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Supplementary Material

The supplementary material contains proofs of Proposition 1 and Corollary 1 in Section 2.2.

Proof of Proposition 1

Let S̃ ≡ S− σ2In. With simple algebra, the objective function can be rewritten as

φ(M, v2) =
1

2

∥∥∥FMF′ + v2In −HF S̃HF

∥∥∥2
F

+
1

2

∥∥∥HF S̃HF − S̃
∥∥∥2
F

+ v2trace(HF S̃HF − S̃) + τ
∥∥FMF′

∥∥
∗ . (S.1)

We find the minimizer M̂τ (v2) of φ(M, v2) with respect to M as a function of v2. Since the second and

the third terms of (S.1) do not involve M, this is equivalent to finding the minimizer of function

φ∗(M) =
1

2

∥∥∥FMF′ + v2In −HF S̃HF

∥∥∥2
F

+ τ
∥∥FMF′

∥∥
∗ .

S1
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Let Q̃D̃Q̃
′

be the eigen-decomposition of FMF′, where D̃ = diag(d̃1, . . . , d̃n). Then

φ∗(M) =
1

2

∥∥∥Q(D− v2In)Q′ − Q̃D̃Q̃
′∥∥∥2
F

+ τ
∥∥Q̃D̃Q̃

′∥∥
∗

=
1

2
trace((D− v2In)2) +

1

2
trace(D̃2) − trace(Q(D− v2In)Q′Q̃D̃Q̃

′
) + τ trace(D̃)

≥ 1

2
trace((D− v2In)2) +

1

2
trace(D̃2) − trace((D− v2In)D̃) + τ trace(D̃)

=
1

2
trace

((
D− v2In − D̃

)2)
+ τ trace(D̃), (S.2)

where the inequality follows from Theobald’s trace inequality (Theobald (1975)) with equality if Q̃ = Q.

Since D̃ � 0, the minimizer of φ∗(M) is obtained when D̃ = diag
(
(d1 − τ − v2)+, . . . , (dn − τ − v2)+

)
in (S.2). It follows that

FM̂τ (v2)F′ = Qdiag
(
(d1 − τ − v2)+, . . . , (dn − τ − v2)+

)
Q′

= QK∗ diag
(
(d1 − τ − v2)+, . . . , (dK∗ − τ − v2)+

)
Q′K∗ .

Using HFF = F and HFQK∗ = QK∗ , we obtain

M̂τ (v2) = (F′F)−1F′QK∗ diag
(
(d1 − τ − v2)+, . . . , (dK∗ − τ − v2)+

)
Q′K∗F(F′F)−1.

It remains to prove (6). Plugging M̂τ (v2) into (S.1) and applying (S.2), we have

φ
(
M̂τ (v2), v2

)
= φ∗

(
M̂τ (v2)

)
+ v2trace(HF S̃HF − S̃) +

1

2

∥∥∥HF S̃HF − S̃
∥∥∥2
F

=
1

2

K∗∑
k=1

(
dk − v2 − (dk − v2 − τ)+

)2
+

1

2
v4(n−K∗) + τ

K∗∑
k=1

(dk − v2 − τ)+

+ v2trace(HF S̃HF − S̃) +
1

2

∥∥∥HF S̃HF − S̃
∥∥∥2
F

=
1

2

K∗∑
k=1

{(
dk − v2 − (dk − v2 − τ)+

)2
+ 2τ(dk − v2 − τ)+

}
+

1

2
v4(n−K∗)

+ v2trace(D− S̃) +
1

2

∥∥∥HF S̃HF − S̃
∥∥∥2
F

=
1

2

K∗∑
k=1

{
(dk − v2)2 − (dk − v2 − τ)2+

}
+

1

2
v4(n−K∗) + v2trace(D− S̃)

+
1

2

∥∥∥HF S̃HF − S̃
∥∥∥2
F

=
1

2

K∗∑
k=1

{
d2k − (dk − v2 − τ)2+

}
+

1

2
v4n− v2trace(S̃) +

1

2

∥∥∥HF S̃HF − S̃
∥∥∥2
F
,

which gives (6). �
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Proof of Corollary 1

From the definition of L, LL′ = HF and L′L = IK . Since from (5),
(
L′QK∗

)′(
L′QK∗

)
= Q′K∗HFQK∗ =

Q′K∗QK∗ = IK∗ , we let P be a K ×K orthogonal matrix having PK∗ = L′QK∗ as its first K∗ columns.

It follows that

PDKP′ = L′QK∗DK∗Q′K∗L = L′HF (S− σ2In)HFL = L′(S− σ2In)L.

where DK = diag(d1, . . . , dK), with dK∗+1 = · · · = dK = 0. That is, PDKP′ is an eigen-decomposition

of L′(S − σ2In)L. Since QK∗ = LL′QK∗ = LPK∗ = F(F′F)−1/2PK∗ this, together with (7), gives (8)

and completes the proof. �
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