR test controls the size under the MA model,
because the MA model describes an m-dependent series with m = 1, which meets
the assumptions of the APR test (Ayyala, Park and Royl, |2017). However, for the
AR model, the APR test does not control the size around 0.05, especially when
the temporal dependence parameter p,,.. increases to 0.5, with the size reaching
over 0.4 for p = 400.

Figures 2 and 3 report the power of the proposed and APR tests, respectively.
We empirically adjusted the critical values for the proposed and APR tests based
on their simulated distributions under the null hypothesis so that they have
the same empirical size of 0.05, for fairer power evaluation. Figures 2 and 3
suggest that the proposed and APR methods have comparable power under all
combinations of signal proportion and strength. This is because both tests are
constructed from sum-of-square statistics, which have a similar power profile in
terms of signal detection. Note that the power of the APR method is slightly
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Figure 2. Empirical powers of the proposed test (red) and the APR test (blue) with
respect to the signal strength ro (horizontal axis) for the two-sample hypotheses under
the AR model, the sample size ng = 100, 150, the dimension p = 100, 400, three levels of
temporal dependence py;,..., and two values of signal proportions.

higher than that of the proposed test under a couple of settings. This may
be because it uses more observations than the BEU-statistic 7'(b) does, with a
larger b, as selected by the proposed algorithm. Similar results are observed in
the simulation studies of |Ayyala, Park and Roy (2017)), where the power of the




190 ZHANG, CHEN AND QIU

Sample Size 100

Temporal dependence 0.1  Temporal dependence 0.3  Temporal dependence 0.5

=
z
2.
2

S
=
=
z

3
=
=
=

0.1 02 03 0_.] 02 03 01 02 03
Signal strength
Sample Size 150
Temporal dependence 0.1  Temporal dependence 0.3  Temporal dependence 0.5

g
5

2
S
=
=~
5

S.
=
=
=

0.1 02 03

0:] 02 03 01 02 03
Signal strength
Signal proportion — 0.2 --* 0.3  Method -+ Proposed = APR

Figure 3. Empirical powers of the proposed test (red) and the APR test (blue) with
respect to the signal strength ro (horizontal axis) for the two-sample hypotheses under
the MA model, the sample size ng = 100, 150, the dimension p = 100, 400, three levels of
temporal dependence py;...., and two values of signal proportions.

APR test decreases with an increase of its time lag tuning parameter. The main
problem with the APR test is that it cannot control the size for general temporal
dependence, which limits its general applicability. In contrast, the proposed test
can be used with proper control on the size, and exhibits reasonable power.
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To investigate the performance of the proposed test for other distributions,
we consider the AR model

X1t = pumeX 11+ (1 — pime)l/zel,t and
X2,t — “2 + ptimeX2,t71 + (]‘ - pimc)1/2627t7

where the following two distributions are assigned to the i.i.d. errors {e;};~;:

e Multivariate t-distribution: €;; = e;,/4/x;,(6)/6, where {e;,}{, are ii.d.
p-dimensional random vectors from N(0,%.), with ¥, = (0.5V177l),
{x;,(6)};2, are ii.d. random variables from a chi-squared distribution
with six degrees of freedom, and {e;};2, and {x;,(6)}}, are mutually
independent;

e Gamma distribution: €;,; = e€;,; + Vi€ -1, Where the iid. {e;.;}j—0
follow a centralized Gamma(1, 1) distribution and v; = v, = 0.5.

Here, we choose piime = 0.1,0.3,0.5 and (ng,p) = (100,400). The settings of p;
and p, are the same as those in the AR model with the normally distributed
error.

Table 2 and Figure 4 show the empirical size and power of the proposed test,
the APR test, and the CQ test, with the error terms following a multivariate
t-distribution and a gamma distribution, respectively. Compared with the case
of normally distributed errors, here, the sizes of the APR test are nearly zero
in all cases, whereas our proposed test exhibits reasonable sizes around the
nominal level of 5%, in contrast to the APR test and the CQ test. The critical
values used to compute powers are adjusted according to the distribution of the
test statistic under the null hypothesis. Figure 4 shows that the power of the
APR test is quite sensitive to the error distribution. When the errors follow a
multivariate t-distribution or a gamma distribution, the power of the APR test
remains small and flat as the signal strength increases and the sparsity level
decreases. Under all settings of temporal dependence, the proposed test exhibits
better performance, with higher power than that of the APR test, a result that
becomes more pronounced when the sparsity level decreases. Here, the superiority
of the proposed test is more evident than in the case with normally distributed
erTors.

Next, we compare the proposed test with the SN test of [Wang and Shao
(2020) in the one-sample testing problem. We use one time series generated from
the MA model and the AR model in the two-sample setting as the observed data.
Table 3 reports the empirical sizes of the proposed and the SN tests under the
MA and AR models. The results show that both tests control their sizes under
the model settings for the experiment sample sizes and dimensions. Figures 5
and 6 report the empirical power of each of the two tests. To make the power
comparison fair, we perform the same adjustment on the critical values of the tests
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Table 2. Empirical sizes of the proposed test, the APR test (Ayyala, Park and Roy,
2017), and the CQ test (Chen and Qin, |2010) for the two-sample hypotheses under the
temporal dependence parameter p.. = 0.1,0.3,0.5, (no,p) = (100,400), and the error
term following a multivariate t-distribution and a gamma distribution.

Puime Under t distribution Prime Under Gamma distribution
Method
eve 01 03 05 0.1 0.3 0.5
Proposed  0.052  0.046 0.030 0.072 0.054 0.036
APR 0.000  0.000 0.000 0.000 0.000 0.000
CcQ 0.732  1.000 1.000 0.804 1.000 1.000
Temporal dependence 0.1 Temporal dependence 0.3 Temporal dependence 0.5
1.00 m
0.75 =
0.50 é
g
0.25 @
5 E
g 0.00 3
g 100
m
0.75 3
=3
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it — EGEPRLY T A -
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Figure 4. Empirical powers of the proposed test (red) and the APR test (blue) with
respect to the signal strength rg (horizontal axis) for the two-sample hypotheses under the
AR model with multivariate-t-distributed errors and gamma-distributed errors, sample
size ng = 100, dimension p = 400, three levels of temporal dependence p,;,.., and two
values of signal proportions.

as in the two-sample simulation to make the two tests have the same empirical
size of 0.05.

The results show that our proposed test has considerably higher power than
that of the SN test in all cases. Although the SN test is able to control its size
around the nominal level, it suffers some power loss by avoiding estimating the
long-run covariance matrix of the test statistic. This is consistent with the results
of the theoretical power comparison of the two tests in Section 6. Our testing
procedure is based on a novel kernel-smoothing estimator for the variance of the
Lo-type BEU-statistic under high-dimensional time series data. Compared with
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Table 3. Empirical sizes of the proposed test and the SN test (Wang and Shaol [2020) for
the one-sample hypotheses under the temporal dependence parameter p,;,,. = 0.1,0.3,0.5,
ng = 100, 150, p = 100,400, and the MA and AR models.

Puime Under MA Prime Under AR
0.1 0.3 0.5 0.1 0.3 0.5

Method (ng, p)

0.061 0.057 0.058 0.072 0.046 0.088
0.044 0.051 0.050 0.072 0.045 0.058

(100,100) 0.065 0.077 0.068 0.062 0.073 0.076
Proposed (150,100) 0.066 0.062 0.071 0.082 0.079 0.077
(100,400) 0.066 0.063 0.036 0.075 0.054 0.046
(150,400) 0.081 0.054 0.044 0.071 0.077 0.050
(100,100) 0.045 0.038 0.047 0.052 0.058 0.051
SN (150,100) 0.052 0.055 0.066 0.045 0.052 0.065
( )
( )

the SN approach, the advantage in terms of power is a main contribution of our
proposed test.

8. Real-Data Analysis

In this section, we apply the proposed test to detect changes in stock returns
and volatility before and after the financial crisis of 2008. We analyze the daily
returns of S&P 500 stocks from January 2, 2007 to December 31, 2010, and use
the capital asset pricing model to compare the performance of individual stocks
against the market index. As a result of acquisitions and companies growing
or shrinking in value, the list of companies on the S&P 500 changes over time.
After excluding new and drop-out stocks in the S&P 500 from January 2, 2007
to December 31, 2010, our sample includes data on 429 stocks. These stocks are
divided into 11 sectors: Consumer Discretionary (64 stocks), Consumer Staples
(31), Energy (17), Financials (60), Health Care (55), Industrials (58), Information
Technology (66), Materials (22), Real Estate (25), Telecommunications Services
(4), and Utilities (27). We apply the proposed high-dimensional test to all stocks
in the sample, and to 10 sectors, excluding the Telecommunications Services
sector, owing to its rather small dimension.

To evaluate the short-, medium- and long-term effects of the financial crisis
on stock returns and volatility, we consider three designs for the time periods:
(i) Design 1: March to August 2008 as period 1, and November 2008 to April
2009 as period 2; (ii) Design 2: January to August 2008 as period 1, and the
complete 2009 as period 2; and (iii) Design 3: the complete 2007 and 2010 as
periods 1 and 2, respectively. In Designs 1 and 2, September and October 2008
are excluded to avoid the extremely high volatility in the midst of the financial
crisis. Design 3 offers a baseline setting, with the study periods far away from the
midst of the crisis. The sample sizes of the two periods under the three designs
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Figure 5. Empirical powers of the proposed test (red) and the self-normalized test (blue,
denoted by SN) with respect to the signal strength r( (horizontal axis) for the one-sample
hypotheses under the AR model, sample size ng = 100, 150, dimension p = 100, 400, three
levels of temporal dependence py;..., and two values of signal proportions.

are n; = 126,164,242 and ny = 121, 244, 242, respectively.

For each of Designs 1-3, let Y, , = (Yis1,...,Yis,)" be the closing prices of
the stocks on the tth day of the ith period, for i = 1,2, ¢t = 1,...,n,, and the
dimension p equal to 429. Let Xi,t,j =logVY;,; —logY;, 1 ; be the return of the
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Figure 6. Empirical powers of the proposed test (red) and the self-normalized test (blue,
denoted by SN) with respect to the signal strength r( (horizontal axis) for the one-sample
hypotheses under the MA model, sample size ng = 100, 150, dimension p = 100,400, three
levels of temporal dependence py;..., and two values of signal proportions.

jth stock, and X, ; be the excess return of X, , ;, which is equal to X;,; minus
the risk-free cash interest rate at the time. Similarly, let {Z;,};"; be the excess
return of the S&P 500 index in the ith period. We consider the single-index

model (Sharpel 1963)
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Xitj=ij+BijZis+e€r; and Var(e,;) = o (8.1)

to adjust the portfolio return by the S&P 500 market index, for j = 1,...,p
Under this model, the stock excess return is influenced by the market index
through the beta coefficient of this stock, the alpha coefficient «; ; indicates how
the stock performs after accounting for the market risk, and the error variance
o0, ; refers to the stock-specific risk. Let Sy and Sy, for £ = 1,...,10 denote the
index set of all stocks and the stocks in the kth sector, respectively.

Let o) = (o : j € Sg) and 0, 4y = (04, : j € Sk) be vectors of the
alpha coefficients and error variances, respectively, of the kth sector. During
the financial crisis in 2007-2008, many financial markets suffered their worst
stock crash in history, reflected by the sudden dramatic decline in stock prices
and extreme increase in volatility across almost all sections of the stock markets
(Bates, 2012; Bardgett, Gourier and Leippold, 2019). We are interested in testing
the change of the stock-adjusted return and specific volatility before and after the
start of the financial crisis for each sector. That is, we wish to test the hypotheses

H07a7k S0 (k) = Q2 (k) VS. Ha,a,k L0 (k) 7& Q2 (k) and (8.2)

Hoop 01,00 =02,0) VS. Hoop 01, k) 7 0ok,

for k=0,...,10.

Using the estimated beta coefficient 51 j from ﬁttlng Jet Ry = X —
B”Zz ; be the adjusted return of the jth stock, and RZ = RZ R Rm be the
centered adjusted return, where R, ; = 1", Ri:;/n;. We apply the proposed
method on {R;,,} and {thj} to test hypotheses and (8.3), respectively.
Here, we treat the estimation of the beta coefficient f3; ; as sufficiently accurate so
that the estimation error can be ignored when testing «; ; and o, ;. The proposed
work may be extended to testing for regression coefficients under high-dimensional
time series data, which is left to future research.

Figure 7 displays a time series plot of the average adjusted return Rfefk =
1S~ > jes, Rt for three selected sectors, a box plot of the estimated alpha
coefficients &;;, and a contour plot of the estimated variance &;; for all 429
selected stocks. Figure 7 shows that the overall means of the adjusted returns
are centered around zero, both before and after the start of the economic crisis.
The top panel also indicates an obvious increase in volatility in the first six months
after the crisis, especially in the real estate sector. The box plot and the contour
plot also show that the economic crisis led to an extremely volatile market in
the short term, as reflected by Design 1. However, the volatility then gradually
decreased to slightly lower than the pre-crisis level, as shown in Designs 2 and 3.

Table 4 reports the average differences of the estimates &, ; and &, ; between
the two periods for each sector, including the level of significance of the test. It
shows that in Designs 1 and 2, the changes of the expected adjusted returns (alpha
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Figure 7. Time series plots of the average adjusted returns {Rfctck i, for three selected

sectors in Design 1 (top panel) over two periods, box plots of the estimated alpha
coefficients é&; ; (bottom left panel), and a density contour plot of the estimated stock
specific variance &; ; (bottom right panel) with the 45° line. The two lower panels are
based on all selected 429 stocks.

coefficient) over the two periods were all not significant. This is expected, because
the expected value of the alpha coefficient should be zero in an efficient market
1969). However, the financial crisis greatly affected stock volatility, as
shown in Design 1, in which eight of ten sectors exhibited a significant increase
in volatility, and in Design 2, in which six sectors showed a significant increase
in volatility. There were also significant increases in volatility after the financial
crisis for the overall stocks under Designs 1 and 2. In contrast, under the baseline
Design 3, only two sectors showed significant differences between the two periods,
with a decrease rather than an increase in volatility.

9. Discussion

This paper investigates the two-sample mean tests for high-dimensional
weakly dependent time series via a proposed band-excluded U-statistic (BEU-
statistic). By removing the strongly temporally-correlated pairs, the proposed
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Table 4. Average differences of the estimates &; ; and 6;; between the two periods in
Designs 1-3 within each sector, and the significance level of testing the hypotheses
for equality of the alpha coefficients and hypotheses for equality of stock-specific
volatility for the 10 sectors. The number of x (one to three) represents the p-value of the
proposed test within [0.025,0.05), [0.01,0.025) and [0,0.01), respectively.

Sector Diff. of average alpha coefficient Diff. of average volatility

Design 1  Design 2 Design 3  Design 1 Design 2 Design 3

Consumer Discretionary 16.434 2.319  15.753***  9.851*** 1.342%%*  —2.742**
Consumer Staples —0.188 1.621 0.81 —2.131 —3.069 —0.626
Energy 1.346 —-3.816 —6.152 2.071*  —2.346™** —4.056
Financials —3.755 —9.998 1.977**  22.504*** 13.591* 9.695
Health Care —3.589 2.77 —2.744 2.546 —0.43 —1.709
Industrials —2.652 —7.334 3.432 3.173***  —1.235"** —2.285

Information Technology 9.31 8.366 1.221 3.949***  —0.858 —2.302%**
Materials 12.093 —-0.736  —2.759***  5.292***  0.017"** —1.339
Real Estate —9.889 —18.526  10.887 17.137**  4.593*** —0.676
Utilities —6.282 3.39 —2.109 2.941***  —0.683 —2.366
Overall 2.324 —1.402 3.204** 7.381%**  1.67* —0.424

test statistic achieves unbiasedness, which is non-trivial under temporal de-
pendence. The asymptotic properties of the BEU statistic is derived under
both the null and alternative hypotheses. A two-step smoothing method is
developed for variance estimation, with firstly approximating functionals of cross-
time covariances based on band exclusion, followed by a second step of estimating
long-run covariances via kernel smoothing.

The current L, proposal is for temporally dependent data. Another impor-
tant choice of the test statistic is based on the thresholding procedure (Chen,
Li and Zhong, [2019)). It requires first establishing moderate deviation results,
which is not available yet. Upon having the moderate deviation results, a similar
thresholding test can be developed for dependent time series data. The extension
to the thresholding test would require more works, which we leave for future
study.

Supplementary Material

The online Supplementary Material contains proofs of all theorems and
lemmas, and additional results not reported in the main paper to conserve space.
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