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Abstract: Reinforcement learning was developed mainly for discrete-time Markov
decision processes. This paper establishes a novel learning approach based on
temporal-difference and nonparametric smoothing to solve reinforcement learning
problems in a continuous-time setting with noisy data, where the true model
to learn is governed by an ordinary differential equation, and data samples are
generated from a stochastic differential equation that is considered as a noisy
version of the ordinary differential equation. Continuous-time temporal-difference
learning developed for deterministic models is unstable and in fact diverges when
applied to data generated from stochastic models. Furthermore, because there are
measurement errors or noises in the observed data, a new reinforcement learning
framework is needed to handle the learning problems with noisy data. We show that
the proposed learning approach has a robust performance for learning deterministic
functions based on noisy data generated from stochastic models governed by
stochastic differential equations. An asymptotic theory is established for the
proposed approach, and a numerical study is carried out to solve a pendulum
reinforcement learning problem and check the finite sample performance of the
proposed method.
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1. Introduction

As one of three basic machine learning paradigms, reinforcement learning
(RL) deals with how an agent takes action in an environment to maximize
rewards. It is currently very popular and has drawn significant attention. Its
many applications include the famous Alpha Go (Silver et al., 2017)) and Deep Q-
Network (DQN) (Mnih et al., 2015). Most of RL methods apply to discrete-time
Markov decision processes (MDP) (Sutton and Barto, 2018). However, many
real problems, such as those involving financial assets and physical processes, are
traditionally described in a continuous-time stochastic framework and naturally
fit to the continuous-time RL paradigm. A large volume of literature is devoted to
studying these problems in stochastic control and applied mathematics, yet there
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is relatively little work on the study of these problems from the RL perspective
(Bertsekas, 2017; |Kushner and Dupuis, 2001; [Pham, 2009)).

A common way of handling continuous RL problems is to discretize
continuous-time stochastic processes to fit with the discrete RL framework.
However, discretization results in errors caused by partition states, actions, times,
and learning algorithms such as DQN and deep deterministic policy gradient
collapse when time steps in the discretization decrease (Lillicrap et al., 2015;
Tallec, Blier and Ollivier} 2019).

Alternative approaches include working directly in the continuous-time
framework. The direct approaches may be advantageous in that they avoid
the issues encountered in the discretization approach. Continuous temporal-
difference (TD) learning was introduced by Doya| (2000) for a deterministic setting
in which the underlying model is deterministic and governed by an ordinary
differential equation. However, this approach is unstable and may even diverge
when applying to data generated from the deterministic model contaminated
with noise. This paper considers a continuous-time stochastic diffusion model as
a noisy version of a deterministic model. Because of noise, there are measurement
errors in the observed data. We provide a new RL framework to handle the
RL problem and propose a novel RL approach based on nonparametric kernel
smoothing and temporal-difference to solve the RL problem with noisy data. We
investigate its asymptotic properties and check its finite-sample behaviors. Our
study demonstrates the good performance of the proposed method.

The rest of this paper is organized as follows. Section 2 introduces basic
concepts and methodologies in RL. Section 3 describes continuous-time RL for
an ODE model and continuous-time stochastic control for a SDE model and
establishes their asymptotic relationship. Section 4 provides a new RL framework
for an ODE model in which the RL learning problem is based on data generated
from a SDE model, which can be viewed as a noisy version of the ODE model. We
propose a novel methodology based on nonparametric smoothing and continuous-
time TD to solve the continuous-time RL problem. Section 5 presents a numerical
study on a pendulum-swinging RL task to check the performance of the proposed
RL methodology. Section 6 features our concluding remarks. Finally, all the
technical proofs are compiled in the Supplementary Material.

2. Brief Review of Reinforcement Learning
2.1. MDP and dynamic programming

RL is usually described through an environment, an agent, and their inter-
action in terms of the Markov decision process (MDP). An MDP consists of a
Markov system (environment) and a controller (agent). The system generates
a state, and the controller produces an action according to the state and its
associated reward. Next, the system generates another state based on the given
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Figure 1. The agent-environment interaction in an MDP.
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state and action and the associated reward, and again the controller produces
another action in response to the new state and its associated reward. The system
and controller continue to interact and yield states and actions to maximize
rewards, as illustrated in Figure 1.

Consider an MDP system and denote its state space and action space by
S and A, respectively. Let ¢ = 0,1,2,... be discrete time steps. Start at the
initial state Sy and action A,. At each time step ¢, the controller receives a
system state S; € S and responds by producing an action A; = 7(S;) € A, where
7(+) is called a policy that specifies the rule for the controller to choose action
in response to a given state. A reward R,.; = r(S;, A;) is calculated based on
the given state S; and action A,, where r(-,-) is called a reward function. Then,
the system generates a new state S;,1, and the controller produces a new action
A1 = m(Sy1) after receiving the new state Sy, ; and the associated reward Ry ;.
This cycle repeats until the process terminates. We call Sy, 4g, S1, Ri, A1, Ss, ...,
a trajectory or an episode. The RL goal is to learn an optimal policy to maximize
a value function that is defined as an expected cumulated reward as follows:

SOZS},

where v € (0,1) is a constant called the discounted factor. Denote the optimal

V7™(s) =E, {Z'ytr(st, Ay)

t=0

value function by V(s) = max, V™(s). An optimal policy is defined as a policy
whose value function is equal to the optimal value function. The value function
V7 (s) satisfies the Bellman equation,

V7(s) = Ex{r(s,7(s)) + 7V (1) | So = s}, (2.1)
and the optimal value function obeys the Bellman optimality equation,

V(s) = EEEE{T(S’ a) +~V(S1) | So = s, Ay = a}. (2.2)

Dynamic programming algorithms are available to solve these equations to obtain
the optimal value function and thus an optimal policy (Bellman, [1956; Bertsekas|,
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(a) Dynamic Programing
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Figure 2. Learning diagram in the Markov decision process. The roots are initial states
of the Markov process. Nodes with a cross are the terminated states. The shaded areas
represent states used in one learning update.

2017; [Howard, |1960} Szepesvari

| [2010).

2.2. RL approaches

Dynamic programming described in Section 2.1 requires the knowledge of the
underlying MDP, like the Markov transition probability kernel for evaluating the
optimal value function and finding an optimal policy. In the RL setup, we use
observed data to estimate value function V™(-), optimal value function V(-), and
an optimal policy. Three basic RL approaches are dynamic programming, Monte-
Carlo, and TD learning methods (Sutton and Barto, 2018; Szepesvari, [2010);
Figure 2 provides an intuitive illustration of their similarities and differences.

Dynamic programming methods take advantage of treating the Bellman equations
as fixed point equations to develop greedy algorithms for learning a value function
and estimating an optimal policy. However, it requires the entire state set of the
MDP, rather than the sample experience used by Monte-Carlo and TD methods.
Monte-Carlo methods estimate value function V™ (s) based on n episodes, where
an episode refers to a sample sequence of states, actions, and rewards from an
actual or simulated interaction between the environment and agent under an
underlying policy 7. Denote the ¢-th episode by E; = (S1, Ais, Rat, Sae, Aoy, .. .)
and its corresponding total reward by G,;. Then, V7 (s) is estimated by an average
of Gy.

TD is widely regarded as a central and novel idea in RL. Denote by V() the
estimated value function, and define the TD(0) error as follows:

0y = Rypq + ’YV (Se41) — 14 (St),
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which is the difference between the estimated value function of the current state
and its one-step ahead estimation using the estimated value function of the next
state. The TD(0) algorithm uses the TD(0) error to update the estimated value
function of the current state to obtain the following iterative updating rule for
the finite state space case:

(S0 V(S + 0 { Reyy + 9V (Si0) = V(S0 } (2.3)

where 7 is a step-size parameter. We may generalize the one-step ahead
estimation used in TD(0) to the k-step estimation and obtain a corresponding
so-called k-step TD method. Because TD methods involve the bootstrapping of
MDP dynamic programming, such as Bellman equations, we refer to TD as a
bootstrapping procedure in RL. TD methods update at every step but do not
require episode experience. In contrast, Monte Carlo methods must wait till the
end of an episode to have the final reward (G, so that we can form error G; — V(St)
to update the estimated value function of the current state and learn the value
function.

TD()) provides a bridge to unify TD(0) and Monte Carlo methods. It is
defined as a weighted sum of the k-step TD with weight A" '(1 — \), k =
0,1,2,..., where X is a parameter and belongs to [0,1]. TD(A) with A = 1
corresponds to Monte Carlo methods, while TD(\) with A = 0 reduces to TD(0).
The value of A between 0 and 1 controls the weights of the k-step TD and produces
intermediate methods between these two extreme methods. TD()) algorithms
are usually described using eligibility trace. Assign e; and w; to denote the
eligibility trace and weight vectors, respectively. Let V(St,wt) be an estimated
value function that depends on state S; and weight w;. The TD(\) updating rule
for the continuous state space case is given by

er < yAe_1 + W(St, wy), (2.4)
Op < Ryq + ’YV (Spt1,we) — 14 (St wy),

Wi41 — Wy + 775156,5,

where the gradient V in (2.4) is taken with respect to wy, and 7 is a step-size
parameter.

3. Continuous-Time Reinforcement Learning

3.1. Continuous-time dynamic programing and RL

The continuous analog of MDP dynamic programming presented in Section
2.1 is established in stochastic control. Consider a diffusion processes governed
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by the following stochastic differential equation (SDE):
dXt = b(Xt,Oét)dt—i‘O-(Xt,Oét)th, (31)

where «; and W; are, respectively, a control stochastic process and a Brownian
motion defined on a filtered probability space (€2, F, {F }i>0, P) that satisfies the
usual conditions in stochastic calculus, and b(-,-) and o(-, ) are drift and diffusion
coeflicients, respectively, which satisfy common Lipschitz and growth conditions
to guarantee the existence and uniqueness of a solution to SDE (Ikeda and
Watanabel, |1989; [Karatzas and Shreve, [1997; [Kloeden and Platen, [1995; Pham)|
2009).

Similar to the discrete case, denote by r(:,-) a reward function and 7(-) a
policy with a; = m(X;). Define a value function

V() = E { /OOO (X, at)dt‘ X, = :c} , (3.2)

where ( is a constant often called the continuous discounted factor. The optimal
value function is defined as V(s) = max, V" (s).

The continuous counterparts of the Bellman equations f in the
discrete case are two partial differential equations for the continuous-time case
(Recht, 2019 [Powell and Mal [2011; Pham, 2009; Kushner and Dupuis, 2001}
Bertsekas, 2017)), described as follows:

BV™(2) = b(z, a) 85;” + %tr {a(:ﬁ, a)a/(x,a)ag;/;} b a), a=r(), (3.3)
and
BV (x) = sup {b(az, a)?; + %tr {a(:c, a)o'(z, a)zag} + r(x,a)} . (3.4)

Equation is called the Hamilton-Jacobi-Bellman (HJB) equations in the
continuous-time stochastic control. Continuous-time RL has been studied for the
SDE model , and RL approaches are investigated for the corresponding setup
(Jia and Zhou, [2022a,blic; Wang, Zariphopoulou and Zhou, 2020)).

3.2. Continuous-time reinforcement learning in the deterministic case

Consider a deterministic continuous-time system with an underlying process
to obey the following ordinary differential equation (ODE),

dXt = b(Xt,Oét)dt, (35)

where a; is a control process governed by a policy 7 (-) through o, = 7(X;). ODE
(3.5) corresponds to SDE (3.1)) with o(-,-) = 0. Given a value function V(X;) at
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time ¢, the continuous TD error is defined to be
o(t) = r(X;, (X)) + V(Xt) — BV (X), (3.6)

where V(X,) denotes the derivative of V (X,) with respect to .
Approximating the derivative V(X;) in a continuous TD error by the back-
ward Euler approximation scheme,

V) ~ V) = V(Xia)

we convert (3.6) into

5(t) ~ r( Xy, m(X,)) + VX, _AZ(X““) — BV(X,) (3.7)
= (X, 7(X0) = (1= BAY V(X)) — V(Xia0)}

At

which matches the discrete TD(0) error with time step At, except for a scaling
factor 1/At.

The value function learning in a continuous state space usually relies on
some function approximation, such as linear combinations of features or weights.
Denote by w(t) a feature or weight parameter and V(X,,w(t)) the current
estimate of the value function based on w(t). Given the continuous TD error
0(t), the continuous TD(A) learning has the following eligibility trace e(t), weight
w(t), and associated updating rules:

w(t) =nd(t)e(t), ) (3.8)
o(t) =r(Xe, m(Xy)) + dV(XZh’tw(t)) — BV (X, w(t)), (3.9)
é(t) = —%e(t) + W (3.10)

where 0 < k < 1/ is the time constant of the eligibility trace (Doya, [2000).
With the estimated value function V' (z) by the TD method, the HJB equation
leads to the the following greedy action:

7(x) = argmax {r(:ﬁ,a) + 8‘(;(:/5) b(z, a)} . (3.11)
acA x

Assume that

d
b(x,a) is linear in a, and r(z,a) = ro(x) — er (a;), (3.12)
j=1
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where a = (ay,...,aq)", ro(+) is the reward for state =, and ry(ay),...,7q4(ay) are
cost functions for action variables ay,...,aq. Suppose that r; are convex, and
their derivatives are denoted by 7;. Then we have

. (ob(za)oviz)
W(x)—{rj (6%% o ),j—l,...,d}. (3.13)

Furthermore, a small perturbation is put into the greedy action by adding noise
in the function 7 '(-) to increase exploration:

)., [ 0b(z,a) 6V(m) . .
() = {rj (8%(% —i—nmse) i=1,... ,d} . (3.14)

3.3. Asymptotic analysis of optimal value functions and optimal poli-

cies under deterministic and stochastic models

We consider an RL problem for a deterministic model with noise contami-
nation. Specifically, the problem is to learn the deterministic model based
on data generated from a form of the stochastic model . Continuous TD
developed for deterministic processes cannot handle stochastic processes like
, because the stochastic processes are not differentiable. Also, TD approaches
based on the HJB optimality equation require the knowledge of drift and
diffusion coefficients, where the coefficients are hard to statistically estimate from
discrete samples. This section establishes some relationships between the value
functions for the deterministic and stochastic models. In the next section, we
present a new framework for the RL problem and use nonparametric kernel
smoothing to develop an RL method to solve the RL problem.

Denote X,(o) as a solution to SDE (3.1). Here, the notation X;(c) makes
its dependence on o explicitly, and X;(0) corresponds to a deterministic solution
to ODE (3.5)). The stochastic model is considered as a noisy version of the
deterministic model .

We need the following technical assumptions to facilitate our analysis.

Assumption 1.

(A1) m(x) and o(xz,7(x)) are bounded.

(A2) b(z,a), o(x,a), and w(z) are continuously differentiable and Lipschitz con-
tinuous with Lipschitz constants Ly, Lo, and M, respectively; that is,
|b(x1,a1) —b(x2,a2))| < Li(|xy — x| +]a1 —az|), and |o(x1,a1) — 0 (22, a2)| <
Lo(Jxy — x| + a1 — ag|), and |w(xy) — w(xs)| < M|xy — o).

(A3) Var{X,(o)} and Var{b(X;(o),7(X:(0)))} as functions of t are bounded over

t in any bounded interval.
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(A4) The reward function r(x,a) is bounded, continuously differentiable, and Lip-
schitz continuous with a Lipschitz constant L, (i.e., |r(z1,a1) — (22, aq)] <
Li(lz1 — 22| + |a1 — a2|)).

The following theorem shows the closeness of the underlying processes
between the deterministic and stochastic models when the diffusion coefficient
is very small.

Theorem 1. Assume Assumptions (A1l)—(A4), and suppose that o can be decom-
posed as a product of two factors € and <; that is, o = ¢, where € is a constant,
and ¢ is bounded. We have

sup  E{|X,(es) — Xi(0)]* | Xo(es) = Xo(0) = 2} < M7,
0<t<T,r€Lipy,
where Lipy; denotes the class of policies that are bounded by a constant and
Lipschitz continuous with Lipschitz constant M, g.(t,z) = ]E{f(f ¢2(X,(e9),
m(X,(e)))ds | Xo(es) =z},

T
M7 =2|g.(T,x) + 2L2T/ g-(s,2) exp{2L*T(T — s)}ds| ,
0

and L = max{Ly, Ly}(M +1). For the given T, both g.(t,z) and MF are bounded
fort € [0,T] and all € and x.

Remark 1. Theorem 1 indicates that as € — 0, the diffusion coefficient goes to
zero, and the difference between the diffusion process X, (o) and the deterministic
process X;(0) converges in mean-square to zero. That is, X;(0) and X,;(0) have a
negligible difference when o is small enough. This implies that for very small o,
the effect of random noise in SDE is negligible, and the stochastic process
X, (o) generated from SDE is close to the deterministic X,(0) generated from
ODE (3.5). Thus, when o is negligibly small, we may practically treat X;(o) as
X(0), and the continuous policy evaluation and improvement developed for the
deterministic model can be effectively applied to the stochastic model .

In the next theorem, we show the closeness of value functions, optimal value
functions, and optimal policies between the deterministic and stochastic cases
when the diffusion coefficient is very small. Denote by V7 (x) and V7 (x) the

value functions under policy 7 for models (3.1)) and (3.5)), respectively, and define
the corresponding optimal value functions as follows:

VyM(z) = sup Vi(z), Vo (2) = sup Vi'(z),
mELip,, mELip,,
where Lip,, stands for the class of Lipschtiz-M policies given in Theorem 1.
Denote by 7% (z) and 73" () the optimal policies corresponding to V> (z)
and V"M (), respectively.
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Theorem 2. Assume Assumptions (A1)—(A4), and 0 = &5 as in Theorem 1. We
have that as € — 0, VX(x) — Vi (x) uniformly over = € Lip,,, and VoM (z) —
VoM (z). Furthermore, as e — 0, any optimal policy M (x) under the stochastic
model must converge to an optimal policy m™ (x) under the deterministic

model ([3.5)).

Remark 2. Theorem 2 establishes the convergence of value functions, optimal
value functions, and optimal policies for the stochastic model to the corresponding
counterparts of the deterministic model when the diffusion coefficient of the
stochastic model goes to zero. It provides theoretical foundations for the proposed
nonparametric smoothing-based RL approach, which will be presented in the next
section.

4. Nonparametric Smoothing-Based RL Approaches in the Continuous-
Time Stochastic Setting

Consider a continuous-time RL problem where the underlying ideal model is
the deterministic model , but observed samples are generated from a special
form of the stochastic model , which is treated as a noisy version of the ideal
deterministic model . The approach developed in Section 3 cannot be directly
applied, because Theorem 2 requires a very small ¢ in model . Typical
continuous-time RL problems with model often do not have a negligibly
small diffusion coefficient o. Nonparametric smoothing comes to our rescue.
Furthermore, because of noises, there are measurement errors in the observed
data. Thus, we need a new RL framework to accommodate the RL problem.

4.1. A new RL framework for noisy data

Consider an RL problem where the true model to learn is the deterministic
ODE model (3.5), and observed data are generated from some form of the SDE
model , which is viewed as a noisy version of the deterministic ODE model.
Because the true model is not directly observable, the observed data are sampled
from a noisy version of the true model; namely, a form of the SDE model .
The standard RL framework may not be suitable to accommodate RL learning
with noisy data. Recall that the standard RL framework contains a system
and an agent. The system produces a state, and the agent generates an action
according to the state and evaluates its associated reward. Next, the system
produces another state based on the given state, action, and the associated
reward. The agent then generates another action in response to the new state
and evaluates its associated reward. The system and agent continue to interact
and produce states and actions to maximize rewards. Applying the standard RL
framework to the described noisy RL problem results in the usual RL problem
and its associated solution for the SDE model (Bertsekas, [2017; Jia and
Zhoul, [2022a,b,c; [Pham) 2009; Wang, Zariphopoulou and Zhou, 2020). In our
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case, the model is simply a noisy version of the true model . An RL
solution to the model can be heavily influenced by the stochastic component
driven by a Brownian motion, which is considered as noise in our case and thus
provides a spurious solution to the described RL problem with the true model
(3.5). The phenomenon has been widely investigated in machine learning, such
as classification for noisy data Friedman, Hastie and Tibshirani (2001). For the
purpose of simple illustration, consider an RL problem for the finite discrete
MDP model described in Section 2.1 where the true states of the MDP are
not observable, and the system generates noisy states of the MDP—states of
a corresponding hidden Markov model. Just as the control and RL solutions
for models and differ, so do the solutions for the Markov and hidden
Markov models (Elliott, Aggoun and Moore, 2008; Szepesvari, [2010). For the
RL learning with noisy data, because the agent must have some proxy of the
true states to generate actions and evaluate rewards, we need de-noising or error
removing in the RL framework to recover or estimate the true states from the
noisy state data so that the interaction of the system and agent can be carried
out. Since statistical procedures of de-noising or error removing require multiple
observations (Y1, [2017; |Cappé, Moulines and Ryden), [2005; Elliott, Aggoun and
Moore, 2008), at each interaction of the system and agent, the system needs
to generate multiple noisy states to estimate the true states. Then, the agent
produces an action according to the last estimated state and its associated reward.
The next section describes the RL problem with the true model and noisy
data generated from the model .

4.2. An RL approach based on nonparametric smoothing

Given the data X;(o) observed from , we apply a kernel method to
smooth the data X;(o) and use the smoothed data to estimate X;(0) from (3.5).
Then, we apply the smoothed data to the continuous-time RL methods, such as
the TD developed for the deterministic model . The proposed approach is
based on Theorems 1 and 2 and the fact that smoothing reduces the random
effect (noises or errors) and can make the smoothed X;(o) close to X;(0). Thus,
the value functions and policies for the smoothed X;(o) are close to those for
X:(0).

Given an estimated state at current time ¢, evaluate the policy m(-) at the
current estimated state to produce an action «;. Then, use the same action «; to
generate m states from and denote them by X, (o), where ¢; € [t,t + At],
m = #{t; : t <t; <t+ At}, and At denotes the length of the time window. Let
K (x) be a kernel function with support on [0,1]. We apply kernel smoothing to
X, (o) to obtain a kernel estimator, denoted by X}*(0), as illustrated in Figure 3,
where h denotes the bandwidth in the kernel smoothing (Friedman, Hastie and
Tibshirani, 2001). Specially, we define
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Figure 3. Smoothing scheme with bandwidth h.

AT = - Yk (M) (o) - (o). (4.1

The new process X'th(a) is obtained by the following procedure: Given the current
estimated state X/'(0), we estimate the state at the next step ¢ + At by

X7 (o) = X7 (0) + AX) (o). (4.2)

The framework and interaction setup is summarized by a pseudo code in
Algorithm 1 and described as follows. Given the current estimated state X'th(a),
we can produce an action o, = w(X['(0)), evaluate the associated reward
r(X (o), (X! (0))), and then use the same action o, to generate m states X, (o),
t; € [t,t+At],i=1,...,m, from the SDE model (3.1). We then compute the next

state estimator X't’ﬂrm(a) by (4.1)-(4.2)), produce an action aa; = W(Xf+At(o)),
evaluate the associated reward r(f([ﬂrm(a), W(X[‘+At(a))), and then use the same
action ay,a¢ to generate m states Xy (o), t; € [t + At,t + 2At], i = 1,...,m,
from the SDE model . The interaction process continues and the proposed
method yields estimated states and actions to maximize rewards.
Nonparametric smoothing indicates that as At — 0, h — 0, m — oo, and
mh — 0, the estimated state Xth(a) is a smoothed process with a negligible
noise component, and thus X/ (o) is close to the deterministic solution X,(0) of
ODE (3.5). Hence, the generated action m(X/(0)) and the associated reward
r(X!Mo), m(X](0))) are approximately equal to their true counterparts 7(X;(0))
and 7(X;(0), 7(X:(0))), respectively. Consequently, we can compute the TD error
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Algorithm 1 Pseudo code for RL with noisy data.

Input: an initial state, policy 7(-), and reward 7’( ).

Step 1. Given the current estimated state X[ (c), compute oy = =(X/'(¢s)) and
r(XI (o), m7(X](0))); use ay to generate m states Xy, (o), t; € [t,t + At], from (B3).
Step 2. Calculate the next state estimator )N(tth A:(0) by and (4.2, and compute

Qppar = 7T()~(th+At(0)) and r()N(erAt(a),w()N(tthAt(U))); use a4 At t0 generate m states
Xi,(0), t; € [t + At,t + 2At], from (3.0)).
Step 3. Repeat Step 1 and Step 2.

0(t) from (3.6 and carry out the policy evaluation and improvement by the TD
learning and greedy algorithms from ([3.8)—(3.11)).

4.3. Procedure to implement RL based on nonparametric smoothing

We apply the 4th order Runge-Kutta (RK) method to solve the ODE given
below. For any T > 0, consider the ODE

X, = f( Xy, w(Xy),t), t € 0,7, (4.3)
and obtain an iterative algorithm as follows:

1
+ - (T 2T 2 YY) =1, N, (4.4)

}/;Z = }/tg71 6

where Y}, is an initial value,

T = (T/N)S (Yo, @ (Vi) b))

Y5 = (T/N)f (Y, + X7 /2,@(Y,, ), ties + T/(2N)), (4.5)
T4 = (T/N)S (Y, + 52,0V, ) e + T/(2N),

it = (T/N)f(

= T/N the 1+T£ ! (Y;[_l),tZ,1+T/N),

f and w are appropriate functions, N denotes the number of iterations, and
t, = ¢T'/N with step size T/N. That is, we recursively apply the algorithm
and over time interval [0,7], and the resultant N iterations provide the
numerical solution of at N time points ty.

We take the function f(X;, w(X};),t) in . ) to be b(X;, ) for the deter-
ministic case of ODE , and denote the resulting discrete process by X, (0).
In the stochastic case of SDE , we proceed as follows. Denote by W, the
white noise (i.e., the derivative of Brownian motion W, in the generalized function
sense). We take the function f(X;, w (Xt ) in . ) to be b( Xy, o) +0 (X, ozt)Wt
and use the 4th order RK method ( and . ) to generate discrete samples
and apply kernel smoothing and to the generated discrete samples.
We denote the resulting discrete smoothed samples by X[ (o) at discrete points
ty =kT/n=kmT/N,k=1,...,n=N/m.
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Specifically, the discrete smoothed samples are iteratively defined as follows:

Xl (0)=X7_,(0) +AX] (o)

=X, (o )+;;K<t’““h_t“) (X (o) = Xh ()}, (4.6)

where states th—1+7 (0),7=1,...,m, are assumed to be generated from the same
action oy, _, = w(X/_ (o)) using the algorithm (4.4) and (4.5)) with w Xthk ) =
W(X&il (0)), and

X (o) =X (o) + (Yi0 + 205 0 + 205 0 + Y510 /6,
thJrl(o_) — vtk(0)+(T]f;11+2Tk 11+2Tk 11+rrk 11)/6,
: (4.7)
th—1+m(0) :th 1+m— 1(0)
+(T]1€;1’m 1+2Tk 1,m— 1+2Tk 1,m— 1+T/c 1,m— 1)/6,

where

T, = (T/N)WB(Xy,_,,.(0),n(X] (0)))

+(T/N)o(Xy,_, (o), m(X] (0)))Wiltr-1)
15,0 = (T/N)b (th o)+ /2, m (X b 1(0)))

HT/N)o(Xy, . (0) + 11, /2, ( i (0))Wi(tk—1 +T/(2N))
Yi," = (T/N)b (th 1 (0) + T'z“a“/2 (X5 1(0)))

+HT/N)o (X, .. (o) + T5017/2 TF( L (0))Wilt-1 + T/(2N))
Yo, = (T/N)Wb(X,,_,,.(0) + 15,1, m(X tk 1( 7))

+HT/N)o (X, (o) + 51 w(XL - (0))Wilts—s + T/N)

(4.8)
fori =0,1,...,m —1, and W; in (4.8) are discrete white noises corresponding
to W and independent of X' (o). If the kernel function K is chosen to be a
constant function, we obtain

m—1
= X! 1(0—)+—mZ(T’“ N2 2T ) L (49)
=0

Given Xt’; (0), we compute the associated reward and the TD error by
(3.6) and (3.7)), estimate the corresponding value function, and perform the TD

learning using (3.8))—(3.11)).
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Asymptotic theory

We fix notations to facilitate the development of the asymptotic theory. We

fix the notations for value functions under deterministic and stochastic cases as

follows:

1.

Vi (z) denotes the value function for the deterministic X,(0); namely,
Vi(z) = [7 e Ptr(X,(0), 7(X,(0)))dt, given Xo(0) = z. Let V5" () be
the corresponding optimal value function that is the maximum of V" (z)
over 7 € Lip,,;. Denote by m;'" () an optimal policy, that is, 75" (z) =
Vi ().

argmaX cp;,

. V(x) denotes the value function for the stochastic X;(¢); namely, V" (z) =

E{[ e P'r(Xi(0), 7(Xi(0))dt| Xo(0) = x}. Let VM(z) be the corre-
sponding optimal value function that is the maximum of V7 (z) over 7 €

Lip,,;. Denote by 7% (x) an optimal policy for X;(c); that is, 75M(x) =
argmax, cr;, V7 (7).

We specify the continuous-time process, value function, optimal value func-

tion, and optimal policy for the smoothed samples f(t’fc (o) as follows.

1.

" h
X

Define a continuous-time process by interpolating Xt’; (o), and denote by
X'(o) the resulting continuous-time smoothed process.

Let VI (z) = E{[;" e P'r(X] (o), m(X!(0)))dt| X} (s) = x} be the value
function for X/'(o).

Let VM (2) = sup, cp;, V"™ () be the optimal value function for X/'(c).

Denote by #*M(z) an optimal policy for X!(c); namely, #"*M(z) =

o
(7 h,
a‘rglna’XwELipM Va’ (SU) .

We have the following theorem to demonstrate that the smoothed samples
are close to the deterministic samples X, (0).

Theorem 3. Under Assumptions (A1)-(A3), we have that for each x, as h — 0,
m — oo and mh — 0,

sup  E [{Xth (0) — X, (0)}2‘ Xo(0) = Xo(0) = 2| = O (m™"),

tr=kT/n,1<k<n

where the asymptotic notation O(m~") means a bound Cm=" for constant C that
may depend on x but is free of (h,m,n).

Remark 3. Theorem 3 shows that the mean square error between the smoothed
samples X/ (0) defined by (4.6)-(4.8) and the deterministic samples X, (0)
converges to 0 uniformly over ¢, = kT/n, k=1,...,n= N/m.
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The following theorem establishes the convergence of the value function, the
optimal value function, and the optimal policy for the smoothed process X}'(o)
to the corresponding counterparts of the deterministic X;(0).

Theorem 4. Under Assumptions (Al1)—-(A4), we have that as h — 0, m — oo
and mh — 0,
sup [V, (2) — V57 ()| = 0,

weLipy,

and
VRN (@) = V().

Furthermore, as h — 0, m — oo and mh — 0, any optimal policy 7#"*M (z) under

the stochastic model (3.1) must converge to an optimal policy 7™ (z) under the
deterministic model (3.5)).

Remark 4. Theorem 4 indicates that the value function, the optimal value
function, and the optimal policy for the smoothed process X} (o) converge to the
corresponding targets for the deterministic X,(0).

Remark 5. We consider a continuous-time RL task where the underlying ideal
model is the deterministic model , but data samples are generated from the
stochastic model , which is treated as a noisy version of the ideal determin-
istic model . Using Theorems 3 and 4, the proposed approach can obtain
smoothed samples close to the deterministic samples from the ideal model, and
the value functions, optimal value functions, and optimal polices for the smoothed
samples converge to the corresponding counterparts for the deterministic samples.
Thus, Theorems 3 and 4 together may validate the proposed RL approach by
applying the continuous-time deterministic RL methods, such as TD, to the
smoothed samples XZ (o) to render good solutions for the stochastic RL task.

5. A Numerical Study on a Real RL Task

We carried out a numerical study to check the performance of the proposed
method. The study is about the continuous-time RL task of a pendulum swinging
upwards with limited torque illustrated in Figure 4.

5.1. The RL setup

Denote the state variable of the pendulum by X,(o) = (6;,w;), where 6,
represents the angle at time ¢ between the pendulum position and the vertical up
direction, with w, as its derivative. 6; and w; are assumed to obey the following
SDE:

dgt = Wtdt, t e [O,T], ( )
5.1

dwy = —pwy + MgLsin b, + a)dt + odW,,

1
MCQ(
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mg

Figure 4. Pendulum

where W, is a standard Brownian motion, o is a constant to represent the
noise level in the problem, a denotes the control variable with «;,,.,, = 5.0, and
(M, L, g, ) are physical constants with assigned values M = £ =1, g = 9.8, and
@ =0.01. When ¢ = 0, the model reduces to the deterministic physics model
of the pendulum in the ideal setting described by |Doya (2000), and the noise
model is used to describe the pendulum behavior in a practical situation.
To make the pendulum swinging upwards, the agent needs to swing it several
times to build up momentum, and then decelerate it early enough to prevent the
pendulum from falling over. The task is non-trivial when the maximal output
torque 4, is smaller than the maximal load torque LMg. In our simulation
study, we take T' = 20 seconds and a step size equal to 0.002 in the 4th order RK
method to simulate the process X;(o).

We start every trial in an initial state Xo(o) = (6o, wo), where wy = 0, and
6y is chosen at random from the interval (—m,7]. Each trial is carried out to
last for 20 seconds, unless the pendulum is over-rotated to the degree that the
angle exceeds 7. Upon such a failure, we terminate the trial and assign a reward
r(6,a) = —1 for one second. We define a measure of the swing-up performance
by the time, t,,, in which the pendulum stays up at an angle between —n/4 and
/4. We consider a trial a success if ¢,, exceeds 10 seconds. Following Doya
(2000), we adopt the reward function

4 ™a
7«(0’ a) = COS(H) — 01 Omax <7_‘_2> IOg (COS { 2amax>} ’

and the policy

5 OV(X,)
ML X,

2
(X)) = ;amax arctan < + 0.5 min[1, max{0,1 — V(X;)}] Et> ,

where Z, is a noise process satisfying d=,/dt = —=Z; + w;, and w, are independent
Gaussian random variables with zero mean and unit variance, and we model the
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Table 1. Experiments settings with 4th order RK method.

step size o m Method
1 continuous TD
5.6.7 89 2 smoothing & continuous TD with bandwidth h = 1 step size
0.002 16 ’11’ *7 3 smoothing & continuous TD with bandwidth h = 2 step size
’ 4 smoothing & continuous TD with bandwidth h = 3 step size
5 smoothing & continuous TD with bandwidth h = 4 step size
value function by
225

e~ Ivak(z—vsp)|l

Vi(z) = vibe(x), be(x) =

225 o (z—va)
O el

where (v, vor, v3) are parameters. See |[Doyal (2000) for details about the
specifications of the reward function, policy, and value function.

5.2. Numerical results

Discrete smoothing samples are simulated from the model using the 4th
order RK method with T' = 20, a step size equal to 0.002, and o between 5 and
11, and by the proposed smoothing method. Denote the smoothed samples by
X'thk, k = 1,...,n, where the step size is equal to T/N, n = N/m; m denotes
the number of observations in the smoothing window, the smoothing bandwidth
is given by h = mT/N, and the kernel function is chosen to be a constant
function. Thus, N = 7/0.002 = 10000, and n = 10000/m. We select m as
from 1 to 5 and the bandwidth as h = 0.002m. We apply the continuous TD(A)
algorithm to the smoothed samples )N(thk and test the performance under various
scenarios, as illustrated in Table 1. In each testing experiment, 100 trials of 20-
second runs are used to train the TD algorithm. To increase exploration, we
add in a normal noise with mean zero and standard deviation 0.5. To
account for the randomness of the training process, each test setting is repeated
500 times. Figure 5 shows the best performance for each 500 repetitions. From
Figure 5(a)—(d), we can observe that as the noise level increases, the deterministic
continuous RL methods start to deteriorate and eventually fail completely. In
contrast, the proposed approach provides good solutions to the RL problem.
The numerical results indicate that the existing deterministic continuous RL
methods do not work for the RL problem in the stochastic setting, and the
proposed continuous RL approach based on nonparametric smoothing can solve
the stochastic RL problem. We also compare the proposed approach with
relevant existing algorithms, namely the online actor-critic (OAC) algorithm for
the continuous-time case (Jia and Zhou, 2022b) and a discretized version of the
continuous-time actor-critic (CAC) algorithm (Doya, 2000). We display in Figure
5(e) and (f) the obtained results for the proposed method in comparison with the
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Figure 5. Plot of the stay-up time t,, against trials for solving the noisy pendulum
swing-up RL problem by the existing and proposed methods under various combinations
of bandwidth A = 0.002m and noise level o, where m = 1,2,3,4,5 correspond to curves
in (a)—(d) with five different line types, o = 5,7,9,11 are for plots (a)—(d), and plots (e)
and (f) correspond to curves for the comparison of the proposed smoothed TD (STD)
method with the OAC and CAC algorithms, respectively.

OAC and CAC algorithms. The results imply the better performance of our
method over the existing algorithms. The findings confirm the established theory
for the proposed RL methodology and that the existing methods are unable to
handle RL problems with noisy data.
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6. Concluding Remarks

In this paper, we develop a new learning approach based on temporal-
difference and nonparametric smoothing to solve reinforcement learning problems
in a continuous-time stochastic setting, where the underlying ideal model is
governed by an ODE, and data samples are generated from a SDE that is
considered as a noisy version of the ODE model. Reinforcement learning methods
have been widely developed for discrete-time MDP, but few RL techniques
available for continuous-time stochastic processes. For example, continuous-time
temporal-difference learning was developed for deterministic ODE models, but
it is not applicable to stochastic models. In fact, the existing continuous-time
temporal-difference learning method is unstable and diverges when applied to
data generated from stochastic models. Furthermore, no RL techniques have been
developed to handle RL problems with noisy data. We developed an approach
based on nonparametric smoothing to handle the described continuous-time
stochastic RL tasks with noisy data. We established an asymptotic theory for the
proposed approach and conducted a numerical study to solve a pendulum RL task
and check the finite sample performance of the proposed method. The theoretical
analysis and numerical study show that the proposed learning approach delivers
a robust performance.

There are extensive research works in the literature on stochastic control
for continuous-time stochastic processes governed by SDEs. However, there
is a lack of good RL approaches for these continuous-time stochastic models,
particularly the statistical aspect of RL. Some recent attempts have been made
in this direction (Wang, Zariphopoulou and Zhou, |2020; [Jia and Zhou, |2022ajbllc).
Despite the extensive research on RL for discrete MDP, little work has been done
on RL with noisy data. We hope that our paper will contribute to the recent RL
works to stimulate further research on continuous-time RL and RL with noisy
data.

Supplementary Material

The online Supplementary Material includes the proofs of Theorem 1-4.
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