Statistica Sinica 34 (2024), 1367-1389
doi:https://doi.org/10.5705 /ss.202021.0336

ASYMPTOTIC BEHAVIOR OF
THE MAXIMUM LIKELTHOOD ESTIMATOR
FOR GENERAL MARKOV SWITCHING MODELS

Cheng-Der Fuh and Tianxiao Pang*

National Central University and Zhejiang University

Abstract: Motivated by studying the asymptotic properties of the parameter
estimator in switching linear state space models, switching GARCH models,
switching stochastic volatility models, and recurrent neural networks, we investigate
the maximum likelihood estimator for general Markov switching models. To this
end, we first propose an innovative matrix-valued Markovian iterated function
system (MIFS) representation for the likelihood function. Then, we express the
derivatives of the MIFS as a composition of random matrices. To the best of
our knowledge, this is a new method in the literature. Using this useful device,
we establish the strong consistency and asymptotic normality of the maximum
likelihood estimator under some regularity conditions. Furthermore, we characterize
the Fisher information as the inverse of the asymptotic variance.
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1. Introduction

Motivated by studying the asymptotic properties of the parameter estimator
in switching linear state space models, switching GARCH models, switching
stochastic volatility (SV) models, and recurrent neural networks (RNNs), we
investigate the maximum likelihood estimator (MLE) for general Markov switch-
ing models (GMSMs). Let {H;,t > 0} be an ergodic (aperiodic, irreducible,
and positive recurrent) Markov chain on a finite state space D = {1,...,d}, and
denote

Y, = gu, (X, Yio1,630), t > 1, with Y, =0,
Xi = fu,(Xi—1,m0), t>1, with X, =0, (1.2)

where Y; € RP, for some p > 1, X; € R™, for some m > 1, {g;,t > 1} is a
sequence of independent and identically distributed (i.i.d.) p x 1 random vectors,
and {n;,t > 1} is a sequence of i.i.d. m x 1 random vectors. Furthermore, we
assume that {H;,t > 0} is a first-order Markov chain, and that {H,,t > 0},
{ni,t > 1}, and {g;,t > 1} are independent. The GMSM is very flexible, and
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includes the aforementioned models as special cases. For example, if gy, and
fu, are linear functions and there is no dynamic structure in the observations
{Y;,t > 0}, the GMSM is reduced to the following well-known switching linear
state space model:

}/; == Bt(Ht)Xt + €n, t Z 17 Wlth }/0 - 0,
Xt — At(Ht)thl + 777“ t Z ]., Wlth XO — 0,

see [Kim/ (1994) and Ghahramani and Hinton (2000)).

A GMSM is, loosely speaking, a two-layer Markov switching model (MSM)
or a two-layer state space model. Specifically, let Y = {Y;,¢ > 0} be a sequence of
random variables obtained in the following way. First, a realization of a Markov
chain X = {X,,t > 0} is created. This chain is sometimes called the regime, and
is not observed. Then, conditioned on X, the Y-variables are generated. Usually,
the dependency of Y; on X is more or less local, as when Y; = g(X;,Y;_1,¢,), for
some function g and random sequence {g;,¢ > 1}, independent of X. In general,
Y; itself is not Markovian, and may in fact have a complicated dependency
structure. When the state space of {X;,t > 0} is finite, it is the so-called
hidden Markov model or MSM. In this paper, we consider a GMSM in which
the underlying Markov chain X depends on a regime switching. That is, there is
an extra finite state Markov chain H = {H;,t > 0} such that, conditional on H,
X, is a general state Markov chain, for ¢ > 0. Moreover, Y depends on both H
and X.

The purpose of this study is to provide a theoretical justification for the
MLE in a GMSM. A major difficulty when analyzing the likelihood function in
a GMSM is that the function can be expressed only in recursive integral form;
see Equation below, for instance. Here, we use the device in —,
to represent the probability density and the likelihood function in as the
Li-norm of a matrix-valued Markovian iterated function system (MIFS). Then,
the log likelihood function can be expressed in additive form, as in , to which
we can apply the standard argument of the likelihood function for the “enlarged”
Markov chain. This representation also gives a fast numerical computation
algorithm of the invariant probability and the Kullback—Leibler divergence for
a two-state hidden Markov model; see Fuh and Mei| (2015). Furthermore, it
may provide a fast algorithm for evaluating of the likelihood function using
the EM algorithm. Note that the asymptotic behavior of MIFS is examined
in detail by [Fuhl (2021). This new device enables us to apply the results of
the strong law of large numbers and the central limit theorem for the asymptotic
distributions of the matrix-valued MIFS, as well as to verify the strong consistency
and asymptotic normality of the MLE in a GMSM.
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Next, we give a brief summary of the literature on GMSMs. Note that a
GMSM has two-layer hidden states H and X. When there is no hidden state X,
and Y is conditionally independent for given H, the GMSM is the classical hidden
Markov model, and has attracted much attention because of its importance in,
for example, speech recognition, signal processing, ion channels, and molecular
biology. When Y forms an autoregression model for a given H, the GMSM
reduces to the MSM of Hamilton| (1989) and the Markov switching multifractal
models of, for example, |Calvet and Fisher| (2001). When there is only X and
no hidden state H, the GMSM includes the celebrated (G)ARCH models, as in
Engle (1982)) and Bollerslev| (1986), SV models, as in (1986), and RNN,
as in |Goodfellow, Bengio, and Courville| (2016]). Refer to [Hamilton| (1994) and
[Fan and Yao (2003) for a comprehensive summary.

When there are two-layer hidden states H and X, the GMSM includes the
switching linear state space model, as in and |Ghahramani and Hinton|
(2000), switching GARCH models, as in [Cai (1994) and [Hamilton and Susmel
(1994), switching SV models, as in|So, Lam, and Lil (1998), and variational RNNs,
as in |Chung et al. (2015). When H = {H,,t > 0} are i.i.d. finite-valued random
variables, and {X;,¢ > 0} is a finite-state Markov chain for given H, then {Y;,t >
0} is the factorial hidden Markov model, as in Ghahramani and Jordan| (1997)).
These prior works focus on state space modeling and estimation, algorithms for

fitting these models, and implementing likelihood-based methods. For instance,
and |Ghahramani and Hinton! (2000) propose a Kalman-filter-based
method and a variational approximation method, respectively, to implement the
MLE in switching linear state space models, and Davig and Doh| (2014) estimate
new Keynesian general equilibrium models using switching monetary policy rules.

RNNs are a popular modeling choice for solving sequence learning problems

in machine learning (see |Goodfellow, Bengio, and Courville (2016)). Early
applications of RNN models in econometrics can be found in [Kuan and White|
and , among others. Recent approaches have used artificial
neural networks for auction design, as in Diitting et al.| (2019)), for estimating
causal relationships, developing the broad idea of instrumental variables, as in
Hartford et al.| (2016)), for portfolio theory in finance, as in |Sirignano| (2019) and
\Gu, Kelly, and Xiu/ (2020), and for time series, as in |Verstyuk (2020). Owing to
the model complexity, most econometrics and machine learning studies use the
gradient descent and/or stochastic gradient descent to compute the MLE. For
instance, Rumelhart, Hinton, and Williams| (1987) propose a recursive algorithm
(backpropagation learning) that speeds up the gradient descent method, and
establishes the consistency and asymptotic normality of the
algorithm. Adaptive moment (Adam) estimation is a recent popular adaptive
gradient algorithm used in machine learning, for example, in Kingma and Bal

@2015).
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There is extensive literature on the MLE in a special case of the GMSM
in which there is only one finite hidden state H. When the observation is
a deterministic function of the state space, Baum and Petrie| (1966|) establish
the consistency and asymptotic normality of the MLE. When the observed
random variables are conditionally independent, Leroux]| (1992)) proves the strong
consistency of the MLE, and |Bickel, Ritov, and Rydén (1998]) establish the
asymptotic normality of the MLE, under mild conditions. By extending
the inference problem to time-series analysis, where the state space is finite
and the observed random variables are conditionally Markovian dependent,
Goldfeld and Quandt| (1973) and [Hamilton| (1989) use the MLE in switching
autoregression with Markov regimes. [Francq and Roussignol (1998) and |Douc,
Moulines, and Rydén| (2004) study the consistency and asymptotic normality,
respectively, of the MLE in Markov-switching autoregressive models, and [Fuh
(2004)) establishes the Bahadur efficiency of the MLE in MSMs. When {Y;,t > 0}
are conditionally independent given X, |Jensen and Petersen| (1999) and Douc
and Matias| (2001)) study the asymptotic properties of the MLE. Douc et al.
(2011) study the consistency of the MLE for general hidden Markov models. The
strong consistency and asymptotic normality of the MLE for general state hidden
Markov models can be found in [Fuh| (2006)).

This study makes three contributions to the literature. First, we provide
a probability framework for the GMSM, which includes hidden Markov models,
MSMs, (switching) GARCH(p, q) models, (switching) SV models, (switching)
linear state space models, and variational RNNs as special cases. Moreover,
we use a dynamic economic model’s viewpoint to analyze the two-layer RNN
model in machine learning. Second, in order to establish the strong consistency
and asymptotic normality of the MLE under some regularity conditions, we
first propose an innovative matrix-valued MIFS representation for the likelihood
function, and then express the derivatives of the MIFS as a composition of random
matrices. To the best of our knowledge, this is a new method in the literature.
Moreover, we provide a weaker weighted local mean contractive condition and fill
the gap in the proof of asymptotic normality in|Fuh| (2006]). Third, we characterize
the Fisher information as the inverse of the asymptotic variance by showing that
the derivatives of the likelihood function still form a matrix-valued MIFS. These
results can be applied to Markov switching models, nonlinear state space models,
and SV models as well.

The remainder of this paper is organized as follows. In Section 2, we formally
define the GMSM and represent its likelihood function as the L;-norm of a matrix-
valued MIFS. Section 3 investigates the MLE in the GMSM, and states the main
results. Section 4 studies derivatives of the matrix-valued MIFS and the score
function, and then characterizes the Fisher information. Section 5 concludes
the paper. In Section S1 of the Supplementary Material, we consider several
interesting examples, including switching linear state space models, switching
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GARCH(p, ¢) models, switching SV models, and variational RNNs, which are
popular in econometrics and machine learning. A simulation study and all
technical proofs are given in Section S2 and Section S3, respectively, of the
Supplementary Material.

2. GMSMs

In general, a GMSM is not Markovian. However, in this section, we provide a
probability framework for the GMSM, under which it can be regarded as a Markov
chain in an enlarged state space. There are two Markov chain representations
for the GMSM. First, a GMSM is defined as a parameterized Markov chain in
a Markovian random environment, with the underlying environmental Markov
chain viewed as missing data. Specifically, let H = {H;,¢ > 0} be an ergodic
(aperiodic, irreducible, and positive recurrent) Markov chain on a finite state
space D = {1,...,d}, with transition probability pf, = P’{H, = j|Hy = i} and
stationary probability 7% (-). For given H, let X = {X;,t > 0} be a Markov chain
on a general state space X', with transition probability kernel Pf (x,-) = P{X, €
|H, = j, Xy = 2} and stationary probability 7% (:|H, = j), where # € © C R¢
denotes the unknown parameter. Suppose that a random sequence {Y;,t > 0},
taking values in R?, is adjoined to the chain such that {((H;, X;),Y;),t > 0} is a
Markov chain on (D x X') x R?, such that conditioning on the full H sequence,
{X:,t > 0} is a Markov chain with probability

P{X, € A|lHy, Hy,..., Yo =y} = P{X, € A|H,},
PU{X, € AlHy,Hy,...,Xo=2,Yy =y} = P{X, € A|H,, Xy, = z} a.s.,
(2.1)
for A € B(X), the Borel o-algebra of X. Furthermore, conditioning on the full
(H,X) sequence, {Y;,t > 0} is a Markov chain with probability

PQ{YBEB|HO7H1,.. Xo,Xl,...}:Pe{}/O€B|H0,X0},
POAY,1 € BIHo, Hy,... Xo. Xu,. Yo, Vi, Vi) = (2.2)
P{Y;41 € B|Hyi1, Xi1; Y2} acs.,

for each t and B € B(R?), the Borel o-algebra of R”. Note that in (2.2), the
conditional probability of Y;; depends only on (H;, X;,1) and Y;. Furthermore,
we assume the existence of a transition probability density pf-(x,a:’ ) for the
Markov chain {X;,t > 0}, given H, = j, with respect to a o-finite measure
m on X such that for i,j € D,

P{H, =j, X, € AY, € BlHy=1i,X, =,Y, =y}
/ ) / Pep? (e, ') £ (y: 017, 2, 9o) Q(dy)m(da),
x' €
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where f(Yy;0|Hy, X, Yr—1) is the conditional probability density of Y; given
((Hy, Xy), Yi_1), with respect to a o-finite measure @ on R?. We also assume
that the Markov chain {((H;, X;),Y;),t > 0} has a stationary probability with
probability density function % (ho)m% (o|ho) f(+; 0|ho, o) With respect to m x Q.
In this paper, we consider § = (6;,...,60,)7 € © C RY as the unknown
parameter (here, and in what follows, T denotes the transpose of a vector or
matrix), and the true parameter value is denoted by 6,. We use 7 (j) for 7% (),

( |]) for 7rX( |]) pj($ax/) for p?(ZC,-T/), f(yO|HO7X0) for f(y0§ 9|HO7X0)> and

(yk|Hk,Xk,Yk,1) for f(yx;0|Hy, X4, Ys_1), depending on the context.
The following is a formal definition of the GMSM.

Definition 1. {Y;,t > 0} is called a GMSM if there is a Markov chain {(H;, X;),
t > 0} such that the process {((Hy, X:),Y:),t > 0} is a Markov chain that satisfies

and (22).

For the first Markov chain representation of the likelihood function of the
GMSM, recall that 7% (ho)7% (zo|ho) f(yo; 0]ho, o) is the stationary probability
density, with respect to m x @, of the Markov chain {((H;, X;),Y;),t > 0}. Note
that the joint probability of {Y;,t =0,...,n} is

P{Y, € By,Y;, € By,...,Y,, € B,} (2.3)
=/ / / P (Yo, Y15 - -5 Yns 0)Q(dyn) - - - Q(dyr) Q(dyo),
Yyo€Bo Jy1€B1 YnE€EBn

where
pn(y07y17”'7yn7 = / hO)ﬂ-X(xO’hO) (yO;H‘hO7$O)
hos...,hp=1" 0,71,
s 6 6 .
X tht_lhtpht (i1, 20) f(ye; Olhey T, yo—1)m(dxy,) - - - m(day). (2.4)

t=1

To illustrate the GMSM, we use the switching linear state space model given
in and . Other examples, including the switching GARCH models,
switching SV models, and variational RNNs, are provided in the Supplementary
Material.

Example 1 (Switching linear state space models). Consider the model
in and , with Xg = 0 replaced with the stationary distribution my,
where By(H;) =: By and A,(H;) =: A; are p x m and m x m random matrices,
respectively, governed by {H;,t > 0}. Let {(H:, X:),t > 0} be a Markov chain
on a general state space D x R™ with Borel o-algebra B(D) x B(R™), which is
irreducible with respect to a maximal irreducibility measure on (D x R™, B(D) x
B(R™)) and is aperiodic. With a slight abuse of notation, we still let P(-,-)
denote the transition probability kernel and assume that (H;, X;) has stationary
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measure g (ho)mx(-|ho).

When &; ~ N(u,0?), . ~ N(0,1), B, = 85, € R, and 4; = agy, € R, with
la;| < 1, for j = 1,...,d, then for given H, = j, {X;,t > 0} forms a Markov
chain with transition probability density function

1 —(zp — ;71 )?
pj($t71’xt): mexp{ ( t 2J t 1) }

For given observations y = (y1, ..., ¥,) from the switching linear state space
model (| and (| . the likelihood function of the parameter 6 = (a, ..., aq,

67"')6d7”7 ) S

coy)= S / w1 (ho)mx (olho)

hoyh1yeeshy =1 %05 T €X
n

. tht—lhtpht (iﬂt,l, $t)¢u,g2 (yt — ﬁhtxt)dxn . d$07
t=1

where ¢, ,2(-) is the probability density function of N(u,0?); see Section S1 in
the Supplementary Material for further details.

For the second Markov chain representation of the GMSM in (2.3)) and (2.4} .,
which we use to analyze the MLE of the GMSM, we first write the random joint
probability density function p,, (Y, Y7,...,Y,;0) as the L;-norm of a composition
of Markovian random matrices, each component of which is a Markovian iterated
random function. Specifically, let

M = {g\g : X = R is m—measurable,

reX

/|g )m(dx) < oo and sup|g(z)| < oo}. (2.5)

For each t = 1,...,n and j = 1,...,d, define the random functions P%(Y;) and
PY(Y;) on (X x R?) x M as

PI(Y)lg()] = f(Yo; 01, 2)g(x), (2.6)
PIM)o(@)]) = [ A o) (bl Vg mldr).  (27)

For the definition of P9(Y;)[g(x)] in (2.7), we consider the reverse of the transition
probability density, which generalizes the corresponding result in hidden Markov
models; see (1.5) in [Fuhl (2003). Note that, strictly speaking, the notation
PY(Y3)[g(x)] in (2.7) needs to be replaced with P%(Y;,Y,_1)[g(x)], but we abuse
the notation a bit here for convenience.
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For given i,5 = 1,...,d, define the composition of two random functions as
PJ(Yii1) o P{(Y:)[g(2)]
— [ )i (Vb Yo
T EX
([ st fvatlia” Yol m(ds) Jmas). (28)
z'eX

It is straightforward to see that M defined in (2.5)) forms a vector space with
the standard scale product. Addition in M is defined as the addition of two

functions. For g € M, denote ||g; := [ . |9(z)Im(dx) as the L;-norm on M
with respect to m. Then, (M, || - ;) is a separable Banach space. Moreover, we
define (g); := [, ., g(x)m(dx).

For a given vector z = (z1,...,24)" € RY, define the L;-norm of z as ||z||s =

S°% |z, and define () = 3%, z;. Then, we define the L-norm of a d x d

77777

P(Y;) = P’(Y;) = diag(P}(Yp),. .., P4(Yp)) (2.9)
puP(Yy) - paPI(V2)

P(Y,) =P’(Y,) = : : , fort=1,...,n, (2.10)
P1dPZ(Yt) "'pddPZ(Yt)

and M? := {4 = (¢1,...,%q) : ¥; € M, for j = 1,...,d}. Then, P’(Y;) and
PY(Y;) are random functions defined on M := (D x D x X x R?) x M¢.
Now, for given P?(Y;) and P?(Y;,,) in (2.10)), define P?(Y;1,) o PY(Y;) as

P’(Yy41) o PO(Y)) (2.11)
S papuP (Vi) o PU(YL) -+ S0 piupaPl(Yisr) o PU(Y))

S piapiPy(Yin) o PUY) - S0 piapaiPl(Yisr) o PY(Y)

Note that the operation defined in (2.11f) is in the domain of block operator
matrices; see Tretter| (2008)).
Let mx(z) = (mx(z|1),...,7x(z|d))T. For given t = 1,...,n, define

puP{(Yo)mx (z[1) - - par P (Yy)mx (]d)
P(Y,)orxy = P(Y,)omx(x) = : - : , (2.12)

P1aPy(Y)mx (z[1) - - - paaP(Yi)mx (2|d)

and

PY,)orxomy =P(Y;) omx oy (x) (2.13)



ASYMPTOTIC BEHAVIOR OF THE MLE IN GMSMS 1375

= (Z mu(Dpa P (Vo) mx (i), .., ) WH(i)pidPZ(Y;)WX(x”)) :

i=1 i=1
Define the norm || - ||;4 of P(Y;) o mx o g as
IS0 7w (D)pu PUY)mx (]|,
|P(Y:) omx o gl = : .
1325w (8)peaP(Ya) mx (el ) 1o ]

Then, p, (Yo, Y1,...,Y,;0) in (2.4) can be represented as

pn(Yo,Yi,...,Y,;0) = |[P°(Y,) 0 - o PU(Y)) o PO(Yy) oy o mprlfiay,  (2.14)
where 7y = 7% = (7%(1),...,7%(d))" and 7x = 7% = 74 (), for x € X.

Therefore, by representation (2.14), p, (Yo, Y1,...,Y,;60) is the Li;-norm of

a matrix-valued MIFS. Further detailed analysis is provided in Section 3. In
addition, we define (-);4 of P(Y;) omx o7y as

(i ma (D) P (Yo mx (2]0))
<P(Y;)O7TXO7TH>ld: < >
(L 7 (D)paaPa(Y)mx (2l)) ]

Remark 1.

(1)

Note that although we assume that the initial distribution in is station-
ary, it can be arbitrary. This is because we do not need this assumption in
the required theorems, such as Lemma 1 in the Supplementary Material for
the stability issue, the strong law of large numbers for the induced matrix-
valued MIFS (Fuh! (2021)), and Theorem 2 and Corollary 1 in [Fuh| (2006)

for the central limit theorem of the induced Markov chain.

For hidden Markov models, which are a special case of the GMSMs studied
in this paper, the likelihood function is usually expressed as product
of conditional likelihood functions, p(yx|yo,...,yx—1), for & = 1,...,n.
Then, use p(yi|yo,---,Y_oo) to approximate p(yx|yo,- - -,Yr_1) under some
assumptions; for example, see Bickel, Ritov, and Rydén| (1998) and
Yonekura, Beskos, and Singh| (2021). However, this approach is difficult to
be applied to more general models, such as GMSMs. For GMSMs, we show
that the MIFS approach works. That is, we find that both the likelihood
function and the derivatives of the likelihood function can be expressed as
matrix-valued MIFS, and that the MLE of a GMSM can be examined using
the asymptotic properties of MIFS established in [Fuh| (2021)).
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3. The MLE

Let yo,¥y1,--.,Yn be the observed values from the GMSM defined in ([2.1))
and (2.2)). Then, the likelihood function L£(0|yo,y1,...,y,) has the form p, =

P (Yo, Y1y -« -, Yn; 0), defined in (2.4). When dlog L(0|yo, y1,- - .,Yn)/00 exists, we
can seek solutions to the likelihood equations

310gﬁ(9|y0a Yiy- - 7yn)
00

:0’

and obtain the MLE 6, in a GMSM. Note that the MLE may not be unique.

To study the asymptotic properties of the MLE in a GMSM, we first impose
some suitable conditions on the underlying Markov chain. Let Z; := ((H;, X}), Y3)
be an aperiodic and irreducible Markov chain on a general state space (DxX') xR?
with Borel o-algebra A := B(D) x B(X) x B(R?), where irreducibility is with
respect to a maximal irreducible measure on A. For the recurrent condition
on the Markov chain, we first consider that {Z;,t > 0} is Harris recurrent,
which is defined as follows: if there exists a set A € A, a probability measure I"
concentrates on A and an € with 0 < ¢ < 1 such that P,(Z; € A i.0.) =1, for all

€ (D x X) x R?; furthermore, there exists ¢, such that P'(z,C) > eI'(C), for
all z€ A and all C € A.

Next, we consider the w-uniformly ergodic condition. Let w : (DxX)xR? —
[1,00) be a measurable function, and let B be the Banach space of measurable
functions h : (D x X) x R? — C (:= set of complex numbers), with ||A|, :=
sup, |h(2)|/w(z) < co. We impose the following conditions on the Markov chain

{Z;,t > 0}.

Assume Z; has an invariant probability measure With probability density
function 7 := 7wy ()rx(:|H)f(-|H,X), such that [w(z)n(z)dz < oo, and for
every h € B satisfying |h| < w,

Eh((H, X)), Y| ((Hy, X h(z "dz'
i oo {1 X0 V0N X0 ¥ = = [0
t00 L e(DxX)xRP w(z)
(3.1)
{E[w((Hl,Xl),Yl)l((HmXo%Yo) = z] }
sup < 00.
2€(DxX)xRP w(z)
(3.2)

Condition (3.1)) states that the chain is w-uniformly ergodic, and implies that
there exist v > 0 and 0 < p < 1 such that for all h € B and n > 1,

sup ‘E[h((Ht,Xt),lft)’((Ho,Xo) YO = Z fh dz’|

< P[Pl
2E(DxX)xRP w(z)

see pages 382-383 and Proposition 16.1.3 of Meyn and Tweedie| (2009). When
w = 1, this reduces to the classical uniformly ergodic condition. Note that for
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an aperiodic and irreducible Markov chain {(H;, X;),Y;),t > 0}, the w-uniformly
ergodic condition implies that the Harris recurrent condition holds; see
Theorem 9.1.8 of Meyn and Tweedie| (2009).

For a given nonnegative integer vector v = (v, ... v)T write |v| = v +

c+ @)yl =y @1 and let DY = (D) - (D,)” /o denote the vth

derivative with respect to 6 in Ns(0y) := {0 : ||0 — 0|| < 0}, the J-neighborhood
of the true parameter 6y, where (D;)* is the kth partial derivative with respect
to the [th coordinate of § for [ = 1,...,¢q, and | - || denotes the Ly-norm. Here,
v = 0 denotes no derivative.

The following conditions are used throughout the rest of this paper.

C1. Stationary and ergodicity conditions
For any § € © C RY, the Markov chain {((H:, X¢),Y;),t > 0} defined in

(2.1) and (2.2) is aperiodic, irreducible, and satisfies (3.1)) and (3.2)), with weight

function w(-).

C2. Identifiability condition
The true parameter 6, is an interior point of ©, and the equality p,(yo, y1, - - -,

Yn;0) = pn(Yo, Y1, - - -, Yn; @) holds P-almost surely, for all nonnegative n, if and
only if § = 6"

C3. Conditions on the state equation functions

C3.1. Forall j € Dand z,2’ € X, 0 — p(x,2’) and  — 7% (x|j) are continuous.
Furthermore, for all j € D and z € X, pf(z,2’) — 0 and 7% (x|j) — 0 as
|0]] = oo, and for all # € © and each j € D, 0 < p(x,2’) < oo, for all
z, 2’ € X, and sup, [ pl(a’, x)m(dzx’) < oo

C3.2. For all j € D and z,2’ € X, 6 — pi(z,2') and 6 — 7% (x[j) have twice
continuous derivatives in some neighborhood N;(6y) of 6.

C3.3. For any 6 € N;(fh) and v with 1 < |p| < 2, assume for each j € D,
]D”p?(x,:c’)] < oo, forall z,2’ € X.

C34. Forall j €D,z e X, and k1, ks =1,...,q,

o1 0 Nk Olo 0 $,JZ‘I 2
/ sup 0g7rX(:C|])‘ m(dz) < oo sup Ologp;(@,) m(dz") < oo,
X 0EN;(60) 00, X 0EN5(60) 00,
02 log 7% (z|7) ‘ 0?log pf(x, x')
su —=—=——2Im(dx) < 00, su ——1— “Im(dx’) < oo
/X S T ) xoensoy) | 001,00, (d)
Forall je D,z e X, l=1,2, and k1,ks =1,...,¢,
% (@) d'pj(w,a’)
su 7mdx < 00, su jimdx'<oo
/X 9€N5p90 60161 aekz ( ) X GENapﬁo) aekl aekl ( )
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C4. Conditions on the observation equation functions

C4.1. For all j € D and z € X, 6 — f(yo;0|j,x) and 0 — f(y1;0]j,x,y0) are
continuous, for all yq,y; € RP. Furthermore, for all j € D, z € X, and
Yo, Y1 € Rp? f(y070’.77x> — 0 and f(ylagbaxvyO) — 0 as ”HH — 0.

C4.2. For all § € © and each j € D, 0 < sup,cr f(y0;0|4,2) < 0o and 0 <
sup,ex f(y1;07,2,y0) < oo, for all yo,y1 € RP. Because m is o-finite,
there exist pairwise disjoint {X,,,n > 1} such that X = U &, and 0 <
m(X,) < oco. Assume E[Y 7 (1/2")sup;cp,ex, f(Y1:0]7,2,90)] < o0,
for all yo € R? and 0 € ©.

Assume that there exists r > 1 such that, for 6 € © C R? and g € M,

b E<>{ log (P?(Y» o0 PY(Y1) o P4 (yo)[g(xo)]
((4,0),y0)E(Dx X)xRP
HT7XT'7K"
w(]71'0a3/0)
w(HlaXlale)
sup EO_E {PG.Y o PY(yo)[g(20)] — iz 2 71
((,0),0)E(DX X)xRP (J,r0,Y0) ]( 1) ]( 0)[ ( O)} U](']’,CL'O,yO)

(3.4)

C4.3. For any 6 € Ns(0y) and v with 1 < |v| <2, sup;cp ,cx [D” (15015, z,90)|
< oo, for all yo,sn € RP. Assume that E[> "~ (1/2")sup;cp pex,
|D¥ f(Y1;0)4, 2, y0)|] < oo, for all yo € RP and 6 € ©.

Given 1 < |v| < 2, assume that there exists » > 1 such that, for all
8 € Ns(6) and g € M, sup,cy |0g(z)/00;| < oo, for k=1,...,q, and

sup By tox ([P (P00 - POV 0 (e )|
((4:%0),y0)€E(DX X) xRP
H,., XY,
w(]afEano)
w(H17X17}/1)
sup Ee'a:o 0 {‘DV<P9(Y OPGy)g([L‘)>‘}
(o) w)e(Dxx) xRy 7000) 1(2) © P (wo) g o) w(j, o, Yo)

(3.6)

C4.4. For all j€D, x€ X, yo,y1 € RP, and # € © C RY, and for ki, kg, k3 = 1,
.., q, the partial derivatives Jf(yo;0|j,x)/00,, 0*f(yo; 0|7, 2)/00k, 0k,
and a3f(y0, 9|jax)/80k180k289k37 and af(yla 9‘]7x7y0)/89k1a 82f(y15 9‘

ja xz, yO)/aemaekw and asf(yl, 0|,77 xz, yO)/00k180k280k3 exist.
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C4.5. Forall je D,z e X, yo € RP, and k1, ks =1,...,¢,

24

0 dlog f(Yy; 014, )
Ga |, 00 =0
€N;5(6o) k1
dlog f (Y3015, 7,y0) ']
E? @ [ sup —— < 00,
((4,2)y0) 6 N5 (60) 00y,
0?log f(Yo; 014, z) |]
Ee‘z [ sup T < o0,
(J,@) 9E N5 (60) 86k189k2
9?log f (Y1617, 2, y0) ]
B [ sup || <o
((4,7),y0) 0ENs(00) 80k180k2

Forall jeD,z e X, yo € RP, I =1,2,and ki, ks =1,...,q,

[ [P0
sup
0€N5(60)

90y, -~ 00y,
/ sup
9€N5(90)

8lf(3/13‘9‘j73371yo)
C4.6. E?(Oj,x)7y0)| log(f (yo; Oold, ) f(Y1; 6old, 7, 90))| < oo, forall j € D and z € X.

Q(dy) < oo,

Q(dy,) < 0.

90y, - - 00,

C4.7. For each 8 € O, there is a 6 > 0 such that for all j € D and = €

X, E?(Oj}z),yo)(SUP\|9'—0|\<§ [log(f(yo; 9/|j7$)f(yl;9/|j7337y0))]+) < 00, where
a™ = max{a,0}. Furthermore, there is a b > 0 such that, for all j € D and

v € X, B (supjgrsy [1og(f (503 05, 2) f (Vi3 0)]5,2,50))] ) < oo.
C4.8. For 6 € N5(6,),

0o
((4,x),y0)

sup
((4,2),y0)E(DXxX)xXRP

sup  sup

( I (03 013, 2) £ (Ya; 015, 2, o) ) -
- . Q.
0EN;(0o) =,a'€X f(y0§ Q‘J,x )f(Yl, 9"773«" ;l/o)

Remark 2.

(1) Condition C1 is the stationary and w-uniform ergodicity condition for the
underlying Markov chain. In practice, {H;,t > 0} is often a finite-state
ergodic Markov chain, and {Y;,¢ > 0} are conditionally independent for given
{H;,t >0} and {X;,t > 0}. Then, we need only check w-uniform ergodicity
for {X,,t > 0}. Note that for the switching linear state space model in
Example 1, X, is an autoregressive model with w(z) = ||z||*; see Theorem
16.5.1 of Meyn and Tweedie| (2009). Additional examples are provided in the
Supplementary Material.

(2) Condition C2 is the identifiability condition for a GMSM. That is, the family
of mixtures of {f(Y1;0]j,x,y0) : 0 € O} is identifiable. We also use this
condition to prove the strong consistency of the MLE. Although it is difficult
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to check this condition in a GMSM, in many models of interest, such as a
finite-state hidden Markov model with normal distributions, the parameter
itself is identifiable only up to a permutation of states. A sufficient condition
for the identifiability in hidden Markov models can be found in |[Douc et al.
(2011)).

C3 states conditions on the state equation functions, where C3.1 is a standard
continuity condition and C3.2—4 are standard smoothness conditions. These
conditions are fulfilled in many practical models, such as switching linear
Gaussian state space models.

C4 states conditions on the observation equation functions. C4.1 is a
standard continuity condition. In C4.2-3, we impose the weighted local
mean contractive conditions and and the weighted mean moment
conditions and , to guarantee that the MIFS induced by the
likelihood function of the GMSM and its derivatives, respectively, satisfy K2
and K3 in Section 4 of [Fuh/ (2006]). Note that is a weaker condition than
C1 in Fuh (2006). C4.4-5 are standard smoothness conditions. C4.6-7 are
integrability conditions, which we use to prove the strong consistency of the
MLE. C4.8 is a technical condition for the existence of the Fisher information
to be defined in below. In the Supplementary Material, we check that
these conditions hold for several models used in practice.

Let {((H;, X}),Y;),t > 0} be the Markov chain defined in (2.1)) and (2.2). Re-
from ([2.14) that the log likelihood function based on the samples {Yp, Y7, ...,

Y, } can be written as

1(0) =log L(O|Yo, Y1,...,Y,) =logp, (Yo, Y1, ..., Y, 0) (3.7)
=log||P?(Y,) 0--- o P’(Y}) o PY(Yy) o mx o gy ||1a
= log [P°(Yn) 0 --- o PUY1) o PP(Yp) o mx © marua
[PO(Y,-1)0---0oP(Y1) o PU(Yy) omx o |1
|P?(Y1) o PY(Yy) o mx o Th|1a
[P?(Yo) o mx Oﬂ'HHld

+log +log [P?(Ys) o mx © 7 ia-

For each n, denote

M, :=P%(Y,)o--- o PY(Y}) o P?(Y}) (3.8)

as the matrix-valued MIFS on M9 induced from (2.5)—(2.13). Then, the log-
likelihood function 1(#) based on the samples {Yy,Y,...,Y,} can be written as

S,

= Z?:l QZ)(Mtfla Mt) + IOg HPG(}/O) OTx O 7TH||ld7 Wlth

||P9(Yt) 0---0 Pe(yl) © PG(YO) omx o Th |14

M, 1, M,) =1 .
O(Myr, My) 8 IPO(Y;_1)o---oPY;) o PU(Yy) omx o mp||ia

(3.9)
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To prove the strong consistency and asymptotic normality of the MLE in a
GMSM under conditions C1-C4, we need to apply Lemma 1 in the Supplementary
Material and Corollary 1 of [Fuh! (2006). For this purpose, we need to check that
the induced matrix-valued MIFS satisfies the assumptions in [Fuh| (2006), and
that the associated Markov chain is aperiodic, irreducible, and Harris recurrent.

To start with, for given g € M, we define the sup-norm of g as ||g|l. =
sup,cx |9(z)] < oo. We also define the variation distance between any two
elements g, g2 in M by

d(g1,92) = igl)? l91(x) — ga(z)]. (3.10)

Note that (M, d) is a complete metric space with Borel o-algebra B(M), but it
is not separable. However, we can apply the results developed in Dudley| (1966)
for a nonseparable space. Therefore, Lemma 1 in the Supplementary Material
and Theorems 1-4 of Fuh| (2006]) still hold under the regularity conditions. An
alternative approach can be found in Section 7 of Diaconis and Freedman! (1999),
who provide a direct argument of convergence, rather than dealing with the
measure-theoretic technicalities created by a nonseparable space.

Then, {((H:, X+, Y:), M;),t > 0} is a Markov chain on the state space M; =
(D x X x R?) x M?, with transition probability kernel P? defined as (S3.2) in
the Supplementary Material,

Pe(((h07$0ayo)a¢)a(AaB)):/(h : AIB(Pe(yl)T/J)P((hOJOaZ/o)ad(hlaﬂﬁlayl))’
1,21,Y1)€
for hy € D, 39 € X, yo € RP, v € M4 A € A, and B € B(M?),
where I denotes the indicator function. In the Supplementary Material, under
conditions C1-C4, we show that the stationary distribution of the Markov chain
{((H,, X,,Y;), M,),t > 0} exists, and is denoted as IT := II,.

In the following theorem, we state the strong consistency of the MLE 0,
under some regularity conditions.

Theorem 1. Assume conditions C1, C2, C3.1, and C4.1,2,6,7 hold. Then, 0, —
0y, P%-a.s. as n — oo.

To state the asymptotic normality of the MLE 6, in a GMSM, we need to
define the Fisher information matrix

10) = (o) 9 (3.11)
_ <E%[<alog||P (1) Ol;e(ly‘)) o mx omum>

<3log |P(Yy) o PY(Yy) oy o 7rH||ld)]>
00, ’
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which is finite for 6 in a neighborhood Nj(6y) of 6y. Here, }E"ﬁ is the expectation
under P, defined in (4.8)) in Section 4. Furthermore, assume I(6,) is invertible.

Theorem 2. Assume conditions C1-C4 hold. Then, \/n(8, — 6y) is asymptoti-
cally normally distributed with mean zero and variance-covariance matriz 11 ().

Remark 3. In practice, although it is not easy to compute the MLE of a
GMSM, we can approximate it. For example, for switching linear state space
models, Kim| (1994) provides a Kalman-filter-based approach for computing an
approximation of the likelihood. Then, a nonlinear optimization procedure is
used to compute the maximizer. This approach has been proved to perform well
with a considerable advantage in terms of computation time. |Ghahramani and
Hinton| (2000)) propose a variational approximation method, similar to the EM
algorithm, for computing the MLE.

4. Fisher Information and Score Function

To prove the strong consistency and asymptotic normality of the MLE 0.,
in a GMSM, we investigate the Kullback—Leibler divergence in Lemma 4 in the
Supplementary Material, and the Fisher information in Theorem 3 below, which
are of independent interest. The proof of the convergence of the score function
and the Fisher information involves derivatives of the log likelihood function.
Thus, we first show that the derivatives of the log likelihood function /() in
can be expressed as an additive functional of a MIFS. Then, we can define
the Fisher information and state the asymptotic normality of the score function.
Note that the results in this section also fill the gap in the proofs of Lemmas 5
and 6 in Fuh (2006).

Recall PY(Y;) defined in (2.10) and M,, = P%(Y,,)o---oP?(Y;)oP?(Y,) defined
in . For any 1 <[ < g and positive integer k, recall that D; is the partial
derivative with respect to the ith coordinate of # in a neighborhood N;(6,) of the
true parameter 6y, and (D;)* is the corresponding kth partial derivative. Now,
for any two given random functions P?(Y;;1) and P%(Y;), defined in (2.7), and
for any given go(-) € M, by conditions C1-C4 in Section 3 and the dominated
convergence theorem, we have

Dy {P(Y,)[go()]} = Di {/

= / {f(na 9’j,.’17, K—l)g@(x/)Dlp?(xla CC) +pf($/,$)99($/)plf(yt7 0|.77 x?K—l)
T’ eEX

pf-(w',x)f(n;eu,x,n_age(x')m(dx')}

ex

+p§<x',x)fm;eu,x,n_oDlge(a:')}m(dx/),

and
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Dy {PY(Yiy) o PU(Y:) [gs ()]}
:Dl{/ p?(:v”,x)f(i/'tﬂ;ﬂj,x,ﬁ)
x//EX
( [ s :c",m)ge(x/)m(dx')) m(dm">}
' eEX
- / Dy {22 2) f (Y1 017, 2. V3)}
x'’'eX
( [ e l‘”>Yt1)99($/)m(de')) m(da’")
r’'eX
+/ p?($//7x)f(y,t+1,9’j7$7}/t)
I/,GX

</z'ex Dy {pl(z',2") f(Y3;0]i,2",Yi_1)go(x') } m(dm’)> m(dx")
= {DiPY(Yis1)} o PY(Y))[go(2)] + PU(Yi1) o {Dy(PY(Y:)[90(2)])} -

Denote
Dl(PnP?(Yt)) T Dl(plef(Yt))
D/P(Y,) := DP’(Y,) = : : (4.1)
Di(p1aP5(Y2)) - - Di(paaP(Y2))
Dy(p11)P{(Yy) -+ Dy(par)P{(Yy) puDi(PI(Y1)) - par Di(PY(Y7))
= : : + : : ;
D, (p1d)PZ(Yt) e Dy (pdd)PZ(Yt)) p1dDz(PZ(Yt)) T pdle(Pg(Yt))

fort =1,...,n. Note that p;; may depend on 6, for 7,5 =1,...,d.

Although we use only the first two derivatives of the MIFS, we consider a
general setting in the following arguments. For higher derivatives, we assume
the corresponding assumptions in C3.2-4 and C4.3-5 hold, without specification.
Recall that, for a given nonnegative integer vector v = (v, ... v )T we write
] = v® 4o+ 0@ and vl = 1. p@1 and let DY = (D) - (Dy)""”
denote the vth derivative with respect to 6 in Nj(f,). For any v, define
WY = D'M, = (D))" - (D,)""" (M,). Then, by conditions C1-C4 and the
dominated convergence theorem, we have D"| (M, onx omg)|ia = (D" (M, omx o
7TH)>1d-

Now, let us consider all derivatives with order r or less. Note that for a fixed
integer r > 1, there are exactly K = (r + ¢)!/rlq! different v satisfying |v| < r.
Label all such v by vy, vs, ..., vk, and let W,, = (W» Wrz ... W¥s)T. Recall
M=(DxDxXxRP)x M Then, W,, € M¥ :={v=(my,...,mg)" :my €
M,1 < k < K}. Moreover, for given v; and vy, let v; + v}, denote componentwise
addition in the vector.
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To investigate the dynamic of W,,, note that for any v;, we have
wy (4.2)
= D" (P’(Y,)o--- o P’(Y}) o P(Yp))
_ (1)! Vi 10 Vi 0 0 0
= Y {(Vk)!(vm)!D PY(Y,) o D" ( PY(Y,,—1) 0 -+ - o PY(Y1) 0 PP (Y0)

1<k<m<K
V=V +Vm

( ) 0 v,
E ————{D"P(Y,) o W}*
1<k<m<K (Vi) (Vm { 1}
VI=Vi+Vm

Hence, we can denote a K x K matrix

An = [a?k]lgl,kgl( ) (4.3)

with each a;j, € M defined as

n

ap = { Wl

WD PO(Y,), if exists 1 < m < K such that v = v + vy,
0, otherwise.

(4.4)
In addition, for each K x K M-valued matrix B = [by],; <, and each K-
dimensional M-valued vector V = (Vy, Vs, ..., Vg)T € MX | we define

K K K T
BoV .= (Zble%,ZbgjO‘/j,...,ZbKjO‘/j> . (45)
j=1 j=1 j=1

Then, by (4.2), we have W,, = A,, o W,,_;, and thus
W,=A,0A,_10---0A; oW, (4.6)
where Wy = {WY : |v| < r}, with WY = D"P?(Yj).

Remark 4. To illustrate , let ¢ = 1, that is, 6 is a one-dimensional
parameter. In this case, v € R and we can simply label all |v| < r by natural
order so that W,, = (W2, W} ..., W) the vector of the first rth derivatives.
Then, for any 0 < k < r, we have

Wk =D*PO(Y,)o0--- 0o P’(Y}) o P*(Yy))
k‘ k10
- E_k{<k1><k IR

oDFk1 <P9(Yn_1) o---oP/(Y})o P"(Yb))}

= Y Gy {DMP(Y,)oWiTh},

0<k: <k
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where C? = b!/(a!(b — a)!). Therefore, W,, = A, o W,,_;, with

P/(Y,) 0 0
CID'PY(Y,)  PYY,) -+ 0

n

: (4.7)
C'D'PY(Y,) C7_ D" 'PY(Y,) - -- PY(Y,,)

where zero denotes the zero function in M. Note that W,, forms a MIFS on M,
and that the components in W,, can be different.

Note that W,, in and A,, in are K x K random matrices. In
addition, for k = 0,1,...,r, the component D*P?(Y,) in A, is a d x d M-
valued matrix, rather than the traditional R-valued vector and matrix. That
is, D*P?(Y,,) is a d x d M-valued random matrix in which each component is a
random functional defined on M.

To illustrate this phenomenon, we consider H; as a finite d-state Markov
chain and there is no X;. Let 0 be a one-dimensional parameter. Then, A, in
is a K x K matrix, with each element being a d x d matrix (with zero being a
d x d zero matrix), which can be regarded as a block matrix or partioned matrix;
see [Zhang| (2011). In the same manner, although the operator defined in
looks like a traditional matrix multiplication, it replaces the multiplication within
each component with o. Nevertheless, the essential idea is to have a matrix form
for W,,, by which it constitutes a MIFS, from .

Note that obtaining a neat form in is based on a matrix representation
in and , for all partial derivatives up to the rth order. Then,
{((Hy, X1, Y1), Wy),t > 0} is a Markov chain on the state space M := (D x
X x R?) x (M%)¥X | with transition probability kernel P?, defined in (S3.2) in the
Supplementary Material,

Py (((ho, o, 50), ¥), (A, B)) (4.8)
- /(h )eA Iz(Wi(¥)) P((ho; 20, yo), d(h1, 1, 91)),

for hg € D, zg € X, yo € R?, v € MK, A € B(D) x B(X) x B(R?), and
B € B((M%)K).

We show in the Supplementary Material that, under conditions C1-C4, for
0 € Ns(0y), the MIFS W,, in satisfies Assumption K in [Fuh| (2006). Using
this result and the result that the vth derivatives of the log likelihood function can
be written as an additive functional of the Markov chain {((H,, X;,Y;), W;),t > 0}
in Lemma 5 in the Supplementary Material, we have the strong law of large
numbers for the observed Fisher information. Then, we characterize the Fisher
information matrix in Theorem 3, and state the asymptotic normality of the score
function in Theorem 4.
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Theorem 3. Assume conditions C1-C4 hold. Then, for 8 € Ns(6y), we have
that as n — oo,

1 92

1 90,00, log |[P?(Y,) 0--- o P?(Yy) o PY(Yy) oy o mpy|ig = —Li(6), (4.9)

with probability one, where I;;(0) is defined in (3.11) and is finite for 6 in a
neighborhood Ns(0y) of 0y. Recall that 1(0) = (1,1(0)) is the Fisher information
matriz.

Theorem 4. Assume conditions C1-C4 hold. Let 1}, (0y) = 0l(0)/00k|9—s,- Then,

as n — 0o,
\}(1'1(00), LU (00)T — N(0,X(6p)) in distribution.
n

5. Conclusion

We provide a GMSM, which includes many practically used models as special
cases. In this framework, the hidden unit can be one or two layers, and can be a
linear (or nonlinear) predictable (or stochastic) function of past information. This
can be viewed as a Markov model if we include all hidden units. Furthermore, by
using a matrix-valued MIFS representation of the likelihood function, we prove
the strong consistency and asymptotic normality of the MLE in a GMSM under a
weighted local mean contractive property. It is easy to check that the (switching)
linear state space models, (switching) GARCH(p,¢) models, (switching) SV
models, and variational RNNs satisfy these conditions under some commonly
used assumptions.

Using this framework, it would be interesting to explore the asymptotic
properties, including the strong consistency, asymptotic normality, and even
high-order asymptotics, of other commonly used estimators, such as the GMM,
Bayesian estimators, and generalized empirical likelihood estimator.

Supplementary Material

The Supplementary Material includes examples of GMSM, a simulation
study, and proofs for the theorems presented here.
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