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Abstract: A considerable amount of research in the literature has focused on
quantifying the effect of extreme observations on classical methods for estimating
the Central Subspace (CS) for regression through the study of influence functions
and their sample estimates. Alternatively, a method that is inherently robust to
data contamination is also important and desirable for the increased reliability
in the estimation of the CS without relying on the identification and removal of
influential values. To this end, we develop a new method that is innately resistant
to outlying observations in recovering a dimension reduction subspace for regression
based on the Rényi divergence. In addition to deriving the theoretical Influence
Function (IF), the Sample Influence Function (SIF) values are directly utilized to
provide new powerful and efficient methods for both estimating the dimension of
the CS and selecting an optimal level of the tuning parameter to decrease the
impact of extreme observations. The model-free approach is detailed theoretically,
its performance investigated through simulation, and the application in practice is
demonstrated through a real data analysis.

Key words and phrases: Bootstrap dimension estimation, robustness, sample
influence function, sufficient dimension reduction, tuning parameter estimation.

1. Introduction

In regression analysis, the relationship between a response variable Y and
a vector of explanatory variables X = (Xi,...,X,)" is the primary focus, and
while the curse of dimensionality is a hindrance for large p, the dimension of
X is often only artificially high since there often exists a functional relationship
between Y and some lower-dimensional projection of X. Therefore, it is natural
to first identify this lower-dimensional subspace, termed a Dimension Reduction
Subspace (DRS). Identification of a DRS is an important initial phase in a
regression data analysis, as it not only serves as a basis, but also guides subsequent
analysis when a parsimonious parametric model is not yet available.

Inspired by the pioneering methods of Sliced Inverse Regression and Sliced
Average Variance Estimation (SAVE), there has been a proliferation of powerful
model-free dimension reduction methods over three decades; see for example,
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Cook! (2007), Yin and Cook| (2005), and [Taci, Yin and Zhu| (2016), and references
therein. Additionally, Sufficient Dimension Reduction (SDR) methods have
been developed in |Wang, Yin and Critchley| (2015]) using the Hellinger integral,
in [Xue et al| (2017) using the Hilbert-Schmidt independence criterion, and a
unified approach established in Xue, Wang and Yin| (2018]) through a generalized
index. |Zhang, Mai and Zou (2020) developed a new geometric framework
to reformulate the SDR problem and introduced a new concept called the
Maximum Separation Subspace (MASES). They focused on the MASES under
the squared Hellinger distance and developed an estimation procedure to obtain
an SDR in regression and linear discriminant analysis, where the response is
categorical. However, different from this article, these developed methodologies
based on the Hellinger distance do not study the robustness of the respective
estimation procedures under contamination. Note that the Rényi divergence
provides a general framework for robust estimation, which includes the Hellinger-
Bhattacharya distance as a special case.

While useful, many Dimension Reduction (DR) methods are highly sensitive
to influential observations. One way to address this issue is to study the sensitivity
of the existing DR methods to extreme observations and then construct more
robust versions. For example, |Gather, Hilker and Becker| (2001} [2002) studied
the outlier sensitivity of Sliced Inverse Regression (SIR) and proposed a robust
version of this method. |Yohai and Noste| (2005)) proposed another robust version
of SIR by assuming that the observations in each slice have a multivariate normal
distribution. More recently, Dong, Yu and Zhu (2015) developed robust methods
for SDR, termed robust inverse regression and inverse median estimation, while
Zhang and Chen| (2019)) utilized ball covariance for this objective. The Minimum
Average Variance Estimation (MAVE) method of Xia et al.| (2002)) is a popular
approach for SDR, but it is also not robust against outliers in the response
variable Y, as discussed in Rousseeuw and Leroy] (2003), Cizek| (2004), Critchleyt
(2002), and |Cizek and Hirdle (2003)). To achieve robust estimation, |Zhang, Wang
and Mays| (2021)) developed a regularized MAVE under a nonconvex penalized
regression framework, and performed a comparative study with other robust
versions of MAVE.

The lack of robustness of DR methods are exacerbated for high dimensional
datasets, where it is not only difficult to detect outlying and/or influential
observations but often hard to resolve when they are identified. In a series of
articles, Prendergast, and Prendergast and Smith (see Prendergast and Smith
(2010) and references therein) have derived the influence functions, and exten-
sively studied the sample influence functions, for the effective dimension reduction
directions corresponding to the SIR, principal Hessian directions (pHd) and SAV
methods; Critchley (1985)) investigated the empirical influence functions for these
methods. While these studies provide a formal way of assessing the influence of
extreme observations on the estimates provided by SIR, pHd and SAVE, they



RENYI BASED ROBUST RECOVERY OF THE CENTRAL SUBSPACE 801

do not provide a way to construct estimates that are inherently robust to data
contamination.

Based on the Rényi divergence, our goal is to provide a comprehensive
methodology which recovers the intersection of all dimension reduction subspaces,
termed the Central Subspace (CS), and is inherently robust to data contam-
ination. Importantly, use of this divergence measure not only allows for the
identification of both linear and nonlinear relationships between the response
and a linear combination of the predictors without any model specification, but
also enables us to strike a balance between efficiency and robustness against data
contamination. In addition to the robust estimation of the regression dimension
reduction directions, the Sample Influence Function (SIF) values can be used to
determine the minimal number of significant dimensions in order to provide a
sufficient dimension reduction, and to select a key index that balances efficiency
and robustness, thereby providing a comprehensive approach to robust high-
dimensional data analysis in regression.

The article is organized as follows. Section 1.1 introduces the Rényi di-
vergence between two densities and gives a general motivation for its use in
the robust recovery of the CS. Section 2.1 discusses the CS and its properties,
including the subsequently provided minimal sufficient dimension reduction, with
the developed Rényi divergence method for identifying the CS and the associated
fundamental properties detailed in Section 2.2. The sample version is defined
in Section 2.3, with subsequent subsections containing a heuristic argument for
robustness, a consistency theorem, and two different computational algorithms.
A formal assessment of the robustness is achieved through the study of the
influence and estimated influence functions in Section 3. Multiple procedures
for the estimation of the dimension of the CS, or the structural dimension of the
regression, and the determination of the optimal level of the tuning parameter
are given in Section 4. The methods developed in Sections 4.3 and 4.4 show
that the calculated SIF values can be used to determine both the estimated
dimension and the optimal value of the tuning parameter. The numerical studies
to quantify the accuracy of the estimated central subspace are outlined in Section
5. Analysis of a baseball salary dataset, originally the focus of a sponsored section
of the American Statistical Association, is revisited in Section 6 due to the known
presence of outliers. The numerical studies and data analysis are carried out in
detail in a Web Appendix, with an additional simulation study comparing the
performance of our method to those of |Zhang, Wang and Mays| (2021)).

1.1. Motivation

The Kullback Leibler (KL) divergence has been the basis of many dimension
reduction methods in regression and also extended to reduce the dimensions of
multiple sets of random vectors; see for example |[Yin and Cook! (2005), Iaci, Yin
and Zhu| (2016), and references therein. For o« > 0, « # 1, [Rényi (1961)) defined
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the generalization of the KL divergence between two probability density functions
fi(u) and f5(u), where u is a random vector. Specifically, the Rényi divergence
can be defined as

DALY = g B 21 (1)

1 fiw ™
= 1 du].
a1 ”[/u{ﬁ(u) fil) du
Ervan and Harremoés| (2014) systematically present many of the prop-
erties of (1.1)) such as the monotonicity, continuity, and skew symmetry, as
a function of «. In addition, the density divergence in (1.1)) has the two
fundamental properties that D,{f1(U)||f2(U)} > 0 for all fi;(u) and fa(u),

and D, {f1(U)||f2(U)} = 0 if and only if fi(u) = fo(u). There are two
interesting cases for a € (0,1) that provide a further motivation for the use
of this divergence measure for dimension reduction. First, as a consequence of
a limiting result, the Rényi divergence is bounded above by the KL divergence,
that is, iy, Da{£i(U)[|f2(U)} = EMn{£(U)/£:(0)}] = Dy, {£i(U)[|f2(U)}
and thus, D, {f1(U) ||f2(U)} < Dgr{f1(U)|| fo(U)}. Second, when a = 1/2,
Dl A(U)IR(U)} = —2 W[l — {(HB)/2}], where HB = [[,{y/Fi(w) -
V/ f2(0)}?du]*/? is the Hellinger-Bhattacharyya (HB) distance.

Another important motivation for considering this divergence is the balance
between efficiency and robustness that is provided by controlling the level of the
tuning parameter «; see Section 2.4. For example, Simulation Study 3 considers a
complicated regression relationship between the response and predictor variables
with contaminated error terms. For a simulated dataset from this study, the
standardized SIF values for each observation are calculated using our proposed
Rényi divergence based index for two levels of the tuning parameter, a = 0.4 and
0.8; these values are plotted in the left and right panels of Figure 1, respectively.
Note that, only a few observations have SIF values less than —0.05 when o = 0.4,
while a significantly larger proportion are less than —0.05 for @ = 0.8, which
indicates that a = 0.4 parameterizes the more robust index in recovering the
regression DR directions.

The above discussion demonstrates that the Rényi divergence parameterized
by a € (0,1) can be used to provide a rich family of density divergences that
include well known distances and consequently provide a solid foundation for the
development of a robust dimension reduction method for regression. Moreover,
the developed methods to identify the regression DR directions utilizing this
divergence produce an estimate of a basis for the CS and thus, provide a minimum
sufficient dimension reduction of the predictor vector.

Lastly, the Rényi divergence is one of the most important and classical
measures of information that is functionally connected to the A-power divergence
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Figure 1. n = 300, 7 = .90: Sample influence function (SIF) values. Left panel: « = 0.4.
Right panel: o = 0.8. (Study 3 Simulation I; successive search algorithm).

in Cressie and Read| (1984)). Both measures possess important properties that
have been applied in different contexts in several disciplines. In the context of
multivariate association, it is also possible, as in laci and Sriram| (2013), to use
the Density Power Divergence (DPD) of Basu et al.| (1998). However, the pivotal
reason for using the Rényi divergence here is the ability to establish the key result
in Proposition 1 part (iii) of Section 2.2 that guarantees the recovery of CS; it is
unclear whether this property holds for the DPD and A-power divergence.

2. Methodology

This section details the robust measure of association based on the Rényi
density divergence that identifies both linear and nonlinear regression DR, direc-
tions and ultimately recovers a basis for the Central Subspace (CS).

2.1. Introduction

The goal of regression is to make an inference about the conditional distri-
bution of a univariate response variable Y given a p x 1 vector X of predictors.
Throughout, we assume that Y and X are defined on a common probability space
and that (Y;,X;), i = 1,2,...,n, are independent and identically distributed
observations of (Y,X) with a joint probability density function f(y,x) and
corresponding distribution function F(y,x). The theory of sufficient dimension
reduction has been developed to reduce the dimension of X prior to model
formulation such that the full regression information between the predictors and
response is preserved, while imposing the fewest probabilistic assumptions. More
specifically, the goal of the dimension reduction is to identify the p x 1 coefficient
vectors, or directions, ai,...,a; such that the significant relationships between
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the response variable Y and the predictor vector X are identified through the &
linear combinations a] X, ..., a] X, where 1 < k < p.

To this end, let S denote any subspace, S(B) the k-dimensional subspace in
R? spanned by the columns the matrix B, and Psg) the projection onto S(B)
with respect to the usual inner product. The subspace S(B) is a Dimension
Reduction Subspace (DRS) for the regression of Y on X if Y is conditionally
independent of X given the projection of X onto S(B), denoted Y I X|Psi)X
That is, S(B) is a DRS if f(y,x|Psm®)x) = f(y|Psm)x)f(x|Ps®)x), or equiva-
lently f(y|x) = f(y|Ps@m)x), for all (y,x) € R x R”. Importantly, the conditional
independence holds if B is replaced with any matrix B* such that S(B*) = S(B),
which means that any basis of a DRS is also a DRS. Also, when S(B) is a DRS,
the transformation BTX provides a sufficient dimension reduction.

Next, let Sy|x denote the intersection of all DRSs, which is a DRS under
mild conditions and termed the Central Subspace (CS); see |Cook| (2007)). The
true dimension of the CS, d = dim(Syx), commonly termed the structural
dimension for the regression of Y on X, is typically far less than the dimension
p. Suppose that A is a d < p dimensional basis for Sy|x, then the conditional
distributions of Y|ATX and Y|X are the same and consequently ATX and X
contain the same information for the regression. That is, given the minimum
sufficient dimension reduction A "X, the remaining feature of X can be discarded
without sacrificing predictive power. Throughout, we assume that Syx exists
with structural dimension d and focus on the robust estimation of a basis A for

Sy|x-
2.2. Robust identification of the CS

Consider the p x 1 random vector X, response variable Y, and p x k matrix
A with k& < p. Next, let f(Y,ATX), f(ATX) and f(Y) denote the joint and
marginal densities of Y and the linear transformation A "X. To recover Sy|x and
provide a robust method for dimension reduction in regression, for each a € (0, 1)
consider a new Rényi divergence-based index, denoted R, (A), defined as

(e |

l / /AT { y’A;T}){)} f(y,ATx) d(ATx) dy]. (2.1)

Letting U = (Y, ATX) in (1), then Do {fi(Y,ATX)||f2(Y,ATX)} > 0 and
D {fi(Y, ATX)HfQ(Y» ATX)} = 0 if and only if fl(yvATX) = fQ(yvATX)
by definition. Next, defining fi(y,A'x) = f(y,A™x) and fo(y,ATx) =
f(y)f(ATx), which are both probability density functions, then these results
hold for and consequently R, (A) is bounded below by zero with equality

Ra(A) = DSV, ATX)|I(V)f(ATX)} = ——In
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if and only if Y 1L ATX. Also, by Proposition 1 part (iii), R,(A) < R,(I) and
consequently, if Y I X then R, (I) = R.(A) = 0.
As noted in Section 1.1, the limit of (2.1) as @ — 1 is

lim R (A) = Do (A) = Dico £V, ATXO||F(V)F(ATX)}

el JATH )

f(Y)f(ATX)

which is the Kullback-Leibler (KL) divergence considered in the Expected Log-
likelihood (EL) methods of |[Yin and Cook! (2005]). Also, for a fixed A, due to the
monotonicity property of the Rényi divergence, R,,(A) < R, (A) < Dk (A)
for 0 < a; < ay < 1; details of these two properties are discussed in Appendix
A.5 for completeness. When a = 1/2, Ry/2(A) is equivalent to the Hellinger-
Bhattacharyya (HB) distance and therefore, {R,(A);a € (0,1)} provides a
continuous and non-decreasing, family of divergences that includes log-likelihood
association, inverse regression and the KL divergence; equivalence to the HB
distance is shown in Appendix A.6. The fundamental properties for recovering a
basis for Sy x using are stated in the following proposition.

Proposition 1. Let A and A, denote p X k and p x | matrices, with k,l < p.
For a € (0,1), and a p X p identity matriz I, then the following hold:

(i) If S(A1) € S(A), then R,(A1) < R,(A).

(ii)) If S(A1) = S(A), then R, (A1) = R.(A).
(iii) Ro(I) > Ra(A), and R, (I) = R,(A) if and only if Y 1L X|]ATX.
The proof of Proposition 1 is given in Appendix A.1.

Part (i) implies that searches made successively through increasing dimen-
sional subspaces will ultimately yield a basis for Syx when part (iii) is satisfied.
Part (ii) implies that matrices that span the same subspace have the same
measured dependence and therefore only a basis for the subspace is needed.

Important to the goals of this paper, part (iii) first establishes the bound
Ra(A) <R, (I), which indicates that the most dependence between X and Y in
k dimensions can be recovered by maximizing R, (A) with respect to A. Next,
if Ro(A) = R, (I) for a fixed «, then A with full rank provides a basis for a k-
dimensional DRS in R? and accordingly A "X is a sufficient dimension reduction
for the regression of Y on X. This also implies that when the column dimension of
A is equal to the structural dimension of the regression, k = d, and the equality
holds, then A is a basis for Sy;x and respectively ATX provides a minimum
sufficient dimension reduction. That is, for d known and « fixed, a basis A,y
for Sy|x can be recovered as

A = argmaxR,(A") subject to the constraint A'SxA =1, (2.2)
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where Yx is the covariance matrix of the explanatory vector X. This constraint
ensures that A is full rank and that each of the transformations a; X, termed
variates, have unit variance, var(a;X) = 1 for all i+ = 1,2,...,d, and are
uncorrelated with all other variates, cov(aiTX,ajTX) = 0 when ¢ # j; these are
equivalent to the well known principle component analysis constraints.

Note that, the EL divergence index of |Yin and Cook| (2005) also satisfies
Proposition 1, but that using R, (A) has a distinct advantage over their procedure
in that the tuning parameter a can be exploited to naturally down-weigh outliers
and thereby yield robust estimates of a basis for Sy |x; see Sections 2.4 and 3 for
more details.

The next proposition shows that R, (A) is invariant under a full rank linear
transformation of the explanatory vector and a scalar multiple of the response.
For notational convenience, let Ry, u,),(A) represent the divergence measured
in the (U, Uy) scale, where U; is any random variable and U, any p x 1 random
vector.

Proposition 2. Consider the arbitrary scalars C7 and a, and any nonsingular
px p matriz Cy and px 1 vector b. Then, for the transformations W, = C;'Y +a
and Wy = C;'X + b the following holds:

R(y’x)’a(A) = R(W17w2)7a(C;A), which implz'es R(y’x)ya(I) = R(W17w2) a(C;I)

The proof of Proposition 2 is given in Appendix A.2.

Proposition 2 states that the index in is invariant under linear transfor-
mations, establishing that these types of transformations of the response and
predictor vector do not affect the associations that exist between X and Y.
Accordingly, if A, is a coefficient matrix in the transformed scale, then A W,
is recovered in the original scale as A}, {C;'X + b} = (C;'A,,) X+ A] b,
which implies that the coefficient matrix in the original scale is C; " A, .

Of computational importance, discussed in more detail in Section 2.6, for
the transformations Zy = o~ Y/2{Y — E(Y)} and Zx = ¥~ V/?{X — E(X)}, the
constraint in is reduced to ATA = I; note that the coefficient matrix in
the original scale is Z;/QA. Also, for k < p, A is a semi-orthogonal matrix
and therefore an orthonormal basis for S(A). For convenience, a matrix of any
dimension k < p with orthonormal columns is termed orthonormal.

2.3. Sample estimation

Consider a random sample {(y;,x;);i =1,2,...,n} from (Y, X), and assume
that the structural dimension d of the regression is known. Since no distributional
assumptions are made, the densities in are unknown and therefore for any
p X k matrix A and « € (0,1), we define the following sample estimate
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. 1 N 1 Fly, ATx) 17
Ral&)= lln;{ﬂmﬂwx»} 1 2

where f(v;), f(ATx;) and f(y;, ATx;) are kernel density estimates of f(y;),
f(ATx;) and f(y;, ATx;), respectively. Specifically, to estimate f(y;, ATx;) for a
specific coefficient matrix A = [a; ay - - - a;], we use the Gaussian product kernel

density estimate

j=1

with bandwidths h* = (4/3)"° s,n"1/5 and by = {4/ (k + 2)}/*™ gyn-1/0+4) | =
1,2,...,k, where s, and s; are the sample standard deviations of the sample
observations {y;,i = 1,...,n} and {a/ x;,7 = 1,...,n}, respectively. The above
formula is modified to provide an estimate of the marginal density f(ATx;)
as A(ATXZ-) = (1/nhyhy - hy) Z?ZI(HLI K[{a/ (x; — xi)}/hi]); similarly, the
density estimate of f(y;) is f(y:) = (1/nh*) > [K{(y; — yi)/h*}]. Note that,
due to the limiting result of as a — 1, the sample estimate in can
be defined as Dy, (A) = (1/n) X0, In[f(y;, ATx)/{f(y:) f(ATx,)}] at o = 1,
which is the sample version of the KL based method of [Yin and Cook| (2005).

The suggested use of Gaussian product kernels in [Scott| (1992) and Silverman
(1986)) were shown to work well in the simulation studies testing the performance
of the KL based methods of association in Yin and Sriram| (2008]), and [Iaci,
Yin and Zhu| (2016)); the bandwidth selection was also supported by the results.
Successful implementations of this pairing are also referenced in|laci, Yin and Zhu
(2016). Additionally, Taci, Sriram and Yin| (2010) compared the Gaussian and
Epanechnikov kernels at different bandwidths in the estimation of their L, based
measure of association and noted a slight improvement in performance using the
above kernel bandwidth combination. It is noted that the index in provides a
smooth bridge between the KL and an L, distance, for 0 < o < 1, which further
motivated our choice. The performance in the simulation studies in Section 5
supports our kernel and bandwidth selection and importantly the properties of
the method hold for any kernel of bounded variation; see Theorem 1 of Section
2.5.

With the structural dimension d known, then based on the discussion of
Proposition 1 in Section 2.2, an estimate of a basis for Sy|x can be recovered by
maximizing the sample version of with respect to the p x d matrix A. To
this end, for o € (0, 1), our Rényi divergence based estimator of A is defined as

~

A = argmax R.(A*) subject to the constraint ATS,A =1, (2.4)

where ix is the sample estimate of the covariance matrix of X.
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2.4. Heuristic argument for robustness

The inherent robustness of (2.3) and the role of the tuning parameter in
balancing efficiency and robustness is motivated through a heuristic argument in
Web Appendix B since a more formal assessment is provided in Section 3.

2.5. Consistency

In this section a consistency result is stated for the estimated coefficient
matrix A defined in Section 2.3 under the constraint ATA = I, with the proof
given in Appendix A.3.

First, define the set

xo = {i: f(y:) > b, f(ATx;) > b, and f(y;, ATx;) > b,
for any A such that ATA =1},

for some b > 0 given in the proof, and let n,- denote the number of observations
whose indices are not in x,. We then have the following result.

Theorem 1 (Consistency). Assume the conditions of Lemma 1 in Appendiz
A3, and that nye/n — 0 as n — oo. Let A® = argmax R (A*) and A =
argmax R, (A*), for each a € (0,1), where

RL(A) = ——1n liZ”“Xb){ff"(y“A* R ]

o= n(yi)fn(A*TXi

with f, defined in Appendix A.3 and J (i € xp) is the indicator function for x,.
Then,
A — A asn — oo almost surely (a.s.).

2.6. Computational algorithms

Due to the invariance of R,(A) under nonsingular matrix transformations,
the response and explanatory vector can be mean centered and transformed as
Zy = oy {Y — E(Y)} and Zx = Sx"/*{X — E(X)}. These transformations
change the scale, but not the relationships between the response and predictors,
and remove any multicollinearity between the explanatory variables. The trans-
formation of X also lessens the effect of variables of differing magnitude and
importantly, as addressed following Proposition 2 in Section 2.2, the coefficient
matrix in the original scale can easily be recovered as E;(/ ’A. Note that under
these transformations the sample constraint in is simplified to ATA =Tand
therefore A is an orthonormal matrix, semi-orthogonal for £ < p and orthogonal
for k = p, with the columns providing an orthonormal basis for a k-dimensional
subspace in R”. Since the estimated coefficient vectors a;, (I = 1,...,k, k < p)
identifying the relationships are of interest, and not the scale of the regression DR
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Algorithm 1 Direct search algorithm.

This matrix maximization algorithm is a modification of the one used in|laci, Yin and Zhu
(2016) that employed an alternating search procedure to provide a sufficient dimension
reduction of two random vectors in a multivariate association setting.

Step 0: Set [ = 0 and generate a p x k initial guess matrix ;&0 to be supplied to the
fmincon function.

— Orthonormal matrices of dimension p x k are generated at random, termed type 1
initial guesses. Next, type 2 orthogonal matrices are generated at random with
columns consisting only of zeros and ones. Let I; = {B,;¢ = 1,2,...N;} and
I, ={By;;j=1,2..., Ny} denote the sets of N; type 1 and Ny type 2 matrices,
respectively. The best initial guess AO is taken to be the matrix that generates
the largest sample index value in among all randomly generated matrices in
LUl.

Step 1: Find jil_H = arg max ﬁa(A*), subject to the constraint KLV&ZH = I. That is,
determine A, such that the sample index in (2.3)) is maximum and A7, ;| A;; =1

Step 2: Let ;&Hl be the new initial guess. Increment [ by 1. If [ = 1, repeat step 1 so
that there are at least two iterations for the comparison in step 3.

Step 3: Repeat steps 1 and 2 until the difference [ﬁa (;&l) - ﬁa(&_l)] is less than a
user defined tolerance, say 10~°, or the user defined maximum number of iterations
has been reached.

The minimum number of iterations taken was four and found to be more than necessary
for the difference in successive estimated index values to be within 107°. In practice, the
convergence settings in the fmincon function can be relied on in performing steps 0 and
1 only.

directions, ATA =1 is referred to as the orthonormal constraint. For simplicity,
the algorithms are put forward assuming that the response and predictor vector
are in this whitened scale, but maintain the notation ¥ and X for continuity.

Two methods for estimating A are considered. The first is a direct matrix
maximization approach, and the second a successive search for each of the
estimated coefficient vectors a;,/ = 1,2,...,k. The maximization of the sample
index in under the orthonormal constraint is achieved using the nonlinear
constrained minimizer fmincon in MATLAB, which uses a Sequential Quadratic
Programming procedure that simultaneously incorporates the constraints.

Both algorithms were used in the simulation studies of Section 5 with
generally comparable performance.

3. Influence Function

While the heuristic arguments offered point toward the inherent robustness
of the index in ([2.1)), a more formal study of the robustness can be implemented
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Algorithm 2 Successive search algorithm.

The algorithm for estimating A= [a; @s - - - @k by searching for the estimated coefficient
vectors a;,l = 1,2,...,k, in succession is detailed here, and is a modification of the
method presented in laci, Sriram and Yin| (2010) to estimate the coefficient vectors that
recover the relationships between m-sets of random vectors.

Step 0: Set [ = 1, generate an initial guess b to be supplied to the fmincon function
and determine the coefficient vector a; = arg max R, (a), subject to the constraint
aja; = 1. That is, find a; such that the sample index in (2.3)) is maximized and
/\T/\

a;a; =1.

— An initial guess is produced by first generating a p-dimensional random vector
consisting of zeros and ones, say b7, and then normalizing it to have unit length,
b; = b} /|[bX|[. Let I = {b;;j =1,2,..., N} denote the set of N initial guesses.
The best initial guess is the vector b that produces the largest sample index value
of among all randomly generated vectors in I.

Step 1: If | = £k then stop, else increment [ by 1. Use the singular value
decomposition to determine the left singular vectors of the matrix A* =
[@; Ap---a;_q][a; Ap---a;1]T. Define the matrix U = [uy us - - - up), where
uy,...,u, are the left singular vectors of A*.

Step 2: Let U* = [ug ugy1---u,) and project the data matrix, denoted D,,x,, onto
the subspace spanned by the columns of U*. That is, create the new data matrix

nx{p—(i-1y = DU

Step 3: Based on the data matrix D*, generate an initial guess as detailed in Step 0
and determine the {p — (I — 1)} x 1 coefficient vector a; that maximizes the index

in (2.3) subject to the constraint ﬁfTﬁf =1

Step 4: Calculate the estimated coefficient vector based on the original data D as a; =
[w gy - wpl @7 =ajw + a3y + - af,_yyup = UTay. Return to Step 1.

— The orthogonal constraints are satisfied, since (for [ > 1)

~

~ AT ok o~k AT ~ ~T o~ ~T
ag_pa; =ag_yU'a) =apag_qyw + aya;_ W + - + a0 1)85_1)Up
ook T ~x T ~k T _
= apug_qyw +ayu W + -+ A _q) 0 oy up = 0.

Note that, ug_;) and u; are left singular vectors of U and thus, u;'—uj =0 for all

* 1k

L, . . ATA Ty
i # j. Also, the orthonormal constraints are satisfied as ala, = a; U* a; =
T . T

a; a; =1, since U* U* =1

through the Influence Function (IF); see Hampel et al.| (1986) and [Staudte
and Sheather| (1990). For a fixed « € (0,1) and dimension k& < p, the IF
measures the local robustness of the Rényi divergence based estimated basis
A = [a, a,---3a,] for S(A) against outlying observations. As in Section 2.6,
the following derivations assume the orthonormal constraints are satisfied, but
the notation Y and X is maintained for constancy.
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For a fixed a € (0,1), let F' denote the cumulative distribution function of
(Y, ATX), then the maximization problem in ([2.2)) can be considered in terms of
the functional T" defined as

T(F) = argmax R,(A") = A, (3.1)

where A is a p x k matrix. To derive the influence function, let W = (Y, X) and
define the contamination distribution F. = (1—¢)F+cAy,, 0 < € < 1, where Ay,
is the Dirac distribution that puts all of its mass at the point wg = (yo,Xo) and
thereby allows for the contamination of both the response and predictor vector.
The influence function for T evaluated at F' in the direction wy is then defined
as

5 85T(F) , (3.2)

IF(T, F;wy) = lim

el0

and describes the effect of an infinitesimal amount of contamination at w, on the

functional T'. The theoretical influence function for the index in ([2.1)) is stated
in the following proposition.

Proposition 3. Let A denote a p X k matriz, with k < p, and in (2.1 define

Sa(A;w) = [f(y, ATx)/{f (1) [(ATx)}]*7", and S.(A;w) = 8S.(A;w)/0A.
Then, for a € (0,1), the influence function for R,(A) is given by,

IF(T), F; wo)
—-[{[ [, Zsaemm sore el |
< S(T(E); wo).

The proof of Proposition 3 is given in Appendix A.4.

Importantly, the Rényi based method for the robust recovery of Sy x assumes
that F' is unknown and therefore the IF needs to be estimated. The empirical
distribution function F based on a random sample {w; = (yi,%x;), i = 1,...,n}
from W (Y X) can be considered by noting that based on the sample estimates
in and ([2.4) of Section 2.3, the empirically based functional can be defined
as T(F )= argmax Ro(A®). Then, as in (Critchley | (1985), the Empirical Sample
Influence Function (ESIF) for T evaluated at F in the direction of the it
observation w; is defined as

ESIF(T, F,w,) = (n — ){T(F) - T(Fu)}, (3.3)

where f(,») = {14 (n—1)"1}F—(n—1)"*A,, is the empirical distribution function
with the i*" observation removed.
The ESIF in (3.3) quantifies the influence of each observation through the
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change in the estimated basis when the observation is removed, which can be
equivalently conceptualized as measuring the difference between the estimated
subspaces of these directions; taking this into consideration, Prendergast (2006))
suggested another Sample Influence Function (SIF), defined as

SIF(PB& ﬁ, Wi) (n—1 {pBC A( )7 1} (3.4)

where A = T(F) and A() = (F(l-)). The ppc term is the Bénasséni Coefficient
(BC) (Bénasséni, 1990)) defined as

-~

,OBC(A(i)

??'M—‘

k 1 k
Z a, - S(A())alH %Z {1- s<A(,)}alH27

(3.5)

where A = [a;, @,---84], || - || is the standard matrix 2-norm, and Ps@uy) =
A(i)ﬁg) is the unique orthogonal projection matrix onto & (_/A&(i)); by Proposition

2, and the discussion in Section 2.6, it is assumed that A and A(i) are orthonormal
bases for S(A) and S(A(;)), respectively. Note that, when S(A) = S(A(;)), then

{I—-Pgx } projects a; onto S+ (K(i ) and consequently ppc(A;), A) = 1 since
{I— } a,=0foralll=12,... k. Analogously, pBC(A(i),A) = 1 when
S (A) 5 (A( ))-

Due to the sensitivity of the subspace difference measure in to small
perturbations, it is also used as a distance measure in the bootstrap dimension
detection procedure in Section 4.2. Notably, the SIF values are used directly to
provide new methods for identifying the structural dimension of Syx and the
level value of «v in Sections 4.3 and 4.4, respectively.

4. Dimension Estimation and o Selection
4.1. Introduction

As in Section 2.6, due to the invariance of ([2.1)), the methods developed in
this section assume that the orthonormal constraint U U = I is satisfied for any
matrix U. Also, the notation Uy, is used with the subscript denoting the column
dimension of U.

In Section 4.2, |U| denotes the determinant of U, and ||U||s the matrix 2-
norm equal to the largest singular value of U. Since U is orthonormal, Pswy) =
U(U'TU)"'UT =UUT is a unique orthogonal projection matrix onto S(U) and
thUS, HPS(U)HQ < 1.

Note that the methods for dimension detection and tuning parameter se-
lection described in Sections 4.3 and 4.4 are based on the SIF defined in .
Consequently, these methods do not depend on the procedure used to estimate
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the CS, which makes the SIF methodology applicable more generally. It is argued
below that the approach based on the SIF values is intuitively more sensible than
bootstrap methodologies in the presence of contamination, which is supported
by the results of the simulation studies presented in Web Appendix C using the
Rényi divergence based method. An interesting future direction would be to
investigate whether the improved performance of the SIF based methods over
bootstrapping approaches continues to hold for other existing SDR methods.

4.2. Bootstrap dimension estimation

For a fixed a € (0,1), let X denote a p x 1 random predictor vector and
A, a k-dimensional basis for a DRS for the regression of Y on X, where k €
{1,2,...,(p — 1)}. In general, the structural dimension for the regression of
Y on X can be considered as the value of k such that the subspace spanned
by the columns of Ay, S(Ay), has the least variability. More specifically, the
dimension of Syx can be identified as the value £ € {1,2,...,(p — 1)} that
produces the smallest averaged bootstrapped estimate of the variability of S(Ay).
The dimension k£ < p is assumed since k = p leads to the trivial case Y L X\I;X;
the effect on the distance measures used in the bootstrap procedure when k = p
is discussed below.

First, to estimate the variability of S(Ay) for each fixed k, an estimate .Kk
of A, is calculated based on the observed dataset D = {(y1,%1), (¥2,%X2), .-,
(Yn,Xn)}. Next, a bootstrap estimate Az of A! is calculated from a bootstrapped
dataset D* = {(y1,%x1)%, (¥2,%2)" ..., (Yn,X,)"} that is generated by randomly
sampling from D with replacement. For each of the b = 1,2,..., B bootstrap
iterations, a distance between the subspaces S(A;) and S (Kﬁ) is calculated and
averaged over all iterations to give an estimate of the variability of S(A}). This
method has been well studied in a multivariate association context in the papers
of laci, Yin and Zhu (2016) and [Ye and Weiss| (2003)), where they used many
different subspace distance measures. Three different distances are investigated,
including a new estimate based on the Bénasséni coefficient (BC), all defined
next.

To measure the distance between S(A},) and S(AL) consider a slight modi-
fication of the BC given in and define

PBC* (Ak7 Ak

k
Z |a, )ale kZH{I S(Ab)}alHQ’ (4.1)

k\r—‘

where Pgz,) = AlAl" is the unique projection matrix onto S(A%). When
S(A;) = S(AY), then {I — S(A,,)} projects @; onto S*(A;) and consequently,
{I - Py Kb)}ﬁ = 0 for all [ = 1,2,...,k and therefore ppc-(AL,Ay) = 0.
Also, ppo- (AL, Ay) < 1 since [{I — PyzpJaillz < |HI = Pyeay)}lalla]lz =
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I{I — S(Ab)}Hz < 1; this last 1nequahty a result of the discussion in Section
4.1. Therefore smaller values of (4.1)) correspond to more equivalent subspaces.

Next, the L, norm subspace dlstance investigated in laci, Yin and Zhu! (2016])
is used and defined as

L2(O)(—’§Z= Ak) = ||P5(Kk){1 - PS(Kz)}Hg’ (4.2)

Note that, if S(A;) = S(AL), then (I — P S(A) ) projects onto S*(A;) and
LMMAMAM—Oamﬂu>M{I PeapHl < 11Psgalle IHE = Pega Hl < 1.
Again, small values of (| indicate sumlar subspaces.

The last distance 1nvest1gated is the one used in |Ye and Weiss| (2003]), and
then in Iaci, Yin and Zhu| (2016), based on the square root of Hotellingt(s (1936)
squared vector correlation coefficient, given by

K 1/2
1—puc(AL Ay) =1 |A]ALAY Ay =1 - (H)\i> . (4.3)

i=1

where the ;i = 1,2,...,k, are the eigenvalues of AJAYA! A, Since
pHC(Kz,Ak) is a measure of the correlation between S(A}) and S(Kg), with
pHc(KZ,IAXk) = 1 when the subspaces are equal, and pHc(Ki,ka) = 0 when
they are orthogonal, smaller values of 1 — pHc(AZ,Ak) correspond to similar
subspaces.

For a fixed k, small values of , and correspond to similarly
estimated subspaces based on the original and bootstrapped datasets, where
both are meant to estimate S(A). Therefore, small values of pgc. = (1/B)
Zb 1 pac- (AL, Ay), Tnio) = (1/B) Yoy Loy (AL, Ay), or 1= pye = 1— (1/B)
Zb L pHc(Ak, Ak) b=1,2,..., B, identify a dimension k& where S(A}) has less
variability. The structural dimension d can then be estimated using any of these
three methods by determining the value k* € {1,2,...,(p — 1)} that produces
the smallest value, and setting d=k*. Alternatively, for each k& < p, boxplots of
the individual values of , or for each of the bootstrap iterations
can be created to visually determine the value k£* that corresponds to the boxplot
that is the most closely centered near zero with the smallest variability.

Note that when k& = p, all measures are zero, since Ak and A’,; span the same
vector space RP. Specifically, as discussed in Section 4.1, under the orthonormal
constraints the orthogonal projections PS( A and P ( Ab) onto R? are unique and
thus, (I - Pgz,)) = 0 and IATALAL A, | = [1] in and ([.3), respectively;
and for the distance measure in (4.1)), every term in the summation is |[{I —
Pygap Yaullz = 1L, - 1,}a]l, = 0.

When the dimension of the estimated coefficient matrix exceeds the true
structural dimension, k& > d, consider the partition A, = [Ad A(k_d)], where
Ad is the estimated basis of Syx and A(k_d) an estimated basis of a (k — d)
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dimensional subspace Orthogonal to Sy|x. Then, the resultlng estimates of the
partial coefficient matrices A(;€ ), and analogously AY (k—a)» Will be determined

randomly in subspaces orthogonal to S (Ad) and & (AZ), respectively. In general,
for all three distance measures, this will be reflected through larger values of
the distance between S(A;) and S(AL). However, different from the distance
measures in and , ppc+ averages over each dimension k£ < p and thus
for d << p it trends to 0 when k£ >> d in practice. In such a case, the centers of
the boxplots, or bar plots of the mean, of ppc- can show a decreasing parabolic
pattern as k approaches p. For example, in Simulation I of Study 1 the predictor
vector has dimension p = 10 and the structural dimension is d = 1. The top left
panel of Web Appendix C.3 Figure 3 shows that the pgc+ values begin to decrease
for k£ > 3. However, it is clear that there is a significant increase in the centers of
the boxplots from k = 1 to k = 2,3 and therefore the estimated true dimension
is taken to be d = 1. That is, the centers of the boxplots for d < k << p will
make the estimated d = k* € {1,2,...,(p — 1)} discernible.

4.3. SIF dimension estimation

Bootstrapping a dataset that contains outlying observations can increase the
level of contamination, making the estimated subspaces spanned by Ak and AZ
more variable even when k = d. For example, this can be seen in the boxplots in
the bottom right panel of Web Appendix C.4 Figure 4 of the bootstrapped values
of the Ly distance in for Simulation I of Study 2. For this simulation the
true structural dimension is d = 2 and the level of contamination is 10%, and
assuming an exact number of 30 contaminated values based on a sample size of
n = 300, the probability of maintaining or increasing the level of contamination of
each bootstrapped dataset is 0.52. Further, the spirit of the bootstrap procedure
is that for k£ > d, the distance and variability between the estimated and bootstrap
estimated subspaces increases, which is comparable to all data values becoming
influential. For example, this can be seen in the smoothed curve plots of the
scaled SIF values for Simulation I of Study 2 in the far right panel of Figure 2,
where the plots corresponding to the dimensions k£ = 3 and 4 are all well below
the SIF curves corresponding to k = 1 and d = k* = 2 and thus show that most
of the n = 300 observations are much more influential at these dimensions. This
motivates the investigation of a new method for estimating d based on the SIF
values.

For a fixed « the true dimension d can be estimated more efficiently using
the sample influence values since they are a direct measure of the effect of the
observations on the estimated subspace & (:&k) That is, the estimated structural
dimension can be defined as the dimension that produces the fewest influential
observations among the possible dimensions k < p. Specifically, the absolute

value of (3.4), [sr| = ’SIF(PBCJ?,WM = [(n — 1){pBC<1&(i)ka;&k) — 1}, is
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calculated for each observation w; = (y;,x;),i = 1,2,...,n, at each dimension k €
{1,2,...,(p—1)}. Note that, the absolute value of the SIF measures are taken to
be comparable to the bootstrap plots, and A(i) & 1s the estimated coefficient matrix
with the i*" observation removed. Next, as in the above bootstrap procedure,
boxplots of the |s(; )| values, ¢ = 1,2,...,n, or bar plots of the means, for
each k can be generated to visually determine the estimated true dimension d.
Specifically, the dimension k* such that the centers and spread increase noticeably
for k > k* is taken to be the estimated structural dimension d = k*. Also,
smoothed values of the raw SIF values can be plotted to determine the first
dimension k* such that for k > k* a significantly larger amount of observations
are highly influential. All three visualizations methods are used in the numerical
studies in Section 5, and in practice all can be used to confirm the inference made
for the dimension of Sy x.

4.4. SIF tuning parameter selection

For a fixed dimension k, the SIF values can also provide a powerful and
efficient method for determining the level of the tuning parameter that generates
the most robust estimate of Aj. Intuitively, the value of o € (0,1) that
parameterizes the most robust index in is the value that produces an
estimate of A, that is the least sensitive to influential observations. Let
H ={aj,as,...,a,,} denote a set of m different values of the tuning parameter;
then quantifying robustness at different values of « is naturally accomplished by
first considering the SIF values in (.4), s.(w;) = SIF (ppc, F,w;) = (n — 1)
{pBC(;&(i)k, Ak) — 1}, for each observation w; = (y;,%;),i = 1,2,...,n, at a fixed
level of @ € H. Next, a smoothed plot of the ordered s,(w;),i =1,2,...,n, can
be used to visually determine the level « € H that dominates all other values
of the tuning parameter. For example, for Simulation I of Study 2 the top left
panel of Web Appendix C.4 Figure 4 shows the plots of the ordered SIF values
at four different levels of o, with a = 0.8 generally producing the smallest values
of s,(w;) for all observations. In this sense, @ = 0.8 dominates all other levels
considered.

Therefore, the optimal level of « for robustness can be identified by consid-
ering the area above each of the plots of the smoothed ordered SIF values as
shown in the left panel of Figure 2. Equivalently, this can be measured as the
area under the curve (AUC) of the smoothed plot of the |s,(w;)| values, as shown
in the middle panel of Figure 2. To quantify this specifically, for a fixed a the
AUC is calculated on the absolute value of the ascending ordered SIF values using
the trapezoidal rule as AUC, = S0 (i1 — ) {|8a(Wi)| + [Sansr (Whit)|}/2 =
S H1San (Wi )|+ Sans1 (Whyt)|}/2, where {u, = h;h =1,2,...,(n—1)} is taken
to create subintervals of unit length. A simple comparison of the AUC, measures
for different values of a can then be used to select the value that parameterizes the
most robust sample index. For example, in the previously mentioned simulation
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-0.5

1 300

Figure 2. Left panel: example plot of s,(w;) with labeled Area; Middle panel: example
plot of |sq(w;)| with AUC,, labeled AUC; Right panel: simulation plot of s,(w;) for
dimensions k = 1,2, 3,4 with d = 2.

the top right panel of Web Appendix C.4 Figure 4 shows that o = 0.8 produces
the lowest AUC among the nine different values selected for comparison.

5. Simulation Studies

In this section, we introduce the various regression models and parameters
of the three different numerical studies used to investigate the performance of
our method in estimating a basis for Sy|x in the presence of data contamination.
A detailed, self-contained discussion of the simulation studies and results are
provided in Web Appendix C.

Uncontaminated error terms in the regression models are generated from a
N(0,0) distribution, while asymmetric outlying observations are generated at
random from a uniform distribution on the interval (0,6) with probability (1 —
m), m € {0.95,0.90}. In the study descriptions below, this is denoted as & ~
N(0,0)Z(m) 4+ U(0,0){1 — Z(m)}, where Z(m) = 1 with probability 7 and 0 with
probability (1 — ).

The distributions of the predictor variables X = (Xj,..., Xm)T and model
error terms of each study are summarized as follows:
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Table 1. Simulation regression models.

Simulation Model True Coefficient Matrices
Studyl
I Y =ATX+e¢ A =(1,2,0,0,0,...,0)"
I Y =ATX +¢ A=(1,1,1,1,0,...,0)"
111 Y = (ATX)? +¢ A =(1,2,3,0,0,...,0)"
Study 2
I Y=a/X(a]X+1)+e A =1(1,0,...,0)7;(0,1,0,...,0)T]
Study 3
I Y =a X/{0.5+ (ag X +1.5)2} +¢ A =[(1,0,...,0)7;(0,1,0,...,0) 7]

Study 1: X9 ~ N(0,I);e ~ N(0,0 = 0.5)Z(w) + U(0,50){1 — Z(n)},m €
{0.95,0.90}.

Study 2: Xy ~ t(25), Xp, Xz ~ t(5), X4, X5 ~ N(0,1),Xs ~ I'(4,1), X7 ~
N(O,l),Xg ~ X%3),X9 ~ F(3,2),X10 ~ N(O, 1),8 ~ N(0,0' = 03)1-(7'[') +
U(0,20){1 — Z(m)}, 7 € {0.95,0.90}.

Study 3: Xl ~ F(4,3),X2 ~ t(].5),X3 ~ N(O, 1),X4 ~ X%3)7X5 ~ t(20),X6 ~
t(25),X7 ~ N(O,l),Xg ~ F(].O, 2),X9 ~ X%ﬁ)?Xlo ~ N(O,].),€ ~ N(0,0’ =
0.3)Z() + U(0,20){1 — Z(m)}, = € {0.95,0.90}.

The regression models for each of the simulations for studies 1-3 are sum-
marized in Table 1.

Note that, Study 3 considers a model that was used in |[Prendergast| (2006)
to illustrate their methods ability to detect influential observations using SIR,
but not necessarily to examine the robustness of the procedure. Different from
their numerical study, the predictors are not all normal, but complicated almost
entirely with variables that follow a variety of skewed and heavy-tailed distribu-
tions, which are then contaminated with errors from a U/(0, 20) distribution.

As suggested by a reviewer, an additional simulation study is implemented to
compare the performance of our method to other robust methods for estimating
a basis of the CS. To this end, the performance of the Rényi based method
is compared to the results reported in Zhang, Wang and Mays| (2021 under
the same simulation parameters. A motivation for considering their study is
that they demonstrated an improved performance using their robust methods
for estimating a basis of Syx, termed regMAVE and regOPG, over SIR, SAVE,
MAVE, and the robust MAVE (1tMAVE) method of |Cizek and Hirdle (2006), for
the regression model of Study 3 in the presence of symmetrically contaminated
error terms generated from a U(—6,0) distribution. Note that, Zhang, Wang
and Mays (2021)) defined the error term in the regression model as 0.5¢*, where
e* ~ U(—0,0), which would be equivalent to generating contaminated error terms
from a U(—0.560,0.50) distribution for the error term defined in the simulation



RENYI BASED ROBUST RECOVERY OF THE CENTRAL SUBSPACE 819

studies above. Also, different from Simulation Study 3, [Zhang, Wang and Mays
(2021) investigated a multivariate normal explanatory vector with a Toeplitz
matrix covariance dependence structure. The full details and results of this
numerical study are provided in Web Appendix E, where it is shown that our
Rényi divergence based approach estimates the CS with improved accuracy.

6. Baseball Salary Data

The inherent robustness of our method is illustrated in the analysis of
a well-studied dataset, known to contain outliers and extremes observations,
that was initially presented in a sponsored section on statistics and graphics
of the American Statistical Association in 1998 with the stated goal of answering
the question, “are players paid according to their performance?” Importantly,
different from many previous analyses for predicting annual salary from the
predictors, our procedure to estimate regression DR directions does not require
a preliminary analysis to identify outliers, which is inherently difficult in high
dimensional settings. A more comprehensive discussion of the dataset with a
detailed analysis is given in Web Appendix D.

Supplementary Material

The online supplementary material is prepared as an extension of the
Appendix and for this reason is referenced in the main text as the Web Appendix.
The first section, Web Appendix B, provides the full heuristic argument for
robustness mentioned in Section 2.4. The simulation methodology of Section
5 is comprehensively discussed in Web Appendix C, with measures to quantify
the accuracy of the estimated central subspaces given in Web Appendix C.1,
regression models and parameters provided in Web Appendix C.2, and the results
reported in Web Appendices C.3-C.5. As a demonstration of our methodology
in a real world application, a complete discussion and analysis of the baseball
salary dataset introduced in Section 6 is provided in Web Appendix D.
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Appendix
A.1. Proof of Proposition 1

Consider the alternate expression of Ru(A),
Rald) = 1 e (EH o) L)
iml [ { an }af<ATx>f<y>d<ATx>dy]

and note the following result.

1

= —1
a—1

Result 1: For o € (0,1), define k(1) = 1%,1 > 0, then h"(l) = afa — 1)I*7% <
0 = h(l) is concave for all I. Then, for the random variable L, E{h(L)} <
h{E(L)} by Jensen’s inequality.

Suppose that S(A;) € S(A), then A; = AB for some matrix B such that
rank(A,) = rank(AB) < rank(A) = f(y| B'w,A™x) = f(y| ATx), where
w=ATx and A]x=B"A"x = B"w. This leads to the following result.

Result 2:

fly,BTw, ATx) [y B'w,ATx)f(B'w,Ax)
fly,ATx) flyl ATx) f(ATx)

flyl ATx)f(BTw,ATx)
flyl ATx)f(ATx)

— J(BTw| ATx),

fBTw| ATx,y) =

which implies f(B'w| ATx,y)/f(B'w| ATx) =1
For the alternate expression in (A.1)), this leads to the following result.

Result 3:

//AT { y’AATTl)}af(ATX)f(y)d(ATx)dy

e e AT i aa )

d(A"x)dy

Lo e A e s )
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f(y)d(ATx)dy
/ / / { fly, ATx| BTw) fy,B"w) }
BTw flyl BTw)f(ATx| BTw) f(y)f(BTw)
fATX] BTw)d(ATx)] x f(B"w)f(y)d(B"w)dy
/ / fy, ATx| BTw) f(y,B"w)
BTw | JaTx f(Yl BT Jf(ATx| BTw) f(y)f(BTw)
f(ATx] BTw)d<ATx)] X f(B'w) f(y)d(B"w)dy

/AT{éyBT

w)f(y)d(B w)dy

LAT{iyﬁfw

)/ (
(
)
"w) f(y)d(B w)dy
)
)/ (

fy, ATx| BTw) "
ax T BTW) d(ATX)]

[e3

arx Pl Brw) fBTw) 1A X)]

[

}a
}“ _ f(y,B'w, ATx)
}a

/Lf{f@<T

Yy ATx f(y:BTw)
Yy

f(ATX| v, BTw)f<y7 BTW) d(ATX)]

(
xf(BTw)f( )d( )

(y,B

f(

[ A

where the first equality stems from Result 2 and the inequality due to Result
1. Therefore,

m[Ee () ) = (e )
Y,ATX) \°
=ln {E*{ffl(f)’f(AI >)<> ]

~ A | el (AR )

since (a —1)7! <0,

}af(BTW)f(y)d(BTW)dy,

which shows that R,(A) > R,(A;) when S(A;) C S(A).

Next, suppose that S(A;) = S(A), then A; = AB for some matrix B such
that rank(A;) = rank(AB) = rank(A) = f(y| B'w,ATx) = f(y| B"x) for
all y, B"w and A "x. This implies that
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fy,ATx| B'w) fy,B'w,ATx)
Flyl BTw)f(ATx BTw) ~ f(y] BTw)f(ATx| BTw)f(BTw)
fly,BTw, ATx)
- flyl BTw)f(BTw, ATx)
fly| BTw, ATx)

f(yl BTx)

_ fyIB'x)

- fyIBTx)

and therefore the inequality becomes equality = R,(A) = R,(A;).

By definition, S(A) C S(I) since k < p = R,(I) > R,(A) as shown
above. Next, setting A'x = I"x = x and B'w = A x, Result 2 holds and thus
substituting into Result 3 leads to

[ [ {7t seostws

/ /A At y’xjcrA;T yrfz(xy*f&x)}a“x’ ATx)ix
"x) f(y)d(ATx)dy

y7X| AT f(y’ATX) T “
S//A / )] AT (g AT F(AT=)? X A X’d"}
(A7) (4)d(ATx)dy

//AT { yjAATTX }af(ATX)f(y)d(ATx)dy.

Next, since h(l) is strictly concave for a € (0, 1), equality holds if and only if for
all y, ATx and x,

fly,ATx)  flyx[ATx)  fly,ATx)
FWf(ATx)  flyl ATx)f(x| ATx) f(y)f(ATx)
., fuxlAx)

x| ATX) f(y] ATx)
= fly.x| ATx) = f(yl ATx)f(x| ATx)

and thus, Y 1l X|ATX if and only if R, (I) = R.(A).

A.2. Proof of Proposition 2

First, note the equivalent conditional expectation representation of ([2.1)),

FY,ATX) 7 FYTATX)\ "
E(Y’ATX){f(Y)f(ATX)} ‘EAT"E“TX){ (V) } ’
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since
FOV,ATX) 7!

/y/ATx f(Y) ATX} fly, ATx)d(Ax)dy

:/A / { Y ATX} flyl ATx)f(ATx)dy d(ATx).
Also,

(V. ATX) 17 SATX[ V)"

S} -2 g |

and thus,

(@ = DRyx)(A) =In [E(Y’ATX){m}aT
oAy

=In EATXE(y|ATX){ f(Y)

- Y| ATCo{W, —b}H 1"}
o EATCQ{WQb}E“Tcg{wzb}){f(| fé)z })} ]

r T
fY,ATC,W,) °7°
Aoy |
- conditioning on Y in and using the analogous steps above -
=1In -E(c Wi ATCoW ){ f(CiW, ATCW,) }a_l}
LT LG fF(ATCL W)
= (& = D)Raw,.wa) (C3 A).

=1In E(Y,ATCQWQ){ (AQ)

Therefore, R(v,x).a(A) = Row, w»).a(Cs A), and setting A =1 = Ryx).(I) =
Ry wa).a(C3 1),

A.3. Proof of consistency

Let U; be a sequence of k-dimensional random vectors with distribution
function F’ and Lebesgue measurable density f. Define the kernel density estimate
of f as

1 u-1U, &
fn(u) = nakZK< s ) for u € R,

n o4=1

where K : R¥ — R* is a probability density on R*, uniformly for ||Ju|| — oo, and
a, > 0 such that lim,,_, . a, = 0. Noting that the theorem 1-m of |Kiefer| (1961)
holds for all F', a direct application of Theorem 1 of |Ruschendorf (1977)) yields
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the following lemma.

Lemma 1. Let {(y;,x;);i=1,2,...,n} be i.i.d. and
Ze”"“ikr < oo for all v > 0.
n=1

Let K be of bounded variation and f(y), f(ATx) and f(y,ATx) be uniformly
continuous in y, A and x. Under these conditions as n — oo:

sup |fn(y) — f(y)| = 0 a.s., where k, =1
yeR

sup {fn(ATX) - f(ATX)| — 0 a.s., wherek, =k

A, xeRF
sup |fn (y,ATX) —f (y,ATx)] —0 a.s., where k. =1+ k.
A, yeR, x€Rk
Proof of Theorem 1. Assume that the conditions of Lemma 1 hold, and let
€>0,b>0— 0asn — oo such that ¢/b — 0; also assume that n,/n 2 0.
Note that the matrix A,; under the constraint AT A = I is not unique, but
the subspace spanned by the columns of A, S(A), is unique and therefore, for
simplicity, assume that A is unique.

Using proof by contradiction, suppose that A does not converge to A almost
surely (a.s.). Then there exists a subsequence, still denoted by n, and a matrix
A, satisfying the constraints AJ Ay = I such that A Ay a.s., where A # A,.
Therefore, for any € > 0 and n large enough, from Lemma 1:

fa (i) = [ (i) + 61
fn (KTXZ') =f (ATXz) +A,=f (Agxi) + 02,
fn (yi,KTXi) =f (yi, ATXi) +Ay, = f (yi,AoTXi) + 03,4,
such that |A;,;|,[0,:] < e for all ¢ = 1,2,...,n and j € {1,2,3}. The first
equalities in the last two equations follow from the conclusion of Lemma 1, and

the remaining equalities from the uniform continuity conditions. Taking the
natural log of each equation above gives:

In{fa (i) } =I{f (v:) } + ln{l * f(s(lgi)}

ln{fn (ATXJ } = ln{f (Agxi) } + 111{1 + f(il(fx,)}

ln{fn (yi, JA&TXZ) } = ln{f (yi, Ag x;) } + ln{l + Tl ATx) (ijgxz) }
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Subtracting the first two equations from the last gives,
fo(yi, ATx;) _ f (yi?AoTXi)
In — =In{ =
Io (i) fu(ATx;) I (i) f(Agx;)

+ In L+03:/f (yiaA(—l)—Xi) }
{1+ 00/ f () HL+ 00/ f (Agxi)} |

Next, letting Gi; = fn(yi;ATXi)/fn(yi)fn(;&TXi)aG2,i = f(yi,AoTXi)/
F) F(AGx), wii = {1+ 00:/f(y:)}, wai = {1+ 004/ f(Agx,)} and ws; =
{1+ 63,:/f(yi;, Agx;)}, eliminating the natural logarithms, and raising to the
a — 1 power,

a—1
o— a— Wr

W1, W24

m{; S (G } - m{i 3 (G (wl“)’i%)i)al}. (A.3)

i=1 =1

Under the restriction that i € y,, and since [0,;|] < € and ¢/b — 0 by
definition, {8,,;/f(v:)}, {02.:/f(Agx:)} and {03,/ f(yi;, Agxi)} — 0 as n — oc.
This implies that \; = (ws1/wiwe;)* ' — 1 as n — oo. Define, A\ =
max{ A, Ay, ..., A\, } and ™ = min{\;, \a, ..., A\, }. These results together with
provide the inequality,

n

R (A) = lnllzJuexb){W}xi]

a—-1"|n% fi) (A
1 1 " . f(yiaATXi) ot mazx
somrmaXiew |G, X ]

1
= Rl (&) + {1 )

— R (Ag) + o(1).

Substituting A" for \; above, and following an analogous argument, then
Rb(A) > Rfm(Ao) + {1/(a — 1) Hn(A™") = wa‘(AO) + 0*(1). Next, letting
X; denote the complement of x,, we have that

Ry o(Ao) +07(1) < RY(A) < R}, ,(Ag) +0(1) and
Rya(A0) = Rua(Ag) = Ry, (Ao).

Substituting the expression on the right into the left, and subtracting R(A,)
results in the inequality,
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Rn,a(AO) - Ra(AO) - er):,a(AO) + 0*(1> < 7%1;(1&) - Ra(AO)
< Rn,a(AO) - RQ(AO) - R[;:,a(AO) =+ 0(1)

Next, by the law of large numbers R, o(Ag) — Ra(Ag) — 0 as n — oo, and
RY (Ag) — 0 since n,/n — 0 as n — oo, and therefore

lim RY(A) = Ra(Ao).

n—roo

Now, by assumption: A = argmax R,(A*) [i], A = argmax R, (A*) [ii], and
Ra(Ag) < Ra(A) [iii]. Therefore, [i] implies RE(A) > RE(A) = Ra(Ao) =
lim, 0o RE(A) > lim, o RE(A) = Ru(A) [iv]. Then, [ii] and [iv] imply that
Ra(A) < Ra(Ap) < Roa(A) = R.(A) = Ra(Ay), which contradicts the

~

assumed uniqueness of A and therefore A — A almost surely.

A.4. Proof of Proposition 3

To be more consistent with the influence function literature, and to ease
in the exposition of the proof of Proposition 3, we use the differential notation
dF(y,A"x) = f(y,A"x)d(A"x)dy in (2.1). The regularity conditions allowing
the interchange of differentiation and integration is assumed in the following
proof.

Proof of Proposition 3. As defined in (3.1), T'(F') and T'(F.) maximize ([2.1)
for the distribution functions F' and F_, respectively, and therefore each functional
correspondingly solves

//T<F>T Sa(T(F); w)dF(y, T(F)"x) = 0 and (A.4)
//T(F - S"(T(FE);W)dFE(va(FE)TX) —0 (A'S)

Rewriting the contamination distribution as F. = F'+¢(Ay,—F') and substituting
into ({A.5)) yields the expression,

[ sa@Eysware. (e x)
yJT(F:)Tx
+e / / So(T(F.); w)d(Ayw, — F)(y, T(F.) 'x) = 0. (A.6)
) T(FE)TX
Next, differentiating the expression in (A.6|) with respect to ¢,
[ sy ware (R )
a{f yJT(F)Tx

* /y /T(FE)TX Sa (T(FE)’ W)d(AWO - F) (y7 T(Fs) X)
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T o / /T(F )Tx ); W)d(AWD - F)(yv T(FE)TX) =0. (A?)

Taking the partial derivative of (A.7) with respect to € and evaluating at ¢ = 0
results in the equality,

{/y/ng)Tx iSQ(T(FE);W)dF(y’T(Fe)TX)} X ggT(Fs) B
i /y /T(FE)Tx Sa(T(Fe); W)dAw,
N / /T(F T Sa(T(F);w)dF (y, T(F) 'x) = 0. (A8)

Noting that the last integral expression in (A.8)) equals 0 since T'(F') solves (A.4]),
and then solving the equality for (3.2]) yields the result,

9 (k)

Oe
H//T(FE)Tx g =T 5);W)dF(y,T(FE)Tx)}

A.5. Rényi Properties

The limiting result, lim, ,; Ro(A) = Dy (A) = D {f(Y,ATX)||f(Y)
f(ATX)}, was established in Ervan and Harremoés| (2014)), and can be shown by
directly taking the limit, with the application of L’Hospital’s rule, of the integral
expression of the index in .

The bound R, (A) < Dk (A) is shown by first considering h(u) = In(u), u >
0, then b’ (u) = —1/u* < 0 = h(u) is concave for all u and thus, for a positive
random variable U, E{h(U)} < h{E(U)} by Jensen’s inequality. Then, with
U = f(Y,ATX)/f(Y) F(ATX),

ol e | <o) |

e bl A

] x S(T(F.);wy).

e=

T ATX a—1
=l )2 a1 Plimiar) |
FY)F(ATX) (ATX)
The monotonicity, Ra, (A) < R, (A) when 0 < ay < ap < 1, can be established
in an analogous argument by noting that for h(u) = wulc=D/(@2=D 9 > 0,

R"(u) = {(1—a1)(1 —ax)}H{(1 —a1)/(1 —ay) — 1}uler=D/(e2=D=2 ~ ( gince
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(1—a1)/(1—az) >1 = h(u) is convex for all w. Then, for the previously
defined U, by Jensen’s inequality

: H m }"21] e > {E{ m }““} (e1=1)/(a2=1)

()
()
— b AASY b A )

A.6. Hellinger-Bhattacharyya distance equivalence

Consider the Hellinger-Bhattacharyya distance

HB = l//AT \/f y. ATx) — /() f }d(AT )dy]l/g.

Then,
= [ AT (AT A0y
/ /A [/ (y, A7) + F(9)[(ATx) = 2f (5, AT)"*{ ] () F(AT3) }77]
Tx)dy
_/y ATxf(y,ATx)d(ATx)dij/y ATxf(y)f(ATX)d(ATX)dy
2 [ | 1 AT ) FAT) (A 0y

=2 [1 - / L ATx)1/2{f<y>f<ATx>}V?d(ATxmy] :

since [ [ar, f(y, ATx)d(ATx)dy = [ [5+, [(y) f(ATx)d(ATx)dy = 1. There-
fore, —2In{1—(H B)*/2} = —2Ml[[, fATx y,AT W2Hf(y) F(ATx)}2d(ATx)dy]
= Dip{f (Y, ATX)[If(Y) F(ATX)} = Raja(A).
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